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q-HERMITE POLYNOMIALS
AND CLASSICAL ORTHOGONAL POLYNOMIALS

CHRISTIAN BERG AND MOURAD E. H. ISMAIL

ABSTRACT.  We use generating functions to express orthogonality relations in the
form of g-beta integrals. The integrand of such a g-beta integral is then used as a weight
function for a new set of orthogonal or biorthogonal functions. This method is applied
to the continuous g-Hermite polynomials, the Al-Salam-Carlitz polynomials, and the
polynomials of Szeg6 and leads naturally to the Al-Salam-Chihara polynomials then
to the Askey-Wilson polynomials, the big g-Jacobi polynomials and the biorthogonal
rational functions of Al-Salam and Verma, and some recent biorthogonal functions of
Al-Salam and Ismail.

1. Introduction and preliminaries. The g-Hermite polynomials seem to be at the
bottom of a hierarchy of the classical g-orthogonal polynomials, [6]. They contain no
parameters, other than ¢, and one can get them as special or limiting cases of other or-
thogonal polynomials.

The purpose of this work is to show how one can systematically build the classical
g-orthogonal polynomials from the g-Hermite polynomials using a simple procedure of
attaching generating functions to measures.

Let {pn(x)} be orthogonal polynomials with respect to a positive measure y with mo-
ments of any order and infinite support such that

(.1 [ prpm@) du) = Gbma.
Assume that we know a generating function for {p,(x)}, that is we have
(1'2) Z%)Pn(x)tn/cn = G(x; t)a

for a suitable numerical sequence of nonzero elements {c,}. This implies that the or-
thogonality relation (1.1) is equivalent to

)
2’

00

(1.3) [7 6,1)G@, ) du) = 36,
00 5

provided that we can justify the interchange of integration and sums.
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Our idea is to use G(x, t;)G(x, t;) du(x) as a new measure, the total mass of which
is given by (1.3), and then look for a system of functions (preferably polynomials) or-
thogonal or biorthogonal with respect to it. If such a system is found one can then repeat
the process. The generating function in (1.2) is assumed to be an elementary function,
that is a quotient of products of powers and infinite products. It is clear that we cannot
indefinitely continue this process. The form of the generating function will become too
complicated at a certain level, and the process will then terminate. The referee wondered
whether there is a principal reason which forbids that nice explicit (bi)orthogonal sys-
tems can be found with respect to measures which are not elementary. We do not know
the answer to this question especially since in the case of associated orthogonal poly-
nomials [11], [19], [28] the weight function involves the reciprocal of the square of the
absolute value of a transcendental function. Part of the difficulty is that we do not have
direct proofs of the orthogonality of the associated polynomials.

If 1 has compact support it will often be the case that (1.2) converges uniformly for x
in the support of p and |¢| sufficiently small. In this case the justification is obvious.

We mention the following general result with no assumptions about the support of p.
For 0 < p < 0o we denote by D(0, p) the set of z € C with |z| < p.

PROPOSITION 1.1.  Assume that (1.1) holds and that the power series

00

(1.4) s
n=0 Cn

has a radius of convergence p with 0 < p < oo.

(i) Then there is a p-null set N C R such that (1.2) converges absolutely for |t| <
p,x € R\ N. Furthermore (1.2) converges in L*(1) for |t| < p, and (1.3) holds for
[, a] <p.

(ii) If p is indeterminate then (1.2) converges absolutely and uniformly on compact
subsets of Q = C x D(0, p), and G is holomorphic in Q.

PROOF. For 0 < ry < r < p there exists C > 0 such that (v/(,/|ca|)r* < C for
n > 0, and we find

3 o
'g) lpn(x)l lcnl

() s eS() <o

L2(u) - n=0 lcnl r

which by the monotone convergence theorem implies that
e ry
2 Il € LG,

and in particular the sum is finite for p-almost all x. This implies that there is a p-null
set N C R such that 3 p,(x)(¢" / c,) is absolutely convergent for || < pandx € R\ N.
The series (1.2) can be considered as a power series with values in L2(y), and by
assumption its radius of convergence is p. It follows that the series in (1.2) converges in
L*() to some G(x, t) for || < p, and (1.3) is a consequence of Parseval’s formula.
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If 1 is indeterminate it is well known that 3~ |p,(x)|? /¢, converges uniformly on com-
pact subsets of C, ¢f. [1], [26], and the assertion follows. .

In order to describe details of our work we will need to introduce some notations.
There are three systems of g-Hermite polynomials. Two of them are orthogonal on com-
pact subsets of the real line and the third is orthogonal on the unit circle. The two g¢-
Hermite polynomials on the real line are the discrete g-Hermite polynomials {H,(x : )}
[13] and the continuous g-Hermite polynomials { H,(x|g)} of L. J. Rogers [8]. They are

generated by
1.5) 2xHn(x|q) = Hyp1(xlq) + (1 — ¢")Hn-1(x|q),
(1.6) XHn(x 1 q) = Hpri(x : 9)+¢" " (1 — ¢"Hn1(x 1 @),

and the initial conditions
(1.7 Ho(x|g) =Ho(x: @) =1, Hi(x|lg)=2x, Hi(x:q)=rx.

