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Abstract. We consider certain non-invertible maps of the square which are
extensions of the quadratic maps of the interval and their small perturbations. We
show that several maps of the type possess attractors which are not hyperbolic but
have invariant measures similar to Bowen-Ruelle measures for hyperbolic
attractors.

1. The properties of a dynamical system / : X->X which possesses an invariant
contracting foliation are closely related to the properties of the system induced on
the quotient space. When (X, f) is studied from the point of view of the topology,
this relation is based on the inverse limit construction (see [14]), but when/-invariant
measures are studied one uses the natural extension construction (see [12]).

In this paper we consider the situation when the quotient space is an interval
and the corresponding induced one-dimensional map has a single critical point.
We shall see that several systems of this type possess attractors which are not
hyperbolic but have similar properties.

The maps under consideration are non-invertible. We show, however, that the
set where the inverse map is not defined is negligible from the point of view of
any absolutely continuous measure. We shall say that an attractor A of the map /
admits an absolutely continuous invariant Bernoulli measure if there exists a finite
measure fi such that (A,/, /x) is a Bernoulli automorphism and there is an invariant
subset Ai<=A satisfying /n(Ai) = l, where Ai is a union of rectifiable curves ya,
forming (mod 0) a measurable partition of Ai, and on every curve ya^ induces
the conditional measure n{-\ya) which is absolutely continuous with respect to
normalized length.

In §§ 2-5 we consider a map F: S-*S of the unit square 5 similar to the 'twisted
horseshoe' map from [7] and prove the following theorem.

THEOREM 1. The attractor of the map F admits an absolutely continuous Bernoulli
measure.
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318 M.V.Jacobson

In §§ 6-10 we consider some one-parameter families of maps Fa:S-*S which
induce on the quotient space mappings JC -*ga{x) close to x -»ax(l -x ) . For these
families we prove the following theorem using the results of [8].

THEOREM 2. There exists a set M of parameter values of positive measure, so that
for any aeM the attractor of the map Fa admits an absolutely continuous Bernoulli
measure.

The approach to the proof of these results is based on the 'induced map' method
combined with the 'itinerary schemes' method due to Alexeyev [1].

In the last year of his life, despite his grave illness, V. M. Alexeyev continued
his work on various mathematical problems. Several times we discussed the subject
of this paper. His attentive and friendly attitude stimulated my work to a great extent.

I would like to thank B. M. Gurevich and I. P. Gornfeld for discussions and
useful remarks.

2. We denote by si c C2([0, 1], [0, 2]) the set of mappings satisfying g(0) = g(l) = 0.
Let e > 0 be a small constant. We define sie < si as the set of mappings g satisfying

(i) \\g(x)-4x(l-x)\y<e;

siB is a surface of codimension 1 in si. The curve T = {x -*ax(l—x)} intersects
sis transversally at a = 4, thus for any one-parameter family x -* ga {x) e si sufficiently
close in C2(Ax [0,1], [0,2]) to x -*ax(l-x) where a eA =[0, 5], x e[0,1], there
exists an a0 such that g^ e $4e.

Let us consider the square 5 = { 0 s i < l , 0 < y < 1} and the map F: S -*S defined
by

h (1)

where A >0 is a small constant, g(y)esie and <p(y) is a C2 function satisfying the
following conditions:

i+28 forye[0,\ + 8]

y forye[ri-S,l-ri+S]

1-25 fory eft-S, 1]
where r± is defined in (3) and S >0 is the small constant defined in (4), see § 3.

The map F is illustrated by figure 1.

Remark. We have chosen the above formula for <p in order to simplify the calcula-
tions. One can check that the following results are valid for a large class of (p.

A similar 'twisted horseshoe' map was analysed in [7]. Bowen in [4] considered
such a map as an example whose dynamics are undecided.
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FIGURE 1

(1) implies that the horizontal foliation £ = {£y} of 5 is invariant under F, and
F: iy -»£,;(y) is a contraction with coefficient A.

Let us consider a sequence (y0, yu • • •, yn, • • •), where yn e g~\yn-i), and g~*(y)
is the inverse image of y under g. We have F"£yn <= £y, diam F"fyn < A " and thus
(~X?=oFn€yn is a point which we denote by A/(y0, y i , . . . , yn> • • •)•

Following the inverse limit construction (see [14]), we introduce a space Y =
{y = (yo, yi, • • •) and we define the map g: Y-> Y by g(y) = (g(y0), yo, yi, • • •)• We
shall use the notation A = (~X?=0F

nS, and ir:(y0, y i , . • .)->M(y0, y i , . . •)• It follows
from the definition of the topology in Y that v is continuous, and the construction
implies that TT : Y -* A is onto and satisfies

V o g=F °TT. (2)

3. The map v is not one-to-one because g is a homeomorphism and F is non-
invertible on A. We shall see nevertheless that n induces an isomorphism between
the dynamical system (A, F, fi*) and the natural extension (Y, g, /I) of the system
(Y, g, n), where fj. is a g-invariant measure absolutely continuous with respect to
the Lebesgue measure dy on [0,1], and fi* = ir^/1.

