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TOPOLOGIES EXTENDING VALUATIONS
THOMAS RIGO AND SETH WARNER

Let K be a field complete for a proper valuation (absolute value) v. It is
classic that a finite-dimensional K-vector space E admits a unique Hausdorff
topology making it a topological K-vector space, and that that topology is the
“cartesian product topology’’ in the sense that for any basis ¢y, ..., ¢, of E,
(A1, ..., M) 2% Mic, is a topological isomorphism from K* to E [1, Chap. I,
§ 2, no. 3; 2, Chap. VI, § 5, no. 2]. It follows readily that any multilinear map-
ping from E™ to a Hausdorff topological K-vector space is continuous. In
particular, any multiplication on E making it a K-algebra is continuous in
both variables. If for some such multiplication E is a field extension of K, then
by valuation theory the unique Hausdorff topology of E is given by a valuation
(absolute value) extending .

Our purpose here is to determine what happens if E is a simple algebraic
extension of K but K is no longer assumed to be complete. More precisely, we
shall determine all the ring topologies on a simple algebraic extension of K that
induce on K the topology defined by v (a ring topology is one making addition
and multiplication continuous in both variables).

If v is a valuation or an absolute value on a field K, we denote by.7 , the
topology on K defined by v, and by K the completion of K for.7 ,. If each of
v and w is either a valuation or an absolute value on K, we shall say v and w are
independent \f 7, # .7 ,. The Approximation Theorem, usually stated either
for valuations or for absolute values, actually holds for a mixture [3, Theorem
3.4, p. 292]: If for each k € [1, ¢], v; is either a proper absolute value or a
proper valuation on K, and if »; and v, are independent whenever ¢ # j, then
the diagonal mapping x +» (x, x, . . ., x) from K, equipped with supigi<¢-7 w,
into I1¢_, K73, 1s a topological isomorphism onto a dense subfield, and conse-
quently the completion of K for supi<r<,Z w can be identified with 1T¢_, K7,.

If L is a finite-dimensional field extension of K and if v is a valuation (abso-
lute value) on K, a sequence 2y, . . . , v,, of valuations (absolute values) on L is
a complete family of independent valuations (absolute values) on L extending v
if each v; is an extension of v, if v; and v; are independent whenever 7 £ 7, and
if for any valuation (absolute value) w on L extending v there exists 1 € [1, m]
such that 9, =9 ,..

TaEOREM 1. Let K be a field and L a stmple algebraic extension of K of degree n.
Lei ¢ € L be such that L = K|c], and let f be the minimal polynomial of ¢. Let v

Received December 7, 1976 and in revised form, June 8, 1977. Some of these results were
obtained in the first author’s 1974 doctoral dissertation, written at Purdue University under
the supervision of Merrill E. Shanks.

164

https://doi.org/10.4153/CJM-1978-015-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-015-6

TOPOLOGIES 165

be a proper valuation (absolute value) on K, and let D(f) be the sel of all non-
constanl monic divisors of f in K[ X]. There is a bijection g — 9, from D(f) onto
the set of all ring topologies on L inducing I , on K such that for all g, h € D(f),
glh if and only if I, T T ;. Moreover, for each g € D(f), the completion L, of L
for 7, is a finite-dimensional K;-algebra generated by 1 and c, and the minimal
polynomaial over K of ¢ in Ly is g.

Proof. For each ¢ € D(f), let 4, be the Kj-algebra K7[X]/(g), and let
¢, =X 4+ (g) € 4,. Clearly 4, = Kj[¢,], and the minimal polynomial over
K of ¢, is g. Since g|f in K3[X], f(c,) = 0; but f is a prime polynomial over K;
hence f is the minimal polynomial of ¢, over K. Thus there is a unique K-
isomorphism %, from L onto K[c¢,] satisfying u,(c) = ¢,. We equip 4, with its
unique Hausdorff topology making it a K-topological algebra, and we define
9, to be the (ring) topology on L making u, a topological K-isomorphism from
L onto K[c,], equipped with the topology it inherits from 4,. Clearly .7, in-
duces.Z , on K. Also, K[c,] is dense in 4, so there is a unique topological iso-
morphism uj from L;, the completion of L for.7 ,, onto 4, extending u,; since
u, is a topological K-isomorphism, clearly #, is a Kj-isomorphism. Since
u,(¢c) = ¢, the minimal polynomial over K;of cin L;is g.

