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1. Introduction. A group G is said to be an FC-group if each element of G has only a
finite number of conjugates in G. We are concerned with the class ® of periodic locally soluble
FC-groups. Clearly subgroups and factor groups of ®-groups are also ®G-groups.

Every finite soluble group is a ®-group, and we consider here the generalization of a
concept from the theory of finite soluble groups.

In [1], B. Fischer, B. Hartley and W. Gaschiitz defined a Fitting class to be a class € of
finite soluble groups satisfying the following conditions:

(i) If Ge€ and N<a G, then Ne€; and

(ii) if N, and N, are normal €-subgroups of G such that G = N, N,, then G is also an
€-group.
If X is any class of groups, then an X-injector of the group G is defined to be an X-subgroup

X of G such that, for each subnormal subgroup S of G, X n S is a maximal X-subgroup of S.
The following result was proved in [1]:

TueoreM 1.1. If € is a Fitting class, then a finite soluble group G possesses €-injectors and
any two such subgroups are conjugate in G.

We shall extend this result to the class .
We define a Fitting class of G-groups to be a subclass § of ® satisfying the following
conditions:

(i) If Ge§ and N<a G, then Ne §; and

(i) if N, (AeA) are normal §-subgroups of the G-group G such that G =gp{N,: leA},
then G is also an §-group.

With the usual notations for closure operations, these two conditions may be written

() s, =& and (i) NFNOG=G.

These conditions ensure that every G-group G has a unique maximal normal §-subgroup,
called the §-radical of G.

An automorphism ¢ of a group G is said to be locally inner if, for each finite set of elements
di1,---,9,€G, there is an element xe G (depending on the set g,,...,g,) such that

gad=x"1g.x (i=12,...,n).

If there is a locally inner automorphism of G mapping a subgroup H onto a subgroup K, then
H and K are said to be locally conjugate in G. In a number of results for FC-groups which
are generalizations of results for finite groups it will be seen that local conjugacy replaces
conjugacy. This holds, for example, in the case of Sylow subgroups {2], Carter subgroups (5]
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and covering §-subgroups [6]. We shall have a further illustration in the present paper where
we establish the following result:

If & is a Fitting class of ®-groups, then a ®-group G possesses §-injectors and any two such
subgroups are locally conjugate in G.

A.P.Dicman proved that every finite set of elements of a periodic FC-group G is contained
in a finite normal subgroup of G (see [4], pp. 154-155). To construct the §-injectors of G
from the F-injectors of the finite normal subgroups of G, we also use the theory of projection
sets due to A. G. Kuro§ ([4], pp. 167-169). We refer to the outline of this theory given in
Section 3 of [6].

In Section 4 we consider what conditions are necessary for the §-injectors of G to be con-
jugate in G.

2. Fitting classes of G-groups. In this section we characterize the Fitting classes of
®-groups in terms of the Fitting classes of finite soluble groups. The first result is an immediate
consequence of the definitions.

THEOREM 2.1. If § is a Fitting class of ®-groups, then the class of finite §-groups is a Fitting
class of finite soluble groups.

THEOREM 2.2. If € is a Fitting class of finite soluble groups, then L& N ® is a Fitting class of
®-groups.

Proof. (i) Let H be a normal subgroup of the LE N G-group G and let A,,...,h, be
a finite set of elements of H. There is an E-subgroup F of G containing 4,,...,h,. HNEisa
normal subgroup of E and so is an €-subgroup of H containing 4,,...,h,. Thus HeLEn G
and LE N G is s,-closed.

(ii) Let G be a G-group generated by the normal LE-subgroups N, (AeA) and let
d1,---,9, be afinite set of elements of G. There is a finite normal subgroup N of G containing
g1;--+:9n and we may choose 4,,...,A,.€Asuch that NS N, N,,...N, =L, say. Itis now
sufficient to prove that NyLEN® = LEN G, for then LeLEN & and so, by (i), N is an
€-subgroup of G containing g,,...,d,.

Accordingly let H and K be normal LE-subgroups of the G-group G such that HK = G.
Let g,,...,9, be a finite set of elements of G and, for each i=1,2,...,n, write g, = h;k,,
where ;€ H and k;e K. There are normal E-subgroups E, and E, of G contained in H and K
and containing h,,...,h, and k,,...,k, respectively. It follows that

J1s.-.,d,€EL E,eN, € = €.
Thus GeLE n G, as required.

It follows from these two results that the Fitting classes of G-groups are precisely the
classes LE N ®, where € is a Fitting class of finite soluble groups.

CoROLLARY 2.3. If § is a Fitting class of ®-groups, then LEN 6 = §.

https://doi.org/10.1017/50017089500000689 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500000689

132 M. J. TOMKINSON

3. E-injectors of G>-groups.

LeMMA 3.1. Let & be a Fitting class of ®-groups. If V is an §-injector of the ®-group G
and H<a G, then V ~ H is an §-injector of H.

Proof. Vn H is a normal subgroup of V and so is an {-subgroup.
If S is a subnormal subgroup of H, then S is also subnormal in G, and so ¥n S is a
maximal §-subgroup of S.

