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ABSTRACT. Sa te llite ra d a r int e rferom etry pro \'ides g lac iologis ts w ith a n 
importa nt new tool fo r d eterminin g th e m o tion and to pog ra ph y of la rge ice sheets. 
W e exa min e th e so urces of er ro r in interfe rome tri ca ll v d eri\'ed i ce-m oti on 
measurem e nts, including th ose erro rs due to inacc ura te es ti~ a tes of th e interfero­
metri c base line. Seve ra l simula ti ons a rc used to assess base line acc uracy in terms of ti e­
point e rror a nd th e number and distributi on or ti e points. These results g i\ 'e insight 
in to how bes t to select ti c points, a nd a lso d emonstra te the leve l of acc uracy th a t can 
be ac hi e\'Cd. E xa mina ti o n of two represe nta ti ve cases like ly to occ ur in m a pping ice­
shee t m o ti o n leads to the conclusion th a t \\'i th adequ a te ti e-point informa ti on ice 
\'elocit\· ca n be meas ured acc ura teh ' to within a fe\\' m e te rs per yea r. A m ethod to 
correc ( ho ri zonta l \ 'Cloc i ty es tim a tes ror the e(fee t of \'(' rti cal di s plac~m en t usi ng surface 
slop es is a lso d e\·e loped . Fin a ll y, \\ 'e es tim a te the single-co mponent \'e loc ity ficld for a n 
a rea o n Humboldt G lacier, northern Greenla nd , using interferogra m s form ed from 
ERS-I SAR images. \ \ ' e estima te th at these \'(' Ioc i tv m easurements a r e acc urate to 

. I' ') 3 I ' Wit 1111 _ . m yea r . 

INTRODUCTION 

Kno wled ge of ice -!1 ow \ 'e locitv a nd stra in ra te is 
importa nt in assessing a n ice shee t's m ass bala nce a nd 
in und e rsta nding its n O \\' d yna mi cs . Ground-based 
meas urem ents of ice-shee t \'e locities a re scarce beca use 
of logisti cal a nd techni ca l dilIiculti es . I ce-no\\' \'e lociti es 
ha n ' been meas u red fro m th e displace m en t of fea t u res 
obsen 'ed in pa irs of vi sibl e (Seambos a nd others. 1992; 
Ferri g no a nd others, 1993 ) or syntheti c a perture ra d a r 
(SAR ) im ages (Fa hn es toc k a nd o thers, 1993 ), but th ese 
meth od s d o not work well fo r the la rge , fea tureless a reas 
th a t compri se much o f th e ice shee ts. 

Se\'e ra l recent pa pers ha \'e i nd ica ted th a t sa telli te 
rad a r in terferometry (SR 1) prm'ides a po tenti a l means to 
measu re ice-Oow \'e loc i ty . Using SRI , Goldstein a nd 
oth ers ( 1993 ) es tim a ted ice velocit y fo r a n a rea on th e 
Rutford I ce S tream , An ta rc ti ca . In te rfc rogra ms of th e 
H emmen Ice Rise on th e Filchner- R onn e I ce Shelf ha \ 'e 
been studi ed by H a rtl a nd oth ers ( 1994). J oughin a nd 
others (1995) have exa mined interfe rog ra ms from a 
1·00 km long a rea on th e Green la nd ice shee t tha t ex hibit 
compl ex phase pa tte rns due to ice m o ti o n . Agreem ent 
be t\\'ee n in te rferometri c a nd in situ m easurements o f 
\'c!ocity was obta ined b y Rignot and o th e rs (1995 ). K wo k 
a nd F a hn es tock (1996) ha lT measured relative \'c1 oc it y 
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on a n ice stream in G reenla nd . 
\\'hil e th ese pape rs ha \ 'e d emonstra ted th e grea t 

potenti a l of SR I [or measu ri ng ice-sheet m o ti on, th e 
res ults o[ th ese studi es a re subjec t to error due to difTi culty 
in es tim a ting th e interfe rom etri c baselin e (i. e ., th e 
se pa ra ti o n o f points fr o m w hi ch two im ages a re 
acquired ) . E stim a tes of th e baseline de te rmined from 
sa tellite ephe m eris da ta, d erived from sa tellite trac kin g 
a nd orbita l m od elling, a re typicall y accura te to wi thin a 
few meters (Solaas, 1994) . While adequa te fo r ma ny 
purposes, this level of' acc uracy ca n introduce substa ntia l 
error in mo ti o n es tima tes . F o r example, a I m e rror in the 
baseline can introdu ce a ph ase r a mp of a bo ut fo ur frin ges 
across a 100 km \\' ide interfe rogram, yielding a rela ti ve 
\'eloc i ty erro r of 39 m yea r I for a 3 d se pa ra tio n o f im ages . 
Tie points (points of kn own eleva ti on and velocity ) can be 
used to impro\'e th e acc uracy of baseline es tima tes 
(Zebker a nd o th ers, 1994) . Beca use es tima tes o f'b ase lines 
from orbita l d a ta a lone a re unlikely to yield reasonab le 
acc uracy , wid e-scale m a pping of ice-shee t ve loc iti es 
requires a combina ti on o f' interferometric d a ta a nd ti e 
points d e termined from g lo b a l pos itioning sys tem (GPS) 
or other field-b ased sur\'eys . The cos t of m eas uring such 
ti e points is hig h. Thus. it is impo rt ant to understa nd ho\\' 
to se lec t ti e points to achi eve max imum acc uracy a t 
minimum cost. 
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\Ve begin with a brier introduc tion to interferome tri c 
principles a nd techniques. Th e nex t section desc ribes a n 
erro r model for SRI velocity es tim a tion. The results of 
simula ti ons are th en exam ined to d e termine hOI\' baseline 
acc uracy is aITected by va ri ous [actors. \ 'elocit y errors are 
examined [or two typical situ a tions tha t a re likely to 
occ ur in measuring ice-shee t mo tion . Next a m e thod is 
d el'e loped to i m pro\'e es timatio n of hori zon tal veloci ty by 
compensatin g for th e eITec t o[ yertica l motion using 
in terferometricall y d eri\"ed est i ma tes of the s ur[ace 
topogra ph y. W e th en ap ply thi s tec hnique to es tim a te 
th e single-co mpo nen t I'e loc it y fi eld fa r a n area on 
Humboldt Glacier, Greenland. Our results con firm th a t 
SRI prOl'ides an important new means for measuring ice 
l"Clocity, as indi cated by earl ier s tudi es . and that a sm a ll 
number of field -d e termined motion a nd elel'a tion ti c 
points will a ll ow production of calibrated maps o f ice-flow 
speed cOl'erin g thousands of square kilometers. 

INTERFEROMETRY BACKGROUND 

The geometry of a n interferometri c SAR is shown in 
Figure l. The inte rferometer acquires t\l'O images of th e 
sam e scene \I'ith SARs loca ted a t SI a nd S2. Th e first 
SAR is a t a ltitud e H. From SJ , th e range, TO, a nd look 
angle, e, to a po int on the surface are d e term ined by th e 
g ro und ra nge, y , a nd e!el'ation , Z, abm'e some re fere nce 
e llipso id. Th e ra nge to the sam e point from the SAR at 
S2 diffe rs from TO by L1. For a sing le-pass system, su ch as 
TOPSAR (Zebker a nd oth ers, 1992 ), two im ages a re 
acquired simu ltan eously using se pa rate a ntennas. A 
repea t-pass interfe ro meter, on the o ther hand , acquires a 
sing le im age of th e sa me area twice from t\\'o nea rl y 
repea tin g orbits o r ni g ht lin es. Onl y repeat-pass 
inte rferomet ry is exam ined in th is pa per since so rar 
thi s is th e on ly m e thod th at has been applied to o rbiti ng 
SARs. The base lin e se pa rat ing th e SARs ca n be 
expressed in terms o f its compo nents norma l to, B n , 

a nd parallel to , Bp , a refe re n ce- look direct io n. A 

H 

Fig. 1. Geomell)i of an intellerometric SAR. 

JOllghin and others: fee-lIlotion estimatioll llsing SRI 

conve ni e nt choice is to le t th e nomin a l center-Iook 
a ng lc, ec , d efin e the re fe r e nce-look direction. 

