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Abstract

‘We establish new local and global estimates for evolutionary partial differential equations in classical Banach and
quasi-Banach spaces that appear most frequently in the theory of partial differential equations. More specifically, we
obtain optimal (local in time) estimates for the solution to the Cauchy problem for variable-coefficient evolutionary
partial differential equations. The estimates are achieved by introducing the notions of Schrodinger and general
oscillatory integral operators with inhomogeneous phase functions and prove sharp local and global regularity
results for these in Besov—Lipschitz and Triebel-Lizorkin spaces.
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1. Introduction

In this paper, we prove sharp estimates for the solutions to initial value problems for a large class of linear
evolutionary partial differential equations (PDEs) in classical function spaces. Examples include linear
water-wave and capillary-wave equations, the Klein—Gordon equation, the Schrédinger-type equations,
the Airy equation and higher-order dispersive equations. To achieve this, we develop a fairly general
framework for the investigation of the regularity of a wide range of oscillatory integral operators that
appear in the theory of partial differential equations and mathematical physics. Our results are obtained
in the Besov—-Lipschitz and Triebel-Lizorkin spaces which contain most classical function spaces such
as the L?, Sobolev, Holder (or Lipschitz), Hardy and BMO spaces, just to mention some well-known
examples.

In the context of well-posedness of the initial value problems for linear evolutionary PDEs, one has
a variety of optimal regularity results for;

i) Local and global regularity of variable-coefficient strictly hyperbolic linear PDEs in various function
spaces; see, for example, [20] and [29].
ii) Regularity of variable-coefficient linear Schrodinger-type PDEs in modulation spaces as well as
certain Sobolev spaces (however, not L” — spaces with p # 2); see, for example, [7] and [8].
iii) Regularity of constant coefficient linear dispersive PDEs of the form

—iatu+Ak/2u =0 (nH

in Hardy and Holder spaces; see, for example, [12] and [23].

The main contributions of this paper are twofold.

Firstly, from the point of view of PDE theory, we prove regularity results for variable coefficient Klein—
Gordon equations which are hyperbolic equations that are solved with oscillatory integral ansatzs with
inhomogeneous phase functions (see further improvements of our results in the Klein—Gordon setting
in [21]). This is in contrast to the strictly hyperbolic equations in item i) above, where the corresponding
phase functions are positively homogeneous of degree one. We also obtain optimal regularity results
for variable coefficient Schrodinger equations, in L?, Hoélder, Hardy and BMO spaces, which widely
extends the results mentioned in item ii). For the dispersive equations of item iii), we not only handle
the case of variable coefficient dispersive equations but also extend the regularity results to the realm of
more general function spaces than just Hardy and Holder spaces.

Secondly, from the point of view of Fourier analysis, we extend the local L”-regularity theory of
Fourier integral operators as was done in [29], to the case of general oscillatory integral operators with
inhomogeneous phase functions. Furthermore, we investigate the action of pseudodifferential operators
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on the general oscillatory integrals in the same spirit as in [18], which can be used in developing a
calculus for general oscillatory integral operators.

1.1. Some relevant results regarding boundedness of nondegenerate oscillatory integral operators

We start by giving an overview of the previously known regularity results for oscillatory integral
operators, which is to a large extent biased by their relevance to our current paper.
For simplicity, we confine ourselves to oscillatory integral operators of the form

TS f(x) = / 8 g(x,€) f(£) d¢, )
Rn

with amplitude a(x, ¢) and phase function ¢(x, £). Here, following L. Hormander [18] one can assume
that the a(x, £) belongs to the class 7' . (R"), which means that the amplitude is in C*(R" x R") and
satisfies "

6.?63?“(% f)’ < Cop(l+ |g|)mPlal+dlBl, (3)

It was shown by Hormander [ 18] and G. I. Eskin [10] thatif a(x, &) € S?’O(R") is smooth and compactly
supported in x and if ¢ € C*(R" x R" \ {0}) is positively homogeneous of degree 1 in ¢ and the mixed
Hessian matrix of ¢(x,£) has a nonzero determinant on the support of a(x, &) (the nondegeneracy
condition), then the operator 7,7 is L2-bounded. These type of operators are examples of the so-called
Fourier integral operators, which were officially introduced in [18]. The global extension of the L>-
boundedness result of Eskin and Hormander to all possible amplitudes in the class ™ 5(R") was done
by D. Dos Santos Ferreira and W. Staubach [9]. In that paper, it was shown that, if the phase function ¢ is
positively homogeneous of degree 1 in &, the determinant of the mixed Hessian of ¢ is globally bounded
from below by a nonzero constant (the strong nondegeneracy condition), and ¢ satisfies the bound

sup ||~ "+
(x, &) eRPxR™\ {0}

00 p(x.6)| < Capp,  la+pl22,

then the Fourier integral operator 7, is globally L2-bounded, provided that p,5 € [0,1], § # 1 and
m =min(0,n(p — §)/2),or p € [0,1],6 = 1 and m < n(p — 1)/2. This result is sharp, and therefore
completes the study of Hérmander-class Fourier integral operators with nondegenerate phase functions.

Regarding operators 7,0 where the phase function ¢ is inhomogeneous, it was shown by D. Fujiwara
[13] that if ¢ € C®(R™ x R") satisfies the condition

0zl (x.0)| < cap la+plz2, @

aforementioned satisfies the strong nondegeneracy condition, and if the amplitude belongs to the class
Sg o(R"), then T is globally L?-bounded. In [6], E. Cordero, F. Nicola and L. Rodino gave an elegant

proof of this L?-boundednes result, which completely avoids many of the technicalities (e.g., the use of
the Cotlar—Stein lemma) involved in the previous proofs and instead relies on techniques from the theory
of modulation spaces. Therefore, one could assert that the L?-regularity of operators T,” with smooth
amplitudes and smooth nondegenerate phase functions has been brought to completion. However, the
extent of the impact of [6] was not confined to the aforementioned L>-result, and indeed the investigations
of Cordero—Nicola—Rodino also paved the way and inspired much activity in the field and, not least,
some of the results of this paper.

Turning to the problem of LP-regularity for p # 2, J. Peral [25] and A. Miyachi [22] studied the
problem of L”-boundedness of Fourier multipliers of the form m(&) = ¢'¢($) o (¢), o (&) € S’"O(R")
and ¢ positively homogeneous of degree one. It was realised that fora o € S™" 0(R”) the L”-boundedness
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can (in general) not hold if m > —(n — 1)|1/p — 1/2]. M. Beals [2] extended their results to operators
of the form (2) when the phase function is analytic in ¢ € R" \ {0}, nondegenerate and positively
homogeneous of degree one in &.

For oscillatory Fourier multipliers of the form m(¢) = e'l¢ |kw(§)|§ |”*, ¥ smooth and vanishing
near the origin, 0 < k£ < 1 and m < 0, C. Fefferman and E.M. Stein proved the L? boundedness for
1 < p < oo in their seminal paper [12] on HP-spaces. The LP-boundedness of multipliers m(&) in the
case of k > 1 was established by H. Ishii [19]. All these results were further extended in an influential
paper by Miyachi [23], which has had a significant impact on the development of the regularity theory
of oscillatory integral operators in Banach and quasi-Banach spaces. Miyachi showed that for £ = 1 the
Fourier multiplier defined by m (&) is HP-bounded for 0 < p < coifandonlyifm < —(n—1)|1/p—1/2],
and for k > 0 (but k # 1) T, is HP-bounded if and only if m < —kn|1/p — 1/2|. Moreover, Miyachi
proves L= (R") — BMO(R") estimates as well as boundedness results in Lipschitz (or Holder) spaces
for the aforementioned Fourier multipliers.

Intherange 1 < p < oo, Peral’s and Miyachi’s results for the ordinary wave operator were generalised
by A. Seeger, C. Sogge and E. Stein [29] to Fourier integral operators with amplitudes a(x, &) € S ’fo (R™),
m < —(n—1)|1/p—1/2|, with compact spatial support and homogeneous of degree one (nondegenerate)
phase functions ¢(x, £). Using a novel method which was also partly inspired by Fefferman’s paper
[11], Seeger—Sogge—Stein thus proved the optimal local L”-boundedness of Fourier integral operators.
Extensions to global estimates in more general function spaces were carried out by A. Israelsson, S.
Rodriguez-Lépez and W. Staubach in [20]. Thus, the investigations mentioned above complete the picture
regarding the regularity of Fourier integral operators of the form (2) with nondegenerate homogeneous
of degree one phase functions and amplitudes in STO R™).

For the so-called Schrodinger integral operators which are operators of the form (2) with nonde-
generate phase functions ¢(x, £) satisfying equation (4), the question of boundedness has so far only
been treated in the context of modulation spaces. Indeed Cordero, Nicola and Rodino [6] showed that
Schrodinger integral operators with amplitudes in the class Sg’O(R") are bounded from the modulation
space M), to itself for I < p < oo. Regarding calculi for Schrodinger integral operators, Asada and
Fujiwara [1] studied the action of pseudodifferential operators on their class of oscillatory integrals and
showed that their class is closed under composition with pseudodifferential operators of order zero.
In 2013, E. Cordero, K-H. Grochenig, F. Nicola and L. Rodino showed in [5] that the class of oper-
ators that we here refer to as Schrodinger integral operators (of order zero) is actually closed under
composition.

1.2. Some relevant results in the theory of linear partial differential equations

In the paper [29], the authors prove optimal local regularity results for the solutions of strictly hyperbolic
variable coefficients in LP-based Sobolev spaces for fixed time and their results were extended in [20]
to global estimates in Besov—Lipschitz and Triebel-Lizorkin spaces.

The earlier investigations of B. Helffer and D. Robert [16] and those of Helffer [15] in connection
to the study of propagators for Schrodinger equations (for example, the harmonic oscillator) have
demonstrated the importance of Schrodinger integral operators; see, for example, the paper of Cordero—
Nicola—Rodino [7]. Furthermore, in the remarkable paper [8], P. D’Ancona and F. Nicola established
sharp LP-frequency-truncated estimates (for certain p’s) for the Schrodinger group e/, where H is a
nonnegative self-adjoint operator in L?(R") whose heat operator e *H satisfies a suitable off-diagonal
algebraic decay estimate.

For dispersive equations of the form (1) with initial data f(x), the solutions are given by oscillatory
integrals of the form

Tf(x) = / I ERIER Fg) g )

Rn7
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for which one can apply the results of [12] and [23] to obtain certain regularity results in Hardy and
Holder spaces.

1.3. Synopsis of the results of this paper
Given the discussion above, some natural open problems are:

o The extension of the results of Seeger-Sogge—Stein to global results that also accommodate the case
of Klein—Gordon-type equations and also to the setting of both Banach and quasi-Banach spaces.

o Development of the L?-regularity theory for oscillatory integral operators with phase functions in
C®(R™ x R™) that are associated to variable-coefficient Schrodinger equations.

o The extension of the results of Miyachi to the variable-coefficient setting in the case of £k # 1. In
other words, investigation of the regularity properties of oscillatory integral operators, with phase
functions in C*(R" x R \ {0}) that fall beyond the scope of the theory of Fourier integral operators.

o Estimates for variable coefficient Schrodinger as well as other dispersive equations in Triebel-Lizorkin
and Besov-Lipschitz spaces.

In this paper, we have made progress in solving these problems and summarise our results as follows:

i) Established an optimal L”-regularity theory (and indeed even L? — L9, 1 < p < g < o), for
Schrodinger integral operators. We also go beyond these classes of operators and investigate the
regularity of general oscillatory integral operators (see Definition 2.15) in classical function spaces.
Furthermore, our results extend the range of validity of the estimates obtained by D’Ancona and
Nicola in [8].

ii) Investigated the boundedness problem in both Banach and quasi-Banach spaces. Our regularity
results are valid in Besov—Lipschitz and Triebel-Lizorkin spaces with both Banach and quasi-
Banach scales.

iii) The abolition of the usual homogeneity assumption in the phase functions and improvement on the
order of decay of the amplitudes. We show that it is enough for the amplitudes to merely belong to
the class ngO(R”), as opposed to the usual class S?TO(R”) (which is used in all previously obtained
LP —regularity results).

vi) Sharp boundedness results were obtained, namely we show that our results are optimal for the
specific order of decay m that we choose. Our results are not only sharp regarding the order of the
amplitudes but also optimal regarding their type, which is measured by the lowercase indices of the
classes of amplitudes. Indeed, for those oscillatory integral operators that are not Fourier integral
operators, choosing an amplitude in the better class Sq”‘O(R") would not yield any improvement in
the order of decay m (which is required for the regularity in various functions spaces).

v) Thorough analysis of the singular low-frequency part of globally defined oscillatory integral op-
erators. The phase functions of oscillatory integrals such as those given by equation (5) have a
singularity at origin when k is not an even positive integer. In previous investigations in the litera-
ture (i.e., Fefferman—Stein [12], Ishii [19], Miyachi [23], Peral [25] and Seeger—Sogge—Stein [29]),
this singularity is always cut out in order to confine the analysis to the high-frequency part of the
operator. However, in PDE theory, it is important to investigate the regularity of the whole operator
(i.e., both the low- and high-frequency portions). In fact, the low-frequency part has a decisive im-
pact on the range of the validity of global estimates in the quasi-Banach setting, as we have clearly
demonstrated in the paper.

vi) Steps towards construction of a calculus for oscillatory integral operators. We prove a basic com-
position theorem (similar to that of Hormander’s in the Fourier integral operator setting) for the
composition of a pseudodifferential operator and a general oscillatory integral operator. The advan-
tages of our ‘calculus’ as compared to Hormander’s composition formula for Fourier multipliers
and Fourier integral operators are (a) our composition result is global, (b) the composition works for
operators with inhomogeneous phase functions and (c) our composition is parameter dependent and
the dependency on the parameter is carefully tracked. We show the usefulness of this composition
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theorem in our demonstration of the regularity results in Besov—Lipschitz and Triebel-Lizorkin
spaces.

vii) Sharp estimates for linear dispersive PDEs in Banach and quasi-Banach spaces. The oscillatory
integrals that are studied in this paper can be used to construct solutions to various evolutionary
PDEs and our oscillatory integral estimates provide new sharp estimates for the solutions to initial
value problems in Besov—Lipshitz and Triebel-Lizorkin spaces.

The proofs of the results are divided into essentially two categories. Those for oscillatory inte-
gral operators whose phases have a singularity at the origin (the simplest examples are provided by
equation (5)), and those oscillatory integrals whose phases are smooth everywhere (e.g., the case of
Schrédinger integral operators). In the former case, we split the operator into, low-, middle-, and
high-frequency pieces and deal with each piece separately. It turns out that the low-frequency por-
tion requires an additional condition which is also reflected in the optimal range of the validity of
the boundedness results. The high-frequency portion can be dealt with methods based on Littlwood—
Paley theory. However, the differences here compared to that of the case of Fourier integral operators
treated in [29] are that we deal with a larger class of amplitudes and also have to deal with inhomo-
geneous phase functions. This forces a different approach towards the proof of the boundedness of
general oscillatory integral operators. Indeed, the usual approach of first showing the H' — L! bound-
edness, which was carried out successfully for Fourier integral operators in [29], fails in our case.
Moreover, the lack of a calculus (once again as opposed to the case of local Fourier integral opera-
tors in [29]) hampers the way of using duality arguments. To remedy this, we prove the boundedness
of the operator and its adjoint in the quasi-Banach realm of the A” — L? spaces (0 < p < 1 and h?
is the local Hardy space of D. Goldberg’s [14]). Thereafter, we lift these boundedness results to the
h? — h? boundedness and then use appropriate interpolation of Triebel-Lizorkin spaces to extend mat-
ters to all ranges of p’s. Thus, utilising the quasi-Banach Hardy spaces in this context is crucial for
our goals.

Concerning the proof of the boundedness of Schrodinger integral operators under the mere assump-
tions of strong nondegeneracy of the phase function and condition (4), it is not enough to simply use
the Littlewood—Paley theory. Here, we once again use quasi-Banach spaces and use yet another fre-
quency localisation superimposed on the first Littlewood—Paley decomposition adapted specifically to
Schrédinger integral operators. In this connection, we have a domain of influence for Littlewood—Paley
pieces of the operator and one has to use an atomic decomposition of the Hardy spaces to be able to
estimate the L -norms of various pieces of the operator (and its adjoint) in the interior and the exterior
of the aforementioned domain of influence. Putting the partial results together and summing up, we can
show the global #” — LP boundedness of the Schrodinger integral operators and use interpolation to
obtain results for a wider range of p’s.

In obtaining regularity results in Besov—Lipschitz and Triebel-Lizorkin spaces, it behooves one to
consider the action of Fourier multipliers on various oscillatory integral operators. To achieve that, one
needs some sort of a calculus (or asymptotic expansion for the composition). The proof of this special
form of calculus, which is also extended to the composition of a pseudodifferential operator and an
oscillatory integral operator, is a rather technical task that has been carried out by a suitable splitting of
the operators into various pieces and delicate oscillatory integral estimates.

