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1. Intreduction

It is well known (see LatySev [1] for finite dimensional case) that the uni-
versal envelope of Lie Alaebra g over a commutative field T of characteristic
0 is a PI-alaebra (i.e. possesses a nontrivial identity) if and only if this Lie al-
gebra is abelian. On the other hand the recent results due to Passman [2] describe
the conditions under which the group algebra of a group over an arbitrary com-
mutative field is a PI-algebra. A. L. Smel’kin suggested that I should find necessary
and sufficient conditions for a Lie algebra g over a field of nonzero characteristic
under which its universal envelope Ug should be a PI-algebra. These conditions
are given in the following theorem.

THEOREM 1.1. The universal envelope Ug of a Lie algebra g over a field
t of characteristic p > 0 is a Pl-algebra if and only if g possesses an abelian
ideal a of finite codimension, the adjoint representation of g being algebraic
of a bounded degree.

Since Ug is a semisimple algebra Theorem 1.1 implies the following immediate
consequence.

COROLLARY 1.2. The restrictions of the Theorem 1.1 describe the class of
those Lie algebras all of whose irreducible representations are of. bounded
degree.

We recall now some basic definitions and results which will be necessary
in the proof of 1.1. Fix commutative field f (of characteristic p > 0).

We use [x, y] to denote the product of elements x, y of g. An associative
algebra U is called a universal envelope of the Lie algebra g if there is given
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2] Universal envelopes of Lie algebras 11
a map &: g — Ug which is k-linear and satisfies the equation

e([x, y]) = e(x)e(y) — e(y)e(x)

for all x, y e g, and such that if « maps g into 4 where A is an arbitrary associative
algebra over f (« enjoys the same properties as &) then there exists the unique
homomorphism ¢: Ug - A such that the diagram

x£ l ////¢
I'e
A

is commutative. If (x;); ., is a certain linear basis of g, I being in some way linear
ordered, then according to Poincaré-Birkhoff-Witt theorem (cf. [3], or [4], p.
159) one may take the following system of monomials for the linear basis of Ug:

(1) e(x; )e(x;,) - 8(x; ), iy S iy Sy, 1 2 0.

It is not difficult to deduce from this theorem that the graduated algebra gr Ug
which is canonically associated with Ug (see [4], p. 163) is isomorphic to the
symmetrical algebra of the linear space g over I or simply to the polynomial
algebra ¥[g] = H(x)ic ]

It is well known that Ug has no zero divisors and that Ug can always be
embedded in a skew field (for these facts see [4] and [5]). In the proof of the key
Proposition 3.3 an important role plays the following assertion.

THEOREM 1.3. (Amitsur [6]). Let A be and arbitrary associative PI-algebra
without zero divisors over a commutative field t. Then A possesses a (right)
quotient field D which is finite dimensional over its centre Z.

We remind the reader that a skew field D is called right quotient of A if
A<= D and each eclement from D equals to a fraction a,a;' for some
a;,a,eA.

The proof of the Lemma 3.2 is based on an interesting result due to Neumann.

THEOREM 1.4. (Neumann [7]). Let g be a Lie algebra over a commutative
field T such that the codimension of the centralizer cy(x) of each element xeg
in g is bounded by the fixed number b. T hen

dimg? < b2

We remind the reader that g (the commutator subalgebra of g) is the
linear subspace of g spanned by the products [g, 4], g, h€g, and

tox) = {yeg|[xy] =0}
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12 . Yu. A. Bachturin - 31

Since the above-mentioned map ¢ is an injection we may assume from now on
that it is an identical map, that is, that g < Ug. Let the symbol adgx where
x € Ug denote the f-linear map of g into Ug given by’

gadyx = [g,x] = gx - xg, geg.
LEMMA 1.5. Let ¥ be of characteristic p > . If xe g then
(i) (adgx)P* = adx™, k > 1;
(ii) if adgx is algebraic over ¥ of degree at most n then x is algebraic over
the centre of Ug of degree at most p".

The proof of this Lemma can be found in Jacobson [§&].
The following well known assertion will be used implicitly at several points
and its proof may be found for example in [2]:

LemMa 1.6, If a ring R satisfies a non-zero polynomial identity of degree d
then R satisfies a non-zero homogeneous multilinear identity of degree d.