Fo r a distributed targe t a pixel in a complex im age 
can be represen ted as 

Vi =exp (-j2kTO)Wl =cxp (-j2kTO)Alei°l, (1) 

\\'here k is the wave number and VV] is a complex, circular 
Gaussian random I'ariable (RV ) \I·i th am pli tude Al a nd 
phase cPI (R odriguez a nd ~l a rtin , 1992 ) . This random 
I'aria tio n of SAR ampli tude and phase is refe rred to as 
speckle. The modulo-27r phase from a single complex 
image ca nnot be used to d e termine range since it has a 
unif'orm probability di s tribution ol'e r (0 , 27r). A compl ex 
interferogram is formed as the product of one compl ex 
SAR im age with th e compl ex conjuga te o f a second. The 
ph ase of thi s product is g iven by 

Although cP l and cfJ2 are bo th un iform ly di stributed , ifW1 

a nd W 2 a re co rrelated, the ir difference, ( cPl - cfJ2), is not 
uniforml y distributecl. 1 n fact , th e di s tribution of th e 
phase diffe rence can be quite sharp ly peaked (i. e., th ere is 
little n o ise ) if the complex im ages a rc we ll co rrela ted. 

Even with a narrow di stribution, th e ph ase difference is 
st ill on ly kn ow n moclu lo 27r. A ph ase-unwrapp in g 
a lgo ri thm (Coldstein a nd o thers, 1988 ) is used to remO\'e 
the moclulo-27r ambig uit y. W ith repeat-pass interferome­
try. th e ra nge difference between passes is determined using 

(3) 

where cPllll",!'ap denotes th e ull\\Tapped interferometri c­
phase diITerence a nd A is th e radar \I·a \'elength. Error in 
this est ima te is introdu ced by (cfJ] - cfJ2 ). Note that ph ase­
unwrapping algorithms usua ll y yield th e rel a til'e ph ase, 
as there is an unknow n constant of integra ti on associa ted 
with th e ull\\Tapped so luti on. I t is ass umed here th a t 
cfJull\\Tap has been processeclto remol'e th is a mbiguity (\I'ith 
the a id of ti e points) . Th e ERS-l SAR ope rates a t a 
wal'e le ng th of A = 5.656 c m so tha t L1 typ icall y ca n b e 
measured with sub-cent imeter accuracy. 

\\' ith a repeat-pass int errerometer, L1 is affec ted by 
both topogra ph y and a n y m o\,ement o f th e surface tha t is 
directed tOIl'a rd or away from the look d irec ti on or the 
rad a r b e tween orb its. Th e interferome tr ic phase therefo re 
can be exp ressed as th e sum of clisp lace ment - a ncl 
topogra ph y-dependen t te rms, 

cfJlll1wrap = cPtopography + cfJdi,placC'I IIC'lll . (4) 

Motion 

Th e co ntribution to th e ol'e ra ll ph ase from surface 
di sp lacemen t is gil 'en by 

cPdioplac('"Il'IIt = 2k(L1d .y sin tJi - L1 d .: cos tJi ). (5) 

where L1d ,y denotes the com ponent o f' t he range difference 
ta ngenti a l to th e surface o f a reference e ll ipso id that is 
d irec ted across track , ancl L1d .: denotes th e component 
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normal to th e ellipsoid . Th e incidence a ngle, tJr , is defined 
with respect to the loca l normal to the ellipsoid (see Fig. 
1). \\' hen the surface \'e loc i ty does not change m'er th e 
period , 8T, between acq ui si ti on of im ages, the phase due 
to motion is 

cPdisplaCt'lllClll = 2k8T( Vy sin tJr - V z cos tJr ) . (6) 

Topography 

Referring to Figure I , th e base line is re la ted to the range 
difference due to topogra phy and ground -ra nge variation, 

,1topography, by 

. ,1topognlph/ B2 
B n SIn Bd + B p cos Bd = - Ll topograph\" - + - . 

. 21'0 27"0 

(7) 

Ignoring the ,1topograph/ te rm in Equation (7), \I'e can 
approxim a te the range diffe rence by 

B2 
Ll topographr ;::::: - BII sin Bd - B p cos Bd + - . (8) 

. 21'0 

The d eviation of the look a ngle from the cenLer-look 
angle, Bd, is related to range and surface eleva tion 
referen ced to a spheri cal E a rth by 

B _ B _ B _ [7"02 + 2Rc(H - z) + H 2 - z2 ] 
cl - c - aeos (R H ) - Bc, 

2 e + TO 

(9) 

where Rc d enotes the radius of the Earth. Once ,1topography 

is determined from the ph ase, Equa tions (7) and (9) are 
soh'ed to d etermine the height and gro und range of eaeh 
point in the im age (Li and Goldstein , 1990) . 

Th ere is a nea rly linear phase variation, which is 
much grea ter in magn itud e than the phase variation due 
to topograph y, from the un ifo rm change in g round range, 
y, across an image. I t is often useful to remm'e the 
ground-ra nge \'ariation by subtracting t he phase ramp, 
cPflat, co rres ponding to a zero-h eig ht surface . Thi s 
operat ion is often ca ll ed fl a ttening th e interferogram. 
The effect of eleva ti on on the interferom e tri c phase can 
then be a pproximaled as U oughin, 1995) 

- 2kBn 
cPz = cPtopography - cPflat;::::: . B z . (10 ) 

. SIl1 eT O 

This approximation, wh ich is not valid for computing 
eleva tions, indica tes that th e sensiti\'ity o f an interferom­
eter to to pograph y is proportional to B n. Thu s, when we 
refer to th e baseline length belo\\', we mean the length of 
Bn , ra th er tha n the ac tu a l base line leng Lh , B. 

Baseline estiInation 

ERS-I o rbi ts a re not known well eno ugh to estim a te 
baselines with the le\'el o f accuracy need ed to genera te 
digital e leva tion models (D E t\Is) and es ti m a te motion. As 
a res ult , the baseline mu st be determined using tie points 
(Zebker a nd others, 1994) . The base lin e varies a long th e 
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satellite track. Over th e length of an ERS-I inlerfero­
gra m, we model baseline \'ariation as a linear fun c tion of 
the along-track coordinate, x. Th e normal compon ent of 
baseline is th e n rep resented as 

(11) 

where B:., is th e normal compon ent of baseline at the 
frame center , Xc, and bBll is the change in BII over the 
length orthe frame, L t. Similarly, the parallel component 
of basr linc ran be modeled as 

(
X - xc) B p = 13'(, + bB p -- . 

L.r 
(12) 

With a linea r model for baseline varia ti on , th ere are 
four unknown p a rameters: ~" ~, bBn, bBp. Th ere is 
also an unknown constant associa ted with the phase a fter 
it has been unwra pped. An approximation can be made 
to impli citl y incorpora te this co nstant into the baseline 
so lution so that only the four base line param eters need to 
be determin ed U oughin, 1995) . Th e expression g ive n by 
Equ a tion (7) is non -linear 'vvith resp ec t to th ese 
parameters. The prob lem is eas il y linea rized by repla­
cing the non-linea r terms, whi ch a re small, with es tima tes 
of th eir values obtained froni sa tellite ephemeris data. 
The baseline para meters then are determined using a 
standard linea r leas t-sq uares algori th m (Press a nd others, 
1992) with a t leas t four tie points. 

Even if the baseline were d ete rmined perfectly (so that 
th e baseline es tima te contribuLes no error to th e velocity 
estimate), th e es tima ted baseline would differ sli ghtl y 
fi-om the ac tual baseline. This is because approximations 
in th e base lin e model a nd e rro rs in som e of the 
independ ent p ara mete rs (i. e ., sa tellite a lti tude) a re 
compcnsa ted for by using an efTecti\'c ra ther than exac t 
baseline. Th e difference between the true and effective 
baseline leng th is small. 

