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On common fixed point theorems

S.P. Singh and B.A. Meade

The aim of this paper is to extend a recent result of S.A. Husain
and V.M. Sehga! [Bull. Austral. Math. Soc. 13 (1975), 261-267].
The condition that the function should be continuous in Husain
and Sehgal, op. ett., is replaced by a semicontinuity condition.
Moreover, a different proof is given, the last part of which

requires no continuity or semicontinuity condition whatsoever.

In a recent paper Husain and Sehgal [!] proved some results on fixed
and common fixed points under the condition of continuity of the function.
In this paper the theorem has been proved under considerably weaker

conditions.
Let R+ denote the set of nonnegative reals. Let | denote a family

+ + .
of mappings such that each ¢ € ¢ , ¢ : (R )5 - R , and ¢ is upper
semicontinuous and nondecreasing in each coordinate variable. Also let

y(¢) = ¢(t, t, a t, a,t, t) where Y 1is a function Y : BT > B where

al + a2 =3 .

LEMMA 1. For every t >0, v(t) <t <if and only if

lim Y*(¢) = 0 .

n-roo
Proof (Necessity). Since ¢ 1is upper semicontinuous, then Yy is

upper semicontinuous. Assume 1lim Yn(t) =4 where A # 0 . Then
Fmad

4 = 1in YH(E) s v 1im YH(#) = v(4) <4

n-»0 F e
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that is, 4 < 4 , a contradiction. Therefore 4 =0 .
(Sufficiency). Since ¢ is nondecreasing, then 7Yy is nondecreasing.

Given 1im Y'(t) = 0 , assume Y(t) > ¢ for some ¢ > 0 . Then YH#) > ¢

nro

for some ¢ >0 for n=1,2,3, ... . Thus limYn(t) -+ 0, a
f mad

contradiction. Also if vY(t) =t for some ¢ > 0 , then

lim Y*(¢) -+ O . Hence, for all ¢ >0, y(&) < ¢ .

nre

THEOREM 1. Let (X, d) be a complete metric space and let S and
T be selfmappings of X . Suppose there exists a ¢ € ¢ such that for
all x, y € X,

(1) d(s(x), 7(y)) = ¢(d(=z, y), dlx, S(x)), d(x, T(y)), dy, S(=)),
dfy, 1(y)))

where ¢ satisfies the condition: for any t > 0,

(2) o(¢t, t, a t, ayt, t) < t where a *+a,=3.

Then there exists a 2 € X such that z 18 a unique common fized point of
S and T .

Proof. Since v(t) = ¢(¢, ¢, ¢, 2t, t}) < t , then, by Lemma 1,

1lim Yn(t) =0 . Now let x, € X be any point. Then define a sequence of
7o

iterates {a;n} in the following way:

x]_ = S(xo), .’L‘2 = T(xl), .’E3 = S(x2) e xzn = T(x2n-l)’

Claim, d(xl, xz) = d(:co, :z:l) .

Assume d[:z:o, x ) < d(a:l, x2] . Then using the triangular inequality,

J
d(xy, x,) < ad(z, , x2] . Let r=d{x_, :x:2) . Then

r = ¢(d(aco, :z:l], d(xl,

8

2], d[:cl, :cl], d(xo, xg], d(xo, :cl)) <

< ¢(r’ r’ r’ 2r’ r')
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By (2), ¢(r, r, r, 2r, r) < r and thus »r < r , a contradiction:

therefore, d(xl, xa) = d(:x:o, xl] and

d[:cl, :c2) = q>(d(x0, xl], d(:x:o, xl), 0,

2d(xy, x), d{zys x)) = vd(zy =)
Similarly, d(x2, x3) = Y(d(xl, x2)) = Ye(d(xo, xl)) and in general,

d(xn, xn+l) = Yn(d(xo, xl)) . Since 7113;2 YHt) =0 for ¢ >0 ;

therefore,

(3) i_’lz d(xn’ xn+l) B

In order to show {xn} is Cauchy, it is sufficient to show that

{.’c2n} is Cauchy. Suppose that {.’c is not a Cauchy sequence. Then

ol
there is an € > 0 such that for each integer 2k , k € It , there exist
integers 2n(k) and 2m(k) with 2k = 2n(k) < 2m(k) such that

(4) d(xZn(k)’ x2m(k)) <e.

