CONVERGENCE OF CONTINUED FRACTIONS

WILLIAM B. JONES AND W. J. THRON

1. Introduction. Let {s,(2)} be a given sequence of linear fractional
transformations (or simply 1.f.t.’s) of the form

(1.1) $u(2) = bn(:"_ S @w#EOmnzl
and let
(1.2) S1(2) = 51(2); Su(2) = Suci(sa(®)), m = 2.

The sequence of 1.f.t."s {S,(2)} is called a continued fraction generating sequence
(or simply a c.f.g. sequence). Sequences of Lf.t.’s {S,(z)} which are c.f.g.
sequences are characterized by the property

(1.3) Sp() = 5,-1(0), n = 2.

A continued fraction is a sequence of constants {S,(0)} obtained from a c.f.g.
sequence {S,(z)}. We shall subsequently extend this definition to allow for the
degenerate case a, = 0 for certain values of #. The value S,(0) is called the
nth approximant and the numbers @, and b, are referred to as the elements of
the continued fraction. To exhibit the elements explicitly we write

ai as ay

(1.4) Si0) = K (@/b) =% 3 4 45

The symbol

(1.5) K (@/b)

is used to denote both the continued fraction (i.e., the sequence {S,(0)}) and,
when it converges, the value of its limit.

Let Vo, Vi, Vy, ... denote a given sequence of closed circular or closed
half-plane regions such that zero is an interior point of each V,. In the present
paper we shall prove some new convergence criteria for continued fractions
K_;(a,/b,) which have the property

(1.6) $n (V) C Vs, n =1,

where s, (V,,) denotes the set of all images under (1.1) of points in V. Necessary
and sufficient conditions for the elements @, and b, to satisfy the fundamental
property (1.6) are established in §2. Also in §2 we show that the continued
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fractions with the property (1.6) subsume an important subclass of positive-
definite continued fractions. It is easily seen that (1.6) is equivalent to

(1.7) S (V) C Spe1(Vae1) C Vo, n = 2.

We remark that if zero is not contained in any of the sets b, + V,, n = 1,
then a, = 0 for some # implies that s,(z) = 0 for all z € V,. Hence, if a,, # 0,
m < n, and a, = 0, it is easily shown that .S, (0) = S,-1(0) for m = = so that
the sequence {S,(0)} converges trivially. We shall extend the definition of a
continued fraction to include this degenerate case. With one exception
(Theorem 4.3), however, we have required (implicitly) the condition
0 ¢ (b, + V,). Therefore, in the remainder of this paper (except in Theorem
4.3) it will suffice to consider only the case a, # 0, n = 1, so that the Lf.t."s
s, (2) and S, (2) will be non-singular.

In this study, extensive use will be made of a sequence of 1.i.t.’s {T,(2)}
related to the c.f.g. sequence {S,(z)} by a transformation

(18) Tn(z) = ZJ()OS”O'Z),[—I(Z),

where v,(z) is an L.f.t. which maps 7, onto the closed unit disk U: |z] < 1;
that is,

(1.9) 2, (V) = U, n = 0.

Here ‘0" denotes functional composition (e.g., f o g(z) = flg(2)]). It follows
from (1.8) and (1.9) that

(1.10) LW CLha(U)yCu =nz2,
if and only if (1.6) holds. Also from (1.8)
(1.11) S.(0) = vt o T, (2,(0)),

so that the continued fraction {S,(0)} converges if and only if the sequence
{T(2,(0))} converges. By our initial assumption, zero is an interior point of
each V,, and so we may take ,(0) = 0, » = 1. This will be done in the
remainder of the paper. Hence, to prove that the continued fraction {S,(0)}
converges, it is sufficient to show that the sequence {7,(3)} converges in the
interior of U.

In 1963, Thron (6) gave a characterization of the convergence behaviour of
sequences of L.f.t.’s {17,(z)} having the property (1.10) and, in the same paper,
he used results derived from that work to give new proofs of the Pringsheim
criterion and the general parabola theorem. More recently, Hillam and Thron
(1) applied the same type of analysis to obtain a new convergence criterion for
continued fractions K (a,/b,).

In the present paper we have employed a modification of the method
introduced by Thron. In §3 we have proved a generalization of the result of
Hillam and Thron (1, Theorem 2), allowing for variable circular regions V.
Section 4 contains a convergence criterion (Theorem 4.3) which extends an
earlier result of Thron (4, Theorem A). Section 5 includes an extension
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(Theorem 5.1)of the general parabola theorem (6, Theorem 8.1) for continued
fractions Kj_i(a,/1), which allows variable parabolic element regions.
Theorems 4.3 and 5.1 have an overlapping relation with certain earlier results
of Wall (e.g., 7, Theorem 31.3). As an example of the usefulness of these
general convergence criteria, we derive in §6 two new convergence theorems
for a class of continued fraction expansions.

