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A uniqueness theorem for the
Chaplygin-F ranki problem

John M.S. Rassias

In a paper dealing with trans-sonic jet flows Frankl (Bull. Acad.
Sei. URSS Sér. Math. [Izv. Akad. Nauk SSSR] 9 (19L45), 121-1L3)
considered the following problem (T) by applying the condition

(1) Fly) =1 + 2(k/k')' >0 for y <o0,

where k = k(y) is a monotone increasing function with a
continuous second derivative, k(0) =0, F(0) >0, k'(y) #0

for y < 0 . Consider an equation of the form

(2) Llul = k(y) uy, + Uy =0

which is elliptic for y > 0 , hyperbolic for y < 0 , and

parabolic for y = O . Consider equation (2) in a bounded simply

connected region D C R2 which is bounded by the following three

curves: a piecewise smooth curve FO lying in the half-plane

y > 0 which intersects the line y = O at the points 4(0, 0)

and B(l, 0) ; for y < 0 by a smooth curve F2 through B

vhich meets the characteristic of (2) issuing from A4(0, 0) at

the point P ; and the curve Fl which consists of the portion PA

of the characteristic through A . The problem (T) (or problem

of Tricomi-Frankl) consists of finding a solution
u=ulzx, y) € Cz(D) assuming prescribed values on PO u F2 . In

the present paper we generalize Frankl's uniqueness theorem; our

uniqueness theorem includes cases where F(y) may be negative.
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The Chaplygin-Frankl problem
4 Consider the equation

(3) Liul] = k(y)-uac:c + Uy + Mz, y)eu = flz, y)

in a bounded simply connected region G cC R2 , where k = k(y) is a mono-
tone increasing function with a continuous second derivative, k(0) =0 ,
k'(y) # 0 for y < 0 , and the region G 1is bounded by the following

curves: a piecewise smooth curve FO lying in the half-plane y > 0

which intersects the line y = 0 at the points A(0, 0) and B(1, 0) ;

for Yy < 0 by a smooth curve F2 through B which meets the character-

istic of (3) issuing from A(O0, 0) at the point P ; and the curve Fl
which consists of the portion PA of the characteristic through 4 ;
Mz, y) € CH@) , flz, y) € YD)

The Chaplygin-Frankl Problem, or problem (F),consists in finding a
solution u = u(x, y) € 02(5) assuming prescribed values on FO U F2 5
that is,

(L) u=0 on Tourl,.
DEFINITION ([2], p. 234, [3], [4]). A function u = u(x, y) is

called a quasi-regular solution of problem (F) if u satisfies equation

(3) in Gc .5 and in addition the following conditions:
B
(i) the integral J u(zx, O)-uy(x, 0)dxr exists;
A

(i1) if G, =Gnly >0}, G =Gn iy <0}, andif G,
are regions with boundaries BG+(€) lying entirely in G, ,
then the line integrals along BG+(€) which result from the
application of Green's Theorem to the integrals

jJG - usLulededy , JJGi(E) uy Llul-dxdy , JJGi(e) uy'L[u]-dxdy

I+

have a limit when aGi(e) approaches the boundary of G .
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THEOREM. Let k(y) be a monotone increasing function with a
continuous second derivative, k(0) =0, F(0) >0, k'(y)# 0 for

y<o0, iz, y) € 01(5) s flx, y) ¢ CO(E) , where G 1is the domain

desceribed above. Moreover, assume the conditions }‘II‘ =0 and
1

k-aw+a" + 2\+a = dl >0 in G+, and

R(x, y) = a" - Ur+(k/k')- a'+ax-(-k)}£-e3{| + k-am

4

+ 2a-{(—2)-(k/k')-E\'+()\x+8-)\)-(—k)%'eBﬂH\-R(y)} 2d,>0 in G_,

where R(y) =1 - 2+(k/k')' , and a = alx, y) € c3(C) isa given negative
function of the independent variables x, y € R , such that
Bx

lim {(k/k') = 0, and B 1is a given positive constant R(xz) = e
y>o-

-120

in G . In addition, we assume R*(x, y) = E’-(B-amx) -es.x-(-k)ﬂ =0

in G_, and if R*(z) = e®'T U1, then Vi(z, y) =AF2 +BF+C =0 in
G_ , where
A = a®R*(z) s
B = he(RA(z) ea'+BoeP Teae (k) F) car (k/K")
and
C = h{-l:B'a(B'a+2'ax] °628.x+1?*(x)°(ax]2:|-k
+ee-e‘3'”-a-a'-(.k)’fw.wac)-(a')z}-(k/k')2 :

Finally, we assume

R (z, y) = ak-F(y) + 2+R*(x, y)-(kzlk’) 2d; >0,

Ry(z, y) = (-a)-F(y) - 2:R*(z, y)+(k/k') 2d) >0 in G_,
and

'ax(-k)% + ((ak")/4%) lrl = Ry(x, y)lr.1 20,
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1 B.x . . 2 2 - >
E_k)f.e .vl+v2:] E( vl+1)2]‘r = Rh(x’ y)lr z0,
5 2

where v = (vl, v2] is the outer normal unit vector on T, .