It is known that any gesie admits an invariant measure fig absolutely continuous
with respect to dy. Let us recall the construction of /xg from [9].

The mapping g has a repelling fixed point t = g(t)?iO. Let r"1 be the second
pre-image of t. Let us denote I = [t~1,t]. Let G:/-»7 be the map induced by g,
i.e., for y e / one sets G(y) = g"<y)(y), where

We have / = ^A,-*) KJK, where A,± are open intervals such that for

yeA,±n(y) = /, A,_c[0,c], A,+ c [ c , l ] ,
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and K is the union of the set of end points of Ai± and of the critical point c, see
figure 2. Let us denote go(y) = 4y(l - y ) . Then

is the corresponding measure. For g = g0 we have I = I0 = [t0, to
1 ], where

=1 (3)

FIGURE 2

The map Go induced by g0 satisfies the following conditions:

(A) 3ko:\DGo"{y )| > c o > 1 for any y such that Go°(y) is defined.

(B) sup |D2Go(y)|/|DG0(y)|-|A,|<c0, withco independent from /.
ye A,

If e is sufficiently small any g e s£e induces G which also satisfies (A) and (B) on
the interval I = Ig = [t~\ f ]. Let us denote

and let S be defined by

sup maxJI?"1-!!, |pi — ri|, | p 2 - ( l - '

Here 8 is the constant from the definition of <p(y) in § 2.
Conditions (A) and (B) imply ([2], [13]) that G admits an invariant measure

(4)

on / with #(y) continuous and bounded away from 0.
The /-invariant measure fig is constructed from vg according to the following

formula, which holds not only for the induced map G but also in a more general
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situation when G locally coincides with different powers of the map g:

M(£)= I "l v(g~"(Eng"A,-)). (5)
,=1k=0

When G is an induced map, we have fi = v \I and /u. (rfy) = <? (y) dy where the density
q(y) is continuous on [0,1], bounded away from zero and has two singularities of
the type 1/Vy at 0 and at 1.

Let (/, G, v) be the natural extention of (/, G, v). The construction of § 8 below
implies that the automorphisms of measure spaces (Y,g,£L) and (/, G, v) are related
in the following way. (/, G, v) is isomorphic to an automorphism induced by g on
a subset / ' of Y. Let q:/-»/' be this isomorphism. For

zel, z=(zo,zi,z2,...), Gzi=Zi~u

for any / = 1, 2 , . . . we have Gz{ = gn'Zi. Then q(z) = y is defined by

y = ( z 0 , g " ' ~ l z u ..., g z i , z i , g n * ~ l z 2 , . . . . g z 2 , z 2 , . . . . ) .

Furthermore / ' coincides mod 0 (i.e., neglecting sets of zero /I-measure) with the
set{y = (y0, y i , . . . ) :y o 6 /} .

(/, G, v) admits a pair of invariant continuous partitions analogous to contracting
and expanding foliations for Anosov systems (see [11,12]). Let TJ be the decreasing
partition, whose elements are

T}/ = (/, A,,, A/2/ l,... Ain...hh,...)

where C?Aŷ B_,...,-, = A/n_,...,-,; / is used to denote the entire sequence (j\,j2,...);/
is as above, and

Lemma 2 of § 7 implies that for any 17/ the conditional measure v{-\r\j) induced
by v on 17/ satisfies the following inequalities

(6)
where E is a measurable subset of r\}, 0\.I-*I is the projection along the element
of the increasing partition, and c\, c2 are independent from /.

When we consider the attractor A the elements 17/ admit a natural geometric
interpretation.

4. For a set E c [0,1] on the y- axis we shall use the symbol IIE to denote the strip
{(x,y):jce[0,l],yeE}.

Let T be the map induced by F on the strip 11/ where / = [t~1, t] as in § 3. The
horizontal foliation £ = {£y} is invariant under r and we have

T&C£O». (7)

The partition of / into the intervals A,± generates the partition of 11/ into the strips
n,± (we use n,± instead of nAi± in order to simplify the notation). Let us consider
the images THi±. Figure 3 illustrates the map F2 with the images TU2± = F2U2±

shaded in.
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FIGURE 3

Let a be the fixed point of the linear map

The action of F on Il[o,, '] may be written in the form

(x-a, y)-»(A(x-a), g(y)).

Thus (a, 0) is a fixed saddle point of the map F, its stable manifold Ws coincides
with the x-axis, and the intersection of its unstable manifold W with the strip
Il[o,(] is a segment of the line x = a. As F acts diffeomorphically on Il[o,t->], we see
that the images Tlln±, Tllm± do not intersect for n ¥^m, that r I l n + nTl l n - = 0 for
small n but Tlln+ m-Il,,- # 0 for large n, and TYIK accumulate to W when n tends
to infinity (see figure 4).