2. Basic lemmas. For use in the following sections we shall prove now
two basic lemmas giving necessary and sufficient conditions for the property
(1.6) to hold. In the first case, the regions I/, are closed circular disks; in the
second, they are half-planes with the boundary included. In both cases the T/,
contain zero as an interior point.

LemMma 2.1. Let

(2.1) $2(2) = ap/ (by + 2), a, #0,n =1,
and let V, be the circular region defined by
(2.2) Ve =1{2: |2 — D,| = qu, |Dul < @}, n=1,

where the D, are complex numbers and the ¢, are positive. Then
(2.3) (V) C Vo, n2Z2,
if and only if
(2.4) |au(by + D) — Dua([bw + Dul? — ¢a¥)| + |aulg. =
@-1(|bn + Dol — @2, n

(%
Lo

Before proving the lemma we remark that (2.3) implies that
(2.5) 62 + Daf > gu

and for the special case D, = 0, ¢, = 1, n = 2, condition (2.4) reduces to
the Pringsheim criterion

(2.6) lba] 2 |aa] + 1.

Proof. It is easily verified that (2.5) is a necessary condition for (2.3).
Using (2.5) we obtain by direct computation that

2.7) (Vo) = {2 |2 — D* = ¢.*},
where

* _ _gl@l‘i&)_
and

* |a£|ng_
(2.9) gn - Ibn _I_ Dn|2 _ qnz .
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Thus for (2.3) to hold it is necessary and sufficient that
(2.10) , [Di* — Dua| + ¢2* = o1
be satisfied. This is equivalent to (2.4).

LeMMa 2.2, Let

wE) =30, wHElnzl,

and let V, be the half-plane region defined by

(2.11) V. = {z: Re(z exp(—iyn)) = —|P,|, P, # 0}, nz 1.

where P, = p, exp(i,), p. > 0, and ¢, is real. Then

(2.12) $u(Vi) C Viery,  n 22,

if and only if

(2.13) Jau] — Rela, exp(—i@, + )] = 2p,2[Re(by exp(—its)) — ],

n =1

Proof. 1t is readily shown that

(2.14) Re (b, exp(—ty)) = pa

is a necessary condition for (2.12). We shall consider the equality and in-
equality as separate cases. If equality holds in (2.14), then by a direct com-
putation we obtain for s,(V,) the half-plane

(2.15) $2(Va) = {z: Re(z exp(i(y, — arg a,))) = 0}.
Thus it is easily seen that for (2.12) to hold it is necessary and sufficient to have
(2.16) arg & = ¥ + Yo,

which, in this case, is equivalent to (2.13). If the inequality holds in (2.14),
then one finds that

(2.17) $2(Va) = {2t |2 — E,| = w,},
where

(218) En = W, eXP(i(arg a, — ‘l’n))y
and

(2.19) ]

“ 7 2[Re by exp(—1¥n)) — pul”
Now let B(V,-1) denote the boundary of V,_; and let /,_; be the line passing
through E, and perpendicular to B(V,—_1). Then, clearly, (2.12) will hold if
and only if we have both of the following conditions: (a) E, € V,_; and
(b) |E, — dw—1| = w,, where d,—1 is the point at which [,_; intersects B(V,_1).
One can easily show that (a) is equivalent to
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This condition is certainly implied by (2.13). The proof of the lemma is
completed by showing that (b) is equivalent to (2.13), which follows from the

fact that

(2.21) do1 = exp(Wn—1)[—pu—1 + ¢ Im(E, exp(—i¢,—1))],
and hence

(2.22) |Ey — dua| = w, cos(arg au — Yo — Yu1) + pur.

Before continuing with the development of convergence criteria in the
following sections, we shall digress for a moment to show that the continued
fractions (1.5), having the property (1.6) where the V, are half-planes with
the origin an interior point, subsume an important subclass of positive-
definite continued fractions. We make use of the fact (7, Corollary 16.2) that
positive-definite continued fractions are of the form

1 Ay 4,
Bi+2z1—Bs+2.—Bs+23,— ...

where the 4, and B, are complex constants satisfying the conditions

(2.24) Im(B,) 20, #nz1,

(2.23)

and

(2.25) |4,2] — Re(4,?) £ 2Im(B,)Im(B,41) (1 — du—1)d,, n =1,

for some sequence of numbers dy, di, ds, . . . such that
(2.26) 0==d, =1, n=0.
The numbers 21, 23, 23, ... are complex variables. By use of Lemma 2.2 we

may now prove the following theorem.

