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Square-integrable representations
of non=unimodular groups

A.L. Carey

In the last three years a number of people have investigated the
orthogonality relations for square integrable representations of
non-unimodular groups, extending the known results for the
unimodular case. The results are stated in the language of left
(or generalized) Hilbert algebras. This paper is devoted to
proving the orthogonality relations without recourse to left
Hilbert algebra techniques. Our main technical tool is to
realise the square integrable representation in question in a

reproducing kernel Hilbert space.

1. Introduction

If G 1is a locally compact unimodular group and L the left regular
representation, then the square integrable representations of G are the
irreducible subrepresentations of L . It was shown by Godement [5, 6] and
later more generally by Dixmier [2] that the Schur orthogonality relations
hold for these representations. In the last few years non-unimodular
groups have been investigated [3], [8], [71] and analogous results proved.
The theorems are stated, as befits their generality, in the language of
left (or generalized) Hilbert algebras. This tends to make the results

rather inaccessible to the non-specialist.

The object of this paper is to derive the orthogonality relations for
square integrable representations of non-unimodular groups by a method
which avoids the use of left Hilbert algebras and which also says something

different even for the unimodular case.
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We pause for a definition.

DEFINITION 1.1. Let X be a topological space and H a Hilbert
space whose elements are continuous functions from X to (¢ . We say H
is a reproducing kernel Hilbert space if there is a function ¢ : X x X = C
such that

(i) the functions ¢x defined by

0,8 = 6(z, )

lie in H for all x in X ,
(ii) for all f in # , flz) =<¢, 7 .
The nomenclature derives from property (ii) which expresses the

'reproducing' property of the kernel ¢ . Now let G be a locally compact

group with left Haar measure dx and consider the left regular

representation L of G in L2(G) . Clearly, the objects of interest
here are the minimal projections in the commuting algebra of L (these are
the minimal idempotents of the left Hilbert algebra). We show that every

irreducible square integrable representation may be realised in a
reproducing kernel Hilbert subspace of L2(G) and that the projection onto

this subspace is given by a right convolution operator R, , some

9
¢ € L2(G) . The function =z, y 9’¢x(y) = ¢(x_ly) is found to be the

reproducing kernel and this fact is used to derive the orthogonality

relations.
Besides the notation introduced above, we will denote the modular

function of G by A and L2(G) will represent the Hilbert space defined
by the functions on G square integrable with respect to left Haar measure

dxr . The map S defined by
(59 (2) = Flz™)a(=™)

is easily shown to be a closed densely defined operator on L2(G) with

adjoint

(5*f)(z) = Fl=z™0) .
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The domain, D{(S*) , of S* consists of those functions in LQ(G) which

are square integrable with respect to right Haar measure: A(x-l)dx . We

. . % Lo . % -
will write A for the operator of multiplication by A(x) . It is
also easy to verify that the operators R, (z € G) defined on L2(G) by

&) () = fly)

are bounded. Finally, convolution of functions will be written f + g and
the inner product for all Hilbert spaces will be conjugate linear in the

first variable.

For more information on reproducing kernels on groups the reader is
referred to KreVn [9, 10] and Carey [1]. We remark here that reproducing
kernels are just positive definite functions in another guise. For an
elementary account of the unimodular theory of square integrable

representations the reader is referred to Chapter VII of Gaal [4].

2. Preliminary results

Let T be a cyclic continuous unitary representation of G in a
Hilbert space H , with cyclic vector v , |lvl =1 . Define ¢ : ¢ > C
by ¢(x) = (v, m(x)v? . Let us suppose that ¢ is square integrable with
respect to left Haar measure on G . Then by a result of Godement [7] (see

2

also Theorem 13.8.6 of Dixmier [2]) there is a ¢ € L°(G) with @

positive definite such that ¢ = m'* E'. Now

8(y) j T2) () dx

Y, Ly¢> s

where ¢ , ) denotes the inner product in L2(G) and y -+ Ly the left
regular representation of G . Hence the map W : w(y)v = Lyw extends to
a unitary equivalence of T with a subrepresentation of L (ef. Lemma
14.1.1 of [2]).

