J. Inst. Math. Jussieu (2023), 22(6), 2987-3009 2987

doi:10.1017/S1474748022000354  (©) The Author(s), 2022. Published by Cambridge University Press.
This is an Open Access article, distributed under the terms of the Creative Commons Attribution
licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution
and reproduction, provided the original article is properly cited.

A GENERALISATION OF WITTEN’S CONJECTURE FOR THE
PIXTON CLASS AND THE NONCOMMUTATIVE KDV HIERARCHY

ALEXANDR BURYAK ®! AND PAOLO ROSSI®?

LFaculty of Mathematics, National Research University Higher School of Economics,
6 Usacheva Street, Moscow, Russian Federation, 119048; Center for Advanced Studies,
Skolkovo Institute of Science and Technology, 1 Nobel Street, Moscow, Russian
Federation, 143026; Faculty of Mechanics and Mathematics, Lomonosov Moscow State
University, GSP-1, Moscow, Russian Federation, 119991
(aburyak@hse.ru)

2 Dipartimento di Matematica ‘Tullio Levi-Ciwita’, Universita degli Studi di Padova, Via
Trieste 63, 35121 Padova, Italy
(paolo.rossi@math.unipd.it)

(Received 12 April 2021; revised 25 May 2022; accepted 3 June 2022; first published
online 18 July 2022)

Abstract In this paper, we formulate and present ample evidence towards the conjecture that the
partition function (i.e. the exponential of the generating series of intersection numbers with monomials in
psi classes) of the Pixton class on the moduli space of stable curves is the topological tau function of the
noncommutative Korteweg-de Vries hierarchy, which we introduced in a previous work. The specialisation
of this conjecture to the top degree part of Pixton’s class states that the partition function of the double
ramification cycle is the tau function of the dispersionless limit of this hierarchy. In fact, we prove that
this conjecture follows from the double ramification/Dubrovin—Zhang equivalence conjecture. We also
provide several independent computational checks in support of it.
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1. Introduction

The Witten-Kontsevich theorem [17, 22] states that the partition function exp (e 72FW)
of the trivial cohomological field theory on the moduli space M, , of stable curves of
genus ¢ with n marked points,

FWV(totr,.. )= Y = (/ Hz/; )thl,
' oydp >0

g,n>0 Mg,n j=1
2g—24+n>0

is the topological tau functlon of the Korteweg—de Vries hierarchy. In particular, this
means that © =u"W = (Bat B satisfies the infinite system of compatible partial differential

equations (PDEs):

Ju u? g2 ou ud g2 g

T =0y <2+12um>, oTR =0, ( 5 24(2uum+u )+M()umm>’ ey
where x =ty and whose generic member is given in terms of a simple and well-known Lax
representation. In this paper, we propose a generalisation of this result involving Pixton’s
class Z?:o PJ(A), a family of nonhomogeneous tautological classes on M, ,, depending
on an n-tuple of integers A = (ay,...,a,) € Z™ with > _a; =0, given explicitly in terms of
a subtle combinatorial formula introduced by A. Pixton, whose top degree term ng(A),
in cohomological degree 2g, equals (up to a constant) the double ramification (DR) cycle
DRy(A) (i.e. the cohomological representative of (a compactification of) the locus of genus
g curves whose marked points support a principal divisor [16]). This family of tautological
classes forms a partial cohomological field theory ¢4, with an infinite dimensional phase
space V = span({e, }aez). Consider the generating series:

Flem= Y ¢ ST

g,n>0 7=0 A=(a1,...,an)EL"
29—2+4n>0 > a;=0
n n
i pi d; a;
> ([ eorllv ) TTe
di,endn>0 \Y Ma,n i=1 i=1
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and let:
0?FF ; S(epds) p
(wP)a = —, a c Z, wP = (,wP)aemy7 uP — : wP,
otdot, % S(iep0y0y)
where S(z) := M Then our main Conjecture 2 states that u = uf satisfies the
infinite system of compatible PDEs:
Ju o (v * U . g2
T — Uz | —5— T 75Uz |
o0t 2 12
ou P u*u*u+€2( . e+ fu)+ gt
Ty Uz | — 7 T 5 \(UXUgy T Ug ¥ Uy T Ugx XU a8 Uzzax |
Oty 6 24 240

where x = tJ, which is a noncommutative analogue of the Korteweg-de Vries (KdV)
hierarchy above, with respect to the noncommutative Moyal product:

f*xg:=f exp (?(&8_;5,3_2)) g

for functions f,g on a 2-dimensional torus with coordinates x,y [6]. Notice that, together
with the string and dilaton equation, the above noncommutative KdV (ncKdV) equations
determine uniquely the generating series F'.

This conjecture specialises to:

. £29 A
Phe= S S Y% ([ or@]et ) [Te
, g,2n+20>0 : A:(ai.“,an)EZ" di,eydn>0 \Y Ma,n i=1 i=1
g—aTn a;=0
and:
O? FPR , S(e0:)
DRya DR DR\a ia DR T DR
= —_— 7 = Y — ___\N"TEJ
('LU ) atgatauv ac ) w Z(w ) € ’ u S(ZE@Iay)w ’

a€Z

with u = uDR\EHW satisfying the dispersionless ncKdV hierarchy:

ou w ()
- = JR— > .
o0 C%((n—i—l)!)’ n>1, (1.1)

which is Conjecture 1. In this paper, we provide a proof that the two above conjectures
follow from the much more general DR/Dubrovin-Zhang (DZ) equivalence conjecture,
which states that the double ramification hierarchy (introduced in [1] and further studied
in [5]) and the DZ hierarchy (introduced in [11]) are equivalent up to a very specific
change of coordinates in the corresponding phase space [1-4], together with the results of
[6], where we proved that the double ramification hierarchy for the Pixton class is indeed
the ncKdV hierarchy. In particular, this proves our conjectures at the approximation up
to £2. Moreover, we provide several independent computational checks for Conjectures 1
and 2 themselves.
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2. Double ramification cycles and the dispersionless ncKdV hierarchy

In this section, we recall the definition of the double ramification cycles on the moduli
spaces of stable curves and present Conjecture 1 describing an integrable system
controlling the intersections of monomials in psi classes with the double ramification
cycles.