The paper is organised as follows: In Section 2, we recall some of the basic definitions and facts
from the theory of function spaces. We also define our classes of phase functions, amplitudes and the
corresponding operators which will be treated in this paper. In Section 3, we state the main results of
the paper and outline the proofs of the theorems. This includes both local and global regularity results
in Besov-Lipschitz and Triebel-Lizorkin spaces, L” — L4 estimates and also our parameter-dependent
composition theorem. Furthermore, in the same section we also provide some examples regarding
applications of our results within harmonic analysis and partial differential equations. For example, we
show the regularity of operators with phase functions of the form x - & + #(x)|£|X with 0 < k < 1 and
x - &€ +t(x)(&), with ¢(x) being smooth and bounded together with all of its derivatives. The former is
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significant in the study of water-wave equation (k = 1/2), and the latter example is of significance in
the study of Klein—Gordon equations. Since our regularity results are also valid for phase functions of
the form x - £ + |¢|F with 0 < k < oo, this enables us to prove sharp basic estimates (in both Banach
and quasi-Banach scales) for the solutions of a large class of dispersive PDEs. Thereafter, we turn to
variable-coefficient Schrodinger equations and show sharp estimates in classical function spaces for
the solutions of Schrodinger equations with quadratic potentials (including the case of the harmonic
oscillator).

Section 4 is devoted to the basic kernel estimates for oscillatory integral operators. In Section 5,
we discuss the L2-regularity of the operators, and in Section 6, we deal with the boundedness of the
low-frequency portion of the operators in Besov-Lipschitz and Triebel-Lizorkin spaces. Since we will
sometimes divide the operators in question into low-frequency, middle-frequency and high-frequency
portions, in Section 7 we treat the boundedness of the middle-frequency portion of the operators.
In Section 8, we prove a local #” — L? result for the oscillatory integral operators and Section 9 is
devoted to the study of the A — L? boundedness of the high-frequency portion of the operators. The
same problem for the Schrodinger integral operators is treated in Section 10. In Section 11, we prove
a parameter-dependent composition formula and an expansion for the action of a pseudodifferential
operator on an oscillatory integral operator. Section 12 and Section 13 are devoted to regularity results
in Besov-Lipschitz and Triebel-Lizorkin spaces, respectively. The sharpness of the results is discussed
in Section 14.

2. Definitions and preliminaries

In this section, we will collect all the definitions that will be used throughout this paper. We also state
some useful results from both harmonic and microlocal analysis which will be used in the proofs.

2.1. Notations

We will denote constants which can be determined by known parameters in a given situation, but whose
values are not crucial to the problem at hand, by C, or ¢ or ¢, and so on. Such parameters in this paper
would be, for example, m, p, n, and the constants connected to the seminorms of various amplitudes
or phase functions. The value of the constants may differ from line to line, but in each instance could
be estimated if necessary. We also write a < b as shorthand for a < Cbh and @ ~ b whena < b
and b < a.

Also, we shall denote the normalised Lebesgue measure dé&/(27)" by d¢, (£) = (1 + |£])!/?,
the space of smooth functions with compact support by C°(R"), the space of smooth functions with
bounded derivatives of all orders by C;’(R"), the Schwartz class of rapidly decreasing smooth functions
by &' (R") and the set of nonnegative integers {0, 1, 2, ...} by Z,. In what follows, we use the notation

o= [ rweian

for the Fourier transform of the function f and & and n will denote frequency variables.

2.2. Function spaces

We start this section by defining the standard Littlewood—Paley decomposition which is a basic ingredient
in our proofs and is also used to define the function spaces that we are concerned with here.

Definition 2.1. Let o € C°(R") be equal to 1 on B(0, 1) and have its support in B(0, 2). Then let

Ui(€) = yo(277¢) - lﬁo(2_(j_l>-f),
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where j > 1 is an integer and ¢ (&) := ¢1(£). Then ¢ (&) = lﬁ(Z_(f_l)f) and one has the following
Littlewood—Paley partition of unity

D@ =1 forallé R,

7=0

Observe that i is supported inside the annulus {¢ € R" : 2/7! < |£] < 2/*1}. Tt is sometimes also
useful to define a sequence of smooth and compactly supported functions ¥'; with ¥'; = 1 on the support
of ; and ¥; = 0 outside a slightly larger compact set. Explicitly, one could set

Vi =g+ +¢j,

with ¥_1 := .

Next, we proceed with the definition of local Hardy space, h? (R") due to D. Goldberg; see [14].
This space plays an important role in the paper since many of the subsequent results will be obtained
by means of interpolation with the local Hardy spaces.

Definition 2.2. For 0 < p < 1, the local Hardy space i” (R") is the set of distributions f € &’(R")
such that

1/p
1l o = ( / sup [6o(tD) FIP x| < oo,
R 0<r<1

where g is given in Definition 2.1, and for t € R

wo(1D) f (x) = /R € o (16) F(€) de.

n

Another useful definition of the Hardy spaces is based on the so-called atoms and is given as follows.

Definition 2.3. For 0 < p < 1, a function a is called an h”-atom (or a p-atom for short) if for some
xo € R™ and r > O the following three conditions are satisfied:

i) suppa C B(xp,r),
i) |a(x)| < |B(xo,r)|7!/P,
iii) if r < 1, then fRn x%a(x)dx = 0, for any multi-index @ with |@| < [n(1/p — 1)], and no further
condition if r > 1. Here, [x] denotes the integer part of x.

Then one has that a distribution f € h” (R") has an atomic decomposition
f = Z A j a j»
J

where the 4 are constants such that
1
. 4
inf (3 14,07)" ~ I flluo e,
7

and the a; are p-atoms.

For 1 < p < oo, we identify 72”7 (R™) with L? (R™). The dual of the local Hardy space h'(R") is the
local BMO(R") and is denoted by bmo(R"), which consists of locally integrable functions that verify

1 £ llbmo(rny = Il fllBMO(RA) + W0 (D) f LRy < 0,
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where BMO(R") is the usual John—Nirenberg space of functions of bounded mean oscillation and
is the cut-off function introduced in Definition 2.1.
Using the Littlewood—Paley decomposition above, we define the Besov—Lipschitz spaces.

Definition 2.4. Let 0 < p,q < oo and s € R. The Besov—Lipschitz spaces are defined by

o)

B (R") = {f e SR : [Ifllay, @n) = (Zziqs”W(D)fHZP(R,,))

j=0

1/q
<o)

It is worth mentioning that for p = g = co and 0 < s < 1 we obtain the familiar Lipschitz (or Holder)
space AS(R"), that is,
Bl o (R") = A*(R").

We will also produce boundedness results in the realm of Triebel-Lizorkin spaces which can be
defined using Littlewood—Paley theory, as follows.

Definition 2.5. Let 0 < p < 00,0 < g < oo and s € R. The Triebel-Lizorkin spaces are given by

Fy g () = {f € S"®) < 1 fllrg o) = “(ZOQMSW].(D)ﬂq)l/q < o}
j=
It is well known (see, for example, [31, p. 51]) that
LP(R™), s=0, l<p<oo, g=2,
Fa) =i, v20, pote 4o2 ®
HSP(R"), —co < s <00, l <p<oo,g=2,

where H*-P (R™) are various Sobolev—Slobodecskij spaces.

Remark 2.6. Different choices of the basis {y; };10 give equivalent (quasi)-norms of Bj, ,(R") and
F}, ,(R") in Definition 2.4 and 2.5,; see, for example, [31, p. 41]. We will use either {y; ;10 or {¥; };’.‘;0
to define the norm of B}, ,(R") and F; ,(R").

Another fact which will be useful to us is that for —co < s < c0and 0 < p < oo
B, ,(R") =F, ,(R") (7
and that one has the two continuous embeddings

+ +
Fye(R") — Fp  (R") and  Bj'7 (R") < By, . (R") (8)

for —o0o < 5 < 00,0 < p < 0,0 < gg,q1 < oo and all & > 0. Furthermore, for s’ € R, the operator
‘2 . . . s . . . _ .
(1 -A)"/“maps F’ ».q(R") isomorphically into £,7 (R") and Bj, , (R") isomorphically into B}, 7 (R");
see [31, p. 58].
We will also make repeated use of the estimate; for and all s, p, g

I fullag g zm < (D sup 187 £ llullag,, oo, ©)

la|<M xeR”

which is valid for A = B (Besov—Lipschitz spaces) or A = F (Triebel-Lizorkin spaces), and M € Z,
large enough; see [28, p. 229, eq. (9), (10)]. For all the other facts about function spaces that are used
in this paper, we refer the reader to [31].
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We will state the following lemma which is a consequence of a lemma originally due to J. Peetre [24],
which turns out to be useful in proving quasi-Banach Besov-Lipschitz/Triebel-Lizorkin boundedness
of the low-frequency portions of oscillatory integral operators studied in forthcoming sections.

Lemma 2.7. Let f € C'(R") with Fourier support inside the unit ball. Then for every p > n, and
r € (n/p, 1] one has

1/r
(O 1@ < (MAMNHE) T, xerr,
where M denotes the Hardy—Littlewood maximal function on R".

Proof. As was shown by Peetre, see, for example, [28, Proposition 2, p. 22], one has for r > n/p that

p M=)
yeRn ()’>p

< (marn )" (10)

Now, taking r € (n/p, 1], and using equation (10) we obtain

1) % £(x)] S/ |f(<xy>—py)| dy < ( sup |f(<xy>—py)|)]"/ |f(2€y>—pf)|r d
. 1/r-1 o . 1/r
< (Marme) " (M) = (marme) o

In establishing the local boundedness of oscillatory integral operators in the range 0 < p < 1, the
following Bernstein-type estimate will be useful. The proof can be found in [31, p. 22].

Lemma 2.8. Let I C R" be a compact set, and let 0 < p < r < co. Then

10 fllLr@ny < 11 llee @)

for all multi-indices @ and all f € LZ (R™), where
LP(R") := {f € S'(R") ¢ || fllp (e < oo, supp f < /c}.

2.3. Oscillatory integral operators

The class of amplitudes which are the basic building blocks of the oscillatory integral operators were
first introduced by L. Hérmander in [17].

Definition 2.9. Let m € Rand 0 < p,§ < 1. An amplitude (symbol) a(x, &) in the class S/’Jné(R") is a
function a € C*(R" x R") that verifies the estimate

0ga(x,€)| < Copte)mrlatob,

for all multi-indices @ and 8 and (x, &) € R" x R". We shall henceforth refer to m as the order of the
amplitude and p, ¢ as its type.

Given the symbol classes defined above, one associates to the symbol its Kohn—Nirenberg quantisa-
tion as follows.

https://doi.org/10.1017/fms.2023.76 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.76

Forum of Mathematics, Sigma 11

Definition 2.10. Let a be a symbol. Define a pseudodifferential operator (¥DO for short) as the operator

a(x, D) f(x) = /IR T a(n,8) O de,

a priori defined on the Schwartz class &'(R").

In order to define the oscillatory integral operators that are studied in this paper, we also define
classes of phase functions, which together with the amplitudes of Definition 2.9 are useful and natural
conditions to assume in the study of oscillatory integral operators.

Definition 2.11. For 0 < k < oo, we say that a real-valued phase function ¢(x, &) belongs to the class
PR if o(x, &) € C*°(R™ x R \ {0}) and satisfies the following estimates (depending on the range of k):

o fork >1,

08 (p(x,&) = x- )| < colél, ol 21,

oforO< k<1,

028 (p(x.8) = x - ©)] < coplelI, o+ pl 21,

for all x € R" and |£] > 1.

Remark 2.12. Allowing a singularity (in the frequency) at the origin in the phase functions is a natural
assumption for both k¥ > 1 and k < 1 and is motivated by the PDE applications. Indeed, the phase
function associated to the wave equation is x - & + || (k = 1), the phase associated to the water-wave
equation is x - & +|£|'/? (k < 1) and the phase associated to the capillary waves is x - £ + |£]3/% (k > 1),
all of which are nonsmooth at & = 0.

We will also need to consider phase functions that satisfy a certain nondegeneracy condition. To this
end, we have

Definition 2.13. One says that the phase function ¢(x,&) € C*(R" x R" \ {0}) satisfies the strong
nondegeneracy condition (or ¢ is SND for short) if

|det (oﬁfgkgo(x,f))’ >4,

for some § > 0, all x € R” and all |£] > 1.
In case p(x, &) € C*(R" x R™), then we require that the condition above is satisfied for all (x, &) €
R™ x R".

In order to guarantee that our operators are globally L?-bounded we should also put yet another
condition of the phase which we shall henceforth simply refer to as the L2-condition (motivated by D.
Fujiwara’s result in [13]).

Definition 2.14. One says that the phase function ¢ (x, &) € C®(R" xR" \ {0}) satisfies the L-condition
if

0 o(x,6)| < cap.  lal 2118121, (11
for all x € R" and all |£] > 1.
In case ¢(x, &) € C®(R"™ x R™), then we require that the condition above is satisfied for all (x, &) €
R" xR™.
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Having the definitions of the amplitudes and the phase functions at hand, one has

Definition 2.15. An oscillatory integral operator 7,/ with amplitude a € S:Z s (R") and a real-valued
phase function ¢ is defined (once again a priori on &(R")) by

T f(x) = / 90 a(x, £) F(€) dé. (12)
Rn

If ¢ € F¥ and is SND, then these operators will be referred to as oscillatory integral operators of order k.

The formal adjoint of 7¥ is denoted by (7,7)" and is given by

()" f(x) = / ) / e ETE D a(y.€) f(y) dy dg. (13)

To deal with the low-frequency portion of an oscillatory integral, which is frequency supported in a
neighborhood of the origin, one would need a separate analysis because the phase function might be,
and it usually is singular at the origin. This typically doesn’t affect the Banach space results so much, but
as we shall see, it certainly restricts the ranges of parameters in the quasi-Banach spaces. Therefore, to
be able to prove regularity results for the low-frequency portions of the operators, one should put a mild
condition on the phase functions. From the point of view of the applications into PDEs, this condition
will always be satisfied and would not cause any loss of generality.

Definition 2.16. Assume that p(x, &) € C*®(R" xR" \ {0}) is real-valued and 0 < p < 1. We say that ¢
satisfies the low-frequency phase condition of order p, (¢ satisfies LF(p)-condition for short), if one has

0ZR (p(x,8) —x - £)| < cqleP1, (14)

for all x € R™, 0 < |£] < 2 and all multi-indices «, .

2.4. Schriodinger integral operators

Another important class of oscillatory integrals is the following.

Definition 2.17. An operator of the form (12) with a real-valued phase function ¢(x, &) € C*(R" xR")
that verifies

008 0(x,8)| < cap latBl22 (15)

for all (x, &) € R™® x R, will be referred to as a Schrodinger integral operator.

Remark 2.18. Observe that in one dimension sin x sin &+ &2+ (2£ + 1)x is an example of an SND phase
function satisfying equation (15) which is not in F2.

Our motivation for such a name stems from the fact that the solution to the Cauchy problem with
initial data £, for the free Schrodinger equation is given by the operator ¢/'2 f. Observe that for a fixed
time (say ¢ = 1), the phase function of the oscillatory integral defining the Schrédinger semigroup is
given by x - £ +|¢|> which satisfies equation (15) and is also SND, and its amplitude is identically equal
to one which is trivially in the class S?’()(R"). A less naive example, which once again motivates our
choice of designation above, stems for the Cauchy problem for the Schrodinger equation associated to
the quantum mechanical harmonic oscillator —A + |x|?. In this case, the solution is given by e’ (A1) f,
which is also a Schrodinger integral operator according to Definition 2.17 with a phase function which
is once again SND and verifies equation (15); see [15].
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For the purpose of proving boundedness results for oscillatory integral operators, it turns out that, in
most of the cases, the following order of the amplitude is the critical one, namely

I 1
my(p) == —kn ; - §|,

where 0 < p < oo and k > O stems from the so-called F*-condition, which is given in Definition
2.11. The corresponding critical order for the Schrodinger integral operators will be m;(p). This means
that, we will be able to establish various boundedness results for the oscillatory integral operators (and
Schrodinger integral operators) when the order of the amplitude is less than or equal to my(p) (or
my(p)), respectively.

A common method throughout the paper will be to split the amplitude a(x, &) into several pieces
with respect to &. This is used when there is a singularity at the origin & = 0 that needs to be treated
separately. In some cases, we divide the amplitude into a low- and a high-frequency part

a(x,&) =¢o(§) a(x,&) + (1 =o(§)) a(x, &) = ar(x,§) + an (x, ),

where i is given in Definition 2.1. In other cases, we divide the amplitude into three different pieces,
a low-, middle- and high-frequency part

a(x, &) =yo(&) a(x,&) + (Wo(§/R) = o(§)) a(x, &) + (1 = o (£/R)) a(x, &)

= ap(x,&) +ay (x,&) +ag (x, &),

where R is some large constant that typically depends only on the dimension and the upper and lower
bound of the mixed Hessian of ¢.

Remark 2.19. We should emphasise here that the conditions that are put on the phases of the oscillatory-
and the Schrddinger integral operators are quite natural and indeed without the SND-condition and
boundedness of the mixed derivatives (1 1), the operators under consideration (i.e., with inhomogeneous
phase functions) are not (in general) even L?-bounded. Assuming, say homogeneity of degree one in the
frequency variable of the phase function, which is the case of Fourier integral operators, enables one to
improve on the order of decay of the amplitude. This is, however, not possible for the Schrédinger- and
general oscillatory integral operators. The other conditions on the phase functions are there to guarantee
LP-boundedness, and the ability to develop a calculus in order to be able to establish boundedness in
Besov-Lipschitz and Triebel-Lizorkin spaces.