MOTION·ESTIMATION EP.ROR 

Error lIlodel 

The effec t of topogra phy must be removed from an 
inLerferogram before velocity es timaLes can be made. 
With a nea rly ze ro baseline, th e effec t of topography is 
negli gible a nd can be ignored (Goldstein and o thers, 
1993). For longer baselines a n independent DEM can be 
used to es timate and remove cPtopography (t\1assonnet and 
others, 1993) . An alternative method is to cancel 
cPtopography using an appropriately scaled topog raphy­
only in terferogram (Gabrie l and others, 1989) . In this 
pa per \IT use interferometrica ll y derived DEt\1s to 

remO\'e topographic ph ase variation. 
Interferogra ms a re subjec t to random ph ase error due 

to spec kl e, O"rp . If the effect of vertical velocity is ignored, 
th en a ppl ying Equa ti on (6) , th e velocity error due to 
phase noise is 

1 
(13) 
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E stimates or <Pdisplacemcnt a re affected by inacc uracy 

In th e DE?'-I u sed to es timat e <Ptopograph\" . Using 
Equati o n (10 ) , th e s tanda rd de\ 'i a ti o n of thi s errar is 

cx pressed as 

2kBn 
al' . =-.---a;: , 

. smBcTo 
(14) 

where eY;: denot es the stand a rd d ev ia ti o n of th e DEl\1 

error. S ince thi s e rror is propo rtion a l to baselin e len g th , 

its effec t is negli g ibl e ror suffi c ie ntl y sma ll base lin es 

(Goldstein a nd o th e rs, 1993 ). If we ig no re th e V ;: te rm 
in Equa ti on (6 ), th e n the error in th e \ 'elocity es timate is 

g i\'e n by 

(15) 

f or typ ica l ERS-I parameters this erro r is equ a l to 
O,OOl06BneYz lll yea r I for a 3 d inte rfe rog ra m, A 50m 

baseline a nd a DEM e rror of 50 m th e n would y ie ld a 
" e loci ty error of 2 ,65 m year I. 

In cancelling th e topography the baseline-depend e nt 

phase ra mp du e to g round ra nge (<pnHt ) is a lso remo\'ed. 

Thus, inacc ura te baselines lead to error through th e 
impe rfec t cancell a tion of this ele\,(llion-independent 

ph ase \ ·a riati on. If the es tim a ted base lin e compo n e nts 

a re d eno ted as En a nd El" th en a ppl y ing Equa tion (8 ) 

a nd neg lect ing sm a ll no n-linear term s, the res ultin g ph ase 

error IS 

<Pl'n = -2k [(Bn - En) sin Bd.flat + (Bp - El') cos Bd.tlat] , 

(16) 

wh e re B,l.flat is e\ 'a lu a ted \·ia Equation (9 ) II'ith z = O. Th e 
n lriancc of the error is 

a CIl 2 = 4e [ (eY il" sin Bd. flat ) 2 + ( eY iJ" cos B'I.11al ) 2 

+ 2 sin Bd .flat cos B,I.1101 CB B ] , 
Jl P 

(17) 

where C Jj Jj de no tes th e cO\'a riance of En a nd El" If \I"C 
" P 

ig nore th e \'erti ca l compon ent of\ 'eJoc it y in Equation (6 ) , 

th e \'ariance of the error in V y due to hase line inacc uracy 
IS 

eYen ' t '!l
2 

= e ST :in tJt) 2 [ (eY D" sin Bd .l1at ) 2 + (eY 8 " cos Bd. flat ) 2 

+ 2 sin Bd.11at cos Bd.11at C iJ B' ] • 
11 P 

(18) 

This is often th e la rges t so urce of e rro r in interfero m e tri c 
es t im a tes of ice I·e loc ity . 

App lying Equa ti o n (11 ). th e \ 'a r ia n ce of th e linear l\' 

I'a ry ing baseline es timate ca n be ex pressed as 

(19) 

\ 'V e may a lso writ e a simi la r ex pression fo r eY~ Th e 
covari a nce between b aseline compon e n ts is g i\'en" b y 

J oughill alld others: lee-lIlolioll estimatioll IIsing SRI 

(20) 

These ex press ions a re used in Equa ti on ( 18 ) to determine 
I'elocity e rror du e to b aseline inaccuracy. 

The a bsolute erro r at a n )' gil'en point in th e es tim a ted 

I"eJocity fie ld is a ra nd o m \'ariable since it is a fun cti o n o f 

th e random baseline e rro r. Since the error is d ete rmin ed 

by only four paramct(TS, hO\l'e\"e r , it d oes not I'ary 

ind epe ndentl y ol'er th e interferogra m. At each point 
along track , error in th e baseline es timate co nsists 0 (" a 

constant bias a nd n ea rl y linear across-trac k tilt , \I'hi c h 

I'ary along trac k. As a result, the relati\"e e rro r from o ne 

side o f th e trac k to th e o ther is rou ghl y eq ual l O th e sum o f 
th e absolute errors a t eac h sid e of th e trac k. This sho uld 

be kep t in mind \I'hen inte rpreting results comp uted using 
Equation ( 18 ) . 

Accuracy of baseline e s tiIllates 

I n thi s subsect ion \IT exa mine th e acc uracy of baseline 

es timates using synth e ti c in terfc rograms. Beca use it is 

oft en difficult to obta in ti e points, it is importan t to 

und e rstand hall' th eir number, acc uracy and di stributi o n 

affect b aselin e accuracy a nd, thus, th e acc uracy o f 

\"C loc ity es tim ates . W ith this kn owledge, o ptimal ti e ­

pointing strategies can b e d el 'ised to minimi ze fi eld effo rt. 

Fo r the simulations we used a 303 .2 km long by 

100 kill wide DEM of typica l ice-sheet a nd bedroc k (ice ­
free ) topography. From the DE~r \IT ge n era ted synthe ti c 

int crfc rog ra ms fo r se\"C ra l base li ne kng th s. A ll of the ti c 

points a re assumed to be sta ti onary i.c., located o n 

bed roc k) . Non-stationary ti e poi nts (i. e., p o ints on th e ice 
shce t ) a rc exa mined in th e nex t subsect io n. Noise was 

added to th c ti c points a nd to the int er/cragram. Base lin es 

I,"ere cs tim a ted using a leas t-squ a res a lgor ithm Press a nd 

oth e rs, 1992; J o ughin , 1995 ) . Fo r eac h simul at io n , 

sta tis ti cs were cI'a luated fo r th e base lin e es tima tes fro m 

250 rea li za ti o ns. Beca use sc \-e ra l parameters contribute to 

baseline accuracy, there is no \l'ay he re o f illustra tin g 

base lin e acc uracy for a ll possible se ts of para meters. I n 

eac h of the simul a ti ons a sing le param e te r is \ 'a ri ed \I·hil e 

the o th e rs are held fix ed. Th e resu lts \I·ill c h a n ge \I'hen the 

other p a ram e ters a re n o lo n ge r fi xed , although the trends 
shou ld b e simil a r . 

The firs t simulation \\'as perform ed to d e te rmin e th e 

effect o f baseline leng th on es timation acc uracy. Fo r 

seve ra l base li ne leng ths we co m pu ted es ti ma tes fo r 

Gauss ian phase noise of eYo = 0 rad a nd a o = 7r/ 3 rad 
a nd Gaussian ti e-point error of 0"; = 20 m. One hundred 

tie po ints (Nlit" = 100 ) , e \ 'e nly spaced o \'er a n a rea 
Dy = 86.9 km wide by D .I" = 85.8 km long, \I'e re used. 

Standard d e\ 'ia ti ons of th e es timated p a ra m eters a re 
shown in Fig ure 2. 

\,Vith no p hase noi sc, base line erro r increases linea rly 

with B n , beca use a n interferome te r with a sho rter 

basel ine is less se nsiti\"(' to topography so that th e effec t 
of tie-point error is sm a ll er. \\' hel1 the re is ph ase noi se, 

est ima tion accuracy improves with d ec reas ing base li ne 

leng th unti l a po int wh e re th e re is li tt le furth e r 
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im pro\·em enl. This point occurs where th e effec t of phase 
noise on baseline accuracy, which is ind epend ent of 
baseli ne length , becomes la rge r than th a t of ti e-point 
error. Thus, the amount of improvement th a t can be 
ga ined by using a shorter base line is limited by the 
amount of phase noise rela ti\'e to the amo unt of eleva ti on 
ti e-point error. 