The prime (') differentiation is meant with respect to the variable

If the above hypotheses hold, then there exist a constant do <0,

and another constant d° > 0 such that if d,=Fly) = &L in G, and
u(z, y) 1is a quasi-regular solution of (3) which vanishes on Tqul,
then u=0 in G .

Proof. We investigate the expression

(5) 2(1lul, Llul) = 2 HG 1lul~Llul~dzdy ,
where

(6) tul = alz, y)u in G _,

and

2l = ale, o) (A% B e | )] in o

where a = a(x, y) € 02(5) is a given negative function of the independent
variables x, y € R , and B 1is a given positive constant.

If u(x, y) is a solution of (3), then (5) will vanish.

We note-the following identities:

cak uu,, . = 2[ak'uux)x - Zak-ufc - [axk-uz]x + ka‘m-u2 s’

2auu
yy

2(a-uu] - 2:1'142 - [a 'ue) +a -u2 N
¥y y Y y vy

L] . 2 . 2
2bk uxum [bk ux)x - kbx U, »

2bu u
x

2 2
. - - . "
2(beu_u ) %uu-[bu) +b_cu ,

xy
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= . . 2 . 2 - .
2ck U = 2(ck uxuy)x - [ck ux]y + (ek)y uy - 2ke, U
2 2
. = lewu?| - e «u?
2Ty [c uy] ¥y
L] . - 2 . 2
ohbeuuy, = (bauT), - (DA) -u®
2 2
oa = {bhe - (D))
e ru, (Breu )y ( )y u-

where b = b(x, y) € Cl(-G_) and ¢ = e(x, y) € Cl(a) are defined from (6)

as the coefficients of U, and uy , respectively, in G .

Substitution of these identities into (5) and an application of
Green's Theorem yield
(1) 0 =2(2[ul), Llu])
2 ” L[ul*Llu]-dxdy

G

”G {kaxxmyy+2>\'a- [(X.b)x’L(A‘C)yJ J .ug.dxdy

2
+ ”G I:(-Qak-k'bx+(ck)y) u -2¢ (kcx+by) °uxuy+(-2a+bx-cy) 'uﬂ sdxdy

+ I Ae (brv_+cev )°u2'ds
3G 1 2

+ L)G ':(Qak'uux'vl+2a'uuyz)2) -(kax°vl+ayv2] -uﬂ *ds

. o ) eyl . e ) ey 2 . o ) .
+ JBG l:(kb v, -ke 02) u+(-b v e vz) uy+2(b v +ke vl) uxuy] ds

=J1+J2+J3+Jh+']5’

where b =¢ = 0 in G+, and

(8) b=o(k)¥ef | o= (hak/k') in ¢
LEMMA 1.

] B .2 . 2 . ,
where @ = Q[ux, u) = o U+ 281 uxuy * Yy uy 18 a quadratic form with
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= kb-vl - keev B. = bev, + ke

1 2° 1 2 1°

Y, = -b-vl + e, , and where v = (vl, v2) 18 the outer normal unit

vector on 1‘2 .

respect to U uy , where «

Proof.
oy +dz = Kbedy + kedz = (kb(-1/(-0)%)+ke) +dz = (b(-k)*ske) -da
= ke(-ePP41) edx = (<k)c-R(z)dz = 0 (ds > 0) ;
8 +ds = -bedz + kedy = (-bvke+ (-1/(-k)¥)) odz = (bro(-1)¥) -dr
= (k) FeR(z) dx
Y,%ds = (—b-vl+c-v2) *ds = -bedy - cedx = —(b[-l/(—k)%) +c) «dx
= -(—eB.x+l]-c-dx = ¢*R(x)+dx = 0 ;
Bi -y, = 0 since k'vi + US =0 on Pl .
Therefore
(10) - s o[ (k¥ )2eeR(m)edzz 0. O
5 T ; ™y
1
LEMMA 2.
(11) 72 2

= Qu_, u)eds =0

5 J z” Ty ’
FOUF2

where @ = Q(ux, uy) 18 defined as in Lemma 1, such that

Rz, y)|, 20.
4 I‘2

Proof. By (4) we get du = uxdx + uydy ,and u = N-vl ,

uy = N'02 ,» where N 1is a normalizing factor. By substituting these

expressions in Q(ux, uy) we obtain
. 2 2 2
(12) @ = |:(/cb-vl-kc-v2)-vl+2[b-v2+kc-vl) -vlv2+(-b-vl+c-v2) -v2:|-1V