3. Main regularity results and applications

In this section, we gather the main regularity results of this paper and briefly outline the proofs or rather
refer to the relevant sections where the various proofs could be found. At the end of this section, we
shall discuss the application of our results to regularity problems in harmonic analysis and theory of
partial differential equations.

3.1. Local regularity results

This subsection deals with local regularity of both Schrédinger integral operators and oscillatory
integral operators on Besov—Lipschitz and Triebel-Lizorkin spaces. This, as usual, amounts to study
the operators whose amplitude a(x, &) is compactly supported in the spatial variables.

3.1.1. Local boundedness of oscillatory integrals

First, we start by the following basic theorem which is the counterpart of the available local L”-
boundedness result in the more familiar context of Fourier integral operators.
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In what follows, the operator 7,7 will denote an oscillatory integral of the form (12).

Theorem 3.1. Letk > 1, p € (1,0) and a(x,§) € S(r)"(’;(p) (R™) with compact support in the x-variable.
Assume that one of the following assumptions hold true:

i) @(x,&) € F* N C®(R" x R") is SND and satisfies the L*-condition (11).
i) ¢(x,&) € ¥ is SND, satisfies equation (11) and additionally satisfies the estimate

082 p(x.6)| < caplél ™, Ja+pl21. 0< ¢ <2V

Then in either case, the operator T, maps LP (R™) into LP (R") continuously. In the case 0 < k < 1,

; mi(p) (mn
all the results above are true provided that a(x, &) € Sl’(") (R™).

Outline of the proof.

For the high-frequency portion of the operator, we use Propositions 9.1 and 9.2 to show that for
a(x.€) € SysP) (R") (when k > 1), and for a(x.£) € S75"(R") (when 0 < k < 1), the
operators 7, and (T,f )* are bounded from A”0(R") to LPo(R"™) for all 0 < po < 1. Now, using
analytic interpolation to the analytic family of operators in the Hardy space setting due to R. Macfas
(see, e.g., [4, Theorem E, p. 597]), one considers T,:’; and (sz)*, with 0 < Rez < 1 and

a,(x,&) = |§|Mk(m)8—(l+8)mk(r)o)z a(x, &),

withe = (1/qg—1/2)/(1/po — 1/2) — 1 and g < 1 chosen such that [n(1/g — 1/2)] = [rn/2]. Now,
the method of proof of Propositions 9.1 and 9.2 reveals that Tf“mz and (Tf”mz )" are bounded from
h4(R") to L4(R") with bounds that depend on a positive power of (1 + |Imz|) while Theorem
5.1 yields that 7, and (T, )" are bounded from L?(R") to L*(R") with constant bounds

independent of z. This enables one to interpolate these results in accordance with [4, Theorem E, p.
597] to show that 7,¥ and (7¥)" are bounded from A7°(R") to LP°(R") for all 0 < py < 2. Hence,
the claimed L”-boundedness follows by duality.

For the low-frequency portion of the operator, when the phase function is smooth we use Proposition
8.1, Lemma 6.2 and interpolation with Fujiwara’s L’-boundedness result in [13] (see the proof
of Theorem 5.1 for details). For the low-frequency portion in the nonsmooth case, we just use
Lemma 6.1. i

The next theorem deals with the local regularity of oscillatory integral operators on Besov—Lipschitz
and Triebel-Lizorkin spaces.
Theorem 3.2. Letm, s € Rand a(x, &) € S (R™) with compact support in the x-variable. Assume that

k > 1, ¢ € F* is SND, satisfies the L*-condition (11) and the LF(p)-condition (14) for some 0 < p < 1.
Then the following statements hold true:

i) If p € (0,00], g € (0,00], then TS : By 3™ P/ (R") — B3, ,(R™).
i) If p € (0,00), g € (0,00] and & > 0, then TS = Fyyry " P*(RY) — F5 _(R").
iii) If p € (0,0), min (2, p) < g < max (2, p), then TS : Fy'' "™ P (R") — F5 _(R").
iv) T - FEME (R — FS (R,
Inthe case O < k < 1, all the results above are true provided that a(x, £) € ST (R").
Outline of the proof.
i) See Section 12.

ii)-iv) See Section 13. |
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3.1.2. Local boundedness of Schriodinger integrals
The following theorem deals with the question of the local regularity of the Schrodinger integral
operators in Besov—Lipschitz and Triebel-Lizorkin spaces.

Theorem 3.3. Let m,s € R and a(x,¢) € SmO(R") with compact support in the x-variable. Assume
that ¢ satisfies equation (15) and is SND. Then the following statements hold true:

i) If p € (0,001, g € (0, 0], then T = By ™" (R") — B3, ,(R™).
ii) If p € (0,00), g € (0,00] and & > 0, then T : F,'y"~ mZ(”)+5(R") — Fy (R
iii) If p € (0,00), min (2, p) < g < max (2,p), then T : F)')"~ m2(p)(R”) — Fp ,(R").
iv) TS - FE S (RY) - F2 o (RY).
Outline of the proof.
i) See Section 12.
ii)-iv) See Section 13. ]

3.2. Global regularity results

In this subsection, we deal with global regularity of both Schrodinger integral and oscillatory integral
operators on Besov—Lipschitz and Triebel-Lizorkin spaces. We shall see that the global results concern-
ing oscillatory integral operators (but not Schrodinger integrals) also require a further restriction of the
range of p in case of operators with phase functions that are nonsmooth (at the origin) in the frequency
variables.

3.2.1. Global boundedness of oscillatory integrals
We start with a global L”-boundedness theorem.

Theorem 3.4. Let k > 1, p € (1,00) and a(x,&) € qu(k)(p) (R™). Assume that ¢(x, &) € ¥¥ is SND and
satisfies the L*>-condition (11), and for some p > 0 and some R > n verifies the estimate

02 (p(x,€) —x- &) < calé'1, ol 20, 0<¢]<2R.
Then the operator T, as defined in equation (12) maps LP (R™) into LP (R™) continuously. In the case
0 < k < 1, all the results above are true provided that a(x, &) € S'fg(p) (R™).
Outline of the proof.

For the low-frequency part of the operator, using ay (x,&) = Yo(é/R) a(x, &), one applies Lemma
4.3 with condition (33).

For the high-frequency part, using ag (x,&) = (1 — ¢o(€/R)) a(x, &), we shall use Propositions 9.1
and 9.2. To this end, we break up the operator 7,7 into pieces Ta"‘j that satisfy (9x &(x, eg) € L®(R").
To do this, we make the following construction: define the set of unit vectors {e;} ["1 by letting
{egy 1}y= be the standard basis in R" and e3, := —e3, for 1 <y < n.Next, let y be a nonnegative
function in ;] (R) with

suppy ={teR;t>1}, x(t)>1ift>R/Vn,
with R as in the statement of the theorem, and let y, be the functions in C,°(R") defined by
Xoy-1(8) = x(&y), xy(§) =x(=&)), 1<y<n,

where £ = (&1,...,&).
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Furthermore, define 1,(¢) := )(g(f)/zzl/w(f) for 1 < ¢ < 2n so that 1, € C*(R"), and
Z%’i] Ae(€) = 1 for every & € R\ B(0, R). Observe that on the &-support of ag (x, &), the sum
Z?’; | Xe(€) is bounded from below by 1. This is because of the fact that if |[£| > R, then at least one
coordinate &, must satisfy |§y| > R/+/n and hence one of the y,’s is bounded from below by 1. This
yields that, for all multi-indices @, one has [0%1,(£)| < 1. Now, split

2n 2n
1,00 =) [ e an(xo)a,) Flerde = Y T8 F ).
t=1VR" £=1

The proof reduces to showing the LP-boundedness of each Tf(. By letting ¢(x,&) = @(x, &) —
@(x,e¢), we can write Ty, f(x) = e¢X¢) T f(x) with ¢(x,e,) = 0 and since LP-norms are
invariant under multiplications by factors of the form e!#(x-¢¢) the results are unchanged. Now, the
rest of the argument goes exactly as in the proof of Theorem 3.1; however, this does not require
compact support in the x-variable. In particular, Proposition 9.2 goes through since the new phase
function ¢ trivially satisfies 6f¢(x, er) € L= (R™) for every integer £ € [1,2n].

Next, we prove the global Besov—Lipschitz and Triebel-Lizorkin regularity of oscillatory integral
operators.

Theorem 3.5. Let m,s € R and a(x,&) € (' (R"). Assume that k > 1, ¢ € ¥k is SND, satisfies the

L?-condition (11) and the LF(p)-condition (14) for some 0 < p < 1. Then the following statements
hold true:

i) Ifp € (n)(n+p),00], g € (0,00, then T : By ™" P (R") — B, ,(R").

ii) If p € (n/(n+p), ), g € (0,00] and & > 0, then T - F;Tg‘_mk(p)ﬁ(R") - Fy  (R").
iii) If p € (n/(n+p), ), min (2, p) < g < max (2, p), then T} : F;Z"_mk(p) (R") — F} ,(R").
iv) TS« FEm S Ry 5 F5 (R,

0,2
In the case 0 < k <1, all the results above are true provided that a(x, ¢) € ST’ (R™).

If one deals with smooth phase functions, that is, if we assume that ¢ € FE N C®(R" x R™), is SND
and verifies the L*-condition (11) (both conditions for all (x, &) € R"xR"), and |V (x,0)| € L*(R"),
then the range of validity of the results above can be extended to p > 0.

Outline of the proof.

i) See Section 12.
ii)-iv) See Section 13. O

3.2.2. Global boundedness of Schrodinger integrals

For the case of Schrodinger integral operators, as in the case of smooth phase functions treated above, we
only need to have control on |V, ¢(x, 0)|, instead of the LF(p)-condition (14) thanks to the smoothness
of the phase and assumption (15). However, for the purpose of the L”-boundedness, no assumption on
the phase other that strong nondegeneracy and equation (15) are needed.

Theorem 3.6. Let m,s € R and a(x, &) € Si'((R™). Assume that ¢ satisfies equation (15), is SND and
|[Vip(x,0)| € L*(R™). Then the following statements hold true:

i) If p € (0,00], g € (0,00, then T : By ™" (R") — B}, , (R").

i) If p € (0,00), g € (0,00] and & > 0, then TS = Fyyiy ™" (R") — F3  (R™).
iii) If p € (0,0), min (2, p) < g < max (2, p), then TS : Fy't ™" (R") — F§  (R").
iv) TS« SO meny 5 FS (R,

00,2
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Outline of the proof.

i) See Section 12.
ii)-iv) See Section 13. m]

Remark 3.7. Using the function space table (6), one immediately sees that the above regularity results
yield in particular the local and global boundedness of the Schrodinger and oscillatory integral operators
on L”(R"™), h? (R™), bmo(R"™) and A5 (R").

Remark 3.8. In dealing with the L”-boundedness in the smooth case of Theorem 3.5 and Theorem 3.6
the assumption on the boundedness of the gradient of ¢(x,0) is superfluous. Indeed, if this is not the
case, then we can simply replace ¢(x, &) by ¢(x,&) — ¢(x,0) + ¢(x,0). Now, the new phase function
G(x, &) = p(x, &) — ¢(x,0) is also SND, verifies equation (15) and last but not least ¢(x,0) = 0.
Since LP-norms are invariant under multiplications by factors of the form e’¢*%) the results are
unchanged.

An interesting question here is whether one can prove global regularity results for Schrodinger integral
operators when |V, p(x,0)| ¢ L*(R™). This case already appears for the phase function associated to
the propagator of the harmonic oscillator where ¢(x,0) exhibits quadratic behaviour. The following
theorem provides an answer to this question.

Theorem 3.9. Assume that ¢ satisfies equation (15) and is SND. Then the following statements hold
true:

i) If p € (0,00) and a(x,£) € Sp2 P (R"), then TS = hP (R") — hP (R").

i) If m € R, a(x,&) € SI"(R"), p € [2,0) and s € [ma(p),0], then T : HS*m=m(P)P(R") —
H*-P(R™). Furthermore, this estimate is sharp with respect to s.

Outline of the proof.

i) See Section 13.

ii) Assume that 7.7 is any Schrddinger integral operator with a € Soio(R") ma(p) <5 <0
for 2 < p < oo. By [8, Theorem 5.3], one has 7Y : LP(R") — H™(P)-P(R") if m = 0,
which directly generalises to 7.¥ : H™P(R") — H™(P)-P(R") for any m € R. It follows
from Theorem 10.1 that 77 : H™ ™ (P)-P(R") — LP(R") and hence complex interpolation
HSP(R™) = (HO’P (R”),Hm(p)’f’(R”))e (taking 6 = s/m;(p)) yields the desired estimate.

To prove the sharpness in s, define the operator 7' f (x) := ei""Zf(x) and let a(x, &) = (&)™ and
px, &) =x-&+ |x|%. Using the fact that 7,7 = T'(1 — A)"™/2, we note that the estimate

172 /1

Hs-P(Rn?) < ||f||HS+WI—m2(I’)»I’(Rn)’

is equivalent to

”Tf”H“'*”(R") S ||f||H5*m2(P)vP(Rn)-

Hence, from now on, we can take m = 0.

We start by assuming that s > 0. If p := —s —n/p and s’ > 0, then (1 — A)S72(x)* ~ (x)* €
LP(R™), but (1 — A)S2T(x)* ~ (x)M** = (x)™/P ¢ LP(R"). This shows that T does not map
H*P (R") into H*P (R") continuously forany s, s" > 0 and in particular, if we choose s’ = s—m(p),
then this is true.

We now assume that s < my(p). Since T* f (x) = emilxl f(x) we see by a duality argument that
for any s, s’ < 0, T does not map H*"P(R") into H*-” (R") continuously for any s, s’ < 0. If one
takes s’ = s —my(p), then s < my(p) implies s, s” < 0, and this concludes the proof. O

One can also show the sharpness of the results in Theorem 3.9 in a much larger scale, as the following
corollary shows.
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Corollary 3.10. If s < my(p) or s > 0, then there is a Schrodinger integral operator T, of order my(p)
that is not Fy, - or B, ,-bounded for 1 < p < coand0 < q < co.

Proof. The proofs for F, ,(R") and Bj, ,(R") can be done in one single step, so let A denote either F

or B. We proceed using a proof by contradiction. Assume that s < m,(p) or s > 0 and that all 7,/ are
A}, ,-bounded. Take 0 < & < [s/4|. Then according to the boundedness assumption one has

[ I

S Wl as2e@ny s Wfllagz@n = 1 lmgz @y < 1 llmse @),

Fype@®n) = “Tff|

P ey S ||T8 ]

pop Apg” (R

using the embeddings in equations (7) and (8). Now, this is a contradiction since s — 4 < my(p) or
s —4¢g > 0 and the Schrodinger integral operator ei""z(l — A)™2(P)/2 i not bounded from H*P (R") to
HS~4&:P(R™) as was shown in the proof of Theorem 3.9 ii). O

3.3. A parameter-dependent composition formula

The next result describes the action of a parameter-dependent pseudodifferential operator on a general
oscillatory integral operator. Its significance is twofold. On one hand, it provides a step towards a
calculus for the oscillatory integral operators. On the other, it enables one to prove regularity results
for the operators on classical function spaces in both Banach and quasi-Banach scales. The result also
generalises the asymptotic expansion that was obtained in [27].

Theorem 3.11. Let m,s € R and p € [0, 1]. Suppose that a(x,&) € S/’)”’O(R"), b(x,¢) € ST’O(R") and
@ is a phase function that is smooth on supp a and verifies the conditions

i) 1] < |Vap(x, §)| < |€] and
ii) forall || > 0 and all |B] > 1, 10265 ¢ (x,£)| < (€)1,

Jorall (x,&) € suppa. For 0 < t < 1, consider the parameter-dependent pseudodifferential operator

b(x,1D) f (x) = /R O b6 1) e,

and the oscillatory integral operator

Tff(x) = / 908 a(x, £) F(€) dé.

R

Let o be the amplitude of the composition operator Tﬁt = b(x,tD)T} given by

o (x, &) :=//R i a(y’g)b(x,m)ei(x—y)~n+i<p(y,§)—itp(x,§) dndy.
nx n

Then for any M > 1 and all 0 < € < 1/2, one can write oy as

ela|

0i(5.6) = b Vap(v. ) a(w. &)+ Y, e raltx O +Mrx O, (1)

0<|a|<M

where, for all multi-indices 3,y one has

|020) 0a(t,x,8)] 5 1m0 (gystm=(2=lalplBl - for 0 < o] < M,
|a§a;’r(t’x, é‘_—)l < tmin(s,O) <§>S+m_(1/2_8)M_pl'B|-
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Outline of the proof.
See Section 11. O

Remark 3.12. We shall frequently use the previous theorem when ¢ is replaced by 27/ and b(x, tD) =
W (277 D) with y as in Definition 2. 1. This yields the following formula for the composition y (2=/D)T,7 .
For any integer M > 1 and 0 < € < 1/2, one can write

. 2-jelal )
W (27 D)1 = TS +277eMT¢ 17)
a' a,j J
|a|<M
with 0 (x, ) := ¢ (277 Vep(x, €))a(x, £) and
1050 00,1 (x, £)] 5 ()P o] 2 0 (18)

SUppg T, (1, €) = {€ €R" 1 €127 < [¢] < G2},
0207 (x,8)| 5 (g)yn(PmeIMPIAL (19)

Moreover, if a(x, &) is supported outside the origin in the £-variable, then r(x, &) also vanishes in a
neighbourhood of ¢ = 0. See the proof of Theorem 3.11 for the details.