Baseline es tima tes can be improved b y using more 
th an the minimum of four ti e points in th e least-squa res 
solution (Zebker and othe rs, 1994). Fig ure 3 ill ustra tes 
th e sta nda rd dev iation of the es tim ates of B~ a nd DB" as a 
fun ction of the number of tie points, N tics ' The ti e points 
a re a rranged on a regular g rid Dv = 86. 9 km b y 
Pr = 85.8 km . Each time N tic, is increased , the spacing 
between points is decreased so tha t a rea covered by the ti e 
points rem ains unchanged. The squared e rror [or the fits 
(no t shown ) fa ll s off a.' N ties - 1 . In general , the stand a rd 
dev ia tions of the para me ter es timates, including those not 
shown in Figure 3, dec rease as J Nties - 1 An exception is 
seen in F igure 3, where uM3" increases whe n N ties increases 
from 4 to 9 . The sq ua red erro r for the ove ra ll fi t , howeve r, 
sti ll dec reases as expec ted. 

For a fixed number of ti e points, the a rea bounded by 
the points a ffects the accuracy of baseli n e es timates. To 
examine th is dep end e n ce, we used fo ur ti e points 
a rra nged to form a rec ta ng le (D y by D .), ) wi th sides 
pa rall el to those of th e swa th. Figure 4 shows the results 
plotted as a fun ction of th e product, Dv x Dr. Each time 
D,. a nd Dv were increased , they were sca led by the same 
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Fig . 4. Standard deviations ji'ol7l 250 estimates oJ the 
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/Joints. Results are for ~ = 10 171, DBn = 0 m, ~ = 
25171 , DB p =0111. L.1' = 303.2 km, at) = 1f/ 3 md and 
a z =20 m. 

factor, except fo r the last two p oints where only Dr was 
scaled because D lI could no t be scaled furth e r without 
exceeding the swath width . The primary effect o f B~ on 
thc interferom e tric ph ase is to d etermine a consta nt bi as 
so tha t the es tim a te of this pa ram eter is insensitive to ti e­
point spacing, as can be seen from the results in Figure 4. 
Error in the es tima te o f a d eriva ti ve is in ve rsely 
proportion a l to the dista nce between points. Conse­
quently, th e error in the es tim a te DB p d ec reases as 
D,. -l, as il lustra ted in Figure 4 . Likewise, uB is inversely 
proportiona l to Dy since B n d etermines th e "slo pe of the 
ph ase ra mp a cross an in te rferogram. Fin a ll y, DB Il 
determin es vari a ti on of th e baseline with resp ec t to X 

and also a ffec ts the slope of th e phase ramp so th a t error 
in its es tim a te is inve rsely proportiona l to Dv x D .l" 
Because increasing ti e-point spacing affec ts th e errors for 
each of the es timates differentl y, it is difficult to say 
exac tl y how the quality of th e overa ll fit imp ro\·es. I t is 
clear, however , tha t increas ing the di stance b e tween ti e 
points signifi cantl y reduces e rror . A spec ifi c exa mple is 
gi\'en in th e nex t subsec tion. 
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Error in th e base line es tim a tes is caused by phase and 
ti e-point noise . Figure 5 shows baseline error as a fun ction 
of ti e-point error for a fix ed level of ph ase e rror. Baseline 
erro r improves a lmost linea rl y with d ec reas ing tie-point 
erro r until a point where ph ase error begins ro domin a te 
a nd th e re is littl e sig nifica nt impro\Tm ent. At thi s point , 
phase noise musl be redu ced to reali ze furth er improve­
men l. 
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Fig. 5. Standard deviations !if if,; and 8BII .for 250 
estimates as a .fllnction !if tie-point noise, a z , .for ~ = 
10m , 8B n = Om, B~=25m . 8B p = Om, D y = 
86.9km , D ,.=85.8 km , O'rp = 1f/ 3rad all d L r= 
303.2 kill . 

Velocity error 

In thi s subsec ti on we ex a mll1e th e \'e locit y error du e 10 

base lin e inacc uracy for two typi ca l situ a ti o ns th a t are 
likel y to a rise in th e intc rferometric es tim a ti on of ice 
\'C loc ity. First we con sid e r base lines es tim a ted using 
sta tiona ry ti e points on a reas of bedrock nea r th e ice­
shee r m a rgin. In thi s ca se it is important to und ersta nd 
ho \\' fa r o n to th e ice sh ee t th e baseline es tim a te can be 
ex tend ed whil e ma inta ining reasona ble acc uracy for th e 
veloc it y cs tim a te. Secondl y, baselines a rc d etermin ed 
using non-sta ti ona ry tie po ints from areas o n th e ice shee t 
where th e re is littl e or n o exposed bedrock to prO\' id e 
sta ti o na ry points. In this situ a ti on it is importa nt to 
und erstand how to selec t ti e points to ac hi e \ 'e suffi cientl y 
acc ura te \ 'Cloc ity es timates with minimum fi eld effort. 

\Ve begin using simul a ted bedrock ti e points for a 
typi cal se t of co nstra ints. Th e pa r a m e te rs fo r th e 
simul a tion a re listed in T a ble 1. DEl\Js a \'ail a ble fo r 

Table 1. Parameters Ior simulatiolls with ice-sheet and 
bedrock tie /Joillts 

T ie-/Joint 
Mle 

Bedrock 
l c(' sheet 

. \ 'lImber 
q! lie 
poill ts 

100 
4 

Bn 

m 

10 
10 

D!J 

km 

50 
50 

D.,. 

km 

50 
50 

0': 0'0 

m rad 

100 -rr/20 
-rr/4 

] ollghin and others: fee-motion estimatiolZ using SRI 

a reas near ice-shee t ma rgins typi call y have low hori zonta l 
a nd verti cal resolution. Erro r in locating ti e points in 
a reas of an im age \I'here th e re a re stee p slo pes inc reases 
th e effec ti\'e ti c-point erro r. F o r these reaso ns \\ 'C ass ume a 
rela ti\'cJ y la rge ti c-point e rror o f O'z = 100 m. Sin ce it is 
easy to obta in a la rge number of tie points fro m a DEt-.l, 
we use 100 ti e points distributed uniformly ove r a 50 km 
by 50km a rea . \\' ith sufTi cient averaging, ph ase n oise ra n 
be kept low (Li a nd Goldstein, 1990 ). For th e simul a ti on 

we use 0'0 = 7r/20. 
The sa mple variance a nd cova ri ance of 250 base line 

es timates d e te rmined from bedrock ti c points a rc gi\'en in 
T a ble 2. A contour plo t o f a eg .,· " is given in Fig ure 6a . 
Since we a rc inte res ted in using bedrock a reas at the ire 
ma rgin , th e ti c points a rc cente red a t x - Xc =-125 km , 
with th e ed ge of th e ice shee t at X'-Xc =-lOOkm. 
Although th e baselines were es tim a ted for L,,' = 30 3.2 km , 
th ere is no reason \ 'Cloc ity e rro r cannot be conl.puted fo r 
Ix - xci> L.,. . In this fi gure th e e rror is plo tted out to a 
dista nce o r 500 km inla nd fro m th e ice-shee t marglll 

(x - Xc = 400 km ). 

Table 2 . .If olllen!s o.f baseline estimates .from simll /a t iOlls 
with ice-sheet alld bedrock tie points 

Tie-/Jo illt IJlpe Bedrock tie /lOlll!S Ice-sllee! tie /Jo ints 

A? 
0.0252 0.005660 0'-. 

3" 
- ? 6.1 5e-6 3 .25e-6 0'-, 

D" 
A? 

0.1+3 0 . 791 0'- , 
6iln 

A') 
3 .55e-5 4.73e-4 0'-

A

bil
" C ' 

A a:1~ ) 
1. 23e-4 3 .8 7e-5 

c 
~BnMJ" 

6.80 e-4 0.00593 

(; 
B"MJ" 

- 2.85e-4 - 1. 64 e-+ 

(; 
bBnD" 

- 2.90e-4 - 9.9 1e-5 

From Fi g ure 6a we sce th a t veloc it\, erro r is sm a ll est in 
th e a rea nea r th e tie points, a nd becomes steadily worse 
\I'ith increasing di stance inl a nd. Lookin g a t th e Y<:uiation 
across th e ima ge, \\'e see th a t a cc uracy is bes t a t th e center 
a nd \I'o rst tow a rd th e edges . At 200 km (x - :re = 100 km ) 
inla nd th e a bso lute error is < 5 m \'ea r 1 with a rel at i\'e 
error across th e image of a pprox i~a te l y 8 m year I . The 

a bsolute error at 500 km fro m th e ice-shee t m a rg in is just 
ove r 12 m yea r I , a nd th e r e la ti ve e rro r is abo ut 
18m yea r I ,' whi c h fo r ma ny a ppli ca ti ons is un acce pta bl y 
la rge . 