THEOREM 3.2. Let § be a Fitting class of ®-groups. Then the ®G-group G possesses
&-injectors.

Proof. Let {N,: A€ A} be the set of all finite normal subgroups of G. Since the class of
finite ¥-groups is a Fitting class of finite soluble groups (Theorem 2.1), each N, possesses
%-injectors (Theorem 1.1). For each A€A, let &7, denote the set of F-injectors of N;; then
each o, (AeA) is finite and non-empty. The sets &/; (A€A) may be partially ordered by
defining &; < &/, if and only if N; S N,.

If &, < &/, and V, is an §-injector of N, then, by Lemma 3.1, ¥, A N, is an §-injector
of N,. Thus we may define a projection =,; from &/, into &/; by

V“TIM = Vll ('\N;..
Clearly 7, is the identity mapping on &/,, and if &/; < &/, < &,, then
an‘.yn‘u\= VvﬁanNA= anNl= anvb

and so 7w, T,; = 7W,;.
It follows that there is a complete projection set, i.e. a set # = {V,;; AeA} such that,
whenever N; SN, V,nN,=V,.

We define V= () V, and show that V is an §-injector of G. If x,,...,x, is a finite set of
AeA

elements of V, then there is a finite normal subgroup N, of G containing x,,...,x,. Butitis
clear from the properties of the complete projection set & that Vn N, = V,, and so x,,...,x,
are contained in the §-subgroup V; of ¥. Thus ¥ is an LE n G-group; hence, by Corollary
2.3, Vis an §-group.

Now let S be a subnormal subgroup of G and let W be an §-subgroup of S containing
VnS. Foreach AeA, Wn N, is an §-subgroup of SN N, containing VA SAN,=V,nS.
Since S N, is subnormal in N, ¥, n S is a maximal §-subgroup of SN N, and so Wn N,
=V,nS. Therefore

W= ) (WaN)= ) (VinS)=VnS;

AeA AeA

hence V' n S is a maximal -subgroup of S.

THEOREM 3.3. Let § be a Fitting class of ®-groups. Then any two F-injectors of the
®-group G are iocally conjugate in G.

Proof. Let ¥, and ¥, be two F-injectors of G and again let {N,: Ae A} be the set of all
finite normal subgroups of G. ¥, n N, and ¥, n N, are §-injectors of N, (Lemma 3.1) and
so are conjugate in N, (Theorem 1.1). For each AeA, let &, be the set of automorphisms of
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N, which are induced by inner automorphisms of G and which map V, n N, onto V, n N,.
Then each &, (A€ A) is finite and non-empty.

If N, £ N, and ¢, € o/, then the automorphism induced in N, by ¢, is a member of &/,.
It follows from a result due to S. E. Stonehewer ([5], Lemma 2.2) that G has a locally inner
automorphism ¢ which induces in each N, an automorphism in the set ;. In particular,

(VinN)p=V,nN,
and so
Vig = U (VinNy)¢ = U (VanNp)=V3;

AeA AgA

i.e. ¥, and V, are locally conjugate in G.

It was proved in [1] that, if ¥ is an E-injector of G and H is a subgroup of G containing
V, then V is also an G-injector of H. This result is easily extended to the class .

THEOREM 3.4. Let § be a Fitting class of ®-groups and let V be an §-injector of the G-
group G. If V< HZG, then V is an §-injector of H.

Proof. Let {N;: Ae A} be the set of all finite normal subgroups of G. By Lemma 3.1,
VN, is an J-injector of N,. Since the class of finite §-groups is a Fitting class of finite
soluble groups and VNN, S HAN,<N,, VAN, is an F-injector of Hn N,. It now
follows as in the proof of Theorem 3.2 that ¥'= { J (V' N,) is an F-injector of H = | J(H A N)).

AeA AeA
A subgroup 4 of a group G.is said to be pronormal in G if, for each xe G, 4 and 4* are

conjugate in gp{4, 4*}.

THEOREM 3.5. Let § be a Fitting class of G-groups. If V is an §-injector of the ®-group G,
then V is pronormal in G.

Proof. 1If xe@G, then V* is an §-injector of G and so, by Theorem 3.4, V and V* are
F-injectors of H = gp{V, V*}. Therefore there is a locally inner automorphism ¢ of H such
that V¢ = V* (Theorem 3.3). But H < gp{V, x}, and so V has finite index in H. It follows
that V¢ = V* for some he H, so that ¥ and V* are conjugate in H.

4. Conjugacy of J-injectors, If A is a subgroup of the group G, then the local conjugacy
class containing A is the set of all subgroups of G which are locally conjugate to 4, and is
denoted by Lcl(4). Similarly the conjugacy class containing 4 is denoted by Cl(4).

We showed in [7] that, with suitable conditions on A, Lcl(4) = CI(4) if and only if Cl(4)
is finite. The main restriction on 4 was that, for any set {H,: Ae A} of normal subgroups of

G, () (AH,) = A(() H,). This condition is not satisfied by the F-injectors, and so we prove
AeA AeA

a result similar to that in [7] with different conditions on the subgroup 4. The proof of this
result is essentially the same as that given by M. I. Kargapolov [3] for the case in which A is a

Sylow p-subgroup, but, as Kargapolov’s result is not available in translation, it seems worth
giving the details in full.
I
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THEOREM 4.1. Let A be a subgroup of the periodic FC-group G satisfying the following
conditions:

(i) A is pronormal in G; and

(ii) for each finite normal subgroup N of G and for each xeG, AnN and A*n N are
conjugate in N.