*>
\

FIGURE 4
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We shall denote the map T|nn± by rn±. Let us consider the action of Drn±. The
derivative of F equals

»*•»< :

The choice of S in the definition of <p(y) implies that all intervals An± with n > 3
are inside the domain where <p'{y) = 1, and besides

* ' (y ) -0 f o r y e t C r ^ u t U ] .
Thus for i # 2 we have <p'(y) = 1, for any y e A,, and for all / = 2, 3 , . . . we have

<p'(gky) = 0, * = l , 2 , . . . , n , - l .

Therefore we obtain for n s 3

""1 0 \ /A 1

A""1
(8)

A""' \

i")'(y)/'
For n = 2 we have

>y VO g ' (gy ) / \0 g'(y)J
(9)

0 (gz)'(. .
Let A=g'(0) (for ges£eA is close to 4). It is easy to check that there are

constants c3, c4 > 0, such that for n = 2, 3 , . . . and for any y e An± the following
inequality holds

c3(VA)" < \G\y)\ = |(g")'(y)| <C4(VA)". (10)

Let us consider the images DrnK of the cone

K={(£,T,):\i/v\<l}
in the tangent space TS. We have

Thus

A2 i

For « > 2 we have

Thus

(12)

If A is sufficiently small the right-hand parts of (11) and (12) are less than 1 and
we get DTn±K c K for all n.
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Let us denote A'= n™=0T
pNi the attractor of the map T:II/->nj. In order to

study the structure of A' we use the "itinerary schemes' method developed by
Alexeyev [1]. In our situation Alexeyev's theorem (theorem 1~ from [1]) may be
formulated as follows.

Let us denote

l21n -<^22n

| |Al l n -A1 2 n -A2 2 n - i42 1 n | | = jLlin) | |A22J = /i2 n

\\A12n-A22n\\ = aln, \\A22n-A21n\\ = a2n.

Suppose the following conditions hold. There are two families of cones K\(x, y)
and K2(x, y) in the tangent space so that

A"i3(l,0), K23(0,l), KxnK2 = 0

and for any n
(CO DrnK^Ku DjnK2^K2.

There exist constants fiu (JL2, au a2 such that ixXn <fiu ju,2n</i2, aXn <au a2n <a2

and the following inequalities hold:

(C2) M I < 1 ;

Then any itinerary II, ^ U^ ̂  II,2 <-T • • • determines the smooth curve

and A' coincides with the union of such curves. Besides any tangent vector v = {£,, 17)
to Aj1J2...,„... belongs to ThK.

If we set ^1 = {U, 0}. K2 = K then (CO will hold for Ki because of the invariance
of the horizontal foliation and for K2 because of (11) and (12). Now (8), (9), (10)
imply that (C2), (C3) hold with

Thus Alexeyev's theorem is applicable. The scheme {Um TUn} is not separable in
the sense of [1] because

T ( n n + ) n r ( n n _ ) # 0 for large n.

However, the images Tn+K and rn-K do not intersect for all n. It follows from the
subsequent inequalities where we use the notations of (11) and (12).

For (JC, y) e IIn^ we have

7 ^ A ) (13)

(14)

r
c4-2

while for (x, y) 6 IIn+ we have
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5. Let us denote by tr':I-* A' the map analogous to TT, namely for* = (xo,xl,X2, • • •)
where xn e.G~lxn-i,

ir'{x) = &0nT£X I nT 2 £ X 2 n • • • .

The map TT' induces a homomorphism of dynamical systems

LEMMA 1. TT^ is an isomorphism.

Proof. For a given / = (j\, j 2 , . . . , /„ . . . ) consider the element -qj erj of the partition
defined in § 3. It follows from the definitions of 17/ and A'j that v'(r]j) = A'K and for
£ = (z0, Zi, • • • )e rj/, 7r'(f) coincides with the projection of z o e / to the curve A)
along the x axis. In consequence of (6) and of estimates (11) and (12) we obtain
that the induced measures TT'*V{- |TJJ) are absolutely continuous with respect to the
Lebesgue measure (normalized length) on Ay.

Let
07 = {£.card TT'"1 («•'£) > 1}

and let

We show that mes Sj = 0 (mes is the Lebesgue measure A}). We have

Sj = \J A'rn A'jc \J U (Mkik+V- n A^,,...). (15)

Let us denote T(A'nIln±) by Aj,±. As T is non-singular with respect to Lebesgue
measure on A'K we obtain taking into account that A'mn A'k^ 0 only for m =n±,
k = n±, that it suffices to check the equality

) = 0. (16)