Bedrock a rea is limited a nd in m a ny cases smaller th a n 
in thi s exa mpl e. Thus, increa sing th e bedroc k a rea from 
whi ch ti e points are chosen is ofte n not a n opti o n. Because 
th ere is littl e ph ase noise to begin with. its reduc tion will 
ac hi e\'e onl y mino r improvem e nr. The baseline is sho rt , so 
th ere is littl e to be ga ined b y using a n eve n sm a ller 
baseline. Furth ermore, th ere a re often onl y a limited 
number o f base lin es to choo se from. In suc h cases, 
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Fig. 6. VelocilJl error, O"ell. "" for simulated (a) bedrock 
and ( b) ice-sheet tie jJoints for a 3 d intelferogram. 
Simulation jJarameters are given in T able i , and Ihe 
statistics of the estimated baselines llsed to {ollljJllte O"CB ,Vy 

are included in Tab le 2. 

dec reasing th e baseline length may not be an option. 
Minor improvement may be achieved by increasing th e 
number of tie points, but onl y so long as the ti e-point 
errors remain uncorrela ted . Because ti e-point erro rs a re 
la rge, the mos t signifi cant imprO\'em ent can be rea lized 
by d ecreasing ti e-point error. For example, if ti e-point 
error is red uced to 25 m, then velocity error decreases by a 
factor of about 3. Lesse r ga ins are reali zed by a furth er 
decrease in ti e-point error because phase noise begins to 

domina te. 
Nex t we examine the case where velocity tie po ints 

measured on the ice shee t are used . Th e parameters fo r a 
typical se t of ice-sheet ti e points a re given in T a bl e I . 
Because it is diffi cult to make such measurements, the 
minimum of four tie points is ass umed . If ti e-point 
velocity is measured over the period of a few weeks using 
GPS receive rs, th e error should be sm a ll. A high es tim a te 
of the velocity ti e-point error is 0.8 m yea r I . This error is 
included in the simula tion by modeling it as an equiva lent 
phase error of O"</> = 7r /5 rad . An additiona l phase error of 
O"</> = 37r / 20 rad due to decorrela tion yields a tota l ph ase 
error of O"</> = 7r/ 4 rad . Allowing for e rrors in locating th e 
tie points within th e SAR imagery, we assume eleva ti on 
error of o"z = I m. The ti e points a re a rranged to form a 
squa re with 50 km sides centered a bo ut X c . The moments 
of the baseline es tima tes determined from this simula ti on 
a re included in Table 2, and the corresponding velocity 
error is shown in Fig ure 6b. 

Baseline es tima tes for ice-shee t ti e points are no t as 
accura te a those for bedrock ti e points, making the 
veloci ty error la rger. Even though th e eleva tion erro r is 
much smaller, baselin e accuracy is reduced because fewer 
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tie points a re used . Since th e ele\'a ti on error is sma ll , no 
real improvement can be gained by improving th e 
eleva ti o n es tima tes. In creasing the number of tie points 
would help, but the additiona l fi eld effo r t may outweigh 
the ga in. Tie-point ve locity error a lso contributes to th e 
large r ve locity errors. Since a la rge es tima te of ti e-point 
ve loc ity error was used , signifi cant improvement is 
poss ib le if tie-point veloc iti es a re m eas ured mo re 
acc ura tely. If logistical constraints pe rmi t, increas ing 
the sepa ration of ti e poin ts will ac hie\ 'C much-im proved 
res ults. Fo r example, if th e distances between tie points 
arc incr eased to Dy = 100 km and D .l' = 300 km , th e 
\'eloci ty e rror decreases by a fac tor of a bo ut 8 to yield a 
max imum absolute erro r of just ove r 2 m for the entire 
100 km by 500 km a rea . Th us, for tie points on th e ice 
shee t, m a ximizing th e sp ac ing between points appea rs to 

be the bes t method fo r improving ve locity estim a tes. 
Th e results presented thus fa r ha\'e ass umed a 3 d 

sepa ra ti o n (8T = 3 d ) fo r interferogr a m s. T ie-poin t 
ele\'a ti o n error leads to error in the es tima ted \'e loc ity 
fi eld , w hi ch is im'e rse ly proportional to t5T. For bed rock 
tie points in particul a r , it is often possible to improve 
\'elocity es timates by using a longe r tempora l base lin e. 
This situ a tion is more complicated for non-sta ti ona ry tic 
points. Error tha t is th e res ult of erro r in the ti c-point 
\-elocity measurements is ind ependent of t5T , so it does no t 
dec rease when 8T is in c reased . Thus, little is ga ined by 
using a longer tempora l base line if tie-point veloc i ty erro r 
is the d o minant source o f baseline error. 

Stra in , melting a nd o th er surface ch anges cause 
tempora l d ecorrelatio n to increase with time, placing a n 
upper limit on 8T . In th e winter when th ere is no melting, 
tempora l d ecorrela tion is genera ll y highes t in regions with 
large stra in ra tes. Therefo re, longer tempora l baselines 
are be tte r suited for use in a reas or low-moving ice. 

It is important to no te th a t the preceding ana lysis is 
based o n th e ass umptio n th a t th e baseline vari es linea rly 
along track. Althoug h w e have obtain ed good res ults 
applying this assumpti o n o\,er distances of a few hundred 
kilomete rs, non-linear \'a ri a ti on may have a n effec t O\'er 
grea ter di stances. I fs uch varia ti ons occur, then more tha n 
four ti e points are required eith er to fit th e baseline 
\'a ri a ti on to a higher-o rd e r polynomia l o r to use a pi ece­
wise linear approxima ti on. 

ESTIMA TION OF THE ACROSS-TRACK 
VELOCITY FIELD 

The displ acement measured by an interferom etri c SAR is 
direc ted toward or away from the rada r, but an es tim a te 
of the ho ri zontal velocity is desired . Applying Equa tion 
(6), th e horizontal velocity is rela tee! to the ph ase due to 
displ acement by 

4>displacement + t .T, 
Vy = v . co '£'. 

2 kt5T sin lj) -
(21) 

A simple a pproach to es tim a ting hori zontal velocity is to 
ignore th e vertical-veloci ty term in th e eq ua tion . J oughin 
and o the rs (1995 ) have shown tha t while ve rti ca l \'e loci ty 
is sma ll in compari son with hori zontal veloc ity, V z is 
res ponsible for much o f th e phase vari a bi lity over leng th 
sca les of less than a few ice thi cknesses . These Ouctua ti ons 
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present little problem in dete rmining th e ve locity fi eld 
ave raged over a few ice thi ckn esses, The error induced by 
neg lec ting \ 'e rti ca l moti o n is far more sig nifi ca nt , 
hOIl'e\'er , when examinin g ho ri zontal-\·e loc it ), \ 'a riation 
o\'er leng th sca les compa rab le to th e ice thi ckness , In 

pa rti cular, es tim a tes of th e loca l strain rate a re severely 
a ffec ted by ve loei ty error due to uncompensa ted vertica l 
mo tion, As a res ult. it is oft en n ecessa ry to co rrec t for the 
effec t of \'ertical \'eloc ity \\'h e n estimating h o ri zon ta l 

\'elocity, 
IT we assume surface parallel Dow, then the \ 'erti cal 

velocity is re la ted to the horizo nta l \'clocit)' b y 

o 0 
V= = V,I!:l z(x , y) + vY!:l z(:1', y) , (22) 

vx vy 

Substituting thi s ex pression into Equa tion (21 ) yields, 

cPdisplHccmclll + t oJt [ 0 (, ) 
2k8Tsill iJr co VJ

, oX Z x, y 

+ vY :/(X, y)] (23) 

which is so h -ed to \'ield 

Vy = 
[

cPdiSPI<lCClllellt + t iJr ..iL (' )] 
2k8Tsin iJr V,I co D,l' Z x, Y 

[ iJ 1 1 - cot oJt JY z(x, y) 
(24) 