Suppose that.7 , C.7 , where g, h € D(f). Then the identity map from L,
equipped with ., to L, equipped with .9 ,, is a continuous K-isomorphism
and hence has an extension to a continuous K3-homomorphism w {from Lj into
Lj. Thus k, defined by & = uj, o w o u3™, is a continuous K3-homomorphism
from A, into 4, taking ¢, into ¢,. Consequently, as £(c,) = 0,0 = k(h(cy)) =
h(k(ch)) = h(c,), so the minimal polynomial g of ¢, divides k. In particular,
ifs, =9, then g = h.

Conversely, suppose that g|h. Then the canonical epimorphism from 4, =
K3[X]/(k) onto A, = K[ X]/(g) is K;-linear and hence continuous and takes
¢y Into ¢,; its restriction ¢ to the subfield K[¢,] of 4, is therefore a continuous
isomorphism onto K|[¢,] satis{ying q(¢;) = ¢,. Hence u,7! 0 ¢ 0 u, is the identity
map of L and is continuous from L, equipped with.7 ,, to L, equipped with.7 ,.
Thus. 9, C.9,.

To complete the proof, it therefore suffices to show that if J is a ring
topology on L inducing.7 , on K, then.” =.7, forsome ¢ € D(f). As .7 in-
duces  , on K, we may consider L", the completion of L for .7, as a topologi-
cal Kj-algebra. As deg f = n, K, + Ky + ... 4+ K" ! is a closed subspace
of L" containing L and hence is all of L". Thus L} = Kj[c]. The minimal poly-
nomial g of ¢ in L" divides f in K3[X] and hence belongs to D(f). Thus there is
a unique Kj-linear isomorphism from L" onto A, taking ¢ into ¢,, and that
isomorphism is a topological isomorphism since both L~ and A, are finite-
dimensional; its restriction to L is clearly u,, s0 .9 =.9 ,.

COROLLARY 1. Lel p1, ..., p, be the prime fuctors of f in K[X], and let
f =Pt ... putn Foreachi € [1, 1], ,, is given Ly a valuation (absolute value)
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v, on L extending v. The valuations (absolute values) vy, . .., v, form a complele
family of independent valualions (absoluie values) on L exiending v, and

L A ~

121 tLy: K] = [L: K]

Proof. Clearly each 4,; is a field, and by valuation theory its unique Haus-
dorff topology making it a K}-topological vector space is given by a valuation
(absolute value) v, extending v. If g € D(f) and g # p, for all © € [1, m], then
the completion of L for.7,, being isomorphic to 4,, is not a field, so .7, is not
given by a valuation (absolute value). Therefore v, . . . , v, isa complete family
of independent valuations (absolute values) on L extending v, and

[L:K]=degf= 2;1 t; (deg pi) = ; tLy: K,

COROLLARY 2. For each 1 € [1, m),.T ;=9 i C T pir C ... CT pity, and
the topologies T ,.x, where 1 < k < ty, are precisely the ring topologies on L in-
ducingd , on K that are stronger than.9” ,, but not stronger thanJ,; for any j # 1.
Furthermore, if ¢ € D(f) and if g = py*t ... pp*, then T, = supi<izm -7 pisir
where I | =T ;0 is the topology whose only open sels are L and 9.

Proof. The statement follows at once from Theorem 1, since ¢ +—.7 , is an
isomorphism from D(f), equipped with the ordering |, to the set of ring topolo-
gies on L inducing .7 on K, equipped with the ordering C.