We will describe the g-Hermite polynomials on the unit circle later in the Introduction.
The discrete and continuous g-Hermite polynomials have generating functions

X Hux:q), (-9
(1.8) ; (T Pn r= ;90
and
(1.9) fH"(’dq) = ! . x=cos,

v (@D (e, e g)o
respectively, where we used the notation in [16] for the g-shifted factorials

L10)  @ao =1, @ah:=[[0—ag™), n=12,...,0rc0,
k=1

and the multiple g-shifted factorials
k
(1'11) (al,GZ,---,ak;‘I)n = H(ajaq)lh
j=1

A basic hypergeometric series is

al,...,a

(1' 12) r¢s(b1 " b: q:z) =r¢s(a]a-~~aar;bl,~--,bs;q,z)

&, (ala“',ar;q)n —1 stl—r
=3y b fndin oni jyrgnn-D/2 .
Db bag (0T

In (1.9) e is x £ 1/x2 — 1 and the square root is chosen so that v/x2 — 1 & x asx — 00.
This makes |e~| < |€?|. It is clear that the right hand sides of (1.8) and (1.9) are analytic
functions of the complex variable # for || < 1/|x|, || < |e~|.
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In Section 2 we apply the procedure outlined at the beginning of the Introduction to
the continuous g-Hermite polynomials for |g| < 1 and we reach the Al-Salam-Chihara
polynomials in the first step and the second step takes us to the Askey-Wilson polynomi-
als. It is worth mentioning that the Askey-Wilson polynomials are the general classical
orthogonal polynomials, [6]. As a byproduct we get a simple evaluation of the Askey-
Wilson g-beta integral, [10]. This seems to be the end of the line in this direction. The case
q > 1 will be studied in Section 5, see comments below. In Section 3 we apply the same
procedure to the polynomials { U (x; ¢)} and {V9(x; q)} of Al-Salam and Carlitz [2].
They are generated by the recurrences

(1.13)  U9(x;9) =[x — (1 +a)g"IUP(x; 9) +ag" ' (1 — ¢HU?, (x;9), n >0,
(1.14) VD (x;9) = [x— (1 +a)g "IV (x;9) — ag' (1 — "W, (x:9), n>0,

and the initial conditions
(1.15) UD(;9) = VP9 =1, U%x9) = VO q) =x—1—a,

[2], [14]. 1t is clear that UP(x;1/q) = V(x;q), so there is no loss of generality in
assuming 0 < g < 1 with appropriate restrictions on a. The U,’s provide a one param-
eter extension of the discrete g-Hermite polynomials when 0 < g < 1 corresponding to
a = —1. In Section 3 we show that our attachment procedure generates the big g-Jacobi
polynomials from the U,’s. The big g-Jacobi polynomials were studied by Andrews and
Askey in 1976. The application of our procedure to the V,’s does not lead to orthog-
onal polynomials but to a system of biorthogonal rational functions of Al-Salam and
Verma [5].
The g-analogue of Hermite polynomials on the unit circle are the polynomials

" (g; (g~ 22)t
(1.16) Hzq) = ),
kz:% (@ DG Dn—k
Szego introduced these polynomials in [27] to illustrate his theory of polynomials or-
thogonal on the unit circle. Szego used the Jacobi triple product identity to prove the
orthogonality relation

. —n
A1) o [ A ) T g)q 2 g e ghoodd = LD
2m Jo (4 Do
In Section 4 we show how generating functions transform (1.16) to a g-beta integral of
Ramanujan. This explains the origin of the biorthogonal polynomials of Pastro [24] and
the 4¢3 biorthogonal rational functions of Al-Salam and Ismail [4].

In Section 5 we consider the continuous g-Hermite polynomials for ¢ > 1. They are
orthogonal on the imaginary axis. For 0 < ¢ < 1 we put h,(x|q) = (—i)"H,(ix|1/q), and
{hn(x|q)} are called the g~'-Hermite polynomials. They correspond to an indeterminate
moment problem considered in detail in [18]. Using a g-analogue of the Mehler formula
for these polynomials we derive an analogue of the Askey-Wilson integral valid for all
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the solutions to the indeterminate moment problem. Our derivation, which is different
from the one in [18[, is based on Parseval’s formula.

The attachment procedure for the g~!-Hermite polynomials leads to a special case
of the Al-Salam-Chihara polynomials corresponding to ¢ > 1, more precisely to the

polynomials
(1.18) un(x; 11, 12) = va(—2x;9, —(1 + ) /g, 1tag %, 1),
cf. [9]. We prove that for any positive orthogonality measure y for the g~!-Hermite poly-
nomials
—teb. e S —teb. et
(1.19) dv(sinh &1, 1) = AN 0 € B oo 4 i o)

(—t122/4;9oo
is an orthogonality measure for {u, }.
The attachment procedure applied to {u, } leads to the biorthogonal rational functions

q, ‘I) .
of Ismail and Masson [18] in the special case t3 = #4 = 0.

The referee raised the question of what determines the starting point in our process. In
each case we used the polynomials with fewest possible parameters. In the cases of the
polynomials in Sections 2, 4 and 5 we started with polynomials with no parameters, other
than g. In Section 3 we used the 1-parameter family of Al-Salam-Carlitz polynomials. We
cannot set a = 0 in the Al-Salam-Carlitz polynomials and maintain their orthogonality,
so it seems that the full Al-Salam-Carlitz polynomials are the correct starting point. We
do not have a canonical answer. The referee also remarked that the Askey scheme in [22]
contains many g-polynomials at the lowest level of the classification and wondered if
these g-polynomials are Hermite like and when we apply our procedure to such Hermite
like polynomials we may obtain other results. We plan to investigate this point in a future
work.