For A < \ the intersection An^ , is a Cantor set of zero Lebesgue measure for any
£y. Now it follows from (13) and (14) that the angles between the curves A^+,2J3--
and A'n_i2i3... are uniformly bounded away from zero. This implies (16). Thus
mes 5/ = 0. Thereby we have

v{y (£/117/) = 0 for any 17.,

and the Fubini theorem gives

i?{f e/ |card ir'"1(xr'f)>l} = 0,

and thus TT* is an isomorphism. •

Let An± = {y = (y0, y i , . . .)e Y\yoeAn±}. If we neglect a set of zero /I-measure
we can represent Y in the following form

Y = U U gAM±. (17)
n Osksn-l

As TT'I coincides with ir{y = (y0, yu ... ) |y o e /} we have

A = U U Fk(A'nUn±). (18)
n Osfcsn-1
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Since Fk are non-singular with respect to Lebesgue measure on A) we obtain an
isomorphism (Y, g, /Z) = (A, F, -rr^il) where TT*/! has absolutely continuous condi-
tional measures on the curves F'A'j constituting the attractor A. According to the
results of Ledrappier [10] the automorphism (Y, g, /I) is Bernoulli. Thus (A, F, tr^fl)
is also Bernoulli and theorem 1 is proved.

Remark Although (18) defines A as a union of A/ and their images F' A), it is easy
to verify that every leaf of A is a smooth curve which connects the top of the square
S to its bottom. These curves may be identified as

AplP2p3... = 7r{y = (y0, y i, y2, • • .)|yo<E [0,1], y i = gp",1 (y0), y2 = g~Pl (y i), • • •}

wherep,e{0,l},go1(x)6[0, |] ,gr1(x)e[il] .

6. Now we turn to the proof of theorem 2. We consider again a map of the square
given by (1)

where <p(y) is the same as in § 2 and geC3([0,1], [0, 1]) which satisfies (i) but
instead of (ii) we assume max g(y) - g(c) < 1.

Invariant measures for such mappings were studied in [8]. It follows from [8]
that for the family y -»ay(l - y ) and for any family y -»ga(y) sufficiently close to
y -»ay(1-y) in C3([0,4]x[0,1], [0,1]) there is a set of parameter values 3ft such
that mes 3ft > 0 and for a e 2ft the map ga has an absolutely continuous invariant
measure. In contrast with the situation considered in §§ 2-5 we cannot prove the
existence of an absolutely continuous Bernoulli measure for any A 6 [0, Ao] although
we think it is true. Instead we will prove it for A belonging to some subset of full
measure. Let a family {ga} and a set 3ft be as above.

THEOREM 2. For the family

there is a set 5 <= [0, Ao] such that mes S = Ao and for any A 6 H the subset 3ft' of
3ft defined by

3ft' = {a: the attractor ofFa admits an a.c.B. measure)

satisfies mes (3ft\3ft') = 0.

We begin with constructing the induced map G:I-*I and the corresponding
two-dimensional map r: 11/ -> 11/ induced by F on the strip II/. This is done exactly
as in §§ 3 and 4 but now G has only a finite number of monotone branches Gk :Dk -* I
and one central parabolic branch. Correspondingly the image TII/ consists of a
finite number of nearly vertical strips TI1D([ and of a narrow horseshoe (figure 5).
Certainly it suffices to construct the desired attractor for r.

An absolutely continuous invariant measure fi (dy) for G was constructed in [8]
with the help of an auxiliary map T:I ->/ satisfying the following conditions. There
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w

FIGURE 5

is a countable number of intervals A, <=/ such that:
1) int A, n int Ay = 0 ;
2) the Lebesgue measure of [J A, equals mes / ;
3) T|A, = Tt = G"< are diffeomorphisms, Im 7̂  = / ;
4) sup,- maxxeAi\D

2T(x)/DT{x)\(mesAi)<c0;
5) |£>r(jt)|>L»l;
6) X. «i m e S A; < °°-

According to [13] there exists a T-invariant Bernoulli measure v{dy) with the
continuous density ̂  (y) > 0 with respect to dy. v generates the G -invariant measure
fi by formula (5).

0 = / \uA,set

n > 0 «c=»O

Then fi(Z) = 0, G~X{Z) = G(Z) = Z. Consider X = I\Z. Then the endomorphisms
(/, G, fi) and (X, G, /A) are isomorphic and for any x eX, k € Z and x'eGk(x)T(x)
is denned. We shall use the notation (/, f,/Z) for the natural extension of T, and
(X, G, /I) for the natural extension of G. Let <€ be the corresponding two-
dimensional map which coincides with % = T"' on IIA,.