THEOREM 2.1. Let a positive-definite continued fraction (2.23) be given such that

(2.27) A, #0 and Im(z,) > 0, n=1.
Let

( ) ay =1, a,= —A,1% n =2,
2.28

b, = B, + 2, n = 1.
Let V., be the half-plane (2.11), where
¥, = 7/2, n =1,
pn=1Im(z) + ImB,) (A —dwr), nZ1,

where the d, are the constants in the inequality (2.25) and satisfy (2.26). If s,(2)
is defined by (1.1), then (1.6) holds.

(2.29)
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Proof. In view of (2.27), p, > 0 and hence the half-plane V, contains the
origin in its interior. Now, using the notation (2.28) we may write (2.25) as

|@ps1] + Re(ars1) = 2 Im(B,)Im(Bygr) (1 — dy—ir)d,,
and it is easily shown, using (2.29), that
Im(B,)Im(By11) (1 — dp1)dy S pullm(bs1) — prtal
= pulRe(bur1 exp(—iWus1)) — Pusal.

Thus (2.13) is satisfied by the a,, b,, ¥, and p, and hence by Lemma 2.2 we
have (2.12).

3. Variable circular regions. For use here and in the following two
sections we shall develop some general properties of sequences of Lf.t.'s
{T,(2)} having the property (1.10). First, it should be noted that {7, (U)} is
a nested sequence of circular regions all contained in the unit disk U. Thus, if
C, and 7, > 0 denote the centre and radius of 7,(U), respectively, then
T,(2) can be written in the form

. _ z+ G,
(3.1) T.(z) = C,+ R, an———+ 1’
where
R, = r,exp(iw,), 7, —r =0,

)
B
|

and
IC—I - Cnl é Yn—1 — Tp.

It is easily shown that the sequence {C,} converges to a limit C, since {7,}
converges monotonically to a limit » = 0. The limit point case is said to occur
when 7 = 0 and the limit circle case when r > 0.

Since our interest here lies in sequences {7,(2)} which are related to c.f.g.
sequences {S,(z)} by a transformation (1.8), it is useful to write the charac-
teristic property of c.f.g. sequences (1.3) in terms of the 7,(z). By means of
(1.8) this property becomes

(32) Tn[vn(oo )] = Tn—l[vn—l(o)]-
Now in view of (1.9), if V, is a half-plane, » lies on its boundary so that
|, ()| = 1. On the other hand, if V, is a circular region, « is in the exterior

and hence |7,(® )| > 1. As pointed out in the introduction, we shall choose the
7, (2) so that 2,(0) = 0. With these conditions imposed, (3.2) implies that for
each n = 2, there exists a number K, such that

Tn(Kn) = Tn—I(O)y n =2,

(3.3) |K,| = 1.
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We shall now prove the following useful result.

THEOREM 3.1. Let {T,(2)} be a sequence of l.f.t.'s satisfying (1.10) (or
equwvalently (3.1)) and (3.3). If limr, = r = 0 (i.e., limit point case), then
{T(2)} converges for all z in the closed unit disk U: |2| £ 1. If limr, =7 > 0
(t.e. limit circle case), then the following hold:

(@) 2_5-1h; converges, where h; = 1 — g, and hence g; — 1;

(b) {T.(2)} converges for all z such that |2| % 1, provided {exp (i(w, — 7))}

converges ;

() {exp(iwn — 7))} comverges of 251 R,K;(1 — g*)/(G;K;+ 1) con-
verges ;

d) X7 RK;(1 — g2)/(G;K; + 1) converges if there exists an € > 0 such
that
(3.4) Kjjzl+4+e 21

Proof. In the limit point case it is clear that {7, (2)} converges for all zin U
to a common limit. By use of (3.1), the equation in (3.3) becomes
K, + G,

(3.5) C,+ R, GnKn—_I_-I = Cp_1 + Rp1Gp1.

With the help of the inequality in (3.3), this implies that

TP Sl 1

,

Tn—1 2

from which it is easily deduced that

h = ZH (1 —l—zi> R
=1 2

where [ is a non-zero constant and %; = 1 — g,. Thus

r = limr, §H <1 —ZL~’> ,
=1 2
so that if > 5.1 k; diverges, the infinite product diverges to zero and hence
r = 0 (limit point case). Therefore, in the limit circle case, > 51 %, converges
and we arrive at part (a) of the theorem.
To investigate the limit circle case further, it is useful to express 7',(z) in
the following form

(3.6) T(z)=c+&[1—1“g~”i]

’ " " Gy G+ 11"
For then, since C, — C, r, > r > 0 and g, — 1, to prove the convergence of
{T,(2)} for all z such that |z| > 1, it suffices to show that {exp(¢(w, — 72))}
converges (as asserted in part (b)), or, equivalently, that {R,G,} converges.
Again making use of (3.5) we obtain

https://doi.org/10.4153/CJM-1968-101-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-101-3

1044 W. B. JONES AND W. J. THRON

2
3.7) RGy — RysGuoy = (Comx — C,) — RK, n -glf 1

Gy

Successive application of this relation leads to

2

38) RG,— R,G, = (C,— Z RK]GK+1, n>m,
from which part (c) follows. For m and n sufficiently large (n > m),

K;
GK,+ 1

If the K; are restricted by condition (3.4), then for 7 sufficiently large, the

is bounded above. Therefore, the right side of (3.9) becomes arbitrarily small
for all m and n sufficiently large since > k; converges. Hence, {R,G,} is a
Cauchy sequence and the proof of the theorem is complete.