3.4. Global LP — L1 estimates

In this section, we state and prove basic global LP — L4 estimates for the oscillatory integral and the
Schrédinger integral operators. The LP — L4 estimates for the oscillatory integral operators are as follows.

Theorem 3.13. Let m,s € R and a(x,&) € S (R"). Assume that k > 1, ¢ € ¢k is SND, satisfies the
L?-condition (11) and for some p > 0 and some R > n verifies the estimate

102 (p(x, &) —x - E)| < calé*, ol 20, 0<¢ <2R.

Thenfor1l < p < q < oo, TY : LP(R™) — L4(R"), provided that m < my(q) —n(1/p — 1/q). In the
case 0 < k < 1, all the results above are true provided that a(x, ¢) € ST, (R™).

Proof. We write

Tf — Tf(l _ A)(Mk(q)—m)/2(1 _ A)(m_mk(ﬂl))/z.

Then since 7.7 (1 — A)("(@)=m)/2 jg an oscillatory integral operator with an amplitude in the class
S(')"g(q) (R") for k > 1 and SI"S(") (R™) when 0 < k < 1, Theorem 3.4 yields that

(751 = A) D=2y || g gny < Nlullagn).

Therefore, applying the Sobolev embedding theorem and taking u = (1 — A)("="%(0)/2 £ '\e obtain
1T flleany < I fllLe @,
providedthat 1 < p < g <ooand 1/p —1/q < (mi(g) —m)/n. O

For the Schrodinger integral operators, we have

Theorem 3.14. Assume that a(x,¢) € Si'\(R") and ¢ satisfies equation (15) and is SND. Then for
l<p<q<oo, TS : LP(R") — L1(R"), provided that m < my(q) —n(1/p — 1/q).
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Proof. The proof is similar to that of Theorem 3.13. The only difference is that instead of using Theorem
3.4, we use Theorem 3.6 part iii), noting that due to the L? — L7 nature of our result, no requirement on
the gradient of the phase function is needed. O

3.5. Applications to harmonic analysis and PDEs

In this subsection, we outline some of the applications of the main results of this paper. We start by
giving a couple of basic examples to highlight how the results obtain here can provide boundedness
results for operators whose regularity has (hitherto) remained elusive.

For any #(x) € C,’(R"), the function

P1(x,8) = x-&+1(x)(£)

is in F!. This example in not covered by the theory of Fourier integral operators due to lack of
homogeneity and exhibits the simplest example of a phase function related to equations of Klein—
Gordon type. Moreover if we also choose 7(x) such that |Vz(x)| is small enough, then this phase function
also satisfies the SND-condition. It is also easily checked that this phase verifies the L2-condition and
8501 (x,0) = 0Pt(x) € L*®(R").

Now, Theorem 3.5 (the part for smooth phase functions) shows that if m € R and a(x, £) € Si',(R"),
then for the oscillatory integral operator T/, m{(p) = —n|1/p — 1/2| and s € R, one has the following
regularity results:

i) For p € (0,00], g € (0,00], 7" : Byry™™ P)(Rm) — B3, ,(R™) continuously.
ii) If p € (0,00), g € (0,0] and & > 0, then " : F;Tgl_m'(p)”(R”) — F5 ,(R") continuously.
iii) If p € (0, 00), min (2, p) < ¢ < max (2, p), then 7" : FSm=mP)(gny _, Fs5 ,(R™) continuously.

“fpa
iv) T/': F;TTM/Z(R”) — F?,,(R") continuously.

Another example is that of
02(x,€) 1= x - E+1(0)[€]"

with 0 < k < 1 which is in F¥. Once again, if we choose 7(x) such that |V¢(x)| is small enough, then ¢,
is also satisfies the SND-condition. Furthermore, we have that

10208 (x - £+ 1(0)EF —x - &) < caplé 1, Ja+pl 20, €] <2,
which yields that the LF(p) condition is satisfied with p = k. Finally,
0808 (x - £+ 1IEI) < cape lal 21, (B 21, I€]21,

implies that the L2-condition is also satisfied. Thus, once again Theorem 3.5 shows that if m € R and
a(x, &) e ngO(R"), then for the oscillatory integral operator 7,72, my (p) = —kn|1/p — 1/2] and s € R,
one has similar regularity results in Besov—Lipschitz and Triebel-Lizorkin spaces, as above with the
only difference that m(p) is replaced by my (p) and the range of validity of the results in p has to be
taken larger than n/(n + k).

The applications to partial differential equations concern local and global Besov—Lipschitz and
Triebel-Lizorkin estimates for solutions to dispersive PDEs. First, let us consider the basic example of
a dispersive equation in R

(20)

iOu(x,t) + d(D)u(x,t) =0, x e R", t # 0,
u(x,0) = f(x), x € R",
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where m(f, 1) = ¢(&) u(&,1). Tt is well known that the solution to this Cauchy problem is given by

u(x.) = / (TERIOE) Fg) g, @1
Rn
Theorem 3.15. Assume that 0 < k < oo, ¢(&¢) € C*(R" \ {0}) and
109¢(&)| < calél1 for ¢ # 0and|a| > 1, (22)

and u(x,t) is the solution of the Cauchy problem (20) represented by the oscillatory integral above.
Then for any T > 0 and each t € [-71,7] and all p € (n/(n+min(1, %)), ], 0 < g < oo, s € R and
myg(p) = —kn|1/p — 1/2|, one has

sup luly, ) < Cll Fll om0 (23)

te[-7,7]

Similarly, we have for any s € R, p € (n/(n+ min(1, k)), o), min (2, p) < g < max (2, p) that

s (®m) < - . 24
sl < Collf gt o 24)
All the results are sharp when k > 1.

Furthermore, one also has for 1 < p < g < co and s € R, the Sobolev space estimate

Sup ||u||Hs—n(l/p—l/q),q(Rn) < CT”f”HS—mk(q),p(Rn). (25)
te[-7,7]

Proof. Observe that, the phase function in the integral representation (21) is x - & + t¢(&). Now, for
any T > 0 and each ¢ € [—7, 7] the estimate (22) yields that this phase function is SND and in F* and
also satisfies the LF(p)-condition (14) with p = min(1, k). Moreover, the amplitude of the oscillatory
integral (21) is identically equal to 1, which is trivially in S?’O(R") C 58,0 (R™). Using equation (21)
and Theorem 3.5, it follows that the solution equation (20) verifies equation (23). The proof of equation
(24) is similar and hence omitted. For the proof of the sharpness, see Section 14. Finally, equation (25)

follows from Theorem 3.13. O

Remark 3.16. If the function ¢ in Theorem 3.15 is assumed to be positively homogeneous of degree 1,
then the relevant order m ) (p) in the theorem above could be improved to —(n — 1)|1/p — 1/2]; see [20,
Section 10].

Concerning Schrodinger equations, let us consider the Cauchy problem for a variable-coefficient
Schrédinger equation

:iﬂ,‘P(x, )+ (x,D)¥(x,t1) =0, xeR", t+0, 26)

IP(-X’ O) = \P()(x), X € Rn’

where # (x, D) is the Hamiltonian of the quantum mechanical system. For example, one can have
 (x,D) = —A + V(x), which corresponds to the Hamiltonian function % (x, &) = |£|*> + V(x). Now, if
in general & is real valued and |6g6x H (x,&)| < 1for |a+B| = 2 (for example, the harmonic oscillator

—A + |x|? yields such a Hamiltonian), then the Cauchy problem above can be solved locally in time and
modulo smoothing operators by

W(x1) = / FED a(x, , 1) Ty (€) dé, @7
Rn

where for ¢ € (-7, 1), T sufficiently small, one has that |agaff¢(x, & 1) s 1for|la+B| =2, pis SND
and a(x,&,1) € Sg o(R™); see [7, Proposition 4.1]. This yields the following.
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Theorem 3.17. Let W(x, t) be the solution of the Schrodinger Cauchy problem (26) with initial data Py,
where the Hamiltonian I is real valued and satisfies the estimate |(9gc')f H(x,8)| < 1 for|a+pB| =2
Then there exists T > 0 such that for all p, q € (0,] and s € R, my(p) = —2n|1/p — 1/2|, we have the
local Besov—Lipschitz space estimate

Sup ¥l gy o ny < Cll¥oll go-mair

te[-7,7] (R

Here, the superscript “loc” means that we first multiply the function (distribution) with a smooth cut-off
function and then take the norm.

Similarly, forany s € R,0 < p < oo, min (2, p) < g < max (2, p), one has the local Triebel-Lizorkin
estimate

sup ”T”F;Z)“(R”) < CT“lIIOHFZT:Z(P)

tel-7,7] ()

which also holds when p = co and q = 2. Moreover, if m < my(p) then for all s € R and p, q € (0, o]
one has

sup Wl psioc gmy < Crll¥ollr g ).

rel-,7] P
Furthermore, we also have the following global (in space) sharp estimates

sup  (|¥llrs ) < CollWoll - () 2<p<oo, s€[map)0l,

te[-7,7] (®7)?
wp ¥l z0) < Coll¥oll s e 0 < <.
te[-7,7] P, p.2

Proof. The local results all follow from the oscillatory integral representation (27) and Theorem 3.3.
The global estimates are all consequences of Theorem 3.9 parts if) and i), respectively. O

4. Estimates for phases and kernels

In this section, we prove some basic kernel estimates for oscillatory integral operators.

The following lemma will enable us to use a composition formula and an asymptotic expansion
for the action of a pseudodifferential operator on an oscillatory integral operator. It is also helpful in
the proof of Proposition 9.2 below. Once this is done, we shall then prove Theorem 3.11 using only
equations (11), (29) and (30).

Lemma 4.1. Assume that a(x, £) is an amplitude, and let ¢ be a SND phase function satisfying
Vedlo(x,6)| < cp, 1Bl = 1and |£] > 1. (28)

Then for all |B| = 1, the following estimates

€] < [Vxe(x, )| < €], (29)

102 0(x, )| 5 (€) (30)

hold true for the phase function ¢, on the support of a(x, &), provided that either

i) the &-support of a(x, &) lies outside the ball B(0, R) for some large enough R > 1 and 0fgo(x, &) e
L®(R" x $™ 1), for |B] > 1
or
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ii) the amplitude a(x, &) has compact x-support and has its &-support outside the ball B(0, R) for some
large enough R > 1
or

iii) ¢(x,&) € C*(R" xR"), ¢(x,0) =0, and \Vg@fgo(x, §)| <cg Bl = 1, for (x,£) e R" xR™.

Proof. We would like to compare c’)fgo(x, &) with some 8)/390()5, &) for |B] = 1. In i) and ii), we choose
& = &/]€|. Note that the line segment &y + 1(£€ — &), with 7 € (0, 1) and |£] > R does not intersect
B(0,1) so we can use equation (28) without problem. In iii), we choose & = 0. Therefore, on the
support of a(x, &), using equation (28) and the mean-value theorem yield for |3| > 1 that

102 0(x,6)] < 102 0(x, &) — 0 p(x, &) + 10F o(x, £0)| < 1€ — &0l + 102 0 (x, &)
< €1+ 108 o(x, €0)|.

Thus, for both cases i) and ii) one has that |c')f e(x,&0)| < 1 < |€], uniformly in x on the support of
a(x, £), and the same is also true in case iii) due to the vanishing of the derivatives. This proves equation
(30) and the second inequality of (29).

To prove the first inequality of equation (29), Schwartz’s global inverse function theorem can be used
just as in the proof of in [9, Proposition 1.11] to obtain

€] = 160l < 1€ = &0l < [Viee(x, &) = Vip(x, &0)| < [Vio(x, O] +[Vio(x, So)l. €1V

Therefore, to prove the desired lower bound for |V, ¢ (x, £)| in case i) and ii), let & be defined above and
insert it into equation (31). Then for a certain constant A = A(n, d, c1) > 0 (where n is the dimension,
¢ is the lower bound in the SND-condition and ¢ is the upper bound on the norm of the mixed Hessian
of ¢(x, &) when |£] > 1) equation (31) yields that

€1 < A(IV2(x. O]+ [Vag(x.£0)]) + 1.

However, since |£] > R, on the support of a(x, ¢) and R can be chosen large enough by taking

R22A( max )|(ngo(x,§0)|)+2,

xesupp a(x, &

we obtain

€] < [Vap(x, 6.

In case iii), the same inequality is once gain valid since we take &) = 0 and V,¢(x,0) = 0 in equation
3. O

Next, we turn to kernel estimates of the operators in various settings. A simple case is when the
amplitude is spatially localised.

Lemma 4.2. Let m € R, ¢(x, ) be a real-valued function and a(x, §) € S (R") has compact support
in the spatial variable x. Define

Rn

where aj(x,&) =y ;(€) a(x, €) is a Littlewood—Paley piece of the amplitude a. Then for each j € Z,
and all multi-indices 3 we have

Hang(X, y) LYy (RAxR?) S 0 (m+|Bl+n)
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Proof. Observe that
10K (x, )| = |35/R a;(x, &) 908 gmivE dg—‘| _ ‘/R 00, 8) €19 058) g miv € g
S/R la; (x, ) 171 A€ < llaj L= gnxam 27 P < 27 (BHmem),

for any x, y € R". O
Next, we prove a kernel estimate for the low-frequency portion of oscillatory integral operators.

Lemma4.3. Let p > 0, ay (x, &) be a symbol that is compactly supported and smooth outside the origin
in the é-variable and ¢(x, &) € C*(R™" xR\ {0}) be a phase function. Assume that one of the following
conditions hold.

{||agaL(~,§>||Lm(Rn> < calétlel, ol > 0, )
198 (9(x,€) = x - O)lles ) < cal€l™, ol 2 1,
{||agaL(~,§)||Lm<Rn> < Cas jrl > 0, 33
19 (9(x,8) = x - O)llig ey < caléFlol, ol 2 0,

Jor & # 0 and on the support of ay. (x, ). Then the modulus of the integral kernel
K(x,y) := / ap(x,&) e’ g,
Rn

and that of K (y, x) are both bounded by {(x — y) ™" *" forany 0 < & < 1.

Proof. Since |K(x,y)| S 1, it is enough to show that that |K (x, y)| < |x — y| "7 ¢".
In order to prove the lemma under assumptions (32), we set o (x, &) := ay (x, &) !¢ &) =ix&

K(x,y) = -/R" ' E o (x, €) dE.

Observe that |07 o (x,£)| < |€1*=19] for any || > 0 and € € supp ar(x, £). Now, one introduces a
Littlewood—Paley partition of unity

Z W(277€) = 1, for € # 0, with suppy (&) c {1/2 < |€] < 2},
Jj=—00

and defines
Ky i= [ oo e

Integration by parts N times yields

Kl sy Y [ fozoweloueiola
Rll - -
lal+Bl=N (34)
< |x _ y|—N2j(p.+n7N)'
However, if H is any positive real number, then one can write H as the sum N + 6, where N is a
positive integer and 6 € [0, 1). Now, since equation (34) implies that

K (x, y)| 27N+ | —y 7N (35)
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and
1K (x, )| < 2/ (= (N+D+) |y =(N+D) (36)

raising equation (35) to the power 1 — 8 and equation (36) to the power 6, and using the fact that
H = N + 0, yield that

IK; (6, )| = 1K (e, 701K (3, )0 s 2/ HA e g 7H

forall H > 0.
Observe that there exists M > 0 such that supp, ar (x,§) € B(0, 2M)) Therefore, we can write

M
K,y = ) Kj(x,),

j:—oo

and hence setting H := n + g1, we obtain

M
K@y)l s D =y moram=e) gy - yoen,

Jj=—00

To prove the lemma under assumptions (33), split the kernel into K(x,y) = K'(x,y) + K" (x,y),
where

K'(ry) = / SO E y (x,8) dE,
and

K" (x,y) :=/ O E g (x,€) (M RETINE ) dg.
Rn

Integration by parts N times yields that |[K’(x,y)| < |x —y|™" for all N. To obtain the estimate for
K" (x,y),weseto(x,&) = ar (x,&) (e!¥*-$)=1*¢ _1) and note that for all || > 0, |6§(ei‘p(x’§>_ix‘§ -
D < |€[*1el so that |6§o-(x, &) < 1€1"191 for any |a| > 0. Now, the rest of the proof proceeds as in
the previous case above.

The proof for K (y, x) is identical and hence omitted. o

Remark 4.4. Observe that for phase functions of the form x - & + |£|* with k > 1 and symbols
a(x,€) = x(¢) € C2(R"), a decay of the form (x — y)™~! was already proven in, for example, [3,
Lemma 2.3].

The next lemma yields a sufficient condition for the #” — LP boundedness of linear operators and
will be quite useful in what follows.

Lemma 4.5. Assume that 0 < p < 1 and TS is an L*-bounded oscillatory or Schrédinger integral
operator. Let T; be either Ty (D) or ;(D)(TS)* with ; as in Definition 2.1 (i.e., the familiar
Jj-th Littlewood—Paley piece of T, and its formal adjoint (T,)*). We also assume that for a p-atom a
supported in a ball of radius r one has

IT;allLe @ny < r" /P 27 (n=nlp) 37)
Moreover, assume that whenever r < 1,

”Tja”LP(R") < rN+1+n—n/p 2j(N+l+n—n/p)’ (38)
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for some N > n/p —n— 1. Then T, (or (TS)* when the T;’s are associated to the adjoint) is bounded
from hP (R™) to L? (R™).