All the cohomology and homology groups of topological spaces will be taken with
complex coefficients.

2.1. Double ramification cycles
For a pair of nonnegative integers (g,n) in the stable range (i.e. satisfying 2g+2—n > 0),
let M., be the moduli space of stable algebraic curves of genus g with n marked points
labeled by the set [n] :={1,...,n}. Denote by ¢; € H*>(M,,,,) the first Chern class of the
line bundle £; over ﬂg,n formed by the cotangent lines at the i-th marked point on stable
curves. The classes i; are called the psi classes. Denote by E the rank g Hodge vector
bundle over ﬂgyn whose fibers are the spaces of holomorphic one-forms on stable curves.
Let \j :=¢;(E) € H¥(M,,,). Let My, C Mg ,, be the moduli space of smooth pointed
curves and denote by M;tn - ﬂg,n the locus of stable curves with no nonseparating
nodes.

Consider an n-tuple of integers A = (aq,...,a,), such that > a; =0, it will be called a
vector of double ramification data. Suppose first that not all the numbers a; are equal to
zero. Let:

Z4(A) T Myn

be the locus parameterising the isomorphism classes of pointed smooth curves
(C;p1,...,pn) satisfying the condition Oc (3.1 aip;) = O¢, which is algebraic and defines
Z,(A) canonically as a substack of M, ,, of dimension 2¢g — 3+ n. Naively, the double
ramification cycle DRy(A) is defined as the cohomology class on M, ,, that is Poincaré
dual to a compactification of Z(A) in M, ,. A rigorous definition is the following (see,

e.g. [16]).
The positive parts of A define a partition p = (p1,...,4,)). The negative parts of A
define a second partition v = (v1,...,1;(,)). Since the parts of A sum to 0, the partitions

and v must be of the same size. We now allow the case |u| = |v| =0. Let ng :=n—1(u) —
I(v). The moduli space:

ﬂga’flo (leuvy)w

parameterises stable relative maps of connected algebraic curves of genus ¢ to rubber P!
with ramification profiles u,v over the points 0,00 € P!, respectively. There is a natural
map:

st: Mg;’ﬂo (P13M7V)N - mg’”

forgetting everything except the marked domain curve. The moduli space Mg,no (PY, p,v)™

possesses a virtual fundamental class [Mg,no (P, p, V)N]Vir, which is a homology class of
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degree 2(2g —34mn). The double ramification cycle:
DR, (A) € H* (M)

is defined as the Poincaré dual to the push-forward st. [ﬂg,no (P, u,u)”}m S
H2(2g73+n) (Mg,n)-

Let us list some properties of the double ramification cycles (see, e.g. [16]). In genus 0,
we have:

DRo(A) =1€ H (M, ,).
If all the numbers a; are equal to zero, then we have:
DR, (0,...,0) = (—=1)9)\, € H* (M, ,,).

There is a very simple explicit formula for the restriction of the double ramification cycle
to the moduli space M;tn For J C [n] and 0 < h < g in the stable range 2h —1+|J| > 0 and
2(g—h)—1+(n—|J|) >0, denote by &; € H*(M,, ) the Poincaré dual to the substack
of M ,, formed by stable curves with a separating node at which two stable components
meet, one of genus h and with marked points labeled by |.J|, and the other of genus g —h
and with marked points labeled by the complement [n]\.J. We adopt the convention 6; := 0
if at least one of the stability conditions 2h—1+|J| >0 and 2(¢—h) —1+(n—|J]) >0
is not satisfied. Let a; := ), ;a;. Introduce a degree 2 cohomology class ,(A) on

Mg by:
n a?% 1 g

Oy(A):=>" 5 _ZZ > ajs) € H*(Mg,).

j=1 h=0 JC[n)

Then we have the formula:

1
DRy (A)| pmee, = EHQ(A)g Mt s (2.1)

which is called Hain’s formula. More properties of the double ramification cycles will be
presented in Section 3.

2.2. The noncommutative KdV hierarchy

The classical construction of the KdV hierarchy as the system of Lax equations (see,
e.g. [9]):

9L e +1/2
fr— n >
oty (2n+ D) {(L )+’L » nzl

where L := 02+ 2¢ 2u, u is a function of z,t1,ts,...,6 is a formal parameter and
2n+1)I':=(2n+1)-(2n—1)---3-1 admits generalisations, called noncommutative KdV
hierarchies, where one doesn’t have the pairwise commutativity of the z-derivatives of
the dependent variable u. In what follows, we will work with a specific example from the
class of noncommutative KdV hierarchies.
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Let ug, gy, k1,k2 € Z>o, € and p be formal variables and consider the space A=
C[[ws, +,€,1]], whose elements will be called differential polynomials in two space variables.
Consider a gradation on A given by:

degug, k, := (k1,k2), dege := (—1,0), degp :=(0,—1).