(3.9) IR,G, — RpGr| < |Cpo — G| +2(r + 1) Z

It is now a simple matter to prove the following theorem.

THEOREM 3.2. If the elements a, and b, of the continued fraction K;_i(a,/b,)
satisfy condition (2.4) for some sequences of positive numbers {q,} and complex
numbers {D,} such that

(3.10) |1Dul/gn £ 1 — e, ea>0,n21,

then the continued fraction converges to a value v such that

(11(51 +D1) | < ‘al|91
lbl + Dllz - 912 = lbl + D1!2 — g1

(3.11) v —

Proof. Let { V,} be the sequence of closed circular regions defined by (2.2).
Then by Lemma 2.1, condition (2.4) implies (2.3). The transformation

3.12 W (z) = g
312) w) = LT G = D)
satisfies (1.9) and

2,(0) = 0, n=z0

Moreover, using (3.10) we obtain

[0 (@)| = |g/Du]l = 1 + ¢, n =0,

for some fixed positive number e¢ > 0. Thus, 7, (z), defined by (1.8) using
(3.12), satisfies (1.10), (3.3), and (3.4). Hence, by Theorem 3.1 the sequence
{T%(2)} converges at least for all z such that [z| < 1. In view of (1.11) this
implies the convergence of the continued fraction {.S,(0)}. By (1.7), the limit v,
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to which the continued fraction converges, is contained in S;(1V;). This is the
set described by (3.11), which completes the proof of the theorem.

We shall mention briefly a few interesting special cases of Theorem 3.2. By
taking D, = 0 we obtain

(3~13) {(ln| = gn—1(|bn| - qn)v O0<e<g,nz=1l,

as a sufficient condition for convergence of the continued fraction K;_;(a,/b,).
The Pringsheim criterion (2.6) is obtained by letting ¢, = 1,z = 1, in (3.13).
If welet b, =1, 0<e<gq, <1, n =1, then (3.13) reduces to the well-
known sufficient condition (7, p. 50)

(3.14) |t £ qua(l — @)

©

for convergence of the continued fraction K;_i(a,/1). Worpitzky's criterion
la,] < % follows by taking ¢, = 3. Theorem 3.2 reduces to the result of Hillam
and Thron (1, Theorem 2) by taking D, = D and ¢, = ¢, n = 1, where
|D|/q < 1.

4. Variable half-plane regions. Theorem 3.1 sets forth some useful
properties of sequences of L{.t.'s {7,(2)} satisfying (1.10) and (3.3). These
properties were applied in Theorem 3.2 to obtain a convergence criterion for
continued fractions using variable circular regions V,. In this section we shall
develop some additional properties of the sequences {7,(2)} and shall apply
these results together with Theorem 3.1 to obtain a continued fraction con-
vergence criterion using variable half-plane regions V.

TurorReM 4.1. Let {15,(2)} be a given sequence of L.f.1.'s satisfying (1.10) or,
equivalently, (3.1). Let

4.1) h(z) = T1(z) and t,(2) = T T,.(2)], n=2
Then
_ k2t M >
(42) tn(z) - an + Vo k) n = ly
where

ky = [Go(Coet — Go) + RyesGoaGy — R, IM,

M = [(Cimr = G) + RuciGoy — R,GIM,

pn = —1GiGrr(Coor — G) + RunGy — RG] M,
vy = —[Gye1(Cocs — C) + Rycy — G,Goi R M,

where M is an arbitrary constant of proportionality. The transformation t,(z) will
be normalized so that

(44) KaVn — Mt = 1

(4.3)

if we choose
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(45) M = [Rn—an(l - gn2)<1 - gn—l2)]—l/2y
where —31 < arg M =< 3.
The proof of this theorem consists of substituting the expression for 75, (z)

in (3.1) into (4.1) and carrying out the obvious computation.