S1e — g —hhg 2, B/q,—tits/q
(1.20)  pu(sinh&; 41,8, 83,4) 1= 4¢3 ( —het, ek, b lag™>

2. The continuous g-Hermite ladder. Here we assume —1 < g < 1. The orthog-
onality relation for the continuous g-Hermite polynomials is

0 —2i 2m(g; @n
Q1) [ Halcos Ol eos o, i g dd = T EDS,,

and follows easily from the Jacobi triple product identity [16]. The series in (1.9) con-
verges for |¢| < 1 uniformly in 6 € [0, 7). The reason is that

z (g Dn i(n—200
H,(cosf|q) = — '
(cosflg) kz=%) (4 D5 Pk

implies |H,(x|q)] < Hy(1|g) for x € [—1,1] and (1.9) converges at x = 1. Thus (1.2),
(1.3) and the generating function (1.9) imply

- e2i9’ ——2i0; 2
2.2) ['— oLt ) S J— S W P
0 (he,ne " ne, ne % q) @112, Qoo
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where we used the g-binomial theorem [16, (I1.3)]

X (@ 9)n (az; 9)oo
2.3) o ’

zo: (@ Dn @ Do
witha=0

The next step is to find polynomials {p,(x)} orthogonal with respect to the weight
function
i0 ,—2i0. 1

(2.4 wi(x; 1, 0) = (€, g)en x = cos#,

(t1e9,t1e7, e the 0 q)oo /1 — 22
which is positive for #;,#, € (—1, 1). Here we follow a clever technique of attachment

which was used by Askey and Andrews and by Askey and Wilson in [10]. Write {p,(x)}
in the form

—if.

- (q~"7 h eiﬂ, he q)k

@3 Pal) = :g) (9%

Qn ks
then determine a,; such that p,(x) is orthogonal to (,¢”, ,e™?; q);,j = 0, 1,. —1.
Note that (ae”, ae~"; q); is a polynomial in x of degree k, since

) . k=1 . .
(2.6) (ae”’, ae™: O = [[(1 —2axg + a2q2’)
j=0

= (—2a)*q"*~V/2x* + lower order terms.

The reason for choosing the bases {(ti€” tie % q)} and {(€% e ?;q)} is
that they attach nicely to the weight function and (2.2) enables us to integrate
(t1€°, t1e™; (26", 7, q); against the weight function wi (x; #1, £). Indeed

i0 —if

(t1€®, 1e7; (e, e ™ Qywi(x; 11, ) = wi(x; 11", ).

Therefore

[ 6 e qypuom s 1, 1)
n (q "9k, /m (¢, q)oo dB
k—o e (1g*e®, tigke™, g, g e %; q)oo
2 (7" Prank
(@ Do 20 @ D(t11294Y; Qoo
2m " (g " it d gk
T @nnd Do i @k

At this stage we look for a, x as a quotient of products of g-shifted factorials in order to
make the above sum vanish for 0 < j < n. The g-Chu-Vandermonde sum [16, (I1.6)]

An -

(c/a;q)n o

Q.7 201(@7",a;¢;9,9) = D
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suggests
ang = ¢* [ (112, k-
Therefore
Lo, i 21(g7;q)n ;
1€ e ™ q)ipn st b)dx = : hhy)'.
Lo e dpaammosi s = o o )

It follows from (2.5) and (2.6) that the coefficient of x* in p,(x) is

(2.8) (=20)"q"" D/ 2(g™ ) (@, tit2; @ = Q1) [ (1123 P

This leads to the orthogonality relation

27(q; @ "
(@02 Pooitr; @

q,q) .

The polynomials we have just found are the Al-Salam-Chihara polynomials and were
first identified by W. Al-Salam and T. Chihara [3]. Their weight function was given in
[91 and [10].

One might hope that it is possible to make other choices for the coefficients a, and
possibly use summation theorems other than (2.7). We went through the summation the-
orems in [16] and found that (2.7) is the only summation theorem that works in the case at
hand. It is also worth mentioning that the generating function (1.9) is the only elementary
generating function for the g-Hermite polynomials known to us, [8].

Observe that the orthogonality relation (2.9) and the uniqueness of the polynomials
orthogonal with respect to a positive measure show that 7;"p,(x) is symmetric in #; and
t,. This gives the known transformation

—n i —if
Q@.11) 34 (q ’tt'j;,’é'e q,q)
as a byproduct of our analysis.

Our next task is to repeat the process with the Al-Salam-Chihara polynomials as our
starting point. The representation (2.10) needs to be transformed to a form more amenable

to generating functions. This can be done using an idea of Ismail and Wilson [21]. First
write the 3¢, as a sum over k then replace k by n — k. Applying

2.9 [ . PP (W1 (x; 81, 6)dx =

Furthermore the polynomials are given by

q—n’ 4 ei{)’ 1 e—i0

2.10) P = (1700

q—n’ t2ei0, tze—io

i, 0

g, ‘I) = (t1/B)"3¢2 (

. I G —lr+h(k~1)/2
2.12 = D
2.12) @Dt = g '
we obtain
(2.13)

(te?, e % q), g D/2(_ 1y i (=t /1 )f(q‘", q9"/ ht; Dk FE/2
(t1t2;9)n =0 (9,9' e [t1,q" e [ti; )

Pn(x) =
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Applying the g-analogue of the Pfaff-Kummer transformation [16, (1IL.4)]

A, C/B;@n pin-1y2 (z 9oo
@.14) L DByt = 2100 4,(4, B; Ci g, 2),
DN eyl D= Uz g d
with
A=q", B=ne’ C=¢""/t, z=qe /4
to (2.13), we obtain the representation

(tl ewiﬂ;q)ntr]lemﬂ ( —n tze. _i0 )
—_— hi.
(2, Pn 201 gt e’ /n a.9¢ "/

Using (2.12) we express a multiple of p, as a Cauchy product of two sequences. The
result is

P,,(X) =

(4 Dnt} & (826" 9)k ik (1e” ® D (0.
(GLH) o R C ) (45 Dn—k
This and the g-binomial theorem (2.3) establish the generating function