We will denote by Al@1d2)] = A the space of differential polynomials of degree (d1,d2).
The space A is endowed with operators 0, and 0, of degrees (1,0) and (0,1), respectively,
defined by:

0 0
Z Uk +1,ke 7 au Z Uk ko+t1 7 auk .
1,k2

k1, k2>0 kiks k1, ka>0

We see that ug, i, = 6’;1852% We will denote ug,o simply by .
The algebra A is also endowed with the Moyal star product defined by:

o 1EW lEM) k1 ko k2 gk1
fxg:=1f exp( 58 ) Z Z 2"k: okl (0710, [)(9;290," 9),
n>0 ki+ke=n
(2.2)

where f,g € C[[u «,¢,44]]. The Moyal star product is associative, and it is graded: if deg f =
(i1,i2) and degg = (j1,72), then deg(f *g) = (i1 + j1,i2 + j2). Note also that when p =0,
the Moyal star product becomes the usual multiplication:

(f*9)| p=0 = flu=0"9lu=o0- (2.3)
Let us now consider the algebra of pseudo-differential operators of the form:

A= Zai *(9;, nez, a;c C[[u*7*7ﬂﬂ[[€,571]’ (24)

i<n

with the multiplication o given by:

(@r28)o 00D =3 () ) @rob)x0t ™, e e Cllilllcs™) L€

k>0

The positive part of a pseudo-differential operator (2.4) is defined by A =3 .., a;*
0%, and, as in the classical theory of pseudo-differential operators, a pseudo—diffe;ential
operator A of the form 92+ 3, ,a;* 0% has a unique square root of the form 9, +
> i1 bi %82, which we denote by A3.

Consider the operator L := 8% + 2¢2u. The noncommutative KdV hierarchy with
respect to the Moyal star product (2.2) is defined by (see, e.g. [10, 15]):

oL e +1/2
Y _ = " - |
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The ncKdV hierarchy is integrable in the sense that its flows pairwise commute. Explicitly,
the first two equations of the hierarchy are:

ou 5 u*u+€2
ou uruw e,
oty T2 12 %7 )

ou 5 u*u*qusQ( N N )+ et
—_— = u*Uu U, kU u * U —U. .

For any n > 1, the right-hand side of (2.5) has the form 0,FP,, where P, € Al00)]

Moreover, P, = ZZ o Pn,g, where P, g is a linear combination of the monomials e29u, *
nt1)

ckUd, ., with di 4+ +dpy1-g = 2g. The leading term P, o is equal to 4 W' The
hierarchy:
ou u*(n+1)
— =0 —— ), >1, 2.6
ot ((n—l—l)!) "= (26)

will be called the dispersionless noncommutative KdV (dncKdV) hierarchy.

Note that because of (2.3), the noncommutative KdV hierarchy becomes the classical
KdV hierarchy when p = 0.

We are now ready to present our first conjecture. Let us introduce formal variables ¢4,
a €7Z,d >0 and consider the generating function:

2

FRe= Y S Y

g,n>0 " A=(a1,...,an)EZ"
29—2+n>0 S ai=0

3 </ DR, () [T )Ht e[t
di,...,dn>0 g,m =1

Introduce a formal power series:

z/2 _ ,—z/2 2 4
S(Z) ::L 1+i+ z

6
p 51 T 1920 T O

and let:
(wDR)a o GQ‘FDR

—— ¢ C[[t},¢]), €Z,
8t88taa [[ * E]] a

wPR = 37 (wPR)ei € It el)ffe™ e~ )
a€Z

uPR .= meR € C[[txe])[[e™,e~]). (2.7)

Conjecture 1. The function uDR’ csepn Salisfies the dispersionless noncommutative KdV
hierarchy (2.6), where we identify tq =15 and x =1t).
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Let us analyse the system of equations that this conjecture gives for the generating
series FPR in a bit more detail. For any a € Z, introduce a formal power series:

_ a2 _ 2 4
T(az) = o g 1o 2 3200 HT0 4 606 Z 570 a)27.  (28)

S(az) 24 5760 =
Here, Q4(a) are polynomials in a. If we decompose:
uPt =" (PR, (2.9)

a€Z

then the transformation (2.7) simply means that:

(UDR)(L DR ay Z€2gQ9 829( ) , ac 7.

g1

Also, using the decomposition (2.9), we can rewrite the equations of the dncKdV hierarchy
as a system of evolutionary PDEs with one spatial variable z and infinitely many times
tq, d > 1, for the functions (uPR)?, a € Z. For example, the first equation of the dncKdV

hierarchy, 5 8“ =0, (“*“), via Conjecture 1, gives the following PDEs for the functions
( DR) .

R % 1D DD
ot
1 g>0 a1,az€7  ki,ka>0
aitaz=a ki+ko=2g

a1 agla (851(UDR)“18’;2(uDR)”’2), acZ.

3. The Pixton class and the full ncKdV hierarchy

Here, we recall Pixton’s very explicit construction of a nonhomogeneous cohomology
class on ﬂg,n, with nontrivial terms in degree 0,2,4,...,2g. By a result of [16], the
degree 2¢g part of this class coincides with the double ramification cycle. We then present
Conjecture 2, which generalises Conjecture 1 and says that the intersection numbers of
Pixton’s class with monomials in psi classes are controlled by the full noncommutative
KdV hierarchy.