Proof. Using the atomic characterisation of 47 (R™), and following the strategy in [30, p. 402] for T,/
and the strategy in [29, p. 237] for (T.¥)*, it is enough to show that for any p-atom a, one has the uniform
estimates

1T allr ®m) S 1,
or
(TS allLe wny S 1,

in each case. We only prove the result in the case of T, since the case of the adjoint is similar. We split
the proof in two different cases, namely r < 1 and r > 1. For r > 1, equation (37) yields that

(e8] (e8]
ITLQNL s oy S D ITHIL gy S D F" 272071 <
j=0 Jj=0

Assume now that » < 1. Choose £ € Z, such that 27! < r < 27¢, Using the facts that 27¢ ~ r,
N+1l+n-n/p>0,n—n/p <0, equations (37) and (38) we conclude that

f [oe]
i p . p
”thaHZP(Rn) < E (rN+]+n—n/p 2/(N+]+n—n/p)) + E (rn—n/p 2j(n—n/p))
=0 j=0+1

rN+1+n—n/p 2€(N+1+n—n/p))p + (rn—n/p Zf(n—n/p))p

~

A
IS T

pN+l+n-n/p r—(N+1+n—n/p))p + (rn—n/P r—(n—"/P))p =1.

O

As an application of the previous lemma, we have the following #” — L? boundedness result, based
entirely on kernel estimates of the corresponding operators.

Lemma 4.6. Let0 < p <1, k > 0, a(x, &) € S(')"g(p) (R™), ¢(x,£) € FX, and let the operator T; given
in Lemma 4.5 have either the representation

/Rn Ky j(x,x —y) f(y)dy, (39)
or the representation
[ Kestrx =) F) 4y, (40)
o If
H(x — )70 Ky (6o x = )| 12 gy 5 271D Bl (Do), 1)

uniformly iny € R*, and T = 2;0:0 T; (in the case of equation (39)) is L?-bounded, then T? is
bounded from hP (R") to L? (R™).
o If

< 2Ji(lal(k=1)+|Bl+my (p)+n/2) (42)

“(x - y)"af(Kz,j(y,x -y) L2(R™)
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uniformly iny € R", and (T.))* = Z;io T; (in the case of equation (40)) is L?-bounded, then (TS)*
is bounded from h? (R") to LP (R").

Proof. Once again, we only treat the case of 7, since that of the adjoint is done in a similar manner.
Let a be a p-atom supported in the ball B := B(¥,r), and let 2B := B(y, 2r). By Holder’s inequality and
the L%-boundedness of 7,7, we have

1T allLe 28y < 1T allz2m) 1 2pie-m 28y < llallz2 Rn)rn(Z—p)/Zp
< P (P=2/2p (n(2-p)/2p _

We proceed to the boundedness of ||7.Ya||z» (rm\2B),» Which is more subtle. By Lemma 4.5, it is
enough to show estimates (37) and (38) for HTjaH L» (rr\2B)- For all multi-indices a, equation (41) yields

LR < 2J(n2+my (p))

(R SHTER T
so that for any integer M, if one sums over |a| < M,

(425D )M K - )

L@y S 0J (n/2+my(p)) (43)
We now observe that for € [0, 1], x € R” \ 2B and y € B, one has
=yl sh-y-t(y -yl (44)
Next, we introduce
g(x) = (1 + 277k - yl)_M,

where M > n/q and 1/g = 1/p — 1/2. The Holder and the Minkowski inequalities together with
equations (43) and (44) (with r = 1) yield

1750

Lr(RM\2B) = ”/BKL]‘(X,X—y)a(Y) dy L0 (28)

s(|$/1<],,(x,x—y)a(y)dy
< pintk 1)/q/|)g(x)1<1’j(x,x_y)a(y)

g21:«(1«1)(1/1:4/2)/|a(y)|
B

< p=n/pin(=1)(1/p=1/2) 9 (n/24mi(p))

L2 (&r28) llgllLa ®n)

d
L2 (R"\2B) Y

dy

2*J'(k*|)
1+ X ) Ky ; X, X
( | )’| 1,]( .V) 2 (\2B)

Recalling that m (p) = —kn(1/p — 1/2), we get equation (37).
We proceed to show estimate (38). Taking N := [n(1/p — 1)] (note that N > n/p —n — 1), a Taylor
expansion of the kernel at the point y =y yields that

Ktr-n= ¥ S0
IBI<N

+ (N+ 1) Z (y y) / (1 - t)NaIB(Kl ](x X = y))|) =y+1(y-y) t

IBI=N+1
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and due to vanishing moments of the atom in Definition 2.3, iii), we may express the operator as

Tja(x) = (N+1) Y / Lo y) 1=V (K j(xox = 1))y sy 0 (0) di dy.
IB|=N+1

Now, noting that |(y — #)#| < #¥*! and applying the same procedure as above together with estimates
(44) and (41), we obtain

”Tja”LP(R”\ZB) < rN+lfn/p+n2j(N+l+mk(p)+n/2+n(k—l)(l/p—l/2))’

which yields equation (38). O

5. L%-boundedness

In the forthcoming sections, we will also need the following important theorem about L?-boundedness
of an oscillatory integral operator.

Theorem 5.1. Let a(x, &) € Sg»O(R"), and assume that ¢ (x, &) fulfills the L*-condition (11) and is SND.

Then the oscillatory integral operator T given by equation (12) is bounded from L*(R") to itself under
either of the following circumstances:

i) The amplitude a(x, &) is compactly supported in x.
ii) One of the assumptions (32) or (33) holds true.

Proof. We divide the proof into low- and high-frequency cases by writing a(x, &) = yo(€) a(x, &) +
(1 =y¢o(&) a(x, &) =: ar(x,€) + au(x, £), with ¢ is in Definition 2.1. For T, , the phase function is
smooth and doesn’t have any singularity. This enables one to use an L?-boundedness result for oscillatory
integrals proven by D. Fujiwara in [13], since the assumptions of Theorem 5.1 fulfill conditions (A-
D)—(A-IV) in [13], on the support of ag.

For T, , part of the case i), using the compact support in &, Cauchy—Schwarz’s inequality and

Plancherel’s theorem allow us to write
8,501 =] [ ane0) e Fie) de] < Wz,
Now, the fact that 7, f(x) is compactly supported yields that

72 f(x)||L2(R") ||f||L2(Rn)-

For the T a, » part of the case ii), we use Lemma 4.3 to conclude that the kernel satisfies

IK(x, )| s (= y)™" 5K,
for any € € [0, 1). Therefore, Schur’s lemma applies in this case. O

Remark 5.2. In dimension one, for k > 0, if we take the phase function

o(x, &) =x& - %sinx cosé + |§|k,

then one can verify that for k > 1 the low-frequency assumption of equation (33) holds with p = 1 and
for 0 < k < 1 with p = k. Moreover,

1
|agaff(x§ -3 sinx cos & + Iflk)| <1, el Bl 21
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and the SND-condition is also satisfied thanks to
1
|0§6x (x§ -3 sinx cosé& + |§|k)| >1/2.

This together with an amplitude in S8 o(R™) gives rise to an L?-bounded operator. However, this is not

entirely covered by the L2-boundedness results of Hormander [ 18] (because of lack of homogeneity and
also lack of compact support in the x-variable) or Fujiwara [13] (due to lack of smoothness). It is also
important to note that the rather strong assumptions on the phase function are needed to deal with the
lack of decay in the amplitude (i.e., an amplitude in Sg’O(R")).

6. Boundedness of low-frequency portion

The kernel estimate obtained in Lemma 4.3 can be used to show that the corresponding oscillatory
integral operators are bounded in various Banach, as well as quasi-Banach spaces. Now, as far as the
LP-regularity is concerned, the Mikhlin multiplier theorem yields the following boundedness result for
operators with amplitudes that are compactly supported in the spatial variables.

Lemma 6.1. Letar (x,£) € C2°(R"XR"™) be an amplitude and assume that ¢(x,£&) € C*(R"xXR"\{0})
with

0 @(x. &) < caplel™,  la+plz 1, (x.€) €suppay.

Then the operator Ty, of the form (12) is bounded on LP (R") for 1 < p < oo.

Proof. Set o(x,&) = ap(x,&) e $X€)=x€) and observe that the condition on the phase function
implies that |agafa(x, &)| < €712l Now, we write

50 = [ ot e e,
and using the fact that o is compactly supported in x we have that for any integer N > 0
5100 = [ ([ 5o e Fode)evra @s)
The compact support of o-(x, &) also implies that

N 10g (n.8)| = '/R e (1= AN afo(x, &) dx| < €717,

uniformly in 77. Now, the boundedness of (17)?"N & (1, £) and the estimate above show that the aforemen-
tioned function is a Mikhlin multiplier and therefore bounded on L? (R") for 1 < p < co. Therefore,
using Minkowski’s integral inequality to equation (45), which is valid for the Banach space scales of

LP-gpaces and choosing N large enough yield the desired boundedness. O

The following lemma establishes the local boundedness of the low-frequency portion of adjoint
operator (77)".

Lemma 6.2. Let 0 < p < 1. Moreover, assume ¢(x,&) € C*°(R" XxR") and ap (x,&) € CC(R" x R").
Then (TfL)* given as in equation (13) is a bounded operator from h? (R"™) to LP (R™).

Proof. Seto(y,&) = ar(y,&) e"1¢(-€)*¢ "and consider the kernel of (7,7, )"

K'(y,x—y) = / ar(y,&) e (#0836 3)-8) ge = o(y, &) € gg.
Rn Rn

https://doi.org/10.1017/fms.2023.76 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.76

30 A. J. Castro et al.

Leibniz’s rule and integration by parts yield
(x - y)"&f(K*(y,x -y) =(x- y)“/R (95(0-(};,5) )€y g

= ) Cmﬁ/R 08 0 o (y,£) € o ) g

ajtap=a
Bi1+p2=p

Bz

= (p(y. Ny —x),

where

P(.€) = > Capdd'dfo(y,&) e ™.
ajtap=a
B1+p2=p

Brza;

Therefore, Plancherel’s formula yields that

= weaf ik rx - )

2em = ey, ')||L§_(Rn) < lle(y, ')”L"g(R”) s L

Hence, Lemma 4.6 can be applied with T := (TfL)* and 7, := 0, j > 1, since by Theorem 5.1, Tj is
also bounded on L?(R") and has an integral representation

/Rn K*(y,x=y)f(y)dy
with

K'(nx=9) = [ GLOE P00 000 g -

Next, we prove the main result concerning the regularity of the low-frequency portions of oscillatory
integral operators.

Lemma 6.3. Assume that yo(£) € CZ°(R") is a smooth cut-off function supported in a neighborhood
of the origin as in Definition 2.1, a(x,&) € Si' (R") for some m € R, ap(x,&) = ¢o(§) a(x,§), and

let p(x,&) be a phase function. Finally, let the operator TfL be defined as in equation (12). Then the
following statements hold:

i) If either equation (32) or (33) holds, then

T flle @y S 1S lbmo(rn)-

ii) Assume that ¢(x, &) satisfy the LF(p)-condition (14) for 0 < p < 1 and that n/(n+ p) < p < oo,
Then for any sy, s3 € (—00, ), and q1, q> € (0, ], one has

[ .
”TaLf”B;%qz(R") < ”f”Bf,‘,ql(R")'

iii) Assume that ¢(x, &) satisfy the LF(p)-condition (14) for 0 < p < 1 and that a(x, ¢) has compact
support in the x-variable. Then for any sy, sy € (—c0, ), and p,q1,q> € (0, o]

[ : 8
”TaLf”B;%qz(Rn) < ”f”B;l,ql (R?)*
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Moreover, all the Besov—Lipschitz estimates above can be replaced by the corresponding Triebel—
Lizorkin estimates.

Proof of Lemma 4.3, i). We are going to show that (TfL)* : L'(R") — h'(R™). By Lemma 4.3 and the
definition of the h!-space (regarded as the Triebel-Lizorkin space F ?2(R”)), we obtain

[CrAN A H(wa ATEY Fllren

) HL‘(R")
S ||f||L1(Rn),

where we have also used the fact thaty; (D) (T, )" = (T, ¢ ;(D))" = 0 when j > 1 and used the kernel
estimate in Lemma 4.3 to deal with the last L'-estimate. m]

Proof of Lemma 4.3, ii) — iii). Assume that fy = Wo(D) f, where ¥ is a smooth cut-off function that is
equal to one on the support of ¥ so that Ty, f = T, fy. Define the self-adjoint operators

Lf §=1—A§, Ly Z=]—Ay,
and note that
<§>_2Ly PUC o i (x — y)_ng ety E — pix=y)§

Take integers N1 and N, large enough. Integrating by parts, we have
w0 = [ a1 ) dy i
nx n

= [ @ (=) L @) T o) d i
R xR"

= [ L (@) - )P LT ) dy e
R™XR™ ¢

Since v ; is supported on an annulus of size 2/, one has

[ e ue)es Y / »

|| <2N,

< oJjn Z 2=i(2Ni+l|al) < 27 (n=2N1)
|| <2N,

0¢ (€)M u;(0))|at

Also, applying Leibniz’s rule and Faa di Bruno’s formulae, we have that

LMTE, £(y) = /R LY (ag (v m) €90 Fo(p) dy
=/R o (y,m) €0 fo(n)dn = TE fo(y),
with

o(y,n) = Z Z Z Cap.e0yar(y.n) (6590(% 77))€~ (46)

|@|<2N; 1<|B|<2N; €<2N;
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Thus, we have
jw(DYTE, (0] < 270720 ()72 4|72 fo]) 3. )
Using the LF(p) assumption, one has

“aﬁso(y n)‘ < Inp*1el,

for |a| > 0, |B8] = 1. The terms of equation (46), where £ = 0 are bounded by 1 and the terms where

¢ > 1 are bounded by [p*-lel,
Hence, Lemma 4.3, using both equations (33) (£ = 0) and (32) (¢ > 1), yields that forall 0 < ¢ < 1
the kernel of T satisfies the estimate

K (e, y)| s (= y)™" 50

Now, it follows from equation (47), the kernel estimate above and Lemma 2.7 with r > n/(n+p) that

g8 £ < 2020 [ ([ ey 2 o yyeva) ol oy
<2020 [ ey )l dy (48)

. 1/r
< 2707 (M (1 o)) ()
This yields that for » < p < oo one has
W j (DYTE, flle @ny < 270 foll Lo gy - (49)

In case iii), we would also like to extend (49) to the range 0 < p < co when a(x, £) has compact support
in x. If IC := supp, o(y, 1), then since fj is frequency localised, Lemma 2.7 and Peetre’s inequality
yield that for » > n/(n + p), we have the pointwise estimate

. Ir
|¢J(D)T£f(x)| < 2]("—2N1)(<.>—2N2 * XK (M(|ﬁ]|r))l )(x)

(50)
' 1/r
< 2/(n2M) ()2 /’C (MARIN) " dy,

where yx is the characteristic function of K. Now, taking the LP-norm, choosing N, large enough,
using the L*-boundedness of the Hardy-Littlewood maximal operator, and finally using Lemma 2.8,
we obtain for 0 < p < oo

1 i(n—
g (DY, Fllr @y < 27N fol” IILZ(R,. < 27072 ol o ey

< 272N foll o ey -

(D
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Thus, equations (49) and (51) yield for Ny large enough
B’ 52

1/q>
s o)

1/q2 N 1/q2
(sz@ﬁ" N ol ) = Wollmeny ) 27202280

J=0

“ f| (R?) = (ZZ”MZH‘I’J(D) |

Jj=0

S ”fO”LP(]R" 111 g1

P-q (Rn) '

In the case of boundedness in Triebel-Lizorkin spaces for i), we use equation (48) and the assumption
that p > r > n/(n+ p) which yield for N; large enough that

zjvquiw (D) |Q2) /g2

172, Al o = (2 -
<f S

%)l/qz
J=

. 1/ 1/
P I (7

7=0

1

270N (1 ol"))

LP (R")

8

LP(R")
||f0||Lp(R") ”f”}p”1 | (Rm)*

In the case of boundedness in Triebel-Lizorkin spaces for iii), we use equation (50) and Lemma 2.8 to
see that for all p > 0 one has

2 1/
78, Al e = |( Z 2y, ()T, £%)

LP (R")

\..

0o

S ( Z 21'612(5‘2+11—2N2))1/q2 H(.)—ZNz‘
Jj=0

Sl follzs @ < 1 fllgy, @

v [ (AN@) " 0

by choosing N, large enough. m

Remark 6.4. Note that the type of the phase (i.e., the p in the LF(p)-condition (14)) enters the picture
only at the level of quasi-Banach boundedness of the oscillatory integral operators.

7. Boundedness of middle-frequency portion

In this section, we show that for the portion of the operator where the frequency support of the amplitude
is bounded below, away from the origin and also bounded from above by a fixed R > 1, then the middle
portion of the operator is bounded on Besov—Lipschitz and Triebel-Lizorkin spaces, as the following
lemma shows.