THEOREM 2. Let v be a proper valuation (absolule value) on a field K, let L be
a finite-dimensional separable extension of K, and let vy, . .., v, be « complete
family of independent valuations (absolute values) on L extending v. There are
precisely 2™ — 1 ring topologies on L inducing 9 , on K, namely, the topologies
SUPkearT w for all nonempty subsets M of [1, m]. Also

m
[L:K] = 121 (Lo K, 1

Proof. By the theorem of the primitive element, L is a simple extension of K.
In the terminology of Theorem 1, f is a separable prime polynomial over K and
hence is separable over K7, so f is a product of distinct prime polynomials of
K[ X]. The assertions therefore follow from Theorem 1 and its corollaries.

THEOREM 3. Let v be a proper valuation (absolute value) on a field K, and let L
be a simple algebraic extension of K. Of all the ring topologies on L inducing 7,
on K there is « strongest. Moreover, for any ring topology. 9 on L inducing.d ,
on K, the following statements are equivalent:

1°. There is a basic ¢y, . . . , ¢, of the K-vector space L such that u: (i, ..., \,)
— > o1 NiCq 18 @ topological isomorphism from K" fo L.

2°. [L": K3] = [L: K], where L" is the completion of L for T .

3°. . F is the strongest ring topology on L inducing 7 , on K.
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4°. For any basts ¢y, ...,c, of the K-veclor space L, u: (A, ..., \,) —
>im1 Nic1 s a topological isomor phism from K" to L.

Proof. We shall use the terminology of Theorem 1 and Corollary 1. Clearly
I, is the strongest ring topology on L inducing.7 , on K. Assume 1°. Now
u™t (A1, ..., M) = X%t Ny is a multilinear and hence continuous function
from the K’-vector space (K3)" into the Kj-vector space L”. It is the unique
continuous extension of the topological isomorphism # and hence is itself a
topological isomorphism. Therefore ¢y, . . ., ¢, is a basis of the K’}-vector space
L", and 2° holds.

Letg € D(f) besuch that. 9 =7 , andletg = p;*1...p, Now [L": K}]
= degg = > iis(degg;),and [L: K] = deg f = 3. {,(deg g;). Hence 2°
holds if and only if s; = ¢, for all ¢ € [1, m], that is, if and only il g = f, or
equivalently, if and only if 3° holds.

Assume finally that 2° holds, and let ¢y, . . ., ¢, be any basis of the K-vector
space L. Since Ky, + ... + K¢, is a closed dense subspace of the Kj-vector
space L™, ¢y, ..., ¢, is a set of generators of the K}-vector space L". By 2°,
€1, - - -, Gy 18 a basis of the Kj-vector space L". Thus 4° holds.

Example. Let v be a proper valuation on a field K of prime characteristic p,
let L = K[c] where ¢ is radical over K, and let f = X — « be the minimal
polynomial of ¢ over K. Let m be the largest integer such that K; contains a
p™th root b of «. Then [ = (X?™ — p)P" € K,[X], and X?"™™ — b is irre-
ducible over K. By Corollary 2, there are p™ ring topologies on L inducing
7 ,on K, and they are totally ordered by inclusion. The weakest is the topology
defined by the unique valuation w on L extending v, and that is the only
topology whose completion is a field. The strongest of these topologies is the
only one for which (A1, ..., \,) — 2% M, is a topological isomorphism from
K to L for some (or any) basis ¢, . . ., ¢, of the K-vector space L (¢ = p").
The completion of L for each topology is a local algebra over K’ whose maxi-
mal ideal is nilpotent and whose residue field is the completion of L for w;
the dimension of the maximal ideal (or its index of nilpotency) completely
determines the topology.

These theorems may be extended to the case where K is topologized by the
supremum of finitely many valuation or absolute value topologies by virtue of
the following theorem.