It is necessary to note here that the ideas of this work are often similar to
those of Passman’s [2]. However, this is hardly true for the methods.

2. Sufficient conditions

THEOREM 2.1. Let g be a Lie algebra over aﬁeld t of characteristicp > 0.
Suppose that for any xe€q adgx is algebraic of degree at most Ny, and g con-
tains an abelian subalgebra I) of codimension N,. Then Ug is Pl-algebra
of the degree not exceeding 2p" 'N,.

PrOOF. Let g = @ b be the direct sum of its linear subspaces { and b,
and fy,/2,*»/v,» be a linear basis of { and (h,), . » be linear basis of § with M
in some way linear ordered. Then the following system of elements may be re-
garded as a linear basis of the universal envelope Ug of g:
(2) BBl gk ke k>0 and ay < oy < o < in M.

az

By the above-mentioned theorem due to Cohn Ug can be embedded in a skew
field D. Let S be subring of Ug generated by the universal envelope Ul of b
and the centre 3(Ug) of Ug and let K be the commutative subfield of D generated
by S. Consider D as a left vector space over K. Let ¥ be the K-subspace spanned
by Ug. We prove that V has finite dimension over K and that this dimension
does not exceed p“'N,. This is true since the linear map ad,f; for each
i=1,2,--, N, is algebraic of degree at most N, and therefore using Lemma
1.5 one easily observes that Ug is spanned as a left S-module by a finite system
of monomials :

f‘klfzkz fh‘l‘Nz pNx’ i = 1’2’...’N2.

2
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141 Universal envelopes of Lie algebras 13
Thus we certainly have dimg ¥ < p™'N,.

Now let B = Endy V be the ring of all linear endomorphisms of V over K .
B is a matrix ring of degree not more that p¥'N,. It is well known that Bis a
PJ-algebra of degree 2p™'N,. But the fact that the left multiplications in D
commu e with the right ones and the absence of zero divisors show that Ug is
a subring of B and that is why it inherits the standard identity S,,Niy, =0
whose coefficients lie in the prime-subfield of K. This proves 2.1.

Nortt. It is easily seen from the proof of 2.1 that the boundedness of the
degree of adyq is not essential.

3. Necessary conditions

PROPOSITION 3.1. Let the commutator subalgebra g of Lie algebra g be
finite-dimensional. If Ug is a Pl-algebra then g possesses an abelian ideal of
finite codimension.

Proor. We denote by the symbol Ib a| the codimension of a linear subspace
a in a linear space b. Let xeg? and dimg? < co. Then ]g cg(x)l < . For,
since subspace [x,g]< g” it is finite dimensional. If g,,g,,,g, are such that
[x,9.1,[%,92], -, [%,9,] is a linear basis of [x,g] then for each geg one can
find o, a0t such that g + a9, + - + 0,9, €c8(x), ie. [gicg(x) | < n.
Now suppose that e, e,, -+, ¢, form a linear basis of g? and put

k
(3) ; o cC = n Cg(ei).
i=1

Then ¢ is a class two nilpotent algebra and an ideal of finite codimension in g.
For at first for any heg?, [h,¢] = 0. Further if heg?, geg, cec then

[Lg,c], k] = [Lg, k], c] + [[h,c],g] = O

since [h,g] eg?. Finally if €1, Cs, €3 E C, then [e1,c2]€g? and so [[¢g,¢,],¢3] = 0.
The finiteness of ]g c] is evident from (3).

We consider now this algebra c. Since ¢ is a subalgebra of g it follows that
Uc is a subalgebra of Ug and so a Pl-algebra. We are going to show that this
implies 3(c) (the centre of ¢) be of finite codimension in ¢. Then 3(c) is an abelian
ideal in g of finite codimension.

Since dim¢2 < o0 and ¢* < 3(c) one easily verifies that ¢ is isomorphic to
a subdirect product of a finite number of its homomorphic images with one-
dimensional commutator subalgebra. So it is enough to prove that in an-algebra
b with dimd? = 1, d2 < 3(d) and Ub a Pl-algebra the number Ib 3(b)| is finite.
Let on the contrary Ib 3(b)l = 00. Choose in b a set of elements

Xks Yis 2, k=1’2’3""
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14 Yu A. Bachturin [5]

with the following properties

(4) [ Xk xl] = [V vl = [xka z] = 75 z] =0, [x, yi] =z, k, 1 =0,1,---.