Lemma 7.1. Assume that yo(¢) € C2°(R") is a smooth cut-off function supported in a neighborhood
of the origin as in Definition 2.1, a(x,€) € Si' (R") for some m € R, ap(x,€) = (Yo(é/R) -

Wo(€)) alx, &) for some R > 1, and let (x, £) be a phase function satisfying the ¥*-condition. Finally,
let the operator T, be defined as in equation (12). Then the following statements hold:
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i) TY, satisfies
T fll@ny S 11f llbmoem) -

ii) Assume that 8fgo(x, £) € L®(R" x §"V), for any |B| = 1 and that ¢ satisfy the L*-condition (11).
Then for any sy, sy € (—o0, ) and p, q1, q> € (0, 0] one has

@
”TaMf”B’;%qz(R") < ”f”B‘;,‘m (R?)*

iii) Assume that a(x, &) has compact support in the x-variable and that ¢(x, &) satisfies the L*>-condition
(11). Then for any s1,s2 € (—00,0), and p, q1, g2 € (0, 0]

‘F S S
||TaMf||B;)%q2(Rn) < ”f”lgplqu (Rn) "
Moreover, all the Besov-Lipschitz estimates above can be replaced by the corresponding Triebel—
Lizorkin estimates.

Proof. The proof is similar to that of Lemma 6.3. The only difference is that we cannot use any of
equation (14), (32) or (33) to obtain kernel estimates. Instead, we observe that for any N > 0

Kyl =| [ e ieterin ay x.) ag
Rn
= | =32 / e IVE (1= AN P OINE gy (x,8) dg 42
S @@=,

using the F*-condition. This is enough to conclude the result in 7).
For i7) and iii), we need to replace ay with ap; in equation (46) and obtain estimate (52) for the
kernel of T2. The only problem here is to control the factors of the form 0y f ¢(y,n), where |a| > 0

and || > 1. But they are uniformly bounded because of the L?-condition when || > 1 and

108 0(y,m)| < 108 0(y,m) = 85 0(y, o)l + 105 @(y, n0)| < I — 1ol + 185 0(v, o) < 1,

for |@| = 0 and n € suppayy, if we choose 19 := n/|n|. Hence, |6,‘7’G(y,n)| < 1 which yields the
estimate (52), and we can proceed as in Lemma 6.3 from equation (48) onwards. ]

8. Local #” — L? boundedness

In this section, we prove the local #” — LP boundedness of oscillatory integral operators. As it turns
out, for the case of 0 < p < 1 and the local #” — LP boundedness of Tf , no condition on the phase
function is required. Moreover, the order of the amplitude could also be larger than the critical order
my (p). More explicitly, we have

Proposition 8.1. Let 0 < p < 1 and m = —n/p, and suppose that ¢(x, &) is a measurable real-valued
function, a(x,&) € Si' (R™) with compact support in the x-variable. Then T, as given in equation (12)
is a bounded operator from hP (R") to LP (R™).

Proof. Fix a p-atom a supported in the ball B := B(y,r), with y € R" and r > 0. Also, make the
Littlewood—Paley decomposition using Definition 2.1 so that T,/ = Z‘;":O T;, where T := TS j(D). By
Lemma 4.5 and since T;a has compact support, it is enough to show that

T allpe@m < r"-”/l’z]("-"/]’), (53)
J (R™)

https://doi.org/10.1017/fms.2023.76 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.76

Forum of Mathematics, Sigma 35

and whenever r < 1
||Tja||L"°(R") < rN+l+n—n/I72j(N+l+n—n/P)’ (54)

for some N > n/p—n—-1.
First of all, Lemma 4.2 taken with 8 = 0, yields for all x € R”

ITja(x)| < /B K (e, mlla(y)l dy < r"7/P 270,

which gives equation (53).
On the other hand, if r < 1, we Taylor expand the kernel as follows:

— )8
K = ) ST 00K) )
IBI<N ’

FNED) Y o= y) /(1 N (OPK ) (x,ty + (1= 1)7) dt,
IB1=N+1

and taking advantage of the vanishing moments of the atom, we obtain
O=-9" _
Tia(x) =(N+1) Z / / t)N(ﬁij)(x, ty + (1 =1)y)a(y)dedy.
|B|=N+1

Therefore, applying once again Lemma 4.2, with |8| = N + 1 and N := [n(1/p — 1)], we obtain

|T,~a(x)| < rN+1+n—n/p 2j(N+1+n+m)’

which yields equation (54). )

Remark 8.2. We observe that interpolating the result of Proposition 8./ with the L?>-boundedness of
operators with amplitudes in Sg o(R") yields that T,7 is bounded from hP (R™) to LP (R") for 0 < p < 2
with a SND phase function verifying equation (11) and m < m(p).

9. Boundedness of high-frequency portion

In this section, we treat the global regularity of the high-frequency portion of oscillatory integral
operators. Here we prove #” — L” boundedness results.

Proposition 9.1. Suppose that ¢ € ¥* is SND, for some k > 1 and satisfy the L*-condition (11). Let
a(x,&) € Smk(p) (R™) and ag (x,&) = (1 — (&) a(x, £), where W is given in Definition 2.1. Then,
TS, asin equation (12) is a bounded operator from h? (R") to LP (R"") when 0 < p < 1. In the case
0 < k < 1, the result above is true provided that a(x,§) € Smk(P)(R").

Proof. We consider a generic Littlewood—Paley piece of the kernel of 7,/ .

Kj(x’x — y) = ./R aj(x,é:) ei(‘F(x»f)_x'f"'(x_)’)'f) dé:’ (55)

where a;(x, &) := ap (x,€) ¢ (£). Inlight of Lemma 4.6, we only need to show that 71,, is L?-bounded,
which is indeed the case by Theorem 5.1, and that

l(x = ) (95Kj(x,x ~ Mz $ 2J (lal(k=1)+|B[+mi (p)+n/2)
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However, since differentiating equation (55) A times in y will only introduce factors of the size 275!, it
is enough to establish the above estimate for 8 = 0. To this end, take ¥; as in Definition 2.1, integrate
by parts, and rewrite

(x =) K (r.x - y) = /R a;(x, &) O TINE gagiten€ g
= /Rn (j—)g [aj(x,f)eiw(x,f)—imf] PLUC IR W, (&) de

= 2, Coan / 0" aj(x, ) 02T TS T (¢) g

a1+ta=a R

= Z C(l],(lz,/l],.../lr / aglaj(xa f)
R

a|1+tap=a
A+-+A=an

y 6;1 (00, &) —x-&) -~ 6?((,0()6, &) —x-§&) ' P (x.8) pmiy-& lyl(éf) dé¢

-y Cm’QM’_Wzﬂmk<p>+<k—1>\a|>/ p i () oi90E) i E W (£) di

aj+tap=a "

/11+*“+/l,~=az

= Z Cannary...q, 2 PIHEDlah garondiode (o ) (r),

atamp=a
A++ A=

where 7_, is a translation by -y, |4;| > 1 and

X 0g'a;(x,£) 03 (p(x,) —x- &) ... 07 (p(x,6) —x - &).

Now, we claim that b;.”’“z’}‘ """ Ar(x,8) € S5 o (R™) uniformly in j. Indeed, since a € S(’)"g(p) (R™) and

< 2~J(k=Dlal gjk=Dr o
In a similar way, using the Fk—condition, we can also check that, for any multi-indices y and 3,

OLT b (x, )| 5 1, (56)

|8§8§aj(x, &)| g 2/ mp)=lal),
and on the support of a;
10207 (p(x.6) —x - €)] 5 27K,
which together imply equation (56).
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Therefore, Theorem 5.1 yields that

j : — Lap,A1,... Ay 7
ll(x - y)aKj(x’x _ y)“L,%(]R"') < Z zj(mk(P)+(k 1)) ”S;ll s, (Tyle)”LZ(]Rn)
al+tam=a
A+ =

< zj(\al(k—1)+mk(p))”\’I}j”LZ(RH) < 2/ (al(k=D)+mi(p)+n/2)
and the proof is completed. m

We would like to have a similar result for the adjoint operator, but in this case, we need to add an
extra condition. However, this extra condition is automatically fulfilled if one assumes LF(p)-condition
(14), and it turns out to be superfluous as far as the L”-boundedness is concerned. Since the result is
only applied in these two cases, this extra condition will not have any impact on any of the main results.
In the following proposition, we let e, be the unit vectors as in the proof of Theorem 3.4 on page 16.

Proposition 9.2. Let a(x, &) € ngg(p) (R™) and ay (x,&) = (1 —yo(&/4n)) a(x, &), where g is given
in Definition 2.1. Suppose that, for k > 1, ¢ € ¥* is SND and satisfies the L*-condition (11). Moreover,
assume that for all £ € suppg ap (x,§), there exists 1 < € < 2n such that the line segment between &
and ey does not pass through the unit ball B(0, 1) and such that Gf(p(x, ep) € L®(R"), forall |B| = 1.
Then, (TfH)* given as in equation (13) is a bounded operator from h? (R") to LP? (R™) when 0 < p < 1.
In the case 0 < k < 1, the result above is true provided that a(x, &) € S'{LS(’J) (R™).

Proof. The proof follows the same lines as that of Lemma 6.2. Indeed, since (TfH )" is L?-bounded, we
only need to show that

o, .)||L§(Rn) < 2i(al(k=+|Blmy (p)+n/2) (57)
where
pi(0,6) = > Capdfd o;(y,&) ¢, (58)
+an=
Brifops
Przar

o (y,€) = aj(y, &) e PO E

and a;(y,&) = ap(y,&) (&) is the usual Littlewood—Paley piece. To this end, Leibniz’s rule yields
that

10105 0y (v, €)1 = 105105 (a (v, €) e # -6
’ B/— ” BN . .
s D 10090 a; (810 e e e,
aj+a=a;
Bi+B7=P
Now, if we let ©(y, &) = ¢(y, &) — y - &, then Faa di Bruno’s formulae implies

684 > 101051 @(y,€)|...|9} 05 @(y, €), (59)
(y1, 60+ +(yr,6r)=(a.B)

where the sum above runs over all possible partitions of (a, 8) such that |y, |+|6,| > 1forv=1,...,r.
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The F*-condition isn’t enough to estimate the terms in equation (59), and we also need to derive
estimates for the derivatives in x. For any £ € supp, ap (y, &), take £ as in the statement of this theorem.

Then the L?-condition and the mean-value theorem yield that

105 0(y.6)] <167 @(y, &) = 0] p(y.e0)| + |07 o (v, ec)]

(60)
S 1€ —ecl +|0) o(y.e0)| < €]

Hence, on the support of a; one has, for k > 1,

0(27), v =0,
Y a0 —
|6gay ‘I’()”fﬂ - :O(zj(k—l)), v # 0,

andforO < k <1

o _ 0(2J)’ Y = O»
0205 (v, )| = {O(Zj(k—lyl))’ Y £0,

where we have used the F¥-condition, L2-condition and equation (60). Therefore, for £ > 1, using
equation (59) we get

|ag1 651 U'j(y,f” < 2J (my (p)+(k=1) a1 [+]B1 1)

On the other hand, in the case 0 < k£ < 1 using the assumption a € S'lng(p ) (R") we obtain

o g
080 oy Ol s Y 10519y a; (3. 6)1195" 8y e e
ai+a/i’:al
Bi+B{=p1
< Z ) (mi (p)=lafl+laflk=]af [+|B]])
ai+a/i':a'1
Bi+B} =P
< 2/ (mic(p)+(k=D) a1 [+1B1])

Thus, in both cases
|5§1 351 oi(y, )] < 2J (mi (p)+(k=1) a1 [+|B1 ])
= 2J (i (p)+(k=1)|a|-(k=1)|az|+|B1]) (61)
< 2J(mi(p)+(k=D)]al+|az|+IB1])

Finally, combining equations (61) and (58) we obtain equation (57). Hence, Lemma 4.6 holds and the
proof is concluded. O

10. The i” — LP boundedness of Schrodinger integral operators

This section deals with the regularity of the Schodinger integral operators. An important tool in the
proof of the following theorem is a Littelwood—Paley decomposition of the amplitude, where each
Littlewood—Paley annulus is further decomposed into a union of balls with constant radii, in contrast
to the second frequency localisation introduced by C. Fefferman in [11], where different pieces of the
amplitude are supported in ‘angular-radial rectangles’.

Theorem 10.1. Let T,V be a Schrodinger integral operator according to Definition 2.17 with amplitude
a(x, &) € Sg%(p ) (R™) and phase function ¢ that is SND. Then T, is a bounded operator from hP (R™)
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to LP(R") for 0 < p < oo. Moreover, if |V,o(x,0)| € L (R"), then T, is bounded from L™ (R") to
bmo(R").

Proof. We start by the analysis of the case of 0 < p < 1. We make the following decomposition of the
integral kernel

K(r) = [ aleg)ew e g
Rn

of the operator T,7. We introduce a standard Littlewood—Paley partition of unity Z‘]’."zo Yi(€) =1 with
supp o C B(0,2), and suppy; C {2/71 < |£] < 2/*!} for j > 1. Then for every j > 0 we cover
supp ¥ ; with open balls C* with radius 1 and center ¢, where v runs from 1 to 0(2/™). Observe that
|CJ‘.’| < 1 uniformly in j and v. Now, take u € C°(R"), with 0 < u < 1 and supported in B(0, 2) with

u =1on B(0, 1). Define /l;f(f) € CZ2(R™) to be equal to u(¢ —fj‘.’). Next, set/\(}’(f) = /l}f(f)/Zv /l}f(f)

and observe that for each & € suppy; the sum 3}, /1}7 (¢) = 1, and also Z;’-"ZO > )(}’ (&)Y (€) = 1. Now,
consider the kernel

Kjwon) = [ 001y © 0 ae g e
Therefore, for any multi-index o and any j > O we have
0K () = [ i€ € 07 O e o
- f PPN E) 0 (¢ 6) g,
where
TV (x,€) =) X[ (€) (-i6)* alx, €).

Using the assumption that a(x, ¢) € S(’)" (2)(” ) (R™), we deduce that for any multi-index y, any j > 0 and
any v one has

|a;{o-;”"(x, &)| g 2/m(p)+lal) (62)

If we now set 9 (x, &) = ¢(x,&) — & - Vgtp(x,f}f), then we can write

0K () = [ TR 000 0 ) .

n

Now, we claim that the derivatives of ¥} in & are uniformly bounded on the support of o ;”V(x,f). To
this end, the mean-value theorem and equation (15) yield

- |(f—§f) ' /01 0 Vep(x, 16+ (1 -nEj) di

0403, )] = |05, €) = D p(x.€))

<1,

S ‘6 i
and

)agﬁ(x, g)( - )aggp(x, g)( <1, forall|u|>2.
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Defining the differential operator L by
Li=1-i(Veg(x.£)) —y) - Ve,

one can easily verify that

<V§<p(x,§}’) - y>_2MLMei(Vf‘P(xvfjv)—y)f _ ei(sto(x,ij)—y)wf

for all integers M > 0. Therefore, integrating by parts yields
B;K}/(x’ y) = <V§<p()c, é:}/) _ y>—2M / ei(Vfw(x,-ij)—y)'f (L*)Meiﬂ(x,f) O_;Y,V(x, &) dé.
Rn
This equality, the observation that supp o-j‘.”" c €}, with |CJ‘.’| = O(1) uniformly in v and j, the estimates

for the derivatives of ¢ and equation (62) yield

S 2J (m2(p)+lal)
[0y K} (x,9)| < e (63)

Veo(x, &) - y>

for all multi-indices @ and all j > 0.
Let T” be the operators corresponding to the kernels K and a be a p-atom supported in the ball
B := B(y,r) with y € R"™ and r > 0. Define the domain of influence of Tj?’ by
By i={x : [Vep(x, &) -y < 2r}.

Since 0 < p < 1 we have

T

7l o0, < Z_Z) H
—ZZ(\

We start with the first term in equation (64). Since, by the SND-condition, the map x — Vs¢(x, f}’)

v |lp
Tja LI’(R”\B"))

I

a7 (64)

is a global diffeomorphism, one has that |B}f| < r™ uniformly in j and v. Therefore, the L?>-boundedness
of 27/72(P)TY proven in [13] and Hélder’s inequality yield

vV
e

Lr(BY) < rn(l/P—1/2)2]'m2(P)Hz—jmz(p)T};a

L2(R™)

< rn(l/P—1/2)2jm2(P)||a||L2(Rn) < zjmz(P),

where the L?-boundedness of the second inequality is uniform in j and v. This is because the symbol of
27im(P)TY fulfills

|60l 27 yi(€) x} (€ alx, )] < 1

uniformly in j and v and is hence an element of S o(R™).
We turn to the second term in equation (64) and estlmate that in two different ways. First, we observe
that for x € R \ B; and y € B one has

1 _
IVep(x.67) =y 2 SIVep(x,£7) = 3.

https://doi.org/10.1017/fms.2023.76 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.76

Forum of Mathematics, Sigma 41

Now, using the SND-condition of the phase and equation (63) with @ = 0, we obtain (taking M large

enough)
P
[ —— n\m( [y collaiar)” e
) 65
/ / i dY)pdx < 2/ (np=2n)np—n )
n M i
VgQD(x fy) - >

Second, if r < 1, Taylor expansion of K in the y-variable around ¥, using the moment conditions of
a, and finally equation (63) yield that for N := [n(1/p — 1)]

a v * -IN+1 p
el oy < > /H\BV [ 105K oy =51 el dy)

|a|=N+1
< 2](np 2n+p(N+1))rnp—n+p(N+1)’

T al|?

where y* is a point on the line segment connecting y and y. Note that we have also used that for
x € R™\ B;, one has

IVep(x,&7) = 3| S [Vep(x, £7) = ¥l

Since r < 1, take the unique integer £ € Z, such that 27! < r < 27, Then recalling that there are
O (2’™) terms in the sum in v, we have

~2jn(1-p/2 i(np-2 -
500 s ol ) < 5, 5 v e
Jj=0 v j=t v
+ Z Z (2—2jn(l—p/2) + 2Aj(np—2n+pN+p)rnp—n+pN+p)
j<t v
< Z (z—jnu—p) + zj<np—n>rnp—n)
j=t
+ Z (z—jn(l—p) n 2j(np—n+pN+p)rnp—n+pN+p)
j<t

< 1+2(’(np—n)rnp—n +2(,’(np—n+pN+p)rnp—n+pN+p ~1.