Let us first recall a standard way to construct cohomology classes on M, ,, in terms of
stable graphs. A stable graph is the following data:

=(V,H,L,g: V —Z>p,v: H—>V,.: H— H),
where:

(1) V is a set of vertices with a genus function g: V — Z>o,

(2) H is a set of half-edges equipped with a vertex assignment v: H — V and an
involution ¢,

(3) the set of edges F is defined as the set of orbits of ¢ of length 2,

(4) the set of legs L is defined as the set of fixed points of ¢ and is placed in bijective
correspondence with the set [n], the leg corresponding to the marking i € [n] will
be denoted by [;,

(5) the pair (V,E) defines a connected graph,
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(6) the stability condition 2g(v) —2+n(v) > 0 is satisfied at each vertex v € V, where
n(v) is the valence of I" at v including both half-edges and legs.

An automorphism of T' consists of automorphisms of the sets ¥V and H that leave invariant
the structures L,g,v and ¢. Denote by Aut(T") the authomorphism group of I". The genus
of a stable graph I is defined by g(T') := Y,y 9(v) + h*(T'). Denote by Gy, ,, the set of
isomorphism classes of stable graphs of genus g with n legs.

For each stable graph I' € G ,,, there is an associated moduli space:

M =[] Myw)nw),
veEV

and a canonical map:
fp : MF — ./\/lg,n,

that is given by the gluing of the marked points corresponding to the two halves of each
edge in E(I'). Each half-edge h € H(I') determines a cotangent line bundle £;, — Mr.
If h € L(T), then L}, is the pull back via & of the corresponding cotangent line bundle
over My . Let ¥y, := c1(Ly,) € H*(Mr). The Pixton class will be described as a linear
combination of cohomology classes of the form:

EI‘* (H wz(h)) ’
heH

where I' € G ,, and d: H(T') — Z>o.

Let A= (a1,...,a,) be a vector of double ramification data. Let ' € Gy, and r > 1. A
weighting mod r of T' is a function:

w: HT) —{0,...,r—1},

that satisfies the following three properties:

(1) for any leg I; € L(T"), we have w(l;) = a; mod r;

(2) for any edge e = {h,h'} € E(T'), we have w(h)+w(h') =0 mod r;
w(h) =0 mod r.

=v

(3) for any vertex v € V(I'), we have ;. (1) »(n)

Denote by Wr.,. the set of weightings mod r of . We have [Wr | = 7" @),
We denote by Pg”"(A) € H*(M,,) the degree 2d component of the cohomology

class:
1
Z Z [Aut(T)| Aut )| rh* () D) ST

reGyn weWr,,

- 2 L —exp (—w(h)w(h')(¥n +n))
HeXp(aﬂbzi) 11 R (3.1)

e={h,h'}€E(T)
in H*(M, ). Note that the factor 1_CXP(_w$ZiE:h/)(wh+¢h/))
denominator formally divides the numerator. In [16], the authors proved that for fixed

is well defined since the
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g,A and d the class P;’T is polynomial in r for all sufficiently large r. Denote by P;(A)
the constant term of the associated polynomial in 7.

The restriction of the class PJ(A) to MS',
27 .
ﬁeg(A)]

Mct

is given by:
Py (A)|M§fn =

In [16], the authors proved that:
DRy (A) =279PJ(A).

In [8], the authors proved that the class Pgd(A) vanishes for d > g. In [16, page 10], the
authors remark, ‘For d < g, the classes Pgd(A) do not yet have a geometric interpretation’.
Our next conjecture shows that the intersection numbers of these classes with monomials
in psi classes have an elegant structure from the point of view of integrable systems.

Let us introduce the following generating series:

P /% g 529,u‘2j
‘7 (t*7€7lu’) = Z Z TL' Z
g.n>0 =0 A=(ay,...,a,)EL"
2g—2+n>0 S a;=0
n n
> ([, el )T
diedn>0 \Y Mgn i=1 i=1
and let:
82;13
Pya
w =—" a€Z,
(w") otyoty
’U}P — Z(wP)aeiay,
a€Z

S(epdz)
P._ P
YT S(iend,0,)

Conjecture 2. The function ut satisfies the full noncommutative KdV hierarchy (2.5),
where we recall that we identify t =tq and t) = z.

]:P | EFET
,w—)T_l

Conjecture 1 immediately follows from Conjecture 2.
Note also that since P(A) = 1, we have:

Note that since:

= FPR.
7=0

P _ W
F ]H:tfozo—]—' ,
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where FW is the classical generating series of intersection numbers on ﬂg’n considered
by Witten in [22]:

29 n n
W . € d;
FV(to,tr,..08) =) — > [ T ) Tt
g9,n>0 di,...,dn >0 gm =1 =1
29=24n>0

Clearly, we have:

OFT ifa=0
Pya — Pya = @t0)?> ra=n
(w”) |u=tf0=0 (u”) |u=tf°=0 {07 otherwise.

— 70 isa

=0, Conjecture 2 says that the function %
0

solution of the classical KdV hierarchy, which is the celebrated conjecture of Witten [22],
first proved by Kontsevich [17].

Thus, after the specialisation pu

4. A relation with the DR/DZ equivalence conjecture

The goal of this section is to show that Conjecture 2 follows from the so-called DR/DZ
equivalence conjecture proposed in [2] and a result of [6], where the authors proved that
the DR hierarchy corresponding to the partial cohomological field theory formed by the
classes exp(p26,(A)) coincides with the noncommutative KdV hierarchy. In particular,
since the DR/DZ equivalence conjecture is proved at the approximation up to genus 1
[2, 4], this proves Conjecture 2 at the approximation up to genus 1.

4.1. Partial cohomological field theories

Recall the following definition, which is a generalisation first considered in [19] of the
notion of a cohomological field theory from [18].