This may be done in the following way. Let z be a basis of b? and x,, y,
be two elements of b = b, such that [x;,y,] = z
If x4, X35 """ Xns Y1, ¥2 """ V» Dy are already chosen put

D, = ¢, (X)) N o, _ (V)

and choose in b, (which is always nonabelian because of conditions on Ib: 3(b)|
the elements x,.,y,., such that [x,.,,y,.,] = z. Easily verified that this
system satisfies the conditions (4). Now let § be the subalgebra of d with the
linear basis Xy, X;, ", X4 V3, V3, ==+, Va+1,2- Since Uh < Ubd the former algebra
satisfies the identities of the latter one. Namely there exists a non-commutative
polynomial of the degree d of the kind
(5) X' X Xg+ X a,X,X0) Xoqay

1#0€ Sa
which is identically zero in Ul. (Here S, is the symmetrical group of the degree
d on the symbols 1,2,---,d).

Map X; = x1y,, X5 = X,¥3,**, X4 = X3¥441. Order the basis of § in
such a way that

(6) X <Xy < <Xy <Y, <Yz <+ <Y1 <2Z.

According to (1) then the following system of monomials forms a linear basis
of Ub

(7 X5 Xg% yRYR - YA, kil 120,

Direct calculations show that the element

Xa(1)Vo(1)+ 1Xa(2)Ve(2)+ 1 *** Xo(d)Va(d) + 1

for each o€ S, can be represented as the following sum:

z Xa(1)X ;(122)‘ : 'x:(l;)(ya(l)+ 1(adxa(z ))e“' i (adxa(d))nd) : (ya(d— 0+ l(adxa(d))“d)ya(d)+ 1-
(e1y)

®

Here each member of the sum is completely determined by the upper triangular
matrix (g;) in each column of which all the elements but exactly one equal zero
and this nonzero element equals unity. In the sum (8) all nonzero members equal
to certain basic elements of the kind (7). This follows from the multiplication
table (4). Easily seen that in (8) only one element may have degree d—1 on z.
One obtains it by taking ¢33 = €41 4-1 = -+ = €, = 1. When o = 1 this ele-
ment equals x,y,,,z°"*. Now if ¢ # 1 the element equals
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[6] Universal envelopes of Lie algebras 15

xa(l)(ya(1)+ ladxa(Z)) (ya(2)+ ladxa'(3)) (yo'(d— 1)+ ladxa(d))ya(d)+ 1 =0

for in this case one can find 1 £ i £ d—1 with ¢(i) + 1 # o(i + 1), and so one
of the factors

Yoy +18dX (4 1) = [yo'(i)-}-l’xa(i-f-l)] = 5a(i)+1,a(i+1)z = 0.

This shows that (5) is not an identity in Ug. Thus the assumption ]b:s(b)l = o
is not true, and consequently |c:3(c)] < oo. So 3(¢) is an abelian ideal of finite
codimension in g. This proves proposition 3.1.

We consider now in Lie algebra g the following subset

A, = {xeg| |g: ; ()] = n}.

It is clear that A, is closed with respect to multiplication by the elements
of the basic field f, but in general it is not even a subspace. However we say that
the elements x,, x,, ---, X, are linear dependent mod A, if there exist not all zero
0,0, ", 0, € T such that

Xy 4 00Xy + o + AX, EA,

LemMMA 3.2. Suppose that for Lie algebra g there exist positive integers
m, n such that any m elements are linear dependent modulo A,. Then g possesses
a subalgebra t of finite codimension with dimt? < oo .

PrROOF. Let m be the least number with the described property. Then there
are in g elements e, e,, -, ¢, linear independent modA,. Let E be linear
subspace spanned by these elements, and { be subalgebra of g generated by A, .
Put S =tnE. Then t = A, + S since for any tet we have

t+ogey +aze; + -+ o,_ge, €A,

Now choose in S a linear basis f;,/3,*,f;, ¢ £ m—1. Each of the elements
J1:f2s -+, f, may be written as a linear combination of bounded length of some
products of bounded length of elements of A,. Surely any element of t also enjoys
this property.