Now, if » > 1, we do the same calculation as above, except that we take ¢ = 0 and do not consider

the case j < ¢. Hence, only equation (65) is needed to estimate “T" H and we conclude that

“Tf;pa”LP(R")

Interpolating this with the L2-boundedness result in [13] yields the result for 0 < p < 2.

For the L”-boundedness of 7, in the range 2 < p < oo, using Remark 3.8 we can without loss of
generality assume that ¢(x, 0) = 0in 7,/. Now, using duality and interpolation, the L”-boundedness of
T.? (with this kind of phase function) would be a consequence of the 47 (R™) to L” (R™) boundedness
of the adjoint operator (7,7)", for 0 < p < 2.

Therefore, we start by showing the h” (R") to LP (R") boundedness of the adjoint operator (7,¥)"
(with ¢(x,0) = 0), for 0 < p < 1 and make the following observations. The kernel of (7.¥)" is given by

LP (R Bv) s
is also uniformly bounded when r > 1.

Ky () = [ 5@ 1€ 000 Gl g ae,
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therefore for any multi-index @ we have
OIKY (x,y) = /R ui(€) ) (©) g (O 4 (3. 8)) ag
- / 0 gy £ g,

where

TV 0E) =Y EOXE D Capantia, 0800, 816 (3,€) -+ 0 (3, 6),

ajl+tam=a
A+ =

and |4;| > 1. Now, for [4; + 8| > 2,

/1 .
1057050 (3,6)] 5 1,
and using that ¢(y, 0) = 0 and the mean-value theorem, we obtain

Vye(y. )| < I€].

From these estimates, we deduce that for any multi-index y one has [3}o """ (y,€)| < 2/ (ma(p)+lal)

Therefore, following the same line of reasoning as for the case of T,/ yiélds for all multi-indices « and
all j > O that

2 (my(p)+lal)

<V.fso(y,§}) - x>M

|05 K™ (x, y)| <

Now, the rest of the proof proceeds almost exactly as in the case of 7,7 .

Having established the 27 — LP boundedness of (T,7)* for 0 < p < 1, we can use interpolation to
extend this to the desired range 0 < p < 2. Summing up, this (together with duality and interpolation)
shows the 2P-LP boundedness of T,/ for 0 < p < oco. .

Now, for the boundedness of 7, from L*(R") to bmo(R") one can write 7,/ = ¢!#*-0T¥ with
@(x,0) = 0. Then given the assumption on the phase function of Schrodinger integral operators and
the extra assumption |V, ¢(x,0)| € L*(R") on the phase, one can use equation (9) to reduce matters to
the boundedness of 7,/ . But the boundedness of T,y from L*(R") to bmo(R") is a consequence of the
boundedness of (7,¥)* from h' (R") to L' (R") which is achieved in the same way, as in the analysis of
(TZ)* above. The details are left to the interested reader. O

11. Action of parameter-dependent pseudodifferential operators on oscillatory integrals

Here, we prove the result concerning the composition of parameter-dependent pseudodifferential op-
erators and oscillatory integral operators and also derive an asymptotic expansion for the composition
operator.

Proof of Theorem 3.11. The idea of the proof is similar to that of the asymptotic expansion proved in
[26]; however, the details are somewhat different. Let y (x — y) € C*(R"” X R") such that 0 < y < 1,
x(x—y)=1for|x—y| <«/2and y(x —y) =0 for |x — y| > «, for some small « to be specified later.
We now decompose o7 (x, &) into two parts I; (¢, x, &) and I(¢, x, &), where

L (1,x,8) = // a(y, &) b(x,m) (1 — x(x — y)) e/ ¥ i )-ie(x.£) 4 gy,
ann
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and

L(1,x,&) := // a(y,€) b(x,m) y(x —y) ') e E-ie(x-8) qp gy,
Han

Step 1 — The analysis of I, (7, x, &)
To this end, we introduce the differential operators

L X—Y 1

L, =—-i——-V and L, :=
7 e—y2 " Y V(3. 6))E = iAye(y, )

(1-Ay).
Because of equation (29), one has

(Vye(3, €))% = iAyp (3, €)| = (Vye(,6))* 2 (€)*.

Now, integration by parts yields
Li(t,x,8) = //R . (LN H{e™™ M a(y, &) (LM [(1 = x(x = ) b(x, )]}
nX n
x XMy, €)=ip(x,8) dndy.
Now, since 0 < ¢ < 1, provided 0 < N3 < Ny — s, we have
0515 e, 1| 5 £V Gy N = V1) > (M=
<M () oy NN o s

Therefore, choosing N; > nand 2N, < N3 —n

L (,x,€)| s M7 <§>_2N2+’"/ (N = yI™N )y~ dn dy

[x=y[>«

< tNl -N3 <€_—>—2N2+m )

Estimating derivatives of I (¢, x, &) with respect to x and & may introduce factors estimated by powers
of (£), (1), and |x — y|, which can all be handled by choosing N; and N, appropriately. Therefore, for
all Nand any v > 0

ogoln (1,x,6)| s (&N,

th

and so I (¢, x, &) forms part of the error term r(t, x, &) in equation (16).

Step 2 — The analysis of I,(z, x, &)
First, we make the change of variables = V¢(x, &) + £ in the integral defining I, (z, x, £) and then
expand b(x, tn) in a Taylor series to obtain

D Vape &) +10) = > I (085) (Vg ) 4 Y Calraltn .0),

0<|a|<M |a|l=M

where

1
ro(t,x,&,0) = /0 (1- ‘r)M_1 (agb)(x, tV p(x, &) +1tl) dr. (66)
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If we set
(I)(_x, Yy, f) = (,D(y, f) - QO(X, f) + (-x - y) . VX‘:D(X’ f)y
we obtain
ela|
L(xg)= Y o oatnd) +1M Y CoRo(tx.),
la|<M @: |a|l=M

where, using integration by parts, we have

oot x, &) = (179l // XTI EHOLY-E) 1@ g (y &)y (x — y) (0b) (x, 1V p(x, €)) dy AL
R)‘lan

= 111 (510 ) (e, 19 0 (v, £) ()10 [0 (v ) x(x -y |

lyox

and

Ro(t,x,&) =172l // e O L PN E) p ¥ gy &) y(x = y) T (t,x,€,0) dydL.
I’LxRVL

Step 2.1 — The analysis of o, (¢, x, &)
We now claim that

‘ oY I ®-6) |y:x| <&, (67)

We first observe that when y = 0, equation (67) is obvious. To obtain equation (67) for y # 0, we recall
Faa di Bruno’s formulae

NPy = N (0 B(x,y,8)) - (37 D(x, y,£)) € ),
Yite Y=Yy

where the sum ranges of y; such that |y;| > 1for j =1,2,...,kand y; +-- -+ =y for some k € Z,.
Since ®(x, x,&) = 0 and 0, P(x, y,§)| y=x = 0, setting y = x in the expansion above leaves only terms
in which |y;| > 2 forall j = 1,2,..., k. But Zf-zl lyjl < lyl, so we actually have 2k < |y|, that is
k < |y|/2. Estimate (30) on the phase tells us that |6;’<D(x, v, )| S (£), s0

’a})}’eid)(x,y,f)

SHE) (&) s EF s &M12,

|y:x
which is equation (67).

If we use the fact that # < 1 and the assumption /) of Theorem 3.11 on the phase function ¢, then we
have

oo (1,2,6)] < 117NNV o (x, £)) I lgylel/2gym
< t(1—5)|n\ <t§>s—(1—s)|a| <t§>—s|a| <é_~>m+|a|/2
< tmin(s,O) <§>s+m—(1/2—5)|a|’

when |a| > 0.
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By the assumptions of the theorem, the derivatives of o, with respect to x or & do not change the
estimates when applied to b, and the same is true when derivatives are applied to 0y el Xy, ) ly=x-
Therefore, for all multi-indices 8, y € Z,,

8,238;’0_0([’)6’ 5) < tmin(s,O) <§>s+m—(l/2—£)\af|—p\ﬁ|’

as required.

Step 2.2 — The analysis of R, (¢, x, &)
Take g € C2°(R") such that g(x) = 1 for |x| < §/2 and g(x) = O for |x| > 6, for some small § > O to
be chosen later. We then decompose

Rotton &) =i0700el [ et € oy [0 yx =) &) raeon.6.0) [ ayac

L (-)lal // ei(x—y>~4(1 _g(é)))
R xR

X0 [P0 y(x = y) a(y,8) ro(x.6,0) | dy g
= Rl (t,x,€) + Rb(1,x,).

Step 2.2.1 — The analysis of R’ (¢, x, &)
Note that the inequality

&) < 1+1€] < V208,
and equation (29) yield
(V2p(x, &) +177) < (CV2+06)(1€),
and

V2iVp(x,8) +170) 2 1+]1Vx0] — 1]
> 1+ C|té] —t5(¢)
> (1-206)+(Ci = 6)[t&| = (min{l, C1} - 6)(t&).
Therefore, if we choose § < min{1, C;}, then for any 7 € (0, 1), (tV,@(x,&) + 1) and (t&) are
equivalent.

This yields that for |£] < r(£), 6§r(,(t,x, &,) are dominated by ¢/81(r£)*~191=I8!_Furthermore, for
t < 1, it follows from the representation (66) for r,, that

|3f(g(é>)ra(t,x,§, é“))| < ;}|&Zg(é—>)af‘7ra(z,x, £0)

<Cap Z tlﬁl—\7|<§>—|ﬂ(,g)s—lal—lﬁlﬂyl
v<B
< Z tmin(s,0)+|/3|—\7|—(1—s)Ial<§>—\7|<§>s—(l—s)\w|,—(\ﬁl—lyl) <§>—(IB|—I~/D
v<B
< fmin(s,0)-(1-¢)la| <§>s—(1—8)|a\—|ﬁ’|_

(68)

At this point, we also need estimates for ay“ i ®(x.Y.) off the diagonal, that is, when x # y. This
derivative has at most |a| powers of terms V,¢(y, &) — Vip(x, &), possibly also multiplied by at most
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|| higher order derivatives 65 @(y, &), which can be estimated by (|y — x|(£))!! using equation (30).
The term containing the difference V,¢(y, &) — Vi(x, €) is the product of at most |a|/2 terms of the

type 65 ¢(y, &), which can be estimated by (¢£) 1212 in view of equation (30). These observations yield
057 3D < (1+ |x - yl(en )12,
and therefore we also have

a;x [eid)(x,y,f)/\/(x _y)” < (1 + |x _y|<§:>)\n|<§>|rl\/2' (69)

Let

2
= (1 - <‘$> A{) i S0 LNei(X,y).é‘ — ei(xfy)._{.
T 1@ - yP ¢

Integration by parts with L, yields

DL g (= y) aly,8) €009
1 _ (1-#)la] ¢ y
Ro(t:x.6) =1 //ann (1+ &) x—yP)N
2 S
X (1= @A) (s[5 ) rat v, 0 dyag

— (-#)lal // e [y (x - y) a(y, &) e8]
R7xR? (1 +<§)2|x—y|2)N

x 3 apl@) o 5 55 )rattn.0)  avac.
IBI<2N ’

Using estimates (68), (69) and that the size of the support of g(£/{¢£)) in £ is bounded by (5(£))" yield

L+l -yl |

|th(t,x, f)| < tmin(S,O) Z <‘f>n+\,8|<§>—(l—£)|(t|—|ﬁ|<§>|a|/2+s+m/

IB|<2N -yl<e (14 (€)2x = y|HN
min(s,0) 18] s— () |18 e |l j2im ynen [ T (LT d
<t WZM g @ [

< tmin(s,O) <§>s+m—(1/2—£) |n\’

if we choose N > (n+|a|)/2, and the hidden constants in the estimates are independent of ¢ (because of
(68)). The derivatives of R’ (¢, x, &) with respect to x and & give an extra power of ¢ under the integral.
This amounts to taking more y-derivatives, yielding a higher power of (£). However, for a given number
of derivatives of the remainder R’ (z,x,£), we are free to choose M = || as large as we like and
therefore the higher power of (¢) will not cause a problem. Thus, for all multi-indices 8, y and || large
enough we have

10507 R (1,x,€)| 5 Mn(-0)(gys+m=(1/2-2) lal-pIB],
where the hidden constant in the estimate does not depend on z.

Step 2.2.2 — The analysis of RZ (1, x, &)
Define

V(x,y,£,0) = (x=y) {+Px,9,6) = (x—y) - (Vap(x,8) + ) + 9(,€) — @(x,&).
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It follows from equations (29) and (30) that if we choose k < ¢/8C), then since |x — y| < « on the
support of y, one has (using that we are in the region || > §(¢£)/2)

IVy¥|=1-0+Vyo - Vip| <2C([Z] +(£)), and

931 2 121 Wy = Vgl 2 3121+ (§ = Cole = )48 = (121 + (6.
Now, using equation (30), for any 8 we have the estimate
‘5§(e—i<l><x,y,§) ayveﬂb(x,y,f))‘ <M. (70)
For M = |a| > s, we also observe that

|ra(t,x,&,0)] < 1. (71)
For the differential operator defined to be
n
Ly =iV, %] Z(ayjlp) dy;,
J=1

induction shows that LIyV has the form

x 4
(Ly) |V ‘P|4N Z Pp.n 9y,

IBISN

where

Pon = D cpus, (VWM 0019 - 9N Y,
[pl=2N

|61 > 1 and ZNM |61 + 8] = 2N. It follows from equation (30) that |Pg x| < C(|{] + (€)M . Now,
Leibniz’s rule ylelds

Rbexg) ==l [ 0o (1 g S rarg0)
x 057 a(y, €) x(x - y)| dyae

_ - a)la‘//Rann 60 (1 - (<5>))ra(t x.£.0)

Z ( —i®(x,y, f)a’}’l i®(x,y, f)) 672 ()C y) a%a(y f) dy dé«

Yityty3=a

_ - s>|a\// M ED | PN N P (x,3,6,0)
RxR"?

IBI<N

X (1 (<§>))ra(t x,&,0) Z 85[(6_@("’%‘9)

Yityatys=a

X 01" 9y (x - y) 0)a(y, £)] dy dZ.
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It follows now from equation (70) and (71) that
RG] < 1200 [
[£1268(&)/2

< 1(1*8)|0\<§>\¢Y|+m'/ |§|7N d¢ < C<é_->\a|+n+m—N’
[£1=6(&)/2

/| @M@ aya
x-y|<k

which yields the desired estimate when N > |a| + n. For the derivatives of RZ (¢, x, &), we can get, in a
similar way to the case for R., an extra power of £, which can be taken care of by choosing N large and
using the fact that |x — y| < «. Therefore, for all multi-indices 8, y € Z,,

020 R (1,x,8)| 5 (©)lermm=N,

where the constant hidden in the estimate does not depend on ¢. The proof of Theorem 3.11 is now
complete. O

12. Regularity on Besov-Lipschitz spaces

In this section, we prove sharp boundedness results of oscillatory integral operators on Besov—Lipschitz

spaces. The idea here is to boost all h” — L results in above sections to By ¥ ) B3, , using the
calculus of Theorem 3.11. To this end, we prove the following proposition.

Proposition 12.1. Ler k > 1, 0 < p < oo and a(x, &) € S(Tg(p) (R™) with compact support in the
x-variable. Assume that ¢ € ¥k is SND satisfies the L*-condition (11) and the LF(p)-condition (14)
for some 0 < p < 1. If0O < p < oo, then TY : h?(R") — LP(R") and for p = oo one has
T.f : L®(R") — bmo(R"). If one removes the condition of compact support of a(x,&) in x, then the
aforementioned boundedness result is valid, but p has to be taken strictly larger than n/(n + p). In the

case 0 < k < 1, the results above are true provided that a(x, &) € S'lng(p) (R™).