Let us denote by A = H"=o T T I / the attractor for the map T ; by A' = fX=o «nII ,
the attractor for •#. We define the map TT :X -* A by

ir(x=(xo,xux2, • ..)) = £xonT£I1nT2£t2n- • •

and the map IT': I -* A' by

ir'iy = (yo, yi, y2, .-.)) = £yon <€iyi n^ n •

7. Let ^/ be the partition of I into cylinders (A,, T 1&i, T
corresponding decreasing partition V"=i* = 17 and

2A,,. . .) . Consider the
the increasing one
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V"=o T~nsl = y. Let us denote by a the measure induced by v on the factor space
//TJ. Let C be an element of 17; v(• \CV) the conditional measure induced by v on
Cv; Cy an element of y; v(-\Cy) the conditional measure on Cy. The following
assertion may be considered as a simple version of several theorems about systems
with absolutely continuous foliations (see e.g. [3,11]).
LEMMA 2. v is equivalent to the direct product eXo. There are constants C\, c 2 >0
50 that for any v-measurable set A c / and for any a-measurable set V c //TJ one has

^ (19)
v{A)-a(T)

Proof. As f~nd = {(r-nA,-, r"("+1)Ai,...) we have

where

4 i o , 1 . . . , N =4 , o n r 1 A i l n---n T~NA,N.

The intersection AionT~1Ailn- • • nT~NAiN n- • • is a point for any sequence
('o> <i, h, • • • IN • • •) because of 5). Thus we obtain

OO

y = \J T ns£ = {(y, T y, T y,...)}.
o

On the other hand

f V = {(I, I,..., I, A,, 7 - 1 A , , . . . )} .

n times
Hence

V f V = {(/, A,-,, A,21I>... , A,^^. . . , , , r ^ A , ^ . , . . . , , , . . . ) }
i

and we obtain
00

TJ = V TnM = {(/, A,,, A,-2ll,. . . , A,-^,,...,-,, A ,^^ ,^ . . . , - , , . . . ) .
i

Any point y = (y0, y i , y2, • • •, y n , . . . )el may be uniquely represented as y =

C , c Cy where the indices iui2,... in the definition of Cv are determined by

yn e Ain...tl and Cy = (y0, T~1y0, • • •)• This gives the direct product structure in / .

Let A c / be a measurable set, TA = (A, T^A, T~2A,...), r,ll2...,n the cylinder in /

defined by

rilh...in = (I, A h , A h i l , . . . , A i n . . . h h , T ~ l A i n . . . h i l , T ~ 2 A i n . . . i 2 h , • • •).

Let us denote the intersection rAnF,,^...,,, by P{A, [it,..., /„]). We shall use the

notation Tili2...ik for the unique monotone branch of Tk which maps

onto /. The assertion of lemma 2 will be proved if we show that independently
from A and [iii2 •••/„] the following inequality holds:

c2< , , r , , / r r-<ci. (20)
( r ) ( r j
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According to the definition of v we have

Thus (20) is equivalent to

Now it follows from properties 4) and 5) of T that 4) holds not only for Tt but
also for all their compositions T';1°7';2°- • -"T^ with a constant c5 independent
from [iii2 • • • /„], see for example lemma 5 of [8]. Thus bl<DTn{x)/DTn(y)<b2

for some bu b2>0; and for any x, y e A,-,,...,-,. This implies an inequality similar to
(21) but for Lebesgue measure. Since 0<di = minyeIx(y)<v(A)/mesA<
maxys/^(y) = d2 for any measurable set A we obtain (21) which finishes the proof
of lemma 2. •

COROLLARY. Let 0\.I -*I be the projection along Cy and 82-I^I/r} the projection
along Cv. Then for any element Cv and for any measurable A <= Cn

n

Similarly for any measurable T <

In particular we obtain that 17 and y are absolutely continuous partitions and the
intersection 17 A y is trivial.

8. The following construction which clarifies the relation between (X, G, /I) and
(/, f, p) is similar to the 'tower' construction for automorphisms. For any A, consider
the sets

Aik = GkHi, 0<*<n,,

and let S£ = \__}ukAik be the disjoint sum of Aik. We define the projection p:S£-*I
by assigning to any u eAik its image under the natural inclusion p(u)e GkA< <=I.
Then we define a map &:%^%!. If u eAik, k <n{•-1, then

f («) = p
if u eAm._! then

The construction implies G°p =p°&?. Notice that if we identify U;Ao with /,
then the map induced by & on / <= %C coincides with T.

Let us define the measure p on 3? by
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Since v is T-invariant p is ̂ -invariant, and the definition of fi implies that p*p
Consider the natural extension {$, &,p). It follows from

G°p=p°&

that the map p:^-*X defined by p(u0, uu ...) = (pu0, put,...) satisfies

LEMMA 3. P is an isomorphism of dynamical systems {2t, 3F, p) and (X, G,a).

Proof. We show that there is a subset M of X such that a (Af) = 0 and p:dt
is one-to-one. For x e A* set n (x) = nk. We define M = [_)T=o Af. where the set M,
is defined by

x = (x0, x u . . .,Xi,xi+i,.. .)eMi

iff there is a sequence /„ -* oo so that n (xjn) > /„ - /. Since n (xjn )> /„- / -» oo we obtain
for x G Mi that j : / n € APn where pn-*°o when n -» oo. Now

hence it is sufficient to show that

lim {x:n(x)>N} = 0.
JV-*oo

But this follows from the convergence of Xfc = 1 n(Ak). Thus /x(Af,) = 0 and con-
sequently a (Af) = 0.