From the obtained fact one can easily derive that the centralizers of all
elements from t in g have codimensions in g bounded by certain number N.
Of course N exceeeds the codimension of the centralizer of each element of t in 1.
Now it rests to apply Neumann’s theorem from the introduction to get

12 < N2. .

PROPOSITON 3.3. Let g be Lie algebra over commutative field f, Ug its
universal envelope. If Ug is a Pl-algebra, then there exist positive integers
m,n such that any m elements of g are linear dependent modulo A,.

Proor. Since Ug has no zero divisors we may apply Amitsur’s theorem
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16 - Yu. A. Bachturin 71

from the introduction of the article. Let the dimension of the quotient field D
of Ug over its centre Z equal m — 1. Then for any elements x,, x,, -, x,, from g
there are elements A,B;',A,B; %, .-, 4,B, ' from the centre Z, A, B, e Ug,
I £ i £ m such that
9) x1A;B; '+ x,4,B; 1 + - + x,4,B" = 0.
Not all 4;B;', i = 1,---,m in this relation equal 0. If x is an element of g, then
commuting (9) with x we get
(]0) [xbx]AvBl—l + [xz’x]AZBZ_l + -+ [xm»x]AmBr;l =0.
Further )

AiBi‘lBlB2 B, = BB, Bi—lAiBi-l BB, - B,

= BIBZ b Bi"lAl'Bi'i‘l A Bm, i = 1,2, Tty m.

Thus multiplying both parts of (10) by B,B, -:- B,, from the right we obtain
(11) [x,x]Cy + [x5,x]Cy + -+ + [Xps x]C,, = O

in which C;e Ug and not all C;, i = 1,2,--, m equal zero. The nonzero homo-
geneous part of the highest degree of (11) gives us a nontrivial relation

(12) [xlax]fl + [Xz,x]fz + -+ [xm’x]fm =0

in the associated graduated algebra which is, as it is mentioned above, the sym-
metrical algebra of g, or the polynomial ring ¥[g]. Thus in (12) all the elements

fl’fz’ ""fmef[gl :
Let U = (U,,U,, -, U,) — be a string of indeterminates, A be a matrix with
elements s
a; =[xx] i=12,--,m; xeq.

The system of equations over ¥[g]
UA=0

has, as it is visible from (12), the nontrivial solution (fi,f3,:-,f,,)- Thus all the
minors of matrix A of order > 1 must equal zero for some 1 £ m —1. Let |
be the least number with this property. Then there exists a nontrivial minor

{ Gy Giyy, Qi
‘P| = iy Qigy, " Gigyy l # 0.
Aiye Giyyy 7 iy I

If x is any element of g then the following minor equals zero

hXx

a
P | a;
a

X
o [, i1x |

i1+1y1 Aij+1y, " Giegp Aiyorx ‘
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[8] Universal envelopes of Lie algebras 17

In this minor i,, is one of the numbers 1,2,:--,m but not i,i,,--, i, is taken.
The decomposition of this minor by the last column gives since lPI # 0 a non-
trivial relation (here we remember what is a;,)

(13) [xlvx]gl + [x21 x]gz + ot [xm,x]gm = 0.

In this relation g,,9,, ", 9, are again elements from f[g] but now there
exists a subspace V < g with dim ¥ £ I(I + 1) and such that g,,g,,*, g, €[ V].
This subspace is spanned by the elements a;, = [x;,y;]eg, 1<k = 1+1,
1 £j £ 1. Without loss of generality we may assume that g,.# 0.

So, let elements x;, X,, -+, X, be linear independent modulo A,,;. Then it
does not exist i, 1 < i < m, with [x;,x]eV for all xeg, for then obviously
|g: €u(x)| £ m?, since dim ¥ < m? and hence x;€ A,,.. Thus we can find y,eg
such that [x,,y,] = e¢ V. Choose in g a linear basis including a basis of V
and e and put [x;, yo] = e+ h;, i = 2,3,-+-,m; h; written on the elements of
this basis do not contain e. Putting x = y, in (13) we obtain

eg, + o,eg, + - + ageg,, + hyg, + -+ + h,g, = 0.
Using standard linear basis of a polynomial ring we get
(14 gy toyg,+ o Fa,g,=0.
Now (13) with the help of (14) may be transformed into
(15) [x2—03%y, X9, + [x3—a3xy, X]gs + -+ + [Xn— X1, X]gm = 0.