THEOREM 4. Let K be a topological field whose topology T ¢ = supi<izsT o,
where for each k € [1, q], vy is either a proper valuation or a proper absolute value
on K, and v; and v; are independent whenever 1© # j. Let L be an extension field of
K, and let. 9 be a ring lopology on L inducing. S « on K. There exists a sequence
T 1, .-, T 4 of ring topologies on L such that .9 . induces I ,, on K for each
k€ [l,q] and. 9 = supisis, 7 &

Proof. Let K~ be the completion of K for.7 , L" the completion of L for. 7,
7 " the topology of L". By the Approximation Theorem there is an orthogonal
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sequence (e;)1<:<, of idempotents whose sum is 1 such that each K7 is a
(complete) field and the topology of its dense subfield Ke, is the image 7 ,.¢; of
I, under the isomorphism x + xe; from K to Ke,. For each k € [1, ¢] let.7,
be the topology on L such that its image.7 e, under the isomorphism x — wxe,
from L to Le, is the topology induced on Le; by.7 *. Then.7 , induces.Z ,, on
K. Let Ly = Ley + ... 4+ Le,, asubring of L" that contains L. Since the pro-
jection x — wxe, from Lo to Le, is continuous for each & € [1, ¢], Lo is the
topological direct sum of Ley, . . ., Le,. Thus the sets Use; + ... + U, form
a fundamental system of neighborhoods of zero in Ly, where for each & € [1, q],
U, runs through all neighborhoods of zero for.7 . But LN (Uwey + ... +
Ug = Ui ... N\ U, Thus.? = supisi<,7

In the remaining two theorems, K is a topological field whose topology . g is
as described in the statement of Theorem 4.

THEOREM 5. Let L be a finite-dimensional separable extension of K, and for
each k € [1,q)let vy, ..., Vi De a complele family of independent valuations
(absolute values) on L extending v.. There are precisely 1T, (2n® — 1) ring
topologies on L extending I o, namely, the topologies supi<i<, (SUP1earr T ori) @S
My runs through all nonempty finite subsets of [1, m (k)] for each k € [1, q].

Proof. The assertions follow from Theorems 2 and 4, together with the obser-
vation that if

sup (supﬂ-vk’i) = sup (supﬂ~vk”_),

1Sk=q \ €M 1sksq MENE
then the completions
q R q n
LII (g“ L,,M) and LII (gk ka,,-)

of L for those two topologies are topologically isomorphic, from which it follows
readily that M, = N, for all k € [1, q].

THEOREM 6. Let L be a stmple algebraic extension of K. Of all the ring topologies
on L inducing 9 y on K, there is a strongest. Moreover, for any ring topology .7
on L inducing 7y on K, statements 1°, 3°, and 4° of Theorem 3 are equivalent.

Proof. The first assertion follows from Theorems 3 and 4. By Theorem 4,
let. 7 = supisi=<,.Z 1, where each .9, induces.7 ,, on K. Let L" be the com-
pletion of L for.7", K" the closure of K in L". By the Approximation Theorem,
there is an orthogonal sequence (e;)1<i<, of idempotents in K* whose sum is 1
such that each K "¢, is the completion of Ke, for the topology.7 ,.e;. Assume 1°.
As the projection x — xe¢; is a continuous, open mapping from L" onto L e,
and also from K" onto K “e;, the mapping (Aieg, . . ., M€i) = D51 Nicqex is also
a topological isomorphism from (K "e;)" onto L"e, and hence its restriction to
(Key)™ is a topological isomorphism onto Le,. Since the topology of Ke; is given
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by a valuation (absolute value), J ;e is the strongest ring topology on Le;
inducing .7 e, on Ke, by Theorem 3. Hence each .7 ; is the strongest ring
topology on L inducing.7 ,, on K, so 3° holds by Theorem 4. If 3° holds, then
each.7 , is the strongest ring topology on L inducing” ,, on K, so by Theorem
3, u is a topological isomorphism when K is equipped with™ ,, and L withJ ;;
but then u is also a topological isomorphism when K is equipped with 9 =
supisi<e? o and L withd = supizi<, 7 ;.
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