TaeEOREM 4.2. Let Ki_i(a,/b,) be a continued fraction with c.f.g. sequence
{S.(2)}. Let T,,(2) be defined by (1.8), where v,(2) is an Lf.t. of the form
a2
=2 >
(4.6) 7, (2) i b n = 0,
satisfying (1.9) for some sequence of half-plane or circular regions {V,} each
having zero as an interior point. If t,(z) is the L.f.t. of the form (4.2) defined by

(4.1), then
0 = [ Ky 1¥n17:]M,
@7 M= [— K KyYu1val M,
Mn = [anYn1Vn + bubn1¥n — 6,181 M,
v = [ =Ky Yn1¥n — 0uKy¥nbp1]M,
where
(4.8) K, = 3— = g,(),

and M is a constant of proportionality. The transformation t,(2) is normalized
to satisfy (4.4) provided

(49) M= [_anKn—lKn'Yn—l‘Ynan—lan]—1/2

with — 3w < arg M < ir.

Proof. As pointed out in the introduction, it is possible to choose v,(z) so that
v,(0) = 0, since zero is an interior point of V,. Thus, the form of v,(z) given by
(4.6) is permissible. The remainder of the proof can be made by substitution
of (1.1) and (4.6) into the right side of the equation

(4.10) t,(2) = v,_1 05, 09,7 1(2), n=1,
which follows from (4.1), (1.8), and (1.2).

THEOREM 4.3. If the elements a, (a, # 0) and b, of the continued fraction
Ko 1(an/b,) satisfy (2.13) for some sequences of positive numbers {p,} and real
numbers {Y,}, and if the sequence

@) o
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is bounded, then the continued fraction converges to a value v such that

y— ay exp(—1y1) < a1
2[Re (b1 exp(—1¥1)) — 1]l = 2[Re(by exp(—iy1)) — pil
(4.12) if Re(bsexp(—iy1)) > p1
and

Re(exp(i(¢1 — arg a1))) = 0 if Re(dbiexp(—1¢1)) = p1.

The restriction a, # 0 may be removed if we require the following additional
condition:

(4.13) Re(by exp(—=iy)) > puy,  n 2 L

Proof. Let {V,} be the sequence of half-plane regions (2.11). Then (4.13)
implies that zero is not contained in any of the sets b, + V,, » = 1. Thus, in
view of the remark in the introduction concerning the degenerate case (¢, = 0
for some #), it suffices to assume that a, # 0 for all #. Then by Lemma 2.2,
condition (2.13) implies (2.12). Let 7, (2) be defined by (1.8), where {S,(z)}
is the c.f.g. sequence associated with the continued fraction and where

(4.14) v,(2) = z/(z + 2P,).

The transformation »,(z) is easily shown to satisfy (1.9) and hence T,(2)
satisfies both (1.10) (or equivalently (3.1)) and (3.3) with K, = v,(») = 1.
In order to prove the convergence of the continued fraction it suffices to show
that the sequence {7,(z)}] converges for all z such that |z] < 1. But by
Theorem 3.1, part (c), it will be sufficient to show that in the limit circle case
the series

(4.15) SR, L= &

converges. By Theorems 4.1 and 4.2, taking &, = v, = K, = 1, and §, = 2P,
and normalizing the parameters in (4.2) to satisfy (4.4), we have that

_— I: —ay ]1/2 — (C —1 Cn) + R —1 _n-1 — RnG—’n

(4.16)

:LPn—an [Rn—IRn(l - gn2) (1 - gn—lz)]l/z )
Formula (3.5) yields
5 1+ G,
(C -1 — Cn) + Rn—l Yn—l = Rn T}En
and upon substitution into (4.16) we obtain
@ RS- [ e ]W[R R,(1 = &) (1 = g
. nGn + 1 = 4:P,L_1P" n—14\pn gn gn—l .

From this it follows that, for all sufficiently large #,
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a 1/2
<L|-%_
Pn~liDn

L 1/2
5 l:ffl%%] (hn + hn—l)y

where L is a constant independent of #. Thus, the series (4.15) converges since
in the limit circle case Yk, converges and by hypothesis the sequence (4.11)
is bounded. This completes the proof of the theorem.

) R lA:_g_"_Q
n Gn + 1

(hnhn——-l) e
(4.18)

IIA

As noted in the introduction, an earlier theorem of Thron (4, Theorem A)
may be obtained from Theorem 4.3 by taking p, = p > 0 and ¢, = ¢ real,
n = 1.