In the relation (15) none of the elements x,—a;x,, i = 2,3,.--, m satisfies
[x; — a;xy,x] € Vfor all x e g for otherwise x; and x, are linear dependent modulo
A,:. Hence with (15) we may operate just like with (13). This chain may be
prolonged only till obtaining the equality

(16) [xm + 'Ym—-lxm—l + ylxlyx]gm = 0
for all xeq. Since in (16) g,, # 0 we have
[Xm + Vm—1Xm—1 + =+ +71%1,x] = 0 for all xeg.

But in this case the elements x;, X,, :++, X,, are linear dependent modulo the
centre of algebra g which is of course contained in A,,.. This gives the desired
contradiction.

Thus any m elements are linear dependent mod A, and we may put n = m?
in the conclusion of 3.3.

COROLLARY 3.4, Let g be a Lie algebra over a commutative field £ such
that its universal envelope is a Pl-algebra. Then g possesses an abelian sub-

algebra of finite codimension.
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18 Yu. A. Bachturin 9]

This follows from 3.3 3.2 and 3.1.
Now we prove

LEMMA 3.5. Let g be Lie algebra over a commutative field ¥ which has
an abelian subalgebra a of finite codimension. Then § possesses an abelian
ideal h with |g:h| < 0.

ProoOF. We define subspaces b,, k = 0,1,2 ---in g in such a way: by = q,
and if [a,d"] is the subspace of g spanned by the elements [a,9,,9,, -,g:], a €q,
g:€q, i = 1,2,--- k then

by =b + [Q:Qk] .

We havebo o= b1 = bz S = bk < bk+1 = e
Since by = a, Ig:al < oo one can find S = 0 with b, = b,,,. We assert
that b, is an ideal in g. For

[bs’g] = [bs—bg] + [U,QSH] s bs + [a5gs+1] = bs+1 = bs'
Evidently 0 < s < m, where m = [g:q.
Define further the chain of abelian subalgebras q;,, / =0,1,2,---. Put
a, = a.Lletg,,g,, -, g, be elements of g linear independent modulo a (remember
that m = |g:a|). If ag,a,,--,a,-, are already defined, put

at(gj) = {xeat—ll[xagj]eat—l}a i=12-m;q = 'nl al(g.i)'
j=

It is clear that
la,0] = 0y
Show that
(@ |g:a]|<o, t=0,1,2,-,
®) [a,b]=0,t=0,1,2,--.

Both assertions are proved using induction by ¢. The base of the induction t = 0
is obvious.

Let |g:a,_1i = n, and let j be one of 1,2,---,m.

If elements x,, x5, -+, X,+ 1 €, ; then there exist not all zero oy, a,, *++, %, 4, €T
such that o;[x;,9;] + aa[x5, 9,1+ -+ + 0ps  [Xns 1,951 €0, OF [y x; + %, +
ot + 0, 1Xpe 1> ;] €0, Now it is clear that la,_lza,(gj)l Snforj=12--,
m, and hence ]a,_lz a,l < nm. In particular we get from here such bound:
|g:a,] < m™**. So (a) is proved.

(b): Let already [a,_;,b,_;] = 0. Then

[anbt] = [at, b+ [a, gt]] = [anbt—l] + [a,g'&] =
= [a,b,-1] +[0,6" 7", 0,0] + [[a,6 'L [8,0]] =
[at—l’bt—l] + [bt—laat—lag] + [bt—laat—l] = 0.

n
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Consider now the ideal b, of the algebra g and by §) denote the centre of the
ideal b,. Since by (b) [a,b;] = 0 we have § = q, and since ]g: a,] Em'tl we
have |g:§| < m**' < o0. ] further is an ideal in g since [g, h] €} for any geg,
heb,forif beb,, then [[g,h], b] = [[g,b], k] + [g,[h, b]] = 0, since [g, b] €b,.
Hence b is an abelian ideal in g with dimg/h £ m™*'. Lemma is proved.

To complete the proof of the main theorem it is enough to prove the follow-
ing proposition.

PROPOSITION 3.6. Let g be Lie algebra over a commutative field ¥ and Ug
be a Pl-algebra. Then the adjoint representation of g is algebraic of bounded
degree.