Pn(x) =

(2.15) Z (tltz,‘I)n PaCOt/ 1) = _(Lt"_”z_’_‘&i_.

n=0 ) t —i()’ teio;q)oo
The orthogonality relation (2.9), the g-binomial theorem and the generating function
(2.15) imply the Askey-Wilson g-beta integral, [10], [16].

i6 —210 .
(2.16) r 4(6,2 - qo) dg= Bl
0 T (5€”, ie™™; @)oo (95 Doo Ii<jck<a(tite; @oo

The polynomials orthogonal with respect to the weight function whose total mass is
given by (2.16) are the Askey-Wilson polynomials. Their explicit representation and
orthogonality follow from (2.16) and the g-analogue of the Pfaff-Saalschiitz theorem,
[16, (I1.12)]. The details of this calculation are in [10]. The polynomials are
2.17)
M tibtstag" L €9 e
q “,hhlzlaq 1 1 a q) )
The orthogonality relation of the Askey-Wilson polynomials is [10, (2.3)~2.5)]

X3t b, 8, t4lq) = (i, s, i ta;
Pn(x; 11, 1,13, 14|q) (W, hit3, il q),,4¢3( ht, s, i

(2.18) /owp,,,(cos 0; 11,12, 13, 14| q)pn(cOs 0; 11, 1o, 13, ta|gIW(cOs 0; 11, 12, 13, 14) AO

20t bB1ag™; @)oo (253105 @)n
(q"” 5 q)oo H1_<j<k§4(tjtkq"; q)oo

m,n»>

for max{|t|,|%, ||, ||} < 1, and the weight function is given by
@, q)0
I (5e®, tie™; g)oo

Observe that the weight function in (2.19) and the right-hand side of (2.18) are
symmetric functions of ¢#;,%,%,. The weight function in (2.18) is positive when

(2.19) W(COSG; t,t,t,1) =
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max{|t|,|%, ||, |t]} < 1, and the uniqueness of the polynomials orthogonal with re-
spect to a positive measure shows that the Askey-Wilson polynomials are symmetric in
the four parameters ¢, &, t3, t4. This symmetry is the Sears transformation [16, (IIL.15)],
a fundamental transformation in the theory of basic hypergeometric functions. The Sears
transformation may be stated in the form

— de df. —n
q n)a,b,c . _IE n ‘b_c,bc,q)n q ,a,d/b,d/c
(2.20) 4¢3( def ) )— (d) i 4¢3( d, & & 4.9),

where abc = defg"!.
Ismail and Wilson [21] used the Sears transformation to establish the generating func-
tion
X, pa(cosb; 11,12, 13, ta|q)
=0 (@ hb, Bl

=201 ( te, nent,

@2.21)

q, te""’) 201 ( ne ™, ue 1,

q, tew) .

@b em)

Thus (2.18) leads to the evaluation of the following integral

6
fﬂZd’l (tle’o,he'etltz
0 s

o (e q)
(2.22) H}L](tjeioa tje‘_m; Qoo
_ 2m(tiatats; @)oo
(9; D)oo Ih<jck<atite; Qoo

X obs (\/tlt2t3t4 /4, —\tiatsta /g, 13, ita, 0213, 0ot
Vi, —\/tihilaqg, L1, 131, tlt2t3l‘4/q

q, tje_io) 201 ( te " ue Pht,

do

q,1s t6) )
valid for max{|t|, ||, |&], |ta], |25, 26|} < 1.

In [20] the Askey-Wilson integral (2.16) was evaluated using Rogers’s linearization
formula of products of continuous g-Hermite polynomials, [8], without going through
the Al-Salam-Chihara polynomials. The approach in this work is different and does not
use Rogers’s formula. In fact Rogers’s linearization formula is the special case t4 = 0 of
(2.16).

3. The discrete g-Hermite ladder. Here we assume 0 < g < 1. Instead of us-
ing the discrete g-Hermite polynomials directly we will use the Al-Salam-Carlitz g-
polynomials which are a one parameter generalization of the discrete g-Hermite poly-
nomials. The Al-Salam-Carlitz polynomials {U(x; q)} have the generating function

[2], [14].
G Gen=3 U9g)—— = LDx ;0 cg<,
b @G (59
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and satisfy the orthogonality relation

32 [ UO@QUOEduO® =~ (g ubm
with u(@ a discrete probability measure on [a, 1] given by
o0 q" qn
(3.3) @ = [ Egn + €a ]
g Zﬁ @9/GD@ Do (@0 n(1/a:9)e0 T

In (3.3) €, denotes a unit mass supported at y. The form of the orthogonality relation
(3.2)(3.3) given in [2] and [14] contained a complicated form of a normalization con-
stant. The value of the constant was simplified in [17]. Since the radius of convergence
of (1.4) is p = co we can apply Proposition 1.1 and get

(3.9

X (—atity)"
/m G 1) G(x; 1) dp@(x) = 3 ﬁq”(’“”/?’ = (ah;9)0, t,0 €C,
—00 n=0 »Y)n

where the last expression follows by Euler’s theorem [16, (I1.2)]

(3.5) 2GR /@ = ()
This establishes the integral
3.6) i) (a9

—00 (xt1,X12; Q)0 (t1,t2,at1,082, )00

When we substitute for 4@ from (3.3) in (3.4) or (3.6) we discover the nonterminating
Chu-Vandermonde sum, [16, (I1.23)],

(.7 4]
(449/C,Bq/C;@)o , (4,B
@/Cq)eo 2¢‘( c lq"l)
4B, 9w _, (Aq/C,Bg/C _ .
+(C/q;q)oo2¢l( ¢*/C ‘1"1) (4Bq/ C; 9)co-