It was also mentioned in the introduction that Theorem 4.3 has an over-
lapping relation with an earlier theorem of Wall (7, Theorem 31.3). We shall
now clarify that relationship. The theorem of Wall referred to states that:
A continued fraction K(a,/1) converges if the elements a, satisfy the conditions

B . 2 cos ¢u COS Pui1(l — gu-1)gn_
(4.19)  |aa| — Rela, exp(i(dp + ¢u11))] = (14 8 sec ¢,) (1 + 8 sec ¢,41)

where
6>07 _%ﬂ-<¢n<%ﬂr Oégn—ISlv n

(\%

1,
and the series

(4.20) Al (1 + 8 sec ¢,) (1 + 6 sec ¢uy1)} 712

diverges. To connect this result with Theorem 4.3 we make the identification

(421) an = COS ¢n+1(1 - gn>1 ‘l/rl = —@ps1,

so that inequality (4.19) becomes

2pn~1(_(395 ’;bn - Pn)

NI = (14 ésecy, 1)1 + 8 sec ¢,)

n—1 sec ¥,)
To ensure that p, > 0 we must restrict g, to 0 £ g, < 1. Then, by setting
b, = 1 in Theorem 4.3, it is clear that the parabolic region (4.19) is a subset
of the interior of the parabolic region (2.13). However, the series (4.20)
diverges whenever the sequence (4.11) is bounded. This can be seen by the
fact that

(422) l(lnl — Rela, eXP(_i(%—1 + ¥

Q. A, S€C ¢, SeC ¢,41 <M

Pnpn—_l 1 —=g)d—g)l =

implies that the nth term of (4.20) is not less than 1/6M'2. Theorem 4.3 has
the advantage of being more easily applied. Some examples of its use are
given in §6.

5. Extension of the parabola theorem. The following theorem extends
the general parabola theorem (6, Theorem 8.1) to allow for variable parabolic
regions for the elements of the continued fraction.
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THEOREM 5.1. Let the elements a, of the continued fraction K2_i(a,/1) with
nth approximant S, (0) lie in parabolic regions defined by
(51) lan[ - Re(an exp(_i('l’n + ¢n—1))) = 2Pn_1(COS Yn — P")r n
where p, > 0 and ¢, is real, and where

(5.2) |P, — 3 S M<%  P,=p.expin), n2=l,

1%
=

for some fixed M. Then the sequences of even and odd approximants {Ss,(0)} and
{S2.+1(0)} both converge. The continued fraction {S,(0)} converges if and only if
at least one of the two series

(5.3) >

n=1

diverges. If there exists a constant K > 0 such that |a,| < K, n = 1, then at
least one of the series diverges so that the continued fraction converges.

Ay Q4. . .*Qop A3 Q5. . . Aopy1

Az As*. . . Q2p41 n=1 Q4 Qg*. . .*A2yy2

Before proving the theorem we remark that the general parabola theorem
(6, Theorem 8.1) is obtained by taking

(5.4) Yo =¢ and p, = 3 cosy,

where —37 < ¢ < im.

Theorem 5.1 also has an overlapping relation with the theorem of Wall
stated in §4. Again, the connection is seen by means of the identification (4.21).
The same relation holds between the parabolic regions as with Theorem 4.3
except for the further restriction (5.2) on the parameters P, = p, exp(iy,).
Since divergence of one of the series (5.3) is necessary for the convergence of
K(a,/1), that condition cannot be improved upon and is weaker than the
condition that (4.20) diverges. We shall give two examples of convergent
continued fractions K(a,/1) to demonstrate the fact that either of the theorems
may apply when the other does not.

Example 1. Let agy1 = nt, @9y = 20, ¥, = —¢pe1 = 0, n = 1. Then the

first series in (5.3) diverges so that K(a,/1) converges by Theorem 5.1.
However, (4.20) converges so that Wall's theorem does not apply.

Example 2. Y, = —ut1, b = bat1 = 37 — 1/8, Guye = a3 = 0,
arg @, = — (¢p + ¢n+1), and |@ass] = n2 Then K(a,/1) converges by Wall's
theorem, since (4.20) diverges. However, Theorem 5.1 does not apply because
of the restriction (5.2).

Proof. First we note that (5.1) is obtained from (2.13) by taking b, = 1.
Thus, if

(55) Sn(z) = an/(l + Z)) n g 11

then by Lemma 2.2, condition (5.1) implies (2.12), where the V, are the half-
plane regions defined by (2.11). Let 7',(2) be defined by (1.8), where {S,(2)}
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is the c.f.g. sequence and the v,(z) are given by (4.14). Then, as in §4, the
T, (2) satisfy (1.10) or, equivalently, (3.1) and

(5.6) (1) = T,.00), n=z2,

which is obtained from (1.3) and (1.8). Therefore by Theorem 3.1 it suffices
for us to consider the convergence of {7, (2)} for all z such that |z] < 1 in the
limit circle case (i.e., » = lim 7, > 0).

In addition to (1.10) and (5.6), we shall also make use of the following two
properties of the sequence {7, (2)}:

(57) TTL(Jﬂ) = T—l(l) = Tn—?(o)y n g 31
where
(5.8) Jo=v,(=1) = (1 — 2P,)7}, nzl,

and the property
(5.9) T5(0) = Thafve-1(an)], n
The first of these follows from (1.8) and
Si(=1) = Sa(s.(=1)) = Sma(=) = S,2(0).
Equation (5.9) follows from the corresponding property
Sa(0) = Si-1(5,(0)) = Sua(an).