Conversely if H = L2(G)_ is invariant under I +then let P be the
projection onto H . Since the continuous functions of compact support,

CO(G) , are dense in L2(G) s PCO(G) is dense in H . We show below that
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for all g € CO(G) the function

z » <Pg, L;ng>

is square integrable. Hence we may define an irreducible continuous
unitary representation T of G +to be square integrable if there exists a

vector v € H such that the coefficient function
xz +{v, m(xz)v)

is square integrable. Then by the above (as in the unimodular case) it
follows thatethe square integrable representations of G are just the
irreducible subrepresentations of the left regular representation. So we

need to prove

LEMMA 2.1. If g € C(G) then the function =~ (Pg, L;ng> is

square integrable.
Proof. Since <Pg, L;ng> = (Pg * S*g)(x) we need to show that

Pg % S*g 1is in L2(G) . This will follow by the Riesz representation

theorem if we can show that the linear functional on L2(G) given by
1) = [ (75 5 QWA b €1P0)

is bounded. We have

1A

IJ (=) J Pg(yx)h(y)dydxl J g(@)IIF Pglldzinl,

IA

ls¥gll, iegll Il »

using the fact that HRfo A(x)_%HfH . Now for h € CO(G) it follows

from Fubini's theorem that

i(h)

f?(ac—)J Pg(yx)h(y)dydz »

and therefore the above inequality shows that [ extends to a continuous

linear functional on L2(G) 5 whence Pg * S*g € L2(G) .
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3. Reproducing kernels

Let T be an irreducible subrepresentation of the left regular

representation of G acting on 1'-11T . Let v € Hﬂ be such that the

coefficient ¢ : & + (v, m(x)v? is square integrable and suppose that
ol = 1 . Then by the result of Godement quoted previously ¢ = ¢ * ¥ for
some square integrable positive definite function ¢ . Let H be the

closure of the linear span of {Lyw | y € G} . Then the restriction of L

te H is unitarily equivalent to T . We show that H 1is a reproducing

kernel Hilbert space.

Following Dixmier [2] we define the operator R, by

Y
wa= wa » [ €C,(6)

Now R, 1is not necessarily bounded; nevertheless by the positive definite

7
property of ¢ , Rw admits a Friedrich's extension which is positive and
self-adjoint. Further RW commutes with the operators Lx for all
x €G.

We denote the spectral decomposition of Rm by

- [ o,

The spectral projections EA commute with the operators Lx for all
x € G, and we define wk = Ekw and HX = EAH . It follows as in the
proof of Theorem 17 of Godement [7] that wk is continuous and positive

definite. A short calculation yields the relation
R(ll))\) = R(lP)E’)‘ )
whence R(wk) is bounded. (Compare this paragraph with the proof of

Theorem 13.8.6 of [2].)

Now choose AO so that EA # 0 . Then it is not difficult to see
0

that HA (which is invariant under L ) can have no non-zero, proper,

0
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closed L invariant subspaces (by the irreducibility of L restricted to

H). If g € L°(G) then

R[U)Ao]g(x) - (wxo, )

1
implying that if g € H, then R[ll))\ ]g = 0 ; Whence R[w)\ ]HA C Hy
0 0 0’ "0 0

Now since R[¢A ] is bounded and commutes with L restricted to HA > 1t
0 0

must be a multiple of the identity on # . Putting this together we have
AO

R[U) ]=P /4,
XO AO AO

where PA is the orthogonal projection onto HA and dk is a positive
0 0 0

constant.

If A >'A0 then EA = EAO and so HA > on . But HA can contain

no invariant subspaces whence Hk = HA . Using the same analysis as above
0

we have R(wk] =Py /dA and hence
0
R(V)E)E, =P, B, /d, = R(W)E, =P, /d, .
0 0 0 0 0 0
This implies that dA = dk . Hence for A > AO , R(w)EA = R(w)EA and
0 0

using the fact that as A > < | EA converges strongly to the identity we

have

R({) = PA /dk .
0 0
Now

2
(4 2] = 4, 7
0 0

implies that

d)\w*dk¢=d>\¢'=d>\1’>‘¢'=d>\\b)\.
[0] 0 o} 0 0 0 0
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and so HA = H . We have almost proved

Hence wA =P € HnH
0 0 0

A

THEOREM 3.1. Let 7 be an irreducible subrepresentation of the left

regular representation of G . Let ¢ be a square integrable coefficient

of w . Then there is a constant d¢ such that right convolution by
Y = d§$ defires w .. ,ection, Rw in L2(G) . The space RwL2(G) is a

reproducing kernel Hilbert space with kernel x, y = w(x_ly) and the

L2(G) carries a representation equivalent to T .

1

Proof. Given one defines via the result of Godement [7];
1

restriction of L to R

that is, by the equation =y, # y. . Then we saw above that there is a
1 1

constant d¢, say, such that d¢R(wl) is a projection. BSince this implies

* d¢wl

we have by = d$ . So we define P = d$$, and

that d ®

o1 =4

oh

R(y) 1is then a projection. The continuity of elements of RWL2(G)

follows from the continuity of ¢, and the reproducing property of the

function

follows from

(wa)(x) (L, )=y

flz) if f ¢ RwLZ(G) i

REMARK 3.2. The constant d¢ may also be characterized by the

relation

IB17 = ¢ » ole) = By * Vy(e)/d; = 1/d .

