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A Sharp Constant for the Bergman
Projection

Marijan Markovi¢

Abstract. For the Bergman projection operator P we prove that
2n+1)!

[P: L'(B,d\) — Bi|| = -

Here A stands for the hyperbolic metric in the unit ball B of C", and B; denotes the Besov space with
an adequate semi-norm. We also consider a generalization of this result. This generalizes some recent
results due to Perla.

1 Introduction

This paper deals with the Bergman projection operator P, which is an integral op-
erator with the kernel

_ (= fwp)
Ko(z,w) = Wa

ie.,
P, f(z) = / K,(z,w) f(w)dv(w), z€B
B

(for suitable f); here dv stands for the volume measure in C" normalized in the unit
ball B. We will not normalize this operator such that P,1 = 1, since our aim is to
consider more than the case where 0 > —1.

Let A stand for the hyperbolic metric in the unit ball; i.e., let

dv(z)

PO = Ty

Under a reasonable set of assumptions, the Besov space B; is the smallest Moebius
invariant Banach space. In the same scale, the Bloch space is the maximal Moebius
invariant space, and one often writes B, for that space. For this and related results
we refer to Zhu [7]; in particular, see Theorems 6.8 and 6.10. The space By can be
alternatively defined in terms of the semi-norm. We will consider the following semi-
norm on By. For f € By, let

n+1
s = 3 [ |52 o

|a|=n+1
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In this paper we find the semi-norm ||P, : L'(B,d\) — By|| foro > —(n+1), i.e.,
the smallest constant C such that

I1Psflls, < Cllflleary, f € B

The following theorem is our main result.

Theorem 1.1  The operator P, maps the space L' (B, d)\) continuously onto the Besov
space By if and only if 0 > —(n + 1). In this case we have

I‘(u+n+1)

P,: L'(B, A Bi|| =nl ——
[Pos L'B.0) = Bl = i

wherep=n+1+o0.

Remark 1.2 According to this result, for the ordinary Bergman projection P = P,
we therefore have
2n+1)!

|P: L'(B,d)\) — By|| = i

In particular, for n = 1 we have ||P|| = 6, as Perili has recently showed [5].

Remark 1.3 Results concerning the semi-norm calculation of the operator ¢, P,
foro > —1, where¢, = I'(n+ 0+ 1)/I'(c + 1)I'(n + 1) is a normalizing constant,
when acting from the space L°°(B) onto the Bloch space in the unit ball, can be found
in [2,3] and in the author’s recent preprint [4].

2 Proof of Theorem 1.1

In order to prove our main theorem, we need some auxiliary results. These will be
collected in the lemmas that follow. Some of the facts we will present can be found
in the Rudin monograph [6]

It is well known that, up to unitary transformations, bi-holomorphic mappings
of B onto itself have the form

g w2, g |z|2)1/2(w—%z)

_ ER
pr(w) = 1— (w,2)
for some z € B.
The known identity
(2.1) 1= (z,w)| |1 = (z, ()| =1— 2

for z, w € B, will be useful in the following lemma.

Lemma 2.1 Foreveryz € B we have

(1-— |z| )e _/ dv(w)
/ ‘1 Z W |a+n+1 dV(W) - B |1 _ <Z7w>|n+1—a’

where a is any real number.
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Proof The real Jacobian of ¢,(w) is given by the expression
(1 _ |Z| )n+1
1= (z,w) P+

Denote the integral on the left side of our lemma by J. Introducing the change of
variables w = ,(w) and using the previous relation for the pull-back measure, we

(Urp2)(w) =

obtain
— |2z*)® [ |2yn+l
J= /B = g ¢Z|<ZLL>)>|“+"“ |1(1_ <Z|,Zw>)2”+2 dv(w)
atn+l
B /B 11— {(z, Qoz(w)>|‘|jl’+)l|1 — {z,w)|?m+2 dv(w)
- — atn+l
TP
= /B W dv(w).
In third equality we have used identity (2.1) -

For the next lemma, see [6, Proposition 1.4.10] as well as [2]. For the properties
of the Gamma function and the Gauss hypergeometric functions, we refer the reader
to [1].

Lemma 2.2
(i) Forz € B, creal,t > —1, define

_ (1—[wp)
Jer(2) —/B Wm’(w)-

When ¢ < 0, then ].;(z) is bounded in B.
Moreover, ], is radially symmetric and increasing in |z|, since it can be represented

as
Pn+DIE+1) = 2\ + k) 122

>

Jer(2) = T2\ o Tk+ DI'(n+ 1+t +k)

where \ =2+ 14+ 1 4¢
(ii) Furthermore, we can write J,(z) in the closed form as
I'(n+ DI'(t+1)
I'n+1+1)
where ,F is the Gauss hypergeometric function. In particular, if ¢ < 0, then

Lty — L1+ DO+ DI(=0)
c,t\€1 Fz(%-f'%‘f'%—%) ’

]c,t(Z) = 2F1(A,)\,I’l+ 1+t, |Z|2),

wheree; = (1,0,...,0) € C".