Proof. For the high-frequency portion of the operator (here is the compact support in the spatial variable
not relevant), we use Propositions 9.1 and 9.2 to show that the operators 7 and (7,7)" are bounded
from AP (R") to LP(R") for all 0 < p < 1. Observe that the condition chp(x, er) € L®(R") is satisfied
for all £ due to the LF(1)-condition. Now, using analytic interpolation, duality and the L?-boundedness
provided in Theorem 5.1, yields the desired result for the high-frequency portion of the operator 7,7 .
For the low- and middle-frequency portions of the operator, we just use Lemma 6.3 and Lemma 7.1
in the Triebel-Lizorkin case with s = 0 and g = 2. O

Lemma 12.2. Letk > 1,0 < p < co,m € Rand a(x,¢) € Si',(R"). Assume that ¢ is SND and satisfies
the L2-condition (11). If Y is defined as in Definition 2.1, then the operator T; given by

Tjf(x) := / 8 a(x, €)Y (€) F(€) dé
Rn
satisfies
1T flr @y < 27" PV | (D) £l o).

for j € Z,, provided that one of the following holds true:

i) ¢ € FX a(x, &) is compactly supported in the x-variable and has frequency support in R" \ B(0, R),
for the R given in Lemma 4.1.

i) ¢ € FK, 6590()6, £) € L®(R" x §"°Y), for any |B| = 1 and a(x,€) has frequency support in
R™\ B(0, R), for the R given in Lemma 4.1.
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iii) ¢ € FK N C®(R" x R").
iv) k =2 and y satisfies equation (15).

If one removes the requirement on the frequency support of a(x, &) and adds the LF(p)-condition
(14) in i) — ii), then one obtains the result for 0 < p < 0o ini) andn/(n+ p) < p < o0 inii).
Inthe case 0 < k < 1, the results for i) — iii) above are true provided that a(x, &) € S (R").

Proof. Using Remark 3.8, we can without loss of generality assume that ¢(x,0) = 0 in iii) — iv).
Observe that using the mean value theorem, and either L?-condition (11) or equation (15), yields that
P o(x,&) e L*(R" x S"1) for |5] > 1.

To simplify the calculation, we set o (x, &) := (&)™ (P)7" q(x, &) so that o € S(r)n(/;(p) (R™).

We start with the case p € (0, co). Proposition 12.1 in i) — iif) and Theorem 10.1 in iv) yields that
TZ : h?(R™) — LP(R™). Next, we use the definition of the local Hardy space h” (R") (see Definition
2.5) and Definition 2.1 to obtain

T fl|r gy < 270" PN TEY (D) fl| Loy < 277 PV g (D) £ ey

00

<2 Yoy o))
=0

< 2J (m=my(p)) ||\PJ(D)fHL” (R") -

LP(R)

If one removes the requirement on the frequency support of a(x, &) and adds either equation (32) or
(33) in i) — ii), then Lemma 6.3 iii) yields the h? — LP result for the low-frequency part of T.%.

We turn to the case when p = oo, which can only be proved under the assumption |£| > R in i) — ii).
Observe that Proposition 12.1 in i) — iii) and Theorem 10.1 in case iv) give us the 1! — L! boundedness
of the adjoint operator (T2)". We set f; := (D) f. Now, the assumptions on the phase and Lemma
4.1 enable us to apply formula (17) to (W, (D)T£)*, which in turn yields that

| =270 j pd
7 ]| s ey = 27D a0y (72 1

iL'(R”)

im0 S (D) (TE) W (DY (D) 7
=0

LI (R™)

N
DN DI AR I )
|a|<M  €=0 (R")

+ 2j(m—mk (17)) H Z Z_nglﬁj (D)(Trf)*fl)"Ll (R™)
=0

=1+1I,

where N < oo by the properties of the Littlewood—Paley sums. We consider the main terms I above.
Observe that using the seminorm estimate (18) for o, ¢, we can claim that

IS 2y (DTS, )] S St 012, e
=0 £=0

S J - 172
< ;)nfenhw) - % H(;mef(m 1) HU(Rn) < e,

To prove this claim, we first observe that ¢ ; (D) maps L' into itself (with a norm independent of j).
Then we use Proposition 12.1 in i) — iif) and Theorem 10.1 in case iv) to obtain the desired result.
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For the remainder term II we use the representation

1) 1= [ K fo)dy,

Then in case i) — —iii), integration by parts yields

Ky =| [ et eenire 1 (.6 o

<G [ i) Te (e D ) ae
s [

N-1
<[] Ca)(x — 90 (p(y.€) -y 6)‘ d¢.
v=1

0277 (,8)

121 |y |+ +|an | <N

Now, since by estimate (19) we have that r, € S(')"a(l/ 2-e) M(R”), choosing M large enough, the F*-

condition yields that

IK(x, )] s x=y)y7N,

for any N > 0. In case iv), we estimate
K (x,y)| = ’/R Ve (3,0)-€ LiVep(y,0)-&-ip(y.g) re(v, &) df‘

S (r=Vep(.00) " /Rn ’(1 +i(x = Vep(y,0) - Vo)V

% (1) -1Ve0(1,0)-£ m) ds

< (1= Veer0) Y [ o]

"oy [+ +|an | <N

N-1
x [ |- Ve, 00 92 (0(.8) = Ve (2,0) - )| ae.
v=1

Here, we observe that

o(l), lay| =2,

|agv(‘;0(y’§) = Vep(y,0)- 6| = {0(|¢‘}‘|), lay| =1,

where we have used the fact that when |, | > 2, then equation (15) yields the first estimate and when
|a,| = 1, then the mean-value theorem yields the second. Therefore, once again choosing M large
enough, we have for any N > 0O that

|K(x,y)| < (x—sz(y,O)VN

and hence
IT) Fller ey s WAL gy
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Now, we estimate the remainder term of equation (72). It is bounded by

D127 My (DY) fellwr ey $ D27 M F N gy S 1AL ey -
£=0 £=0
Therefore,
||T;fHL‘(R") VA V-
and a duality argument yields
T Al ey = [T (D) f| s rery < (195 (D) f oy -

Now, if one removes the requirement on the frequency support of a(x, ¢) and adds either equation (32)
or (33)in i) —ii), then Lemma 6.3 i) yields L* —bmo boundedness and the rest of the argument proceeds
as before. O

Now, we are finally ready to prove the regularity of oscillatory integral operators on Besov—Lipschitz
spaces.

Proof of Theorems 3.2 and 3.5, part i). For the low- and middle-frequency portions of the operator,
we just use Lemma 6.3 and Lemma 7.1 parts i7) and iii). Observe that 6fgo(x,§) e L®(R" x S" 1) is
a consequence of the LF(p)-condition (14). Thus, from now on we concentrate on the high-frequency
portion of the operator. We divide the proof into three steps. In Step 1, we invoke a composition formula
which yields a sum of two terms (a main term and a remainder term) that need to be analysed separately
and conclude that the main term is L”-bounded (in the sense of Lemma 12.2). In Step 2, we show
B3, , — L” boundedness for the remainder term, and in Step 3, we complete the proof by deducing the

Bf;f;"_mk(p ) B3, , boundedness. In Step 4, we deal with the case when the phase function is smooth

everywhere in Theorem 3.5.

Step 1 — A composition formula and boundedness of the main term
In the definition of the Besov—Lipschitz norm, the expression j(D)Ta"D f plays a central role. To
obtain favourable estimates for y j(D)Tf f we use formula (17) with M chosen large enough, which
states
. 2-jelal
Y27 D)TS =
la|<M-1

@ —jeM ¢
a! T(’u.j"'zjg T;. (73)

From Lemma 12.2, we have, after a change of variables, that

Hng,jf Le @y S 27OV (D) flLe - 74

Step 2 — The remainder term
-Paley pieces as follows:

EAGEDY / ) 1 (x, €)Y (€) Fl€) dE = Y T f (),
=0 /R" =0

where the y,’s are given in Definition 2.1. We use the fact that for 0 < p < oo,

I +gllze@ny <297 (I1f e rmy + llgllze gy ) (75)
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where C,, := max(0, 1/p — 1). Now, Fatou’s lemma and iteration of equation (75) yield that

T?
it LP(R?") ~ N—owo

N
<timinf | " 77, f
= ey

LP(R?) = “ Z Tr‘fff
£=0
N o0
Stiminf 2R TE flleoeny < Y2 ITE flleo e,
=0 =0

where the hidden constant in the last estimate depends only on p. Therefore, applying Lemma 12.2 with
m — (1/2 — &) M instead of m (recall that r; vanishes for all £, for which a vanishes), we obtain

ITE Flle@ny < D 2P ITE, Fllio @n)

=0 (76)
s 2/ (Commmm =M | (D) | .
£=0
Note that the estimate (76) is uniform in j. Now, we claim that
T : By, ,(R") — LP(R"). 77

To see this, we shall analyse the cases 0 < ¢ < 1 and 1 < g < oo separately. Starting with the former,
we have

ref

Lr Ry S Z2£(C”+m_mk(”)_(1/2_£)M)||‘P€(D)f||LP(R")
=0
< 2L mmm ) 19 (D) £ Lo (e
=0

¥

where we used (76) for the first inequality and that M is large enough for the second. For 1 < g < oo,
Hélder’s inequality in the sum over £ and picking M large enough yield

S+m—m, Va
24 B (D) Y ) = I gromn ) g

s

¢

Il
o

T fllr @y < Z 2 (Cppm=mi(p)=(1/2-£)M) e (D) fllLp gm)
=0

(e8]

A (=5+Cp=(1/2-£)M) (2f(s+m—’"k )1 (D) f|Lr (R"))

=0
< (3200 et (S ptatssmem o) (D) £1,
=0 £=0

< ||f||B;+:1"*mk(p>(Rn),

which implies equation (77). Note that the calculation above also holds for ¢ = co with the usual
interpretation of Holder’s inequality.
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Step 3 - The B, “mk(p) _ B}, , boundedness
The results in (74) and (77) yield that

(27 |lw (2~ D) T £

|7 1]

1/q
q
B, , (R") LP(R") )

q\1/q
o))

a\1/q
(2](v+m mk([’))“‘lf (D)f”Lp (R™) +27 Jj(eM— Y)”‘f” s+m— mk(p)(R")) )

(3 2o, Flluran +27 7, ]
la|<M-1

<

-2
<
(2

: 1M8 EMa EMS

(Z pia(stm=mi () g (D) ]|

1/q
TS SERTETS AN i )
j=0

< IIfIIBi:;nmep) ')’
Step 4 — The smooth case

For the smooth version, we don’t need separate proofs for low, middle and high frequencies. Note
that 77 = ¢'¢0T% where ¢(x,0) = 0. Therefore, using the condition Ingo(x 0)| € L°(R") and

the L?-condition (for all x and &), we have by equation (9) that [|T,f f1|ss , < T2 7] B3, - Now, apply
Lemma 12.2 iii) and Lemma 4.1 iii) to T,/ and continue as above and the proof is complete. O

We can also establish the boundedness of Schrodinger integral operators on Besov—Lipschitz spaces.

Proof of Theorems 3.3 and 3.6, part i). Theorem 3.3 is a special case of Theorem 3.6 so it is enough
to consider the latter. This is identical to Step 4 in the previous proof, except that Lemma 12.2 iv) is
used instead. O

13. Regularity on Triebel-Lizorkin spaces

In this section, we prove various Triebel-Lizorkin regularity results as corollaries of the previous Besov—
Lipschitz results. We observe that, if we do not let the order m of the amplitude to go all the way to the
endpoint, then we have Triebel-Lizorkin boundedness for all p’s and g’s.

Proof of Theorems 3.2, 3.3, 3.5 and 3.6, part ii). Using the embedding (8), equality (7) and part i) of
the theorems, we have that

T Pl WS Fllpgser gy 1l pssmomsorees g

Y-

Proof of Theorems 3.2, 3.3, 3.5 and 3.6, parts iii) and iv). We divide the proof into different steps.

Step 1 — The diagonal p = q
The theorem is true for the diagonal p = ¢ because of the Besov-Lipschitz results in Theorems
3.2-3.5, 3.6, part i) and the fact that F; ,(R") = Bj, ,(R").

Step 2 — The h? — h? boundedness

For Theorems 3.2 and 3.5 iii) — iv), we split the proof into low-, middle- and high-frequency
parts. The low- and middle-frequency parts were treated in Lemma 6.3 and Lemma 7.1. Observe that
6f¢(x, &) € L (R" x $"!) is a consequence of the LF(j)-condition (14).
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For the high-frequency cases, ag (x, &) := (1 — ¥o(£/R) a(x, £), recall that Proposition 12.1 yields
the h? — LP boundedness, which we will now lift to the Z” — hP level.

To this end, it is enough to show that if b(D) is a Fourier multiplier with b € S?’O(R”), and 7 a
parameter in (0, 1], then the composition b(tD)T5,, is h? — L” bounded with a norm that doesn’t depend
on ¢. But this is indeed the case, since using the composition formula (16) with M = 1 we see that

baD)TS, =T) ., +t°T7,
where |(9gﬁfr(t,x,§)| < Cop (&)™ (P)=(112=2) " Now, since agb(t-) € Sg'fg(p) (R™) uniformly in
t € (0, 1], Proposition 12.1 yields the 2 — L? boundedness of b(tD)T,,, with a norm that is independent
of ¢, and the proof for the oscillatory integral operators is concluded.

For Schrodinger integral operators (Theorems 3.3 and 3.6 iii) — iv)) and the smooth version of
Theorem 3.5, there is no need to divide the amplitude different frequency portions, and we once again
note that 7,¥ = ¢'¢(*-0T¥ where @(x, 0) = 0. Therefore, using the condition |V ¢(x,0)| € L*(R") and
condition (15), we see by equation (9) and the definition of the local Hardy space as a Triebel-Lizorkin
space that ||T fllnr < Ty fllne. Now, using Lemma 4.1, Theorem 3.11 and Theorem 10.1, we can
proceed as above to show the #” — LP boundedness of b(tD)T,, (for 0 < p < oo) with a norm that is
independent of 7, and the proof for the Schrodinger integral operators is also concluded.

Step 3 — Boosting Fg -boundedness to arbitrary regularity
Once again for oscillatory integral operators, we decompose into low-, middle- and high-frequency
portions. For the low- and middle-frequency parts, we apply Lemma 6.3 and Lemma 7.1. For the
high-frequency parts, we proceed as follows. Write ag (x,&) = o (x, E)(E)" ™ P) | with o (x, &) €
mk(p) (R™), and use Theorem 3.11 to conclude that (1 — A)*/>T£(1 — A)~*/? is the same kind of

osc1llatory integral operator as T.Z. Therefore, by Step 2 above

“ f| FTZ(R” ”(1 _ A)Y/zTﬁ(l _ A)—S/Q(l )(m mk(p)+v)/2fHF0 -

< H(l _ A)<m—mk<p)+s>/2f‘

FIE,Z(RH) = ”f“F;;m’mk(l’) (Rn)'

Now, for the Schrodinger integral operator case and the smooth phase function case, there is no need to
decompose the operator into hrgh and low-frequency cases; instead, we just use equation (9) to once
again reduce to the case of T,%,, for which it is true, thanks to Lemma 4.1, that (1 — A)*/2TZ(1 - A)~5/?

is the same kind of oscillatory integral operator as T(‘f. Therefore, we can once again run the same
argument as above and achieve the desired result.

Step 4 — Interpolation
By interpolation in g, we get the desired result (see Figure 1). Note that one cannot interpolate
between Triebel-Lizorkin spaces when p = co. O

Proof of Theorem 3.9, part i). Write a(x, &) = o (x, £)(&)™P) for o € S0 o(R™), and let b(D) be any

pseudodifferential operator of order zero. Then [I, Theorem 6.1] asserts that [b(tD),TZ] = T,?, for
some r(t,x,£&) € Sg o(R") uniformly in ¢ if 7 € (0, 1]. Therefore, we have that

b(tD)TY f(x) = b(tD)TE(1 - A)™ (P2 f(x)
=TEh(tD)(1 = A)™ P2 f(x) + T (1 = A)™ P2 f(x),

with r(x,£,7) € S) (R") uniformly in r € (0,1]. Then since b € S7(R"), we have that

o (x,€) b(1€) ()™ ") € 737 (R") uniformly in ¢ € (0, 1] and also r(z,x,£)(€)™ P e 572" (R")
uniformly in 7 € (0, 1]. Therefore we can apply Theorem 10.1 to conclude the desired result O
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Figure 1. Boundedness and interpolation scheme in Triebel-Lizorkin scale.

14. Sharpness of the results

Let us start from a naive approach to the regularity problem of oscillatory integral operators, by
considering a concrete case of an oscillatory integral operator, namely

17 = [ (=€) e Fie) ae,

with £ > 1 and ¢ as in Definition 2.1.
Now, if we look upon 7 as a ¥DO with symbol

ar.m(€) = €1 (1= yo(e)) 141,

then we see that this symbol does not belong to any Hormander class ng s (R") for any p € [0, 1], since

10%ay m(€)] < (€)™ k=Dl Therefore, the appeal to the boundedness theory of pseudodifferential
operators fails in a rather drastic way.
To understand the significance of the order my (p) = —kn|1/p — 1/2], let

Kin)i= [ (1= un(@n el e et g

Letl < p < ooand

£ = [ (1= po@) el e ae.

It was shown in [23] that f; € LP(R") iff -1 < n/p — n. Now, if m > my(p) and if A is such that
—-A<n/p-nand-m+Ad—-n+nk/2 <n(k—1)/p,then f3 € LP(R"),but T fi(x) = (Kgm* f2)(x) ¢
LP(R™); see [23, p. 301, (I-ii)].

This shows that, if we regard the operator 7" above as an oscillatory integral operator with the
amplitude (1 — yo(&)) [£]™ € STO(R") and the phase function x - & + |£[¥, then one cannot in general
expect any L”-boundedness, unless m < my(p) and thus this order of the amplitude is sharp for the
LP-regularity of T.
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