Definition 4.1. A partial cohomological field theory (CohFT) is a system of linear
maps:

Cg,n: V®n N ‘E[even(/\/lg’n)7

for (g,n) in the stable range, where V is an arbitrary finite dimensional C-vector space
called the phase space, together with a special element e € V called the unit and a
symmetric nondegenerate bilinear form n € (V*)®2 called the metric, such that, fixing
a basis e1,...,eqimy in V, the following axioms are satisfied:

(i) The maps ¢4, ,, are equivariant with respect to the S,,-action permuting the n copies
of V in V®" and the n marked points in M, ,,, respectively.

(ii) Let m: My ni1 — M, be the map that forgets the last marked point. Then
T Con(®iia;) = Cgnt1(Qjeia, ®e), 1< aq,...,an <dimV.

Moreover, cp 3(eq @eg®e) =n(eq@eg) =:1qp for 1 <a,f <dimV.
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(iii) For decompositions I'UJ = [n], |I| = ny, |J| = ne and g1 + g2 = g with
2g1 —14+mn1 >0, 2go —14+n9 > 0, let:

gl: ﬂglynl“l‘l X M92,n2+1 %mgl-hth,nl-‘rnz (41)
be the corresponding gluing map. Then:

gl*cg,n(®?:1ea7:) = Cgl,n1+1(®ielea7: ® e#)nuycg2,n2+1(®j€Jea_7’ ®ey),
1<ay,...,a, <dimV, (4.2)

where 7°? are the entries of the matrix (1745) 7.

Definition 4.2. A CohFT is a partial CohFT ¢, ,,: V&" — H®"(My ,), such that the
following extra axiom is satisfied:

(iv) gl"cgt1,n(®f1€a,) = Coni2(Rf €a, ®e,@e, )0 for 1 <ay,...,a, <dimV, where
gl: Mg nya = Mgy1,n is the gluing map that increases the genus by identifying
the last two marked points.

Note that a notion of infinite rank partial CohFT (i.e. a partial CohFT with an infinite
dimensional phase space V') requires some care. One needs to clarify what is meant by the
matrix (n®?) and to make sense of the, a priori infinite, sum over ; and v, both appearing
in Axiom (iii). One possibility is demanding that the image of the linear map yer-1)
H*(M,,)®V* induced by ¢y, VE" — H*(M,,,) is contained in H*(M, ) @n*(V),
where 7%: V — V* is the injective map induced by the bilinear form 7. Then in Axiom
(iii), instead of using an undefined bilinear form (n°#) on V*, one can use the bilinear
form on n*(V) induced by 7. This solves the problem with convergence.

A useful special case is the following. Consider a vector space V with a countable basis
{€a}acz, and suppose that for any (g,n) in the stable range and each e,,,...,64, , €V,
the set {BE€Z|cyn(R7 " ea, ®eg) # 0} is finite. In particular, this implies that the matrix
Nag is row- and column-finite (each row and each column have a finite number of nonzero
entries), which is equivalent to nf(V) C span({e®}acz), where {€%},cz is the dual ‘basis’.
Let us further demand that the injective map 7*: V — span({e®}acz) is surjective too
(i.e. that a unique two-sided row- and column-finite matrix (n®?), inverse to (1,s), exists;
it represents the inverse map (n*)~!: span({e®}4ez) — V). Then the equation appearing
in Axiom (iii) is well defined with the double sum only having a finite number of nonzero
terms. Such a partial CohFT will be called a tame partial CohF'T of infinite rank.

4.2. The DR/DZ equivalence conjecture

Let us fix a positive integer N.

4.2.1. Differential polynomials. Let us introduce formal variables u{*, a =1,...,N,
i=0,1,.... Following [11] (see also [21]), we define the ring of differential polynomials An
in the variables u!,... ,u’V as the ring of polynomials f(u*,u},u3,...) in the variables uy,
i > 0, with coefficients in the ring of formal power series in the variables u® = ug:

An = Cllu™][uz,].
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Remark 4.3. This way, we define a model of the loop space of a vector space V of
dimension N by describing its ring of functions. In particular, it is useful to think of
the variables u® :=u$ as the components u®(z) of a formal loop u: S* — V in a fixed
basis ey, ...,eny of V. Then the variables uf :=ug,us :=ug,,... are the components of the
iterated z-derivatives of a formal loop.

A gradation on Ay, which we denote by deg, is introduced by deguf :=i. The
homogeneous component of Ay of degree d is denoted by A%]. The operator:

Zuerl a a

>0

increases the degree by 1.

Differential polynomials can also be described using another set of formal variables,
corresponding heuristically to the Fourier components p§, k € Z, of the functions u® =
u®(z). We define a change of variables:

ug = Sk pge’, (4.3)

kEZ

which allows us to express a differential polynomial f(u,uz,Ugs,...) € Ay as a formal
Fourier series in z. In the latter expression, the coefficient of €’*® is a power series in the
variables p§ with the sum of the subscripts in each monomial in p§ equal to k.

Consider the extension Ay := Ay/[[¢]] of the space Ay with a new variable ¢ of degree
dege := —1. Abusmg the terminology, we still call its elements differential polynomials.
Let A[k C Ay denote the subspace of differential polynomials of degree k.

4.2.2. The DR hierarchy of a partial CohFT. Consider an arbitrary partial
CohFT:

Cg,n+ Ve %Heven(M‘% )

Following [1, 2], we will present the construction of the DR hierarchy and the DR/DZ
equivalence conjecture. Formally, the results presented here were obtained in [1, 2] for a
CohFT, but, as it was already remarked in [2, Section 9.1], the construction of the DR
hierarchy works without any change for an arbitrary partial CohFT, and all the results
that we discuss here are true for an arbitrary partial CohFT with the same proofs.