We now restrict the attention to #;,#, € (a”!, 1) in the case of which 1 [ (xt1,x125q)oo
is a positive weight function on [a, 1]. The next step is to find polynomials orthogonal
with respect to du(@(x)/ (xt1, xt2; 9)oo- Define P,(x) by

" (@ xt k&
3.8 P =5 9 XDk k.
©-8) @ I;) @G Tk

where a,; will be chosen later. Using (3.6) it is easy to see that

25 Qm O eY ) T (at24"™; @)oo
[ Pur) =" dp@(x) = a
ool )(thath;q)oo WEe) :;) ;9 1 "k (ngk, atgt, g™, atg™; Qoo
(at129™; Qoo " (g7 h,at; gk x

= a ,kq .
(t1,at1, g™, abq™; @)oo (=5 (@-at129™; @)
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The choice a,x = (A\;q)/(t1,at1;q)x allows us to apply the g-Chu-Vandermonde sum
(2.7). The choice A = at;,¢"! leads to

(12 @)m (@169"; Doo(@™' " P (ati g™y
3.9 [ Py0) =2 dp D) = .
G5 L ()(th,XtZ;q)oo ne) (t1,at1, 9™, atrq™; @)oo(at1 129™; G)n

The right-hand side of (3.9) vanishes for 0 < m < n. The coefficient of x" in P,(x) is

(@ atirg" ;@ (—1,)'q"™V/? = (@nq"'; q)n

(g, t1,at1;q)n (tat;qn
Therefore
" att,g" !, xt
(3.10) Pu(x) = @n(x;a,t1, 1) =32 (q ti 2aqt1 ! l q,q) ,

satisfies the orthogonality relation
3.11)

dp@(x
/:):O wm(xs a, tl,tZ) Son(x; as t1,t2) u ( )

(th s xtz; Q)oo
_ (@.1,an,at14" " @n(@t124™; §oo
(t1,at, &2, at2; Q)oo(t1, at1; @)n

(_at%)nqn(n—l)/Zém’n'

The polynomials {¢,(x;a,t,%)} are the big g-Jacobi polynomials of Andrews and
Askey [6] in a different normalization. The Andrews-Askey normalization is

‘J:Q) .

Note that we may rewrite the orthogonality relation (3.11) in the form

: cay =i, [T OB X
(3.12) Py i) =a0a (1

dp(x)
(xt1,xt2; )oo

(_a)nqn(n—l)/Zém’"‘

/j; 670, at; @m om0, 0, )" (0, at1; @ pr(x;a, 11, 1)
(3.13) - on
— (q, tlaatbtz,atz’atltzq ;q)n(atltzq ;q)oo

(t1,at1,t,at2;9)o

Since du@(x) / (xt1, x2; §)oo and the right-hand side of (3.13) are symmetric in #; and #,,
then

67"t at1;@)n pnlx; a, 1, 1)

must be symmetric in ¢; and #,. This gives the known 3¢, transformation
(3.14)

" ant =l Xt
1362 q q
h,at

) = (2, at2;@)n b (q"",atltzq"_l,ﬁz
’ B(t,at;q)n b,at

q,‘I) .

We now consider the polynomials {V{?(x; q)} and restrict the parameters to 0 < a,
0 < ¢ < 1, in which case the polynomials are orthogonal with respect to a positive
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measure, ¢f. [14, VI.10]. The corresponding moment problem is determinate if and only
if 0 <a < gor1/q < a.Inthe first case the unique solution is
o0 anqn2

(3.15) m? = (ag; @)oo S ————¢4n,
: %9 ng(q,aq;q)n 7

and in the second case it is

—n n?

5@ — 9
(3.16) (q/a; q)oog I

cf. [12]. The total mass of these measures was evaluated to 1 in [17].
If ¢ < a < 1/q the problem is indeterminate and both measures are solutions. In [12]
the following one-parameter family of solutions with an analytic density was found

Y|a — 1{(g,a9,9/a;9)oo
3.17 v(x;a,q,Y) = , Y>0.
@17 (:2,4.7) ma[(x/a; q)%, + 72 (x; )%,

In the above a = 1 has to be excluded. For a similar formula when a = 1 see [12].
If 11 is one of the solutions of the moment problem we have the orthogonality relation

(3.18) [ V96 9V 9)dutx) = @47 (@ Db
The polynomials have the generating function [2], [14]
n(n 1)/2

3.19 =S V@ = 05
G- e nX%) <0 D CHS 0 (t,at; @)oo

and G, = 7" @"(q; @)n-
The power series (1.4) has the radius of convergence 1/q/a, and therefore (1.3) be-

|| < min(1,1/a),

comes ( oo ()
X8, X625 q)oo AU(X
= Vix,t)) V(x,t)du(x
e Gt e = |, Vs 1) V5, 12) dis)
Z (atltZ/q)n
n=0 (q q)"
1
= — Hl,1h < Vvq/a.
@i/, el <ve/
This identity with p = m@ or u = o is nothing but the g-analogue of the Gauss
theorem,
. _(c/a,c/b;q)x
(3.20) 201(a,b;¢c;9,¢/ab) = C.clabigs le| < |ab|,
[16, (IL8)).
Specializing to the density (3.17) we get
(3 21) (th,XtZ;q)Ode _ ﬂ.a(tl,atlstZ,atZ;q)oo

—00 (x/a;9)% V2592,  la—1|¥(g,a9,9/a,att2/q; )0’
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valid forg < a < 1/q,a # 1,7 > 0. Formula (3.21) seems to be new.
We now seek polynomials or rational functions that are orthogonal with respect to the
measure