We shall use the following decomposition property which follows from the
inductive construction of the maps Tt in [8].

P R O P E R T Y D . Let T|A, = Tt = G"'. Then for every k < «, there are Th,..., Tjr, r > 1,

so that the restriction ofG"'~k to Gk A, may be represented as

G"'~k = Tjl°Ti2°l- • -°Tj.

Consider a point x = (xo,xu .. .)eX\M. From x£M0 we obtain that there exists

mo(x) = max {m :n (xm) > m}.

Then property D implies n{xmo+k)^k, k = \,2, In particular, n(xmo+l) = l.
For i t s l w e define

mk = max {i:n(Xi) = i—mk-i}.

Property D implies

L e t x = (x0, xu..., xno,..., xni,..., xn2,...) w h e r e (n0, nu n2,...) is t h e s e q u e n c e
def ined a b o v e , xn. e Am,. T h e n u =(u0, uu ..., uno,..., uni,..., un2,.. .)&%defined
by

un, = xni e Aii0, uni-k = 3Fkuni, fc = 1 , . . . , « , - - n ,_ i

satisfies pu=x, hence p is onto X\M. Let pu' = x, where M' = (/O,/'I, . . . ) . Let
n'o = min{n: u'n el} and for k > 1

n'k =min{n: n >nk~\, u'n el}.
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The definition of the sequence (n0, «i , . . . ) implies Txnj = xni and the construction
of (i?f, &) implies Txn\ = x'ni_v Besides it follows from the definitions of n0 and of
no that n(xno)>n0 and n{xno)>n'0. Suppose n'o <n0. Then noe [n'k, n'k+i] and using
property D we obtain n(xno)-<n0-nk <n0, a contradiction. The same arguments
show that no<n'o contradicts to n(xn'a)>n'o. Therefore, no = n'o. Analogously using
property D one obtains nk=n'k for all k. Since

&:Aik+Ai+lk and GrG^A,->Gk+1A,

are homeomorphisms for 0 < k < n{••-1 we obtain u' = u, and lemma 3 is proved. •

Let us denote

B = \u= («0> «i , . . . )G%\u0e U An .
^ i J

It follows from the proof of lemma 3 thatpS coincides with {x = (x0, x\,.. .):no(x) =
0}. As the automorphism induced by & on (B, p) coincides with (/, T, v) we obtain
that p is an isomorphism between (/, f, v) and the automorphism induced by G on
{pB,fi). For

y = (yo, yi, yi, ...)el, where y, = G"i+1y,+i,

we have

py = (y0, G- ' - ' y i , . . . , Gyi, y, = G"2y2) G
n^y2,..., y2 = Gn>y3,...).

Remark. The representation of (/, T, v) as an induced automorphism, the triviality
of the intersection 17 A y proved in § 7, and the K-property of T allow us to apply
the results of Gurevich [6] and Blanchard [5] which give the following corollary.

COROLLARY. (X, G, /x) is a K-system.

This follows of course from the B-property proved by Ledrappier in [10]. The
above construction gives another way to construct the unstable foliation.

9. Let us consider a point

X = (XQ — X n o , Xi, . . . , Xni, . . . , Xn2, . . . ) 6 A

and its pre-image

P~XX = {Xno, Xni, Xn2, . . .) £ / .

For the projections v and n' defined in § 6 we have

' "0 * * n , **n2

= 7T'(p-1f).

Thus the image of / under IT' coincides with its image under tr when we consider
/ as the subset of X. Using the result of the previous section we represent
(A', c€, ir'jfP) as an induced system with respect to (A, T, TT /̂A).
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Now we check that {nAi, ^,} satisfy the conditions of Alexeyev's theorem. For
T-A-*I and the corresponding c€: n A ^ I l / where T = Gr, <g = Tr, we can rewrite
(8), (9) as

(km Am-V(
y) = i o G'(y)

where y e l lm ± , G(y) = gm(y) and cp'(y) = l for m >2. Consider a point (*„ yr)enA

and for k e [0, r] set

(xk,yk) = Tr~k(xnyr)

in particular

Uo, yo) = <#(*„ yr) = rr(xr, yr).

Then

0 n G'(yi)
i = i

Consequently

\

i=2

Hence

x n G'(y, + - ••+\z'"n><p'(y,)H

G'(yi)G'(y2)
A£>'» '(yf) \ A |

nUG'()) n I G ' ( ) '
fc r~'cAccording to property D Gfc|Gr~'cA may be represented as a composition

Gf c = r s , o • • • o Tsi.