Now by (5.2) and (5.8) there exists a constant ¢ > 0 such that

v
o

1

| > >
1——2Pn'=1+6' n=1.

(5.10) [ Ta| = '
Therefore, using (5.7) and (5.10), we may conclude from Theorem 3.1 that the
sequences {715 (2)} and {T2,+1(2)} converge at least for all z such that |3| < 1.
Hence, the sequences {S,,(0)} and {Ss,+1(0)} both converge.

If we let ¢, = w, — 7, then we have shown in the preceding argument that

’
ooy — o and ooy — o'

It follows from (3.6) that the sequence {7,(z)} will converge for |z] < 1
(and hence the continued fraction will converge) unless in the limit circle case
(i.e., 7, =7 > 0)

(5.11) o # o,
We now show that
(5.12) G,— —1

is a necessary condition for divergence of the continued fraction. For, suppose
there exists a subsequence {Gyy} bounded away from —1, but with g,y — 1.
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It follows that
arg 1+ Giw _
1+ Gy
From (3.1) and (5.6) we have that
1+ G,

(5.13) Co+ R, 146 - Coo1 + RyaGon

~1rwy + 0(k(n)).

and therefore
1+ Giw

1F Geon exp (toxm + 0(k(n)))

Ykm)—1Lk(n)—1 exp(idkm)—l) = Tkn)

+ (Ck(n) - Ck(n)—l)
from which it is easily deduced that ¢ = ¢’.
Making use of the preceding results, we shall now show that if the continued
fraction diverges, then both series in (5.3) converge. To this end it is con-
venient to write

Gy = — (1 4+ € exp(in,)), e, > 0 and 7, is real,

and we may assume (5.11), (5.12), and 7, — r > 0 (limit circle case). Thus,
¢, —0 and 7, > 7 so that ws, > w and we,+1 — o', where w # . Again
using (5.13) we can show that

lim 29, = 0 — & + m, lim 299,41 = o — w + .

Then, it follows from the same argument used by Thron (6, p. 125), that the
convergence of Y k; implies the convergence of ¢ To interpret these results
in terms of the elements a, of the continued fraction we use property (5.9)
with »,(z) given by (4.14) to write

Y —1r~ _
ot op, ~ Do 11001 = 6(0),

or
an tn(o)

Taking ¢,(0) = \,/v, as described by Theorem 4.1, we have that
n_ _ (Ry—1 1 — Rné,,) — (G, - Cp-1)
2P,y 1+ G1)(Cy — Cimt) + A+ Got)RGy — Rma (U + Gor) '

and from this we can eliminate (C, — C,—1), by use of (5.13) to obtain

Ay — Rn(l - gn2)
2‘Pn—l B Ienvl(gn—l2 - 1)(1 + Gn) - Rn(l - gnz) (1 + Gn—l) )

Now from (5.7) we obtain

(5.14)

(5.15)

G,
+1

+

(516) Cn + Rn E]" = n—2 + Rn_zG-' — 2.

~|
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Using this and (5.13) with # replaced by » — 1, we obtain

T+ G, 1+ G
Gt 1= Gt Reyma =

which, when combined with (5.13), yields
n—l(1 _gn—l)(1+G) (]n— 1)(1+G—1)

(5.17) C,+ R, 2

This equation may be used to eliminate R, and R,_; from (5.15) and we
obtain
1 n = .
(5.19) “= 7.0+ Gor) A + Gy)
Thus
204", . Qo € X (In21)
as-as: Q2ny1 2Py
d 1t
5.9 { 1 €2r41 €XP (“72k+1)
(5.20) XA T+ S
n -1
o ARG
2 +1H <1 + 5= 2P2L H 1 it (
where
P
(5.21) L2n+1 = lP2n+1(1 + Gl) €2n+1,

and where we have used (5.8) to eliminate J,. Since ¢, converges and since
by (5.2) p, = |P,| is bounded away from zero, it follows that as n — =, the
products in the right side of the inequality in (5.20) converge to positive
numbers and hence by (5.21) the first series in (5.3) converges. A similar
argument holds for the second series and hence we have proved that divergence
of the continued fraction implies convergence of both series (5.3). It is well
known (3, p. 79) that the convergence of these two series is sufficient for the
divergence of the continued fraction. Thus, the proof of the theorem is com-
pleted by showing that the continued fraction can diverge only if ¢, — «
and this is easily shown using (5.19) with (5.2), (5.8), (5.10), and (5.12).