(3.22) dv(x) = (xt1,xt2; Q)oo Ap(X),

where p satisfies (3.18). It is clear that we can integrate 1 /[(xt;; q)x(x2; ¢);] With respect
to the measure v. Set

, @k dran
(3.23) nsan,0) = 0 S S

The rest of the analysis is similar to our treatment of the U,,’s. We get

Yn(x;a,11,12) g
- (Xt2;q)m dV(X)_kz_% (q Di qka"’k/w(xth xtzq q)oo d;l,(x),

and if we choose a,, x = (t1,ati; 9k / (athitr / q; 9)x the above expression is equal to

(4,01, 09",a1g™: oo (q_n,atlt2qm_l l q)
(at129™ ' Poo ant/q ’
= (1,80,29%, 629" Do @ Dn () (-t
(a1 24 Poolatita / 4; @)n
which is 0 for m < n. We have used the Chu-Vandermonde sum (2.7). Since v is sym-

metric in #;, 1, this leads to the biorthogonality relation
(3.24)

(t1,at1,1,at2; @)oo (g5 @n

m(Xa, t, 1) Yn(x; a, by, )dv(x) = atyt "Sm.n-
[ ntos st ) ns a1, ) ) = e B IR g o,
The y,’s are given by
sh,at
(3.25) Ya(x;a,t1,0) = 3¢2 (xn atity/q ‘q ‘1)-

They are essentially the rational functions studied by Al-Salam and Verma in [5]. Al-
Salam and Verma used the notation

(3.26) Ratsia .85 = e (P00 ).
The translation between the two notations is

(3.27) Yn(x;a,01,1) = Ra(Bxq~" | a; @, 3,7, 6 9),
with

(3.28) h=p8 t=p00/qx, a=aY/B.

Note that R, has only three free variables since one of the parameters o, 3, 77, 6 can be
absorbed by scaling the independent variable.
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4. The Szego ladder. Here we assume 0 < ¢ < 1. As already mentioned in the in-
troduction Szeg6 [27] used the Jacobi triple product identity to prove (1.17). The explicit
form (1.16) and the g-binomial theorem (2.3) give

@.n H(z )= Z Hi(z9)
n=0 ( )n

for || < 1, |tz] < g'/2. From (1.16) it follows that | #,(z; q)| < H,(|z|; g). Furthermore
Darboux’s method [23] and (4.1) give

H(l;9)~q"* /(g% q)
Thus (1.17) and (4.1) imply the Ramanujan g-beta integral [16]

1 @'%2,9'? 590 dz _ (t1,059)0
“-2) _/ MG P rar 2 (anb e o
2mi Jlzl=1 (th z,hq /Za ‘I)oo z (q’ t1t2/q’ q)OO

=1/(t,247"/%; @)oo,

1/2

for |t;| < ¢'/%, |tz| < q'/?, since (1.4) has radius of convergence ¢'/? and the series in
(4.1) converges uniformly in z for z on the unit circle. This can be proved by estimating
H,(z; q) directly from (1.16).

Putting

ht 1/2
@.3) Q) = (@109 700z
(g, 29,119z, laq /Z,Q)oo

and applying the attachment technique to (4.2) we find that the polynomials

5 — 4 (a70q'z,nq
@4 Pzt =t (1709 B0 ).
satisfy the biorthogonality relation
l - — dZ (q; q)n
4.5 — L, 1)Q2)— = —————(t129)"Omn.
@9 5 P PG EIOE T = T (0100 5
Using the transformation [16, (I11.7)] we see that

_ (& Dn n

4.6 n(z, b, ) = ——————(t n(z, b, ),
4.6) Pz 11, 1) (t1t2q;q)n(lq)p( 1,12)
where
4.7

&;n 4" g\ (aq; 9i(b; Pn—k g V/22)

n(z,a,b ,aq; b;q,q9'°z/b o LA 44l S

Pz,0,0) = @9’ 1@ 0q: " [b.q 72 /b) = kz—%) (3 q)k(q,q)n_k( i
are the polynomials considered by Pastro [24] and for which the biorthogonality relation
reads
@8 o [ P nE RS = WDy,

2mi Jlz| (@ Dn
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The special case when a and b are real was considered by Askey in his comments on
[27] in Szego’s Collected Papers. Al-Salam and Ismail [4] used (4.8) and the generating

function

e (atzq'/?, bt; @)oo
4.9 W(z;a, b)Y = —————
*.9) n;p e:a,5) (- N )

to establish a g-beta integral and found the rational functions biorthogonal to its inte-
grand. The interested reader is referred to [4] for details.

5. The g~ !-Hermite ladder. When g > 1 in (1.5) the polynomials {H,(x|q)} be-
come orthogonal on the imaginary axis. The result of replacing x by ix and g by 1/g
put the orthogonality on the real line and the new g is now in (0, 1), [7]. Denote
(—i)y"Hu(ix|1/q) by hy(x]g). In this new notation the recurrence relation (1.5) and the
initial conditions (1.7) become

(.1 hav1(x]q) = 2xha(x|q) — ¢ 7"(1 — g")ha-1(x|g),n > 0,
(5.2) ho(x|q) = 1, hi(x|q) = 2x.
The polynomials {k,(x|q)} are called the g~!-Hermite polynomials, [18]. The corre-

sponding moment problem is indeterminate. Let ¥ be the set of probability measures
which solve the problem. For any p € ‘V, we have

5.3) [ nalVha(ela) due) = g 2q; gl

The A,’s have the generating function, [18],

(5.4 > h,,(x]q)ﬁq"("_”/z = (—te*,te%;q)00, x =sinh&, 1,€ € C.
n=0 »Y)n

By Proposition 1.1 it is clear that (5.3) and (5.4) imply
é5.5)
/i("tleg,tle_g,—tzeg,tze'g;Q)oo du(x) = (—ht2/4;Peos 1, €C, pe Y,

since the power series (1.4) has radius of convergence p = oo. Incidentally the function
(5.-6)  xilx) = (—te, te 78 q)oo = (—HVX+ 1 +2), (VX2 + 1 —x)3q)

belongs to L?(y) forany p € V,; and any ¢t € C. Therefore the complex measure v, (1, 12)
defined by

G.7)

dv (s h, 1) = X ()X (*)

(—1t2/4;9)o
has total mass 1, and it is non-negative if t; = 7,.