\\' ith this ex pression we no\\' need th e o th e r h o ri zo nta l 
\'eloci ty cam po nent , V,f' to determine vY ' I I' we had 
another int erfe rogra m from a seco nd look direc tion (i,e" 
a n asce nd ing pass ), wc could d e ri\'e a simil a r ex press ion 
rela tin g Vy to V,I' With th ese two equ a ti ons a nd Equation 
(22 ), the three componen ts o f th e \ 'C locity fi e ld could be 
determined, Belu w we disc uss a case where th e re a re no 
interferogra m s ri'om a second loo k direc ti on, 

7't1 51 " 
6lJ I J W 

7X 23' "i 
65 ' 2-l' W 

]ollgliill alld olhN,\.' lee-molioll eslimalioll using SR I 

VELOCITY FIELD FOR HUMBOLDT GLACIER 

I-Iumboldt Glacier is an outl et g lac ier in northwestern 
G reenl and th a t discharges into th e K a ne Basin, Fig ure 7 
5ho\\'s a n ERS-l SAR amplitud e im age of the lower part 
o f th e Humboldr. The locat ion o f th e image is sho\\,11 o n 
th e map in Fig ure 8, The da rke r areas a ll th e ice sheet 
a lo ng th e bright caking Glce are bare ice in the a bl a ti o n 
area, The tra nsiti o n ri'om this region to the adjacent 
brig hter region m a rks the border of the \\'e t-snow zone 
(F a hn estock a nd o thers, 1993 ), Th e brig hter a reas in the 
lower corne rs or th e im age arc within th e pl'Tco la ti o n 
zo n e, Se\'('I'a l la kes a re \'isib le, w hi ch shc)\\' up as sm a ll 
bright circu la r regions in this \\'inter im age ry, 

\\'e obta ined SAR data 1'1'0111 orb its 290+, 2947 a nd 

2990, \\'hi ch spa nn ed th e intcn'a l + 10 Febru a ry 1992, 

;~ ,' 

':7:)V 

Fig, 8, .\ /a/) 0./ Greenlalld J/iowillg the localioll 0./ SAR 
image colllaillillg Ihe lemlillllJ 0./ IIIIII/bolrll Glacier, 

Copyright ESA 1995 

X() 26' " 
63 ·.W' \~ ' 

7lJ 53 ' ~ 
:; tJ 30' W 

Fig, 7, S,·j R amjJlilude illlage 0./ J-fumboldl Glacier, acquired 7 Febw{/I)' 1992, The dimeJ/jiolls 0./ the image are 
ajJ/Jro \ imale(J' 97 km acros.\' QJ' 210 km 10llg, The l('hilt Jquares illdicale Iht lowliolls 0./ lie /)Oi1l15 used 10 eslimale Ihe 
baselille, 
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The UK-PAF (United Kin gdom Processing and Archi v­
ing Fac ility ) SAR processo r produces single-look, com­
plex im ages with phase di scontinuiti es , T o c irc um \'ent 
this problem , wc ord ered ra w SAR da ta and processed it 
o urseh'es to o bta in single-l ook, complex im ages , Proces­
sin g th e d a ta o urseh'es a lso a llowed us to process 
successi\'e 100 km by 100 km fra mes wi th th e sa me 
D oppler para m eters to elimin a te phase discontinuiri es a t 
fra me bound a ri es , 

Using th e three images , \\'e fo rmed tll'O 3 d illlerfer­
ogra ms with th e image from Orbit 2947 comm o n to both, 
The baseli ne Co r th e 2904/294 7 in terferogram is a pp rox i­
ma tely 236 m , a nd for th e 294 7/2990 inte rfe rogra m 
a pproxima tely - 10 m, These interferograms h a ve streak 
errors simila r to th ose obsen 'ecl by Rigno t a nd o thers 
( 1994) a nd J o ughin ( 1995 ), a lth o ug h th ey a re much less 
Se \'C IT a nd no t a signifi ca nt source oC e rro r, T he 
interferog ra m s a lso halT lo ng sp a ti a l-I\'a \'elen g th (50-
100 km ) ph ase errors in th e a lo n g-trac k direc ti o n th a t a re 
simila r to th ose obsen 'ed in interferogra l11 s o f a n area 
north of J a ko bsha\'lls lsb rce U o ug hin , 1995 ) , Th e long­
wa\'el eng th e rrors in th e Humbolclt inte rfe r ogra ms, 
howe\'er, a re mu ch sma ll er than th ose o bsen 'ed pre­
\'iousl)' a nd ha \-e peak amplitud es of about 1 rad , The 
ca uses of th e streak a nd 10 ng-wa\'e1 ength errors a rc still 
unknOI\'n , 

T o cancel the eflec t of m o tio n, we difrere nced th e 
interferogra m s to yield a to pogra ph y-onl y interferogram 
I\'ith a n efrect i\ 'e baseline o f - 246 m (jo ughin a nd o th ers, 
1996), Thi s inte rferogram was used to crea te a DE~r for 
th e a rea o n thc ice shee t. Fig ure 9 shol\'s thi s DEi\J as it 

shaded surface Q\'e rl a id with lOOm contours, In the 
bedrock a reas phase grad ie n ts ca used by stee p slopes 
made it difTi c ult to unwra p th e ph ase , This pro ble m could 
be eased by using a shorter b aseline, " 'e a re prima ril y 
interes ted in th e ice shee t, ho w e \'e r, so we chose a longe r 
baseline to ac hie\'e bett er acc uracy and did not a ttempt 
to determin e th e bedroc k topograp hy, Th e bedroc k 
ele\'a ti ons in Figure 9 a re ex tracted from the sa me 
DEl\f th a t we used for ti e-po int information , \I'hich \I'as 
pro\'ided by S, Ekholm (pe rson a l communi ca tio n , 1994) 
o[ K:\J S (N a ti o nal SUrl'ey a nd C adas tre), Ther e was too 

$.."T~~Slr--~ 

~:~~ 

2()O 
100 

(km ) 

mu ch c1 ecorrela ti o n to un wra p th e ph ase for a na rrow 
ba nd a long the ca lv ing face, This part of th e DEl\I h as 
b een fill ed in lI'ith e le\'a ti on da ta fro m th e Kl\IS DEl\l. 
Th e lo\\'e r reso lutio n o f the K:\IS d a ta ca uses thi s a rea to 
a ppea r smoo ther th a n adj ace nt regio ns in th e sh ad ed 
surface representa ti o n, 

I ce-shee t c\e\'a ti o ns north of' J a ko bshavns I sbrcc ha \'e 
bee n meas ured \I' ith 4 m absolu te a nd 2,5 m rela ti\ 'e 
acc u racy (joughin a nd others, 1996 ) , DE:\I acc uracy is 
largel y determined by rh e q uality o f the ti e points used to 
es tima te rhe baseline , \Y e are unlikel y to ha\'e ac hie \'ed 
acc uracy this hig h since the Humboldt scene is nea r th e 
coas t, where altim e try-d eri\'ed ti e po ints on the ice shee t 
a rc m os t in erro r , Th ese ti e-point e rro rs may ca use our 
DEl\l to halT a syste m a ti c error in th e form of along- a nd 
across-trac k tilts th a t could yield erro rs of' up to seve ral 
te ns o f meters, 'I'V e h o pe to determ i ne th e accuracy o r th is 
DEl\l using lase r a ltim eter da ta fro m the :\iASA Arcti c 
ice-ma pping lid a r wh en it becomes a \ 'a il a ble, We \I-ill a lso 
be a ble to impro\'e th e acc uracy o f th e DEl\l using lase r­
a ltimeter ti e points fo r th e base line es tim ate, Our current 
need IQr th e DENI is to compute surface slopes to es tim a te 
\ 'e loc it)' using Equ a ti o n (24), Our DEM is well suit ed for 
this purpose since slop e es tima tes a rc rel a ti\'cl y un a frec ted 
by ti c-point errors, 

W c used the 2947/2990 interferogra m to es tim a te th e 
ac ross-trac k \'clacity fi eld [o r Humboldt Glac ier. Ti c 
poin ts from areas o [ bedrock (indica ted by \I'hite d o ts in 
Fig ure 7) \I'e re used to es tima te th e base lin e para m e ters: 

B~, = 11,20 111 , B~ = 2+,17 111, 813" = - 17,1 7 m and 8Bp = 
-7 ,40 Ill , The baseline for this inte rferogram is much 
sho rter th an th a t o f th e topograph y-o nl y interferog ra m, 
so regions consisting of bedrock we re easil y unwra pped, 
The efrec t of ta p ogra phy \I'as rem o\'ed using a syn th e ti c 
inte rfe rogram c rea ted using th e DEl\I. Th e res ult , 
<Pdisp lnccmcnt, is shown in Figure 10 , Th e phase is di sp layed 
rewra pped (i,e" m oduI0-27f) with irreleva nt a reas (sea 
ice ) a nd areas th a t co uld not be unwra pped mas ked o ut. 