It is useful to have Theorem 5.1 stated in terms of a continued fraction of
the form K&_,(a,/b,) as follows:

THEOREM 5.2. Let the elements a, and b, of the continued fraction Ky-1(¢,/by)
satisfy the conditions
(5.22)  lay| — Rela, exp(=i(yn + ¥u-1))] < 2p,_1[Re (b, exp(=i,)) — pul,
n =1,
and
(5.23) |b, — HyP,| < 2MH yp,,
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for some sequence {P,} of non-zero complex numbers P, = p, exp(iy,), pr» > 0,
¥, 15 real, and

(5.24) Hy = 2(1 — 4M2)1,

where M 1s a fixed number such that 0 < M < %. Let S,(0) denote the nth
approximant of the continued fraction. Then the sequences of odd and even
approximants, {Sey11(0)} and {S2,(0)}, converge. The continued fraction {S,(0)}
converges if and only if at least one of the two series

(525) Z g As. . . Aopq1

n=1

n=1 |Q4° Q6" . . . Aopt2

diverges. If there exists a fixed number K such that

an

bnbn—l

then at least one of the series diverges so that the continued fraction converges.

(5.26) <K, n=1,

Proof. Let a,* = a,/b,b,_1, so that the continued fractions

K (an/b,) and K (a,*/1)
n=1 n=1

are equivalent. Let

(5.27) P* = p.* exp(i,*) = P,/b,,

where p,* > 0 and y,* is real. Then it is sufficient to verify that (5.23) is
equivalent to
|P* — 3| = M <4, n =1,

and (5.22) is equivalent to

I(ln*| - Re[an* exp(_l('l’n* + ‘l’n—l*))] = 2Pn_1*[COS ‘pn* - Pn*]

6. Application to continued fraction expansions. The primary
importance of the general convergence criteria studied in this paper is perhaps
to derive convergence theorems for continued fraction expansions. As an
illustration of this, we shall obtain from Theorem 4.3 two new results on the
convergence of T-fractions. 7-fractions (2;5) are the continued fractions of
the form
> 2
6.1 1+dez+ K —
( ) + 0+n=11+dnzy
where the d, are complex constants and 2z is a complex variable. For our
purpose we shall let

(6.2) a, =z = |z| exp(i8), b, =1+ d,2, n=1.

Then, by Theorem 4.3, the continued fraction (6.1) will converge if for some
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sequence {P,} of non-zero complex numbers P, = p, exp(i,), p, > 0, ¢, is
real, and some constant K > 0, the following properties hold:?!

(6.3) z # 0,
(64) Re(d, exp(i(h — ya))) = Lo =008 ¥ 1 =080 = ¥n = )
IZl 2Pn—l
n =2,
|
2z
(6.5) | 5K nz2

To obtain a theorem which holds for an angular opening in z, we shall make
(6.4) independent of |z| by setting
(66) Pn = COS \I’n, _%W < "l’n < %‘II’,

and requiring the p, to be bounded away from zero. For simplicity we shall
choose p, =1 and ¢, = 0, n = 1, so that (6.5) is clearly satisfied for all
fixed z and (6.4) becomes

(6.7) Re(d, exp(i8)) = 3(1 — cos 6).

For each fixed value of 6, (6.7) requires the d, to lie within or on the boundary
of the half-plane region

(6.8) Hy, = {&: Re(texp(i8)) = (1 — cos 6)}.
Using this analysis, we arrive at the following theorem.

THEOREM 6.1. The T-fraction (6.1) will converge for all z = |z| exp(ih)
contained in the angular opening

(6.9) 0=0,=0 =0, <2m

where 0 < 0, — 0; < w, provided all d, lie in the intersection Hy, (M Hoy, of the
half-planes Hy, and Hy,.

We note that the restriction 6, — 6; < 7 merely ensures that the region
containing the d, be non-null. To complete the proof of Theorem 6.1, it
suffices to show that if 6y, 6,, and 6 satisfy (6.9), then

(6.10) H(0:1,0:) = (\ Hy= Hy (N Hy,.

0,<0=<0,

If we let & denote the point of intersection of the boundaries of Hy, and Hy,,
then it will be sufficient for our purpose to show that

(6.11) & € H(0y, 0,).

!The continued fraction (6.1) converges trivially for z = 0. Hence, we may exclude this
case in the following discussion.
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But it is easily shown that

_ El 0, — sin 6, _ 1—J . [cos 6, — cos 02]
(6.12) fo= [2sin(01 —6) 24T sinG —6)

and by an elementary analysis one can verify (6.11), thus completing the
proof of our theorem.

Finally, we obtain by a similar argument the following theorem.

THEOREM 6.2. If there exists a number 4 = 0 such that

(6.13) Re(d,) = 4, nz1,
then the T-fraction (6.1) will converge for all 2 such that
(6.14) 0 < cos(argz) = (1 + 24)!
orz = 0.
Proof. For any z satisfying (6.14), conditions (6.4) and (6.5) will hold if
we take

Pr = COS ¥y, Y, = 0 = arg z.
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