= 2. . . L) . 2 2
=N (b v te v2) {k vl+v2) 20
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on I‘Oul‘2,because b=e=0 on T, » and

(oo +cev,) [k-vfwi] |I‘

= c-E-k)%-eB‘z-vlwzj-Evvfwg:l |I‘ = c-Rk(x, y) II‘2 >0,
2

by hypothesis. O

LEMMA 3.
= . . 3 . . . . 2 . >
(13) g, = Jac [ea(k UtV 4, v,) su-(ka,, v +a, v,) u:l ds =20,

wvhere a = alz, y) € 02(5) is a given negative function of the independent
variables =z, y € R, such that R3(x, y)|l.. >0 .
1

Proof. Condition (4) implies
2
J, = Jr [za(k-ux-vlmy.vg] -u-(kax-vlmy—vz) -u]-ds

- J [2a( k) ¥udu-( ) ¥orPeda] = - J [ax(-k)’f.a +(ak'/-hk)]-u2~dr
r T y

1 1
- 2
= J R3(x, y)ouSedx =0,
I‘1
by hypothesis. a
LEMMA 4.
= L] L] [ L] 2.
(14) JB_Jan (bv,ow,) uds 2 0,

where A|, =0 .
1
Proof. Condition (4) implies
J, = As(bev_+eev )-uz-ds = A+ (bdy-cdz) «u® .

= jI‘ Aeue (b(-l/(-k)}f]—CJ sdr = J (—A)'c-(eex+1) w?edz = 0,
r
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because )‘II' < 0 , by hypothesis. 0
1

LEMMA 5.

(15) gy = ”G {k-am+ayy+2)\-a—[(A-b)x+()\-c)y:|}-ue-dxdy >0,

if k'am+ayy+2>"a2d1>° in G, , and R(x,y)zd2>0 in G_ .0
LEMMA 6.

(16) s - JJ Oty u) -dady = 0,
G

where Q(u 2 uy

respect to Uy uy s where

2 2 . R
) = ayeu, + 282-uxuy + Ye-uy 18 a quadratic form with
a, = -2ak - keb + (ck)y s By = -[kex+by] s

Y2=—2a+bx—cy

Proof. Condition (6) implies that ¢ = 2(-a)-[k-u§+u§) >0 in G, .
LEMMA 7.
2 = 0 .

(17) J5 = “G Quy» uy) dxdy = 0 ,

if Q is defined as in Lemma 6, and i1f conditions R*(x, y) 2 0 ,
V(z, y) =0, R(x) >0, Rl(x,y)2d3>0, Rz(x, y)Zdh>0’ and

lim (k/k ) =0, hold in G_ .

y>0-

Proof. From (6), and by differentiation with respect to 2 and y ,
we find
ey = h(k/k')'ax .
e, = h[ﬁy-(k/k')+a-(k/k')'] ,

%

b, = (k) ¥(c +8+0) -eP% = u(-)®(k/k")+ (a_sBea) 7,
b, = [0, (0 Frer (ke (1)) o5

- h-(~k)%(ay-(k/k’)+a-(k/k')’+(%)’a)-eBx )
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@, = 2ak*F(y) - u-[(s-amx]-(_k)’f-esx-aﬂ-(ka’/k')
= 2[ak-F(y)+2+R*(x, y)-(kz/k']] >0,

by hypothesis (Rl(x, y) z2dy > 0) ,

o
n
!

= —2[2ax'(k2/7<')+(a'F(y)+2ay'(k/k')]'(-k)%-esx:l .

2[(-a)*F(y)+2R*(z, y)+(-k/k')] =0 ,

<
H

by hypothesis (Re(x, y) 2 dy, > o) ,
b= [Bg’“zYzJ/h = (l-egs.x)'ae'k'Fz(y)+h[E1-e26'x)°ay—6-a-(—k)%-e8'%]

2 .
'a'(k2/k')'F(y) + h{ﬂ(g.amx) -esx] —(ax]ﬂ'k‘*(l—ezs x] .(ay)Q
-2B-esx-a°ay-(—k)%}°(k3/(k’)2) =0,

because V(x, y) =0 in G_, and B° - h4C = 0 always in G_ .
From hypotheses, V(x, y) =0 , Rl(x, y) = d3 >0,
Rz(x, y) = dh > 0 , implies that there exist two constants do <0 and

0 0

d” > 0, such that dOSF(y)Ed in G

Lemmas 1 to T imply the required result.
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