Then Lcl(4) = CI(A) if and only if CI(A) is finite.

Proof. It has already been shown in [7] that, for any subgroup 4 with Cl(4) finite,
Lcl(A) = Ci(4). It remains to prove that if CI(4) is infinite, then Lcl(4) # CI(A4).
We shall define inductively the following ascending chains of subgroups:

1=Noy<N;<..<N;<..., )
where each N, is a finite normal subgroup of G,

1=4,<4,<..<4;<..., 9))

1=A3 <A} <...< A} <..., [€))

where, for each integer i > 0, A; and A are subgroups of G which are conjugate to N; N 4
and which satisfy the condition
|z,:;1—,(\Ai*I = n,-,
where
l=ny<n <...<m<.... O]

o0

[+ ow
By Lemma 2.2 of [5], |J 4; and | ) 4f are locally conjugate to | ) (N;n 4) and so are
i=0 i=0 i=0
contained in subgroups A4 and A*, respectively, which are locally conjugate to A.
N;n A* is conjugate to N;n 4 and contains A7 Therefore N;n A* = A and so

A,n(AnA*)=A4,nA*
= Z,-ﬁNiﬁA*
= ZiﬁA;f.
Therefore
|A:AnA*|2 |4 AnA=n, foralli.

Thus | 4: 4~ A*| is infinite and so 4 and A* cannot both be conjugate to 4 (7], Lemma 2.3).
Therefore Lcl(A4) #£ CL(A).

To construct the chains (1), (2) and (3), we assume that we have constructed the first k
terms of each chain and show that subgroups Ny, 4., and 4, , may be defined such that
Ny+1 is a finite normal subgroup of G containing N, Ay, > 4y, Ay > A, Aieq and 47,
are conjugate to A NNy, q and | Ay Ay g VAL | > 1

Let {N,: e A} be the set of all finite normal subgroups of G containing N,. If 4 and 4*
are subgroups locally conjugate to 4 and containing 4, and A4 respectively, then, as above,
NynA=A,and NynA* = A}
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Thus, for each AeA,
A, n(AAN;nA*) = 4,0 Af.
Therefore
|[ANN;::ANN,nA*| 2|42 40 A |=n,,
for all Ae A and for all 4, A* satisfying
Az A, A*= A}, Aand A* are members of Lcl(A).

Suppose, if possible, that
|AAN;:AnN;~n4*|=n,,

for all A€ A and for all 4 and 4* satisfying (5).
Now
gp{4;,ANN,nA*} < ANN,
and so
|gp {4, ANN nA*}:AAN, nA*| <,

But clearly
lep {4, ANN, nA*}:ANN, NA*| 2 |4 A n AL | =n,.

Therefore

lep {4, ANN, N A*}:ANN;nA*|=|ANN;: AnN;nA¥|

and so
gp{zk,ZﬁN;'ﬁA*} =ZﬁNl,

for all Ae A and for all 4, A* satisfying (5).
By Lemma 2.4 of (7],

|[A* AN AN nA*|=|AnN:ANN; nA* | =n,
and so we may prove, corresponding to (7), that
gp{4f,AnN;nA*} = A*AN,,

for all 2e A and for all 4, A* satisfying (5).
It now follows from (7) and (8) that

N, AnN,=N(ANN))
=N(ANN,n 4%
=N(4*nN))
=N A*AN,,
for all A€ A and for all 4, A* satisfying (5). .
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Thus
NA= ) NAnN) = |) (NeA*nN,) =N, 4%, ®
AeA

AeA
for all 4 and A4* satisfying (5).
Let xe G; then, by (ii), N, ~ 4% is conjugate to N, n 4 in N,, and so there is an element
ne N, such that

A" = N,nA = A,
1t follows from (9) that

Nka"=NkZ,
i.e. that
Nka=NkZ.

Thus N A< G.

For each xe G, 4* £ N, A and hence, by (i), 4 is conjugate to A in N, 4. But |NkA 1A |
is finite, so that 4 has only a finite number of conjugates in N 4. Thus 4 has only a finite
number of conjugates in G, contrary to our initial hypothesis.

We have shown that our assumption (6) leads to a contradiction, and so there must be a
normal subgroup N, (A€ A) and two subgroups 4 and A* satisfying (5) such that

[ANN:AAN;nA*| > n,
If we define
Nyyy =N, Ay =4A0N,, Af,=A%nN,, nk+1=le+13Zk+1ﬁA:+1l,

then we have defined the (k + 1)th terms of the series (1), (2) and (3). This completes the proof
of Theorem 4.1.

COROLLARY 4.2, Let § be a Fitting class of ®-groups. Then the §-injectors of the G-group
G are conjugate in G if and only if there is only a finite number of them.
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