Since |Z?7)|>L for any; we have

Thus I^I/TJII may be estimated as

l6/T?i|<Am'-V^(l-A). (23)

It follows from (23) that for any % = <g\YlAj the cone \i/rj\< 1 is invariant under
i. The remaining conditions of Alexeyev's theorem are also satisfied with

JU.I=A2, fi2 = L~\ ai = 0, a2 = KL~x.
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Therefore {11A,, ^i) form an itinerary scheme. This implies just as in § 4 that A' is
the union of smooth curves A/= A ,'l/2...,„.... Any A/ is a graph of a function x(y)
satisfying \dx/dy\ <A/L(l -A) . For an element Cj of the partition 17 defined by

Cj = (/, A,,, Ahh, ...) = {(y, Ty-'y, r ^ 1 ° Fy-'y,.. .)}, y e / ,

we have IT'(CJ) = A/ and 7r'(y, 7 7 / y , . . . ) coincides with the projection of y on A'j
along the x-axis. Since the conditional measure v{-\Cj) is equivalent to dy, the
conditional measure TT*(- |A)) is equivalent to Lebesgue measure on Ay. Set A^ =

The representation of (A', <#) as an induced system with respect to (A, T) gives

UljV (24)
i

i (c=0

Notice that contrary to (18) all the summands in (24) are contained in 11/. One can
check that the leaves or A are smooth curves but their projections on the y-axis
depend now on the curves; the turning points lie on fCn where cn belong to the
trajectory of the critical point c.

10. Now we take into account the dependence on a and A. For a map

FaAx, y) = (<p(y)+A(x -\), ga(y))

let (Xa, Ga, /£a) and (Aa,A, Ta>A, £aA*Ma) be the corresponding systems. The preceding
results were obtained for any a e W and any 0 < A < Ao. Let

o-a,\ ={x eXa:cardv~1('rr(x))>l}.

LEMMA 4. (i) For any a e3ft and for any A e(0, Ao] either

iJia(o-ak)=0 Or pia(Va\) = lJia(Xa);

(ii) for any aeW

mes {A : fla (o-aA) = /Ia (Xa)} = 0.

Let us show that lemma 4 implies theorem 2. Consider the measure da x dk on
the direct product 9ft x (0, Ao]. Let

3 = {AG(0,A0]:mes{ae3R:/Za(o-ax)>0} = 0}.

It follows from the Fubini theorem that mes 3 = \o. For A e S the set of parameter
values a such that Fa,x admits an attractor with an absolutely continuous Bernoulli
measure differs from 3ft by a set of measure 0.

Proof of lemma 4. (1) First we fix a and A. For any yea there exists some f e<r
such that

y = (yo, y i , . . . ) # f = (z0, zi, • • •)

but7r(y) = 7r(z)=Af 6 A. Let

o-n={y: for some f vy = ITZ and y, = z,

for i = 0 , 1 , . . . , n - 1 , but yn ^ zn}.
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Consider the points

)eX,

Then we have M\n e^ ,M 2 "" &£Zn-*Mk
n *M~2

n, but r(M\n) = T{MT)- Let an,k
be a subset of an denned by yn e Afc± (the corresponding zn e AkT). Let y + = limm_oo ym

for a sequence ym e o-n>fc, and let y *„ = limm-oo ymn be the nth coordinate of y*. For
fm e 07u satisfying 77(fm) = 7r(ym) consider some limit point f # . As dist (znm, ynm) > c
for any m and T(znm) = T(ynm) we obtain using the continuity of T that z*n =
limm-,oo2nm is different from y^n and r(2^n) = r(y*n). Hence y^e.a-nk, a-nk is closed,
and cr = Un.fcCnic is measurable.

It follows from the definition that Gan = crn+i. Thus a is invariant. As (L is ergodic
ll (cr) = 0 or {L (cr) = /I (^) which proves (i).

(2) Now a is fixed but A varies in (0, Ao]. Then the sets cr, an, <rnk depend on A.
Let 93 be the set of A such that {L{crk) = fl(X). As /a(crAn) = /£(crAri+1) for A e93 we
have /I {(TK i) > 0. Let us define

Then 93 = Um,fc93mfc- Suppose A!(: = limn^coAn where Ane33m f c but A + ^53m ( c. Then

M(°A*I>C) = C* for some 0 < c * < l / m .

k ± = {f = ( jc 0 ,x i ,x 2 • • •)• XisA f c ± } . ltxedk±\<rik then

Let

Vp={x :di

Then Vp is closed and

P

For any e we can choose Po such that

Hi U
Using the continuous dependence of TT and T from A we can choose t > 0 such that
any A 6 (\*-t, A# + 0 satisfies

M (^A I k) < /x (Ak) - (fi (At) - c * - e).< c * + e.

For e sufficiently small and A =An this contradicts to /l(cr\nik)^ l/m. Hence the
sets 93mfc are closed and 93 is measurable.