\\'e need to kno \l' th e compo nent of \-c\ocity in th e 
a lo ng-track direc tio n , V,r, to es tim a te Vy using Equ a ti on 
(24) , Wc do not ha \ 'e a n interfc rogra m from a second look 
direc tion, so wc h ave no direc t knowl edge of V,I" ' If wc 

50 
() 

Fig , 9, i llleljeroll7etricol£y deril'ed DE.!! of the 10ll'er 110rt of H I/mboldt Glacier , B edrock elevations were determilled 
1)/lOtogramlllelriealo' (personal (olllll1unication ,from S, Ek/1O llll , i 99-1- ) , The contollT interval is JOO 117 , i llumination is 
directed Jroll1 overhead along the /'ertieal aris , 
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kn e\l' th e fl o \\" direct ion. th en \\'e could d etermine V.1' from 

v!J ' fl o\\" direc ti on ca n be es tima ted fi-om th e direc ti on of 
m a ximum ave raged dOl\' nhill slope (Pa terso n, 1994) . This 

yields an a \'e raged flo\,' direc ti o n that misses pe rturba­

ti ons in th e direction of 00\1' o n sca les less th a n a reI\' ice 

thi ckn esses . N e\'Crth eless, in th e a bse nce or o th e r direc­

ti o na l info rm a ti o n this me th od m ay prO\' id e reasona ble 

res ults. 
In th e Humboldt interrerogr am th e across-trac k 

direc ti on is n ea rl y a ligned with th e direc ti on 0 [' fl ol\' in 

m os t a reas so that V.I' is sm a ll with respec t to j l!J ' 

Therefore, \IT n eglect V.I" in o ur es tim a te of v.II' This is 
simpler, a nd \\'o rks a lmost as \I'e ll as es tim a ting fl o\\' 

di rect ion fro m surface slopes . S ince wc a rc no t es tima ting 

stra in ra tes, th e sli gh tly large r error \I'ith thi s approach is 

insignifi ca nt. 
Figure 11 sh o ws es tim a tes oC Vii a long a pro fil e from 

th e Hu mboldt d a ta made \I'ith a nd \I'ithout co rrec ti o n fo r 

'/): . Com pa ri so n of the pro fil es indica tes th a t ig no rin g v: 

lead s to erro neo us short-sca le \ 'a ri a bilit v in the es tima te. 

v!!' of up to 10 m yea r I . This e r ro r is r~mo\Td \I'hen th e 
\ '{' loc it \' is d e termined using E qu a ti on 2-t T h e co rrec­

ti on is imperfect f() r thi s exa mpl e b eca use V.I' is no t kn own. 

Th erefore, it is diffi cult to tel l ho w much of th e \'a ri a bility 

in th e co rrec ted profi le is du e to grad ien ts in th e 

ho ri zo nta l \·e loc it y. This p ro blem co uld be reso k ed \I'ith 
a n interferogra m fi'om a second look direc ti on. 

Figure 12 shows th e co n to u rs of th e across-trac k 

\'Cloc it y field fo r H umboldt G lac ie r. .-\t sli gh tl y m o re than 

100 km , Humbo ldt Glac ier h as th e wides t ca kin?; bee of 
a ny outlet glacie r in th e ;\Io rth r rn H emi sph ere (\\'eidi ck 

a nd o th ers, 1995 ) . \\' eid ick a nd o th ers ( 1995 ) susp ec t th a t 

th e caki ng race is g round ed. In th e S:\R image ry (Fig. 7) 
it a ppea rs that m os t of th e caking fare is g ro und ed. 

m a kin g thi s pe rh a ps the lo n?;est continuous ex te n t of 
g round ed ca h 'ing ice anY\I'he re . Although its \I ' iel th m a kes 

7X 51 ~ 
6LJ - I Y W 

7X - :23 ' N 
6) 24 ' W 

o 

20 

]ol/ghin alld olhers: lee-II/oliol/ eslill/alioll IIsillg SRI 

__ Vy estimated with correction ror vertica l velocity 

-- fly estimated ignoring vert ical veloci ty 

- - - - surface elevation, ::: 

1000 
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O~ ___ ~ __ ~~~ ______ -L_~~ __ ~' __ ~~O 
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Fig. 11 . E\{/mjJles OJ hori::,olltal l'e/oci[J' eslimale,l made 
wilh alld l('ilhollt corretlioll Jor l'erlica/ ee/oci£)'. SlIIjace 
ele1'aliol1 is also shoWII . 

it th e broades t o utl e t g lacicr in G ree nl a nd , th e ve loc ity 

fi eld fo r H umbold t G lac ier fi g . 7) IT\'Ca ls th a t th e ice­

no\\' speeds a re m od era te. an d a lso th a t th e enh a n ced 

speeds d o no t reac h g rea t di stanccs inl a nd. Wi th ice-Oow 

speecl s o f less th a n 100 m yea r 1 o nl y 15 km rrom th e 
ca king fron t O\T r th e so uth wes te rn h a lr or th e g lac ie r , it is 

clea r th a t mos t or th e d isc ha rge flu x is ca rri ed in th e 

no rth eas tern haI r. Flo \\' in thi s a rca exceeds speeels o f 

1+0 III yea r 1 25 km rro m th e cah 'ing race, a nd prod uces a 

reg io n of cnh a nceel sh ear on th e no rth eas tern m a rg in. 
This enh anced no \\' m ay be du e to th e prese nce o r a 

ch a nnel in th e bedroc k. 

\\'e do no t ha\'C ind e pende nt cs ti ma tes or ice \'C locit y 

to dircct ly C\ 'a luate th e acc uracy of' o ur res ults. On th e 

a reas or bed roc k, th e \'e loc it y is zero, so \IT ca n es tim a te 
e r ro r fo r bed roc k regio ns. Aft er 1'('l11o \'a l of topog rap h y, 

th e Illcan of th e ph ase in th e bedroc k area is - 0.05 ra d, 

a nd th e stand a rd d e" ia ti on is 1. 5 racl. This is equi\'alc nt to 
a \T loc it \' error \I'ith a mea n or 0.07 m yea r 1 a n d a 
sta nda rd 'de\'ia ti o ll of 2. 1 m \'Car 1 

:2rcNo Data 

~O ' :26 ' ~ 
63 C 3LJ ' W 

7<) °53' N 
5<) °3O' W 

Fig. 10. IlIlelferolllelric /J/zase , <Pdi,plll('('"I(.lt. due 10 slllface dis/J/acelllelll ill Ihe radar look directioll thal oCCllned between 7 
alld 10 Febn{{/IJ 1992. Areas l('il ll 11 0 dala (orres/Jolld 10 regiolls where lite plwse (011 Id 1101 be IIIlll'rajJJJed or 1I'(/S IIwsked ( 10 

m'o id regioll !> l(' ilh sea ice ) . 
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Fig, 12, COil/ours of across-track oe/oei£)' , Vy ( I7l)WII ' ) , ol'er/aid 0 11 SA R amplitude image. 