ProOOF. Suppose that Ug is a Pl-algebra of the degree d, in which the follow-
ing relation is identically true:
an P(xy,%5, 0, %) = ZS: AsX5(1)Xa(2) *** Xa(d) = 0,

CEIg

where S, is a symmetrical group of degree d on 1,2,---,d, a,ek and a, # 0.

We suppose further that there are the elements v and g in g such that the
elements v, = v, v, = v(adg)!, -+, vys, = vadg)"*! are linear independent
N =p»+p'+p" "+ .- 4+ p*+ p+ 1. Obviously it follows that {v;i=0,1..,
N:g} is also linear independent. We include then this system to the linear
basis of g (denote the complement by (e;);.,) and order the obtained basis in
such a way that g,v,, vy, -, vy should form the initial segment.

The basis of Ug then is the system of monomials

(18) 9o} vieliels - el
where almost all n, ny, ny, -, ny, 1y, 1, -+, I, -++ equal zero and the rest are positive
integers.

Show now that the element

(19) P(g"vpaﬂ,g"zvp.“z,---,g”dvpza)

is a nonzero element of Ug in contradiction with (17).
The element (19) is the sum of the monomials of the sort

o(1 (2 o(d
(20) B(o,d) = g” Pv,aroyg" Ovparacay g7 0t 0y

Let us prove that the element (20) equals to the sum
(21) B(s,d) =

(1) +£13po(2) +... + £14p°(9)
Z gp Vpd +0(1) 455, p7(2) 4o b p20ps(DVpd+ad= 1) 4 g ypota)Vpata(ar.

(2i )
Here each element of the sum is determined by the upper triangular matrix (g;;)

such that in each column there is exactly one nonzero element, and it equals 1.
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The formula (21) is proved by induction by d. The base is trivial. The general
case is dealt with by transforming of the initial segment of (20) without
g”°(")vp,,+,(d) with the help of (21) and then using formuli

[v,a?] = b(ada)® (Lemmma 1.5)
and .
[ble bs’ a] = X b1 oo bi—l[bia a]biﬂ ves bs,
i=1

This completes the proof of (21).
Now since g,vo,0y, -, Uy are linear independent in g the elements

(22) Upd+k+£1p+52pz+,_.+£dpd, where 1 é k é d, g, = 0, 1,

are linear independent at different values of (k, gy, ¢,, -+, ¢;) and they are the part
of the fixed basis of Ug.

We denote by M the basic element of the highest degree in the expression
of the monomial M through the base (18). It is clear that if Tany member of the
sum then T differs from T only by the order of its factors of the sort (22). Easily
seen that in the basic expression of B(g,d) as (21) through (18) we may separate
only one basic element which enjoys the following properties:

(i) its degree on the elements of the type (22) equals d;

(ii) among its factors of the type (22) there is only one element with
g =& =+ =g, =0,

This elements equals

o(1)
C(O', d) = g" Vpa+a1) 4 po2)Upd+(2) 4 poc3) °** Vpa+o(a)

So it rests to compare the elements C(g, d) at different 0 € S,. Let C(a, d) = C(1, d).
Then at first p°® = p, ie. a(1) = 1. But then p**°W 4 p*@ = pi*l | po(2
= p**! 4+ p? because of the mentioned above property of the elements (22)
i.e. 6(2) = 2. Now it is clear how to get ¢ = 1, which means that in the basic
expression of the element (19) through (18) there is the basic element C(1, d)
with coefficient a, # 0.

Thus we have proved that for any two elements v, g €g there exists such a
polynomial ¢,(t) ef[f] such that v¢,(adg) =0 and dego,(t) £ pN+1. Now
we decompose g as a periodic f[¢] module (through v 6 t = vadg) in the direct
sum of ¥[¢]-primary components.

(23) g= 2g, (u—any irreducible in f[t])
un

It is clear that at most N + 1 different primary components may be nonzero in
(23), for otherwise the element v = vy + v, + <=+ Vyyp, 1; #0, i =1 2,0,
N + 2+ 1 from different components cannot be annihiliated by any polynomial

of degree N + 1. Since every g,,, is annihilated by u} ** it becomes true that all
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of the g is annihilated by the polynomial y/(f) whose degree does not exceed
(N + 1)*. Thus for the element g g its image adg in the adjoint representation
is algebraic of the degree at most (N + 1) which proves the proposition and
the theorem 1.1.
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