Note that (—tef, te¢; q) is a polynomial of degree k in x = sinh ¢ for each fixed
t # 0. Since

du(x), REV, b €C i #—¢"5 k>0

(—te* /q", 1e™¢ | 4" @uxed) = 1)),
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we see that the non-negative polynomial |(—zet / g*, te=¢ / g¥; q)|* of degree 2kis v (¢, )-

integrable. This implies that v,(¢,?) has moments of any order, and by the Cauchy-

Schwarz inequality every polynomial is v,(t1, &,)-integrable for all 1,1, € C, p € V.
Introducing the orthonormal polynomials

(5 8) i’n(xlq) — _hl((é\/L__Z_))_qn(n+l)/4

the g-Mehler formula, cf. [18], reads

(—zqet*", —zqe 67", zqe* ", zge¢; )

o
(5.9 3 n(sinh €l (sinhnjg)e" T
and is valid for §,n € C, |z| < 1/,/q.

Applying the Darboux method [23] to (5.9) Ismail and Masson [18] found the asymp-
totic behavior of /,(sinh17|g), and from their result it follows that (/,(sinh7|q)z") € P
for |z| < ¢~'/4, € C. In this case the right-hand side of (5.9) belongs to L?() as a
function of x = sinh £ and the formula is its orthogonal expansion. Putting ¢t = gze”,
s = —qze ", we have 22 = —stq~2, so if |st| < ¢*/*> we have |z| < g~'/* and the right-
hand side of (5.9) becomes x,(sinh &)x(sinh &)/ (—st/q; )00, Which belongs to L?(p).
Using this observation we can give a simple proof of the following formula from [18].

PROPOSITION S.1. Letp € Vyandlett; € C,i = 1,...,4satisfy |ht3|, |ata] < g%
(This holds in particular if |t;| < ¢*/*, i=1,...,4). ThenTT-, x,, € L'(u) and

_ Mi<j<k<a(—4t / 45 @)oo
(GULT70 )

4
(5.10) /gnmt

PROOF. We write

gzie" =1, qne” =6, —qne " =8, —qne " =1,

noting that 22 = —113q72,22 = —,14972, so the equations have solutions z;, 7, i = 1,2

if; # 0 fori = 1,...,4. We next apply Parseval’s formula to the two L?()-functions
X1 Xt;> X1 X1, and get

4 0 ..
[T xudn = (~ti13/q,~12t4 /4; @)oo Y, husinh i |q) n(sinh m2lg)ziz2)',
i=1 n=0

which by the g-Mehler formula gives the right-hand side of (5.10).

If t = 0 and 3¢5 # 0 we apply Parseval’s formula to x,, and x,,X.,, and if two of
the parameters are zero the formula reduces to (5.5). =

We shall now look at orthogonal polynomials for the measures v (1, 12). Wheng > 1
the Al-Salam-Chihara polynomials are orthogonal on (—00, 00) and their moment prob-
lem may be indeterminate [9], [3], [15]. If one replaces g by 1 /g in the Al-Salam-Chihara
polynomials, they can be renormalized to polynomials {v,(x; g, a, b,c)} satisfying
(5.11)

(1 = g™ Wn(x;9,a,b,¢) = (@ — x4"WVa(x;9,0,b,¢) — (b — cq" " Wa_1(x; 9,2, b,¢),
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where 0 < g < 1, and a, b, c are complex parameters. We now consider the special case
(5.12) un(x; 11, 00) = va(—2x, 9, —(t1 + )/ g, 112q 7%, 1),

where 1), are complex parameters. The corresponding monic polynomials #,(x) satisfy
the recurrence relation determined from (5.11)

1 ot U o )
(5:13) i) = i () + 50 + )47 80 0) + 2011247 + 471 = i1 (),

so by Favard’s theorem, ¢f. [14], {ux(x; 1, %)} are orthogonal with respect to a complex
measure a(t;,t,) if and only if t;£, # —¢™!, n > 1, and with respect to a probability
measure a(ty, %) ifand only if , = 71 € C\ Ror #;,5, € Rand t;2, > 0. In the latter
case

(n—3)/2

(4 Dn
It follows from (3.77) in [9] that the moment problem is indeterminate if t, = 5. If #;, ,
are real, different and #,£, > 0, we can assume |t;| < |5,| without loss of generality, and
in this case the moment problem is indeterminate if and only if |, /5| > q.

The generating function (3.70) in [9] takes the form (x = sinh &)

% (—te, te % @)oo
5.15 u, x;t1,t2t"= 2 . ’
G-19 go n ) (—tt/q,—tt/q; 9o
By the method used in [9] we can derive formulas for u, in the following way: Use
the g-binomial theorem to write the right-hand side of (5.15) as a product of two power
series in ¢ and equate coefficients of #* to get

G149 [ unlsh, st ) dats n,6) = (147" Db

for |¢| < min{g/|t|,q/|5|}.

n £ /4 - —ae—€/t:
(5‘ 16) u,,(x; t,t) = Z (‘I_eﬁl_,g)_k(_tl /q)k(q—e/iz_’g)_"—_k(_tz/q)n—-k'

P ) (@ Dn—k
Application of the identity (I.11) in [16] gives the explicit representation
(—ge ¢ /t;q)n (q‘" get )
5.17 (611, 1) = (— | q)' ——L 21 e e —net,
(5.17) un(x:01,12) = (—12/9) @ 261 et g |DThE
which by (II1.8) in [16] can be transformed to
(5.18)

—¢*/(tit2); Cm e ot
g—qT/q(;%I)zn)—q)l(—tz/q)nml(q ,qiq/;}’(tltq; /h ‘q,(tl/tz)q").