Proof of Theorem 1.1  Since for every v € N"*! that satisfies || = n + 1 we have

O"™P,f(z)  T(u+n+1) / “(1 — |w?)°
0%z - T'(w) (1 = (z, w))pintl

fw) dv(w),
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we should consider the operators given by

~ ~ Dlp+n+1) “(17|w| )
P{r,(}’f(z) - F(/J/) / (1 H*”*l f(W) dV(W)
Let _ N
PO':(' -aPo:pm )7
d
whered = ().
One readily sees that
_ d
(2.2) |Py: L'(B,\) = By|| = ||Py: L'(B,\) — @ L' (B)||

k=1
. d
= IP;: ®L7(B) = L*(B)|
= |r‘n_ax HP : L*°(B) — L*°(B)||.

We will therefore find the conjugate operator P* : L°°(B) — L*°(B).
The conjugate operator is

F(p+n+1) Z“/ (1 — [z]*)*
I'(w) p (1= (z,w))rnt

To see that (2.3) holds, let (-, -) denote the scalar product in L?(B, dv) and let
(-, ) denote the scalar product in L*(B,d\). Then for f € L'(B,d)\) and g €

(2.3) P g(z) = g(w) dv(w).

L°°(B) we have
Mp+n+1) — w|)?
(P aaf g) = F( ) /dV(Z)g(Z)/ ﬁf(w)dv(w)
_Plp+n+1) - g(Z) dv(z)
- F(/J’) /f |W|) dV(W)/ (1 Z W>);z+n+1
_Tlp+n+1) g(z dv(z)
=T /f(w) (1 — [wh* dA\(w )/ (= (2w
B F(u+n+ 1) T, g(z) dV(Z)
- J o= [
= <f7Pa,ag>/\’
where s
~ _ I
B gty = D) o [ B ) i),

D " Jy = (w2
Let us now find ||§;a L>*(B) — L*(B)]|.
For fixed z (and «) the maximum of the integral expression in (2.3) (regarding
g € L>°(B), ||g]lco = 1) is attained for g, € L°°(B) given by
1— z,W ptn+l
o(w) = %
(1 - <Z7 W>)y+n+l

Note that ||g;||cc = 1.
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Therefore, we have (for fixed z and «)

~, F(u +n+ 1) z|* )
|P<7,(yg(2)| < / |1 ‘ ‘ u+n+1 d'V(W)
forall g € L*°(B), ||glc < 1.
It follows that
B . oo 0 F(u+n+1) 1—|z|
[P 0s 1) (8] < S s [ B v

forallao e N, |o| = n+ 1.
We transform the last integral as

1- |z\ & dv(w)

|1 _ <Z W>‘p+n+1 |1 _ Z w ‘rH—l m

]7;1,0(2)

(see Lemma 2.1).

Regarding the first part of Lemma 2.2 the number sup, ., J_,0(z) is finite if
—p <0, ie, 0 > —(n+1). In this case, by the second part of this lemma, we
can write

T(n + 1)T(1)
wp S0 = w1y
Therefore, we have
Fp+n+1) T(n+1)I'(w)
D(w)  THE+5+3)
| Fp+n+1)
RECER

: L®(B) — L (B)|| <

|| [N

Regarding the relation (2.2) for ¢ > —(n + 1), we obtain

F(,u+n+1)

P, L} B, A Bl <nl ————-
H ( ) = IH Fz(/1+ +1)

which gives one part of our theorem.

We will now prove the reverse inequality and that the condition 0 > —(n + 1) is
necessary for boundedness of P, on L!(B, d\). We also use relation (2.2).

For e € (0, 1) denote
| 1— <€el , W> ‘}L+fl+1

(1 — (cey, w))ptnl ’

&(w) =

Then g. € L*°(B), ||g:|lcoc = 1 and for any |a| = n + 1, we have

~ T(p+n+1) (1 —g?)m
Pa,agE(Eel) = Mi 5n+1/ |1 7 561 >|u+n+1 dV(W)

IN0D)
I’(,u+n+ 1) ot dv(w)
D) g |1 — (cep, w)|rtl—#
_ Tlp+n+1)

(o) e I 0(ger).
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It follows that
||’P5j;7u: L°°(B) — L*°(B)|| > sup |P;7agg(z)| > lim sup | P} g-(ce;)|
z€EB e—1
_ Tp+n+1) .
= TPJ) ll—>ml ]ﬂL.O(Eel)
_ Tp+n+1) T(n+1)I'(w) o Fp+n+1)
L(w)  THE+5+3) 25 +5+3)
only foro > —(n+1).
Thus, in view of (2.2) we have
T'(u+n+1
IP,: L'(B,\) — By > n! (”7”1)
r2E+5+3)
foroc > —(n+1). [ |
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