(3) Let mes93>0. Then for some m, k mes93mk > 0 . For x €.<rK\k+ we define

Applying the Fubini theorem to the product of the measure spaces

we see that /Z{£ eo-Alk+: mesf ;>0}>0. We fix some p = {po,P\+,Pi, • • •) such that
mesF^X). Then to any Aefp there corresponds some x satisfying x =
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{xo=Po, Xi =P\-,X2, • •.). if\(x) = iTk(p)- Now it is convenient to return to the inverse
limit ([0, 1], g) of the initial one-dimensional map g: [0, l]-» [0, 1] and to the initial
map F: (x, y)-*(<p(y) + A(*-£), g(y)) of the unit square. Let qi+=pi+,q2,q3, • • •
be the coordinates of the point (pi+,p2,p3,...)eX considered as the point of
[STl]. Set qo = g(qi+) and let the point q - {q0,qi+,q2, • • . )e[0, 1] correspond to
peX. Similarly to any x = (p0, Pi-, x2, x3,.. .)eX we associate y =
(<?o, <7i-, yz. y3» • • •) 6 [0, 1]. For uniformity we shall use Tq instead of Pp. According
to our assumption mes r ^ > 0 and for any A e F,j there exists y = {q0, qi-, yz, • . .)
satisfying vK (y) = TTX (q).

(4) Applying subsequently formula (1) we obtain that if y = (y0, yi, y2, • • •) then
the second coordinate of the point 7rA(y) belonging to the unit square is y0 and its
first coordinate is given by

5(y,A) = <p(y1) + A(<p(y2)-i)+A2(«p(y3)-i) + - • • (25)

If AieTq- and y =y(Ai) = (qo,qi-, yz , . . . ) is a point satisfying vKl(y) = TrXl(q, Ax)
then s(y,\i) = s(q,\i) but the series s(y, A) and s{q, A) do not coincide identically
because their constant terms differ:

(the map F identifies points lying on £,, and on £qi+ only if qx+, qi_ are sufficiently
close to 2 and <p (y) = y for such points).

Let us denote by jAl(y, <5A) the series s(y, A) expressed as a power series in
(A-Ai) = <5A. Then

sAl(y,6A)=5O(y,A1)+51(y,A1)5A+- • •+sn(y,\1)S\n+ • • • .

Since sA, (y, 5A) & sK,(q, 6A) there is an n such that sn (y, A i) # 5n (4, A i). For any rational
r > 0 let us define Tn,r <= Tq- by

rre>r = {A i: there exists a y satisfying irAl(y) = «A,(<?)> Si(y, A i) = 5,(4, A i)

for i e [ l , n - 1], \sn {q, A i) - sn (y, A i)| > /•}.

One checks as above that Fn,r are measurable. Thus mes F n i , r i > 0 for some choice
of indices. Set F = Fn,,ri.Let Fx 6 F and let y(1, be the corresponding point satisfying
ir\r(q) = n-A,(y(i)). Then sAl(^, 5A), sAl(y(i), 5A) may be written as

= so(Ai)+ Si(Ai)5A +• • •+5ni_i(A1)5A"1~1+5ni(A1)5A"I + - • •
(26)

Let us define

«(y, 6A) = sAl(y, 5A) -skl(yw, 5A).

Then

i + - • • (27)

where |dn |
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(5) Wenxsomeei,0<ei</-i/2. Let

d(y,y')= I |y,-y;i/2'
;=o

be the distance in [0,1]. We denote by Be (y) the ball of radius e centred in y e [0, 1].
There exists a Si = <5i(ei) > 0 satisfying the following conditions:

(a) if y e BSl(y(1)) then %(y )| < e 1 /3 for i e [0, n J ;

(b) if |<5A | < 81 then for any y

+2! ""i-'"'-" 3! '
For Ai e F we shall use V(Ai) to denote the non-empty set of y = (q0, q\-,:
appearing in the definition of Ai, i.e.,

T\1(y) = irkl(q),

the curves s (q, A), s (y, A) have tangency of order n i - 1 at A = A i, and

i, ya )) = {5A :

Let

Differentiating (27) ni - 1 times we obtain for

<5A er(Ai , y(1)) and y 6

e T,

eni+2 - Oni+2(y))S\

i , • • •)

= (n i - 1 ) ! 0ni-!(y). (28)

(29)

Taking into account the choice of d and Si we obtain from (28)

8\() 0 ( ) ]

while k(y)|>i
(6) Let

One easily checks that for Ai<2mesAfc(A!) = 0 for any k (notice that Ao(Ai) =
{s(y, Ai)} = An^qo}). When y varies in [0,1] the values of 0n,-i(y) belong to the set

where

Using (29) we obtain from mes A ^ ^ A i) = 0 that mes T(A i, y<D) = 0.
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Consider a cover {U}TJi of [0, Ao] by intervals of diam<<5i, and a cover {BSlj}T=i
of the set y = (q0, qi-, y2, • • •)• Let

Fa <= T = {A j e /,•: V(X i) nBf # 0 } .

The above arguments show that mes r i ; = 0 for any choice of /, /. Hence mes V =
0, which proves lemma 4. •
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