Writing the 3¢, as a finite sum and applying the formula

@ q% = (q'™*/a; qu(—a)'g"* VP2,
we see that (5.18) can be transformed to
(5.19) o -
(—tita/q"";q)n n (g, —het /g et gt )
U6 1y, 1) = (—1 /1) ——=L2_22 nlr+))/2 k.
e e ML AP My prrey s
By symmetry of #;, #, a similar formula holds for ¢, and #, interchanged.

un(x; tl B t2) =

https://doi.org/10.4153/CJM-1996-002-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-002-4

60 C. BERG AND M. E. H. ISMAIL

THEOREM 5.2. For p € Yy and t),t; € C such that tit, # —q™', n > 1 the Al-
Salam-Chihara polynomials {u,(x;t,,)} are orthogonal with respect to the complex
measure v (1, t;) given by (5.7).

PROOF. It follows by (5.13) that d,(x; 0,0) = 27"h,(x|q) so the assertion is clear for
th=6=0.
Assume now that #; # 0. By the three term recurrence relation it suffices to prove that

(5.20) [ un(x; 11, ) dv, (511, 1) = 0 forn > 1.
By (5.19) and (5.7) we get
Juntsst1,)dv 1, 12)
= (~1/n) (=tt2/q"";n 7 2": an(q—";Q)k X1, /¢ )X ()

du(x).
(@ Dn &7 @ ! Canld e )
By (5.5) the integral is 1, and the sum is equal to ;¢o(¢g~"; —; ¢,4"), which is equal to
0 for n > 1 by (IL.4) in [16]. .

In particular, if t, = 7 thenv,(¢;, 7)) is a positive measure and the Al-Salam-Chihara
moment problem corresponding to {u,(x; #;,#)} is indeterminate. The set

{V#(tl’t_l) | ne ‘Vq}

is a compact convex subset of the full set C(#;) of solutions to the {u,(x; #;,7;)}-moment
problem.
Ift, =, € Rthen

) | 1€ Y} # C)

- since the measures on the left can have no mass at the zeros of x, (x).

Ifty)y =t € (g,1) and , = 0 then the Al-Salam-Chihara moment problem is deter-
minate and the set {v,(¢,0) | p € ¥} contains exactly one positive measure namely
the one coming from . € V being the N-extremal solution corresponding to the choice
a = q/tin (6.27) and (6.30) of [18], i.e., p is the discrete measure with mass m, at x,

for n € Z, where
n+l

x"=%(q"t—+1_qt )

( t4n n(2n—1) 1+ 2n+2 tZ

m, = 4/ 7 g T /[f)
(—4¢*/2,—£/4,4;9)

The function y,(x) vanishes for x = x, when n < 0 and we get

and

00
l/l_,(t, 0)= Z Cn€x,s
n=0

where
_ q3n(n+l)/2(1 +q2”+2/t2)(—q2/t2;q),. ‘

C =
" 2(q; n(—4* | 23 @)oo
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We now go back to (5.5) and integrate 1/(—tef,t;e7%; q)i against the integrand in
(5.5). Here again the attachment method works and we see that
9, ‘I)

—’l, ——tl t2qn—29 0

C — q
(5.21) en(sinh &3 11, 1) 1= 3¢ ( —net,net

satisfies the biorthogonality relation

[ o5 1,12) 0 2,106, 0 i)

_ 1+nbg"?
- 1+tlt2q2"_2

(5.22)
(124" Poo(@ Dng" "2 (t112) -

The biorthogonal rational functions (5.21) are the special case 13 = # = 0 of the
biorthogonal rational functions

inh ¢: — g, —hhg",—ht/q,—tita/q
(-23)  pulsinh &1, 1,05, 14) = 63 ( —neb, he S ihtityg? %9)-

of Ismail and Masson [18]. We have not been able to apply a generating function tech-
nique to (5.21) because we have not been able to find a suitable generating function for
the rational functions (5.21).

We now return to the Al-Salam-Chihara polynomials {u,(x; #;,%)} in the positive
definite case and reconsider the generating function (5.15). The radius of convergence
of (1.4) is p = ¢*/?//tit, and we get by Proposition 1.1, (5.14) and the g-binomial
theorem
(5.24)

/j; X6 (X)Xt @) da(x; 11, 1) = Chts/a, t4/‘z;1 t;:;{;g : qt;::/q’ s/ 43 Do ,

valid for |t3|, |t4| < p.

Applying this to the measures a(?;, ;) = v,(t1, &), we get a new proof of (5.10), now
under slightly different assumptions on #1,.. ., #.

The attachment procedure works in this case, and we prove the biorthogonality rela-

tion of [18] under the same assumptions as in Proposition 5.1:
(5.25)

4
[ ontsti,ta,t5,1) a2, 11,5, 10) [T X0 )
- i=1

_ 1+4 nq"? (hbntg)'(q,—q¢ |6t Pn(—124" "5 @)oo
1 +t1g*2 (12349735 q)n
i <j<k<a(=titk | 4 Doo
(htat3149735 )0

Omn-
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