Let N:=dimV, and let us fix a basis e1,...,enxy € V. Introduce the following generating
series:

(e
Pﬁa,d = Z nl Z b )‘gwgna’ycg,n+2 (e’y Qeg i1 €a;)

g>0 A1ye.,Gn €L RQ(_E;Lzlaivovalv-“van)
n>1
n
a; (37 aj)T
Hpa;e (225=129) ) (44)
i=1
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for ,f=1,...,N and d =0,1,2,.... The expression on the right-hand side of (4.4) can be

uniquely written as a differential polynomial from ./ZES] using the change of variables (4.3).
Concretely, it can be done in the following Way From Hain’s formula (2.1), it follows

that the restriction DR (—Zf 1 G450, .. |MC° is a homogeneous polynomial in
g, n+1

ai,...,ay, of degree 2g with the coefﬁments in H29( o ¢ +1)- This property, together with
the fact that X\, vanishes on My ,\M¢', (see, e.g. [12, Section 0.4]), implies that the

integral:
d, o n
/ Aghan™Tegnr2(ey ®es @iy €a;) (4.5)
DRgy(— 3272, ai,0,a1,...,an)
is a homogeneous polynomial in as,...,a, of degree 2¢g, which we denote by:
a _ E a;by,...,b by bn
QB7d’g§a17'--7O‘n (al’ tU ,CLn) - QB d,g,al, ,anal s @yt
bi,...,bn >0
bi+...+bn=2g

Then we have:
2g
€ b
o @301, Otl [e2%)
Pfa=D_ —r D QEpa aun
g>0 " b1,...,bn >0
n>1 it b =2g

The system of PDEs:

ou® o
ot ’
d
is called the DR hz'emrchy The flows of the hierarchy pairwise commute. Let
A%, :=e € V. The flow atﬂ = Ac 0 ats is given by:
ou®

Remark 4.4. The DR hierarchy is actually Hamiltonian, and in [1, 2], it is introduced via
a sequence of local functionals. However, since we don’t need the Hamiltonian structure
in this paper, we introduce directly the equations of the DR hierarchy.

Because of (4.7), as a solution of the DR hierarchy, we can consider an N-tuple of
formal power series u®(t%,e) € C[[tf,c]], 1 <a < N, satisfying the system (4.6) after the
identification of the flows 9, and 6?11' The string solution (us*)*(tf,e) € C[[t,e]] of the

0

DR heirarchy is defined as the unique solution satisfying the initial condition:

= A%zx.

str a|
(u =80 ATz

The potential of our partial CohFT is defined by:

c29 L N\ or o
LCEEED SN SN BRI C3OW) | (0 )| (=0
9,n>0 D 1<ar, ., an <N g i=1 i=1

2g—2+n>0 dy,...,d,>0

The exponent exp (¢ 72F) is traditionally called the partition function.
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Define:
o 9 F
top\a NN ey
W = 1" oy o
In [2, Proposition 7.2], the authors proved that there exists a unique differential
polynomial P € AE\Tz}, such that the power series F*°4 € C[[tf,¢]] defined by:

]:red = ‘F"’ ,P|u71:(wt°1°):{7

1<a<N.

satisfies the following vanishing property:

om ]:red

Coefzg —o | g =
(e5] (e7%) *
DT oty

0, if Y di<2g-2. (4.8)
i=1

The power series F™4 is called the reduced potential of our partial CohFT.
The differential polynomials u® € ./1[]8] defined by:

5= H
Ug = nn#Pa,O

are called the normal coordinates of the DR hierarchy. The differential polynomials u® :=
n*u,, are also called the normal coordinates.
The following conjecture was presented in [2, Conjecture 7.5].

Conjecture 3. We have:

aQFrcd

— = Y (gy5tr)Y 1<a<N. 4.9
Oty ot Ualuz=(umy, 1S0< (4.9)

Remark 4.5. To be precise, Conjecture 7.5 from [2] claims that:
f-DRH — JT_Tcd’ (410)

where FPRH is the potential of the DR hierarchy, see Section 4.2 in [2] for the construction.
Let us explain why it is equivalent to Conjecture 3. In one direction, equation (4.9)
immediately follows from (4.10) and the definition of FPRE. Conversely, equation (4.9)
implies that % = %, which, using the string equations for ™4 [2, Proposition

7.2] and FPRH [2, Proposition 6.3], gives that Fred = FPRH (gee [14, Lemma 3.1]).

4.3. The Pixton class as a partial cohomological field theory

Proposition 4.6. The classes:

g
Con (@i €q,) = Z2‘d,u2dP;(a1,...7an) (4.11)
d=0

form an infinite rank tame partial cohomological field theory with the phase space V =
span({eq tacz), the unit eg and the metric given in the basis {eq tacz DY Nab = Oatb,0-

Proof. Since ¢y, (®71€,,) =0 unless Y. a; =0, the tameness property is clear.
To prove the axioms from Definition 4.1, the crucial observation is that formula (3.1)
is very close to the formula for the action of a Givental R-matrix on a topological
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field theory (see, e.g. [20, Section 2] for an introduction to these techniques). Let
V.. :=span({ey,...,e.—1}) and fix a bilinear form n,.(eq,ep) := %5a+b:0 mod r o0 V,.. Starting
with the topological field theory wy ,,: V,¥™ — H%(M, ,,), where:

wg,n(eal ®...Q ea,,,) = T29715a1+...+an20 mod 7y
and applying the Givental R-matrix:
R(2) 1= exp (~diag—h(a2)2 7 2),

we obtain the CohFT:

r29—1- hl(r)