In th e preyious sec ti on w e es tim a ted e rror due to 

base line inaccuracy by m eans of simula ti on . In o rd er to 

a pplY this procedure lO th e Humboldt a rea, we need to 
know th e ph ase error and ti e-po int error. \\' e do n o t halT 

a n acc ura te es tima te of th e error in tb e ti e points 

ex trac ted fro m th e KMS DE~f. Once th e topog ra phi c 

efTen s a re remO\'ed , th e ph ase va ri a tion in th e bedrock 

a rea is th e res ult of norm a l phase error and phase error 

due to uncompensa ted to pogra phy (DEl\J error) . The 
standard d evi a tion of th e ph ase in thi s r egion is an 

estima te o f th e combined effec ts o f ph ase a nd DEl\'I error. 

Thus, \, 'hen th e stand a rd d e \ 'iation o f" th e res idua l phase 

of th e ice-free a rea is used in the simula ti on , th e effec t of 
ti e-point cl e\'a ti on error d oes n o t ha \'e to be included 

expli citl y as in th e pre\'ious sec tion . 
The res ults o f th e simul a tion indica te that fo r th e 

HUll1boldt scene the maximum, sta nd a rd d e\ 'ia tion of th e 

I"elocity er ror due to base line erro r is O"~B.I"'= 0, 99 m yea r I. 

Combining this error with th e combined es tim a te of phase 
a nd DEl\[ e rro r from th e ice- free areas (2. 1 m year \ th e 
m aximum \ 'C locitv erro r o n th e ice-coyered a rea IS 

2 .3 m yea r I. Actu~1 erro rs m ay be slightl y la rge r du e lO 

uncompensa ted verti cal m o ti o n since V,I" \\'as ig n o red 111 

a pplying Equ a tion (24) . 
In th e prio r simula ti ons w e ass um ed a low va lue (O"t;> = 

7'1/ 20 rad ) fo r th e phase no ise . . \ fter acco unting for DEl\[ 

error. th e pro porti on of th e 1. 5 rad phase erro r attributa ble 
to phase no ise du e to spec kle is large r th a n ex pec ted 

(O"t;> > I rad ) . Som e, but no t a ll , of this \'a ri a tion is ca used 
by th e lo ng-wa \'e!ength ph ase errors described ea rli er 

(Jo ughin , 1995 ) , The bedroc k a rea in the upper rig hth and 
corn er of Figure 10 has a m o ttled appeara nce, indicating 
some oth er source of erro r. U nlike spec kle ph ase noise, 
\I'hich \'a ri es independ entl y from pi xel to pixel, this error 

has spa ti a l structure OI'er leng th sca les of se\'era l kil ometers, 

This cann o t be uncompensa ted top ogra ph y as the baseline 
is too sho rt. Base line erro rs wo uld yield more linea r tilt 

errors. Phase erro r \I'ith simi laT struc ture has been obsc n 'ed 
by Goldstein (1995) for a n a rea in the ~ I oj a \ 'e Desert , 
Ca liforni a , U ,S.A. He a ttributed it to additiona l time 

(phase) d elay due to turbu lent wa ter \'apo r in th e lower 

5 74 

a tm osphere. ft is p ossibl c that th e fea tures in our d ata a re 

th e res ult of a simil a r phenomeno n. I ( is interesting to no te 

th a t th e grea tes t a no m alous phase vari a tions a rc assoc ia ted 

with a rea containing th e most ru gged topogra ph y, Further 
resea rch is need ed to rcso h-e th e exac t cause and effec t or 

th ese phase anom a li es , Furthermo re, beca use th e e rro r is 

sp a tia ll y correla ted it cann ot be redu ced by simple filt e ring , 

as with phase noise due to speckl e, 

UNMODELED ERRORS 

Th e Humboldt inte rfe rograms a nd interferogra m s fi'om 
o th e r a reas in Greenl a nd (Rig n o t a nd oth ers, 1994; 

J oug hin , 1995 ) h a \'e strea k errors, lo ng-wa\'el eng th e rro rs 

a nd errors th a t a re likely du e to a tm os ph eri c effec ts, No ne 

of these types o f e rro r was mod e ll ed in our simul a ti o ns, 

b eca use \I'e do no t ye t ha\'e a goocl cha rac teri za ti o n of 
th ese errors , \V e d o no t e\'en know th e cause of streak a nd 

lo n g-wa\'eleng th e rro rs. These ph ase errors a re a direc t 
source of\Tlocity e rro r , and also co ntribute to it indirec tl y 
b y ca using la rge r b aseline-estim a ti o n e rrors, 

The long-wa\'e leng th error in p a rti cular is a p ro blem 

when using ti e p o ints distributed o \'er a sm a ll a rea , 

Consider th e situ a ti o n wh ere ti e p o ints are disp ersed O\'e r 

an a rea 25 km sq u a re. Ass um e a lo ng-waveleng th e rro r 

th a t , O\'e r the ti e-po int a rea, I'a ries linearl y by I ra d in th e 
a lo ng-trac k direc ti o n, This \I'ould y ie ld a baselin e e rro r of 

10 ra d or mor e "vh en th e base line is ex tend ed 250 km 

inl a nd . [f th e tie p o ints \I'ere loca ted a t both encl s o f th e 

250 km a rea, long -wave length e rro rs would have o n ly a 

minor eflec t on th e baseline erro r, At present, spreading 
o ut th e ti e points is the bes t way to o\'erco m e lo ng­

\\'a \'cl eng th ph ase e r rors, 
Further resea rc h is needed to und erstand th e causes of 

th ese errors, \ Ve n eed to know th e ir a mplitud es a nd th e 

fr equency with whi ch th ey occ ur. Once \I'e und ersta nd 
th e errors better , it m ay be possibl e to design a lgo rithms 

to climin a te th e m, At th e ve ry leas t , we n eed to 

und erstand th e e rrors well eno ug h to determin e th eir 

fu ll impac t on es tima tes of ice-flow \ 'clocity, 
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CONCLUSIONS 

Th e results of the simuia tions sugges t SOnl l: rul es tha t 
should be a pplied when choosing tie points. Four GPS­
measured \ 'e locity ti e points can prO\'ide good acc uracy 
o\"er large inl and areas. Th e bes t way to impro\'e 
acc uracy with only four po ints is to maximize the 
spacing be tween points. Assuming eleva ti o n is knO\I"I1 , 
geoloca tio n accuracy for ERS-I /2 is of th e o rd er of 50 m 
(Smith a nd o thers, 1994 ) . Thus, ti e points can be 
a utoma tica ll y geo located within SAR im age ry and need 
not be associa ted with a ny rad a r-\'isibl e fea tures . There 
a rc few areas on th e ice shee t where the s tra in ra te or 
slope is so high that be tte r d etermina ti o n of ti e-point 
loca ti on is required. Ti e po ints can easil y be selec ted to 

avoid th ese areas . An inte rfe rog ram with th e shortes t 
base li ne avail a ble should be used to m a ke velocity 
es tima tes . 

For coas ta l a reas, a reaso na bly d e ta iled ma p 
(hori zontal reso lution of 0. 5 km or ben er) a nd a sufIicient 
a rea of exposed bedrock allow th e baseline es tim a te to be 
extend ed o nto the ice shee t with accepta bl e accuracy . 
The a bility to use many ti c points mea ns th a t high 
acc uracy is possible e\'en with ti c-point ele\"a ti on errors on 
th e order o f 100 m for a reas lI'i thin 100- 200 km of the 
coas t. Iflarge a reas of bedroc k a re a\'aila bl e, it is possible 
to extend th e veloc ity es tim a tes much furth e r inland with 
reasonable ace u racy . 

Our t-esults have demo n stra ted th a t ice \ 'e locities 
acc urate to within a fe w m e ters p e r year can be 
d e termin ed with SRI , a lth o ugh a ce ut-a cy varies 
g reatl y with the qualit y o f ti c points. \\Ih e n both 
asce nding a nd d escendin g images a re acquired 
during the ta nd em ph ase o f ERS-l /2 , it should be 
possibl e to m a p the fu 11 th ree-dim ensio n a l \ 'eloci t)' 
fi eld ass umin g surface p a rall e l now. The d etail ed 
velocity and topograph y info rm a tion re nd e red by 
SR I prO\'id es an important n ew source of data fo r 
ice-shee t s tud y . 
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