+
Let, for each integer 2k , k € I , 2m(k) be the least integer

exceeding 2n(k) satisfying (4); that is, df and

Ton(k)> “om(t)-2) = €

(5) d(xén(k)’ x2m(k)) >e .

. +
Let dn = d(xn, xn+l) . Then for each integer 2k , k € I |

e < df =d(x

Zon(k)® Tom(k)) on(k)* Fom(k)-2) * Fom(x)-2 * em(k)-1 -

By (3) and (5),

(6) d(z

o+,

2n(k), xem(k)] -+ € as

It follows from the triangular inequality that

(2, (6)> Tom(r)-1) 2 Eon(x) > Tamx)) | = Tom(n)-1

|d(x d(x | = d2m(k)-1 + d2n(k) .

on(k)+1> Tam(k)-1 "4 Fon(k)> Tam(x))
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By (6), as k >,

(k) * Tom(i)-1) * €
and
(2o, (k)41° Tom(x)-1) 7 € -
Now let
p(ek) = d(xzn(k), xzm(k)) ?
q(2k) = d(=y, ()5 Zomz)-1) >
and
r(2k) = d(xgn(k)+l’ x2m(k)-l)
Then
p(2k) = dy, gy *+ A8 (2 1)) s Tl@ppzy_1)) -
p(2K) < dp 0y * ¢(q(2k), dp,(x)> P(2K), 2k}, dzm(k)—l]

Since ¢ is upper semicontinuous, as n > , it follows that
€ =< ¢(e, 0, €, €, 0) = ¢(e, €, €, 26, €) < € , a contradiction. Therefore

{xn} is a Cauchy sequence and hence by completeness, there is a 3 € X

such that z, * 2 . We show that 2 is a common fixed point of § and
T.
Since {xn} converges to 2 , therefore {xZn} and {x2n+l} both
converge to 2 . Let d(S(z), z] =€ >0 . Thus we have, for n =2 N ,
e-Y(€) e-Y(€) .
d(xZn’ z) < n and d(xZn’ x2n+l) == . Therefore using the

triangular inequality,

) =d(z, = < E=¥(e) E—Yh(E) - e-yz(e) ,

d(z’ x » x2n-l) )4

2n] + d(z

2n-1
that is,
(1) d(z, z,, 1) <€ -

Using the triangular inequality and (7) we have
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(8) d(xzn-l’ 8(z)) = d(x2n-1’ z) +d(z, 5(z)) <e+e;
that is, d(xZn—l’ S(z)) < 2¢e .
Now
e = d(S(2), 2) =d(s(z), T(x,, ,)) +d,, +d=z, . 2)
By (1),

€5¢w&’%mﬂ’d@’Smn’d&’%ﬁ’dh%JgS“”sQmJ)+

+dp, + dlegyy s 7)

By (7) and (8), € = q)(e’ €, €, 2€, E) + E'Yu(s) +

e—%fe) ; that is,

€ =y(e) + E't;E) = Y(i;+€ . Since +¥(g) < € , then Xi%%ii < g ; that

is, € < € , a contradiction. Therefore 2 = S(z) . Similarly =z = T(2)

It remains to show that 2 1is & unique common fixed point. Let

z # y be two common fixed points of S and T . Then

d(s(z), T(y)) = ¢(d(z, y), d(z, 8(2)), d(z, T(y)), d(y, S(=)),
d(y, T(y)))
= ¢(d(z, y), 0, d(z, y), d(x, y), 0) < y(d(z, ¥)) < d(z, y) .

d(z, y)

Therefore z =y and S and T have a unique common fixed point.

Taking ¢ to be continuous we get a slightly revised version of the

result of Husain and Sehgal [1] as a corollary.
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