Qg nlea, ®...®e€q,) = Z Z TERE HeXp (@22~ L2y,

IreGy,n weWr,

o l—exp (27 p? (w(h)2Yn +w(W) 2y )
X 11 2m L2 (Yn 4P ’

e={h,h'}cE(T)

whose unit is eg and where Wr , are the same weightings appearing in formula (3.1). In
particular, the factor r29 —1=h"(T) comes from the product of the factors r29(")=1 appended
to each vertex v € V(I') times the factors r appended to each edge (from the 17! in the
edge contributions), since:

Y. Qo) =) +|E| = |E[-|V|+2
veV(T")

Y gw)= (') =1)+2(g—h'(I)) =29 —1—h"(T).
veV ()

Dividing the classes ngn(®?:16ai) by 29! preserves the property of being a partial
CohFT. Therefore, the classes:

=, . 1 - 29—1,2
Q) o(eq, ®...®eq,) = Z Z \Aut Thl(l“)fr* il;[lexp(aﬂ wr,)

reGyn weWr ,

1 ol—exp (2*1,112 (w(h)zi/ih +w(h/)2¢h'))
S T2 (bn + 0w

e={h,h'}eE(T)
(4.12)

form a partial CohFT with the same phase space V., the metric 7, (eq,€5) = da+b5=0 mod r
and the unit eg. Note that in this formula we have:

w(h)? = —w(h)w(h') +rw(h), w(h')? = —w(h)w(h') +rw(h).

Note also that the class ﬁg’n(eal ®...®eq,) is zero unless aj +... +a, =0 mod r.
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For an integer a, let us denote by a € {0,...,r — 1} the unique number, such that a =a
mod 7. If r > |al, then, clearly,

- a, if a >0,
‘= r+a, ifa<O0.
Consider an n-tuple A = (aq,...,a,) € Z™ satisfying a1 +... +a, = 0, and let A=
(a1,...,a,). Comparing formulas (3.1) and (4.12), and using Proposition 3” in [16], we
conclude that both classes Q ,(®i,ez,) and ;5,2 9u??P"(A) are polynomials in
r (for r sufficiently large) having the same constant term, which is equal to the class
Cgn(®T_1eq;) (one should notice that the factors 27!4? appended to each psi class and
each edge of a stable graph in (4.12) globally produce a factor 2-9u2?). The proposition
can now be easily derived from that.
To prove Axiom (iii) from Definition 4.1 for the classes cg ,(®!-€q,), consider the

gluing map (4.1) with respect to the bilinear form 7,. We have:
gl*ﬂ;,n(®?:16al) = le,’n1+1(®ieleai ® e:\_/aI)ng,nngl((gjeJeaj ®e:(\1_})'

Considering both sides as polynomials in r (for r sufficiently large) and taking the
constant terms, we obtain:

gl*cg,n(@’?:leai) = Cgyn1+1(®icreq, ® e—az)cgz,nz—kl(@jeJ‘fw ®e—q,),

as required. Proofs of Axioms (i) and (ii) are the same, and we omit them. O

4.4. The DR/DZ equivalence conjecture implies Conjectures 1 and 2
Consider the partial CohFT given by the Pixton class,

g
Con (R q€q,) = ngduzdp;(al, ey Gp)
d=0

and the corresponding DR hierarchy.

Remark 4.7. Strictly speaking, we discussed the construction of the DR hierarchy only
for partial CohFTs with a finite dimensional phase space. However, it is not hard to
understand that, for a partial CohFT of infinite rank, tameness is a sufficient condition
for all the constructions and results to remain true. More precisely, while the definition
of the Hamiltonians of the DR hierarchy works even without the tameness hypothesis for
any infinite rank CohFT (at the cost of replacing the spaces of differential polynomials
and local functionals with a space of formal power series in all formal variables u* and ¢),
the construction of the equations of the DR hierarchy (4.6) already requires dealing with
the existence of the matrix (n*?) and the convergence of the infinite sum appearing in
formula (4.4). From there on, through the proof of compatibility of the equations of the
DR hierarchy (commutativity of Hamiltonians) to the existence of the potential of the DR
hierarchy FPRH featured in the DR/DZ equivalence conjecture, several constructions and
results present the very same problem. It is immediate to see that the tameness hypothesis
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is always sufficient to ensure that (n®?) exists and that all infinite sums always have only
a finite number of nonzero terms.

Proposition 4.8. The normal coordinates of the DR hierarchy are given by:

29
~q __ ,« 29 (MO[) @
u*=u +g§>15 7229(294—1)!“29’ o€ Z. (4.13)

Proof. To compute the normal coordinates u®, one has to compute the integrals:

/7 DR, (—Zai,O,al,...,an> )\QQ*dP;(O, —a,a1,...,Qy),
i=1

Mg nt2

where n > 1, aq,...,6n,01,...,a, € Z, 0 < d < g, which by degree reasons can be nonzero
only if g —1+n = d. Therefore, only the integrals with n =1 and d = g give a nontrivial
contribution, that is, the integrals:

[6, Theorem 2.1] (aa)QQ
DR, (—a,0,a) A, DR, (0, — o, ) L2 Theorem 2.1, |
/M_q,3 o (~0.0:0) 2 DRy (0, — 1) 229(2g+1)!

which gives formula (4.13). O

Proposition 4.9. The reduced potential F¥**d of our partial CohFT is equal to:

Pred _ P (E:u)Qg top\0
P Y iy e

Proof. Equivalently, we have to check that:
]:P,rcd _ S(eu@w)}"P,

where we identify z = t§.
For d € Z, denote by Sy C C[[t5,e]] the space of formal power series F satisfying the
condition:

onF
ot otg"

n

=0, if Zdi <2g+d.

tx=0 =1

Coef 24

By degree reasons, we have:

P oS (1 [ a8, e

g=1 9.1

=:bg

Let bp := 1. Using the string equation:

oFF o OFF 1 o
Tﬁ):zt“*1@+5zt°to ,

a>0 =Y/
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we obtain:

OMFF =Y (em)*(—1)7byt3y 4 op 5 € Son— for h>1
920

= S(euamfPZ(su)?gtgg_Q( > (‘””),>es

29
g=>1 g1+92=g 20 (292 +1

By [13, Theorem 2], the numbers b, are given by:

2 _ 12 1
1+Zbgz T eiz/2 _g—iz/2 S(iz)’

g1
which implies that S(eudy, ) FPR € S_,, as required. O

Theorem 4.10. Suppose that Conjecture 3 is true for the partial CohFT given by the
Pixton class. Then Conjecture 2 is true.

Proof. Conjecture 3, together with Proposition 4.8, implies that:

anP,red

:S ax str Oz.
g = Sheada) ™)

On the other hand, from Proposition 4.9, it follows that:

aQFP,red
= §(epdy) (W)
h (epdy)(w”)
Therefore,
strya Pya P_ strya iay
( Szt aw)(w ) = w azez(u )eetoy,

In [6, Theorem 4.1], the author proved that Y- ., (u*"")“e’ satisfies the noncommutative
KdV hierarchy. This implies that uf satisfies the noncommutative KdV hierarchy, as
required. O

Corollary 4.11. Conjectures 1 and 2 are true at the approzimation up to €2.

Proof. In [4], the authors proved that Conjecture 3 is true at the approximation up to
2. Together with Theorem 4.10, this gives the corollary. O

5. A prediction for the integrals fﬂ ) Q*ng(a, —a) fgflfj
9,

In this section, using Conjecture 2, we will present an explicit formula for the generating

series of integrals fﬂ ) 277 Pg (a, — a)@bi’g 179 We will then check several special cases of
9,

this formula.
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Proposition 5.1. Suppose that Conjecture 2 is true. Then we have:

S (/ 277 Pj(a, - a) fg”) p2 391 J—i(‘z((‘i“zz))eiq). (5.1)
1559 \/ Mo K

Proof. By the string equation:

OFF . OFF
Ttgzztaﬂ dta +5 Ztoto ) (5.2)

a>0 aEZ

equation (5.1) is equivalent to:

S . . . S 3
S ([ 2pie e ) w50 5
- M S(pz)
0<j<g 9,3

=T} (a)

e

=3 Z Tg(a);szgfj = i((ay) 1, (5.3)

0<j<g ")

From (5.2), it also follows that:

(W)™ =50, 4+ > 2P TI()tg, 5., +0(()?).

0<j<g
Therefore, 97 (uF)* has the form:
O (W) =501+ Y EXpP RI()g, i, +O((t1)%), (5.4)
0<j<g

where R/ () = ib OTJ h( )Qn(a) (recall that Q(a) was defined in (2.8)) or, equiva-
lently,

> Ry = | 3 Tz ) [ Qula)

0<j<g 0<j<g h>0

Since Y50 Qnla)p?h = SSESXM;Z)’ we see that (5.3) is equivalent to the equation:

§:0
249g!°

Ri(a) = (5.5)

Equation (5.5) is obvious for g = 0. The property (5.4) implies that:

1 2 o 1 *
ial(up*up)+l2 zwx:Z Z EQQMZJ (RJ ) 12R‘z] 1( )) 753g—j€ y+0((t*)2)a

a€Z 0<j<g
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where we adopt the convention Rg(a) :=0 for j > g or g <0. On the other hand, the
dilaton equation:

oFF LOFP aFP L1
o~ 2ty o R

a_

implies that:

a(uP)
ot9

= Z Z 29 1% (29 + 1)R§(a)t§‘g_jemy +0 ((t:)2) )

a€Z 0<j<g

Using now the first equation of the noncommutative KdV hierarchy:

out 1 g2
i = i(UP xul)+ ﬁugmrm
we obtain:
, 1.
R;(oz) = %R;_l for g > 1,
which gives (5.5) and proves the proposition. O

Let us now check several special cases of formula (5.1). First of all, note that the
following two specialisations of (5.1) appeared in the literature before:

(1) If we put =0 in (5.1), we obtain:

which is a classical formula (see, e.g. [12, equation (6)]).

(2) Multiplying both sides of (5.1) by z, substituting y — pz~! and putting z = 0, we

obtain:
5 ([, o
1<j<g \/ Mo a

which was proved in [7, Theorem 1].

The two special cases discussed above involved the integrals with the classes PJ(A),

where j =0 or j = g. Consider now an example with 0 < j < g. For a fixed integer a and
r big enough, we have:

2_
P (=) = (4 =) — DDz + )

12
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which gives:

Pgl(a,—a):a2(1/)1+z/;2— 1%2)—% 1—@—2’

where we refer a reader to [4, Section 2.1] for our pictorial notation for the cohomology
classes on My ,,. Therefore,

a?-1
Py (a, —a)i = ——,
/Mz,z 288

which agrees with formula (5.1).
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