4, The orthogonality relations
To begin with we suppose that R L2(G) is an irreducible subspace of

12

L2(G) with reproducing kernel z, y -+ w(x_ly] . Observe that
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2 .
M . - £ = .
D(5%) n RIPL (G) contains the vectors wa lpx since § be Rxw is in
£?(6) . TNoting that the linear span of {y_| = € G} is dense in sz,e(a)

we conclude that R L2(G) n D(S5*) is dense in R LZ(G) .

v v

LEMMA 4.1. For all f € D(S*) anLz(G) and f' ¢ RwLQ(G) , the

funetion cff" x> <f, L;lf’> 18 square integrable.

Proof. The function x -+ <f, L;lw> = ?(x_l) = S*f(x) 1is, by

hypothesis, square integrable for every f € D(S%*) n Rsz(G) . Let D be

the subspace of all f' € Rsz(G) such that cff’ is square integrable.

D contains a non-zero vector Y and is invariant under L , whence D is

dense in RwLZ(G) .

Now following Gaal [4] we define Tf : D> L2(G) by

() (@) = (Fs 5 ") -

It now follows as in Proposition VII.1l.4 of Gaal [4] that Tf is bounded
on D and hence D = H , proving the result.
By using the argument of the above lemma, it is clear that if

xz > (f, L _lf’> is square integrable for some f' € Rsz(G) then it is
z

square integrable for all f' ¢ R¢L2(G) and hence in particular that

x > <f, L _llp> is square integrable. Thus f € D(S*) and so the above
x

lemma specifies all the square integrable functions cff’

PROPOSITION 4.2. I1f fi’ g; » i=1, 2, are elements of the

irreducible subspace Rsz(G) of L2(G) , then there is a constant dw

such that

IG <f, Lz,f2)<gl’ Lxge)d.r = (S*ge, S*fz)(gl, fl)/dw
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whenever fé, g5 € D(S*)

Proof. Following the proof of Proposition VII.1.29 of Gaal [4] we

observe firstly that the integral has the form

(szfl, T 92g1> .

LE(G)
where Tf s Tg are the operators introduced in the preceding lemma.
2 2 N
T =T : R L2(G) -+ R L2(G) and it is not difficult to show that
g, fp W v

T *T commutes with the action of L in R L2(G) . Hence T
9, I v 95
is a constant multiple, say k(gz, fé)I of the identity operator.
So we have the value of the integral as

To find k(gz, fé) we set fi =g, = Y “and obtain

for ¥ ¥ .59 = (S*g_, S*f.)
[ (far v aXo_ae oo = s s,
= k(gys Fp)C0s ¥Y .

Hence

k(gg’ fg) (3*92’ S*fz)/(w, v

(S%gy, 54fp)/d,

where dw is defined to be IIq)||2 .

Now

* T

To connect this proposition with the formulation of the orthogonality

relations given in [3], [8], [11] we follow Phillips [11]. Consider the

map A-% : D(S*) » L2(G) defined as in the introduction. Since A_JE
2(G) is also closed as an

.

closed its restriction to D = D(S*) n RwL

operator from D into the completion [in L2(G) ) of A We may

therefore define the adjoint
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<3 % -
(a Jf) 25D .
Now. let T : D > D be given by
I PR S 0N P
7= (079 875 % )P
It follows that
(4.1) (Tf, TF') = (S*F, SO/ IWIP
Furthermore
2
(

D(T) = D(s*) n BI2(G) as |A7¥f = lIs*f) .

1

THEOREM 4.3. Let m be an irreducible representation of G in H_

with a square integrable coefficient ¢ : x + (v, m(x)v) ,where v € HTr
and |lv|| =1 . Let W : H > L2(G) be the wnitary equivalence of w with

the vestriction of L to RwLZ(G) ,where ¥ = o/I61° . Let T = WIW

then for all wu,, v, € D(Tﬂ) and uy, v

e Yy €H_ ,

2 kit
(k.2) r (n(x)ul, u2)(v2, n(x)vl>dx = (Tnul, Tﬂvl)<v2, u2) .

Proof. Combining Proposition 4.2 and equation (4.1) we obtain the
result.

REMARKS 4.4. (i) TTT is the only positive operator defined on

€H and u,, v, € WD(T)

WD(T) which satisfies (L.2) for every Uys U, T S

1
(ii) Unlike the unimodular case, the "formal dimension"
dw = P(e) = HUJH2 depends not only on the equivalence class of T but also
appears to depend on the choice of minimal projection R, ; that is, on
the realization of the square integrable representation chosen.
(iii) In the case of separable unimodular G , Segal [712] introduced
the projections on L2(G) of the form Rf where f € L2(G) . He called

them finite projections and showed that every projection in the commuting
algebra of L is the least upper bound of the finite projections it

bounds. This enabled him to demonstrate that in the central decomposition
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of the commuting algebra, no type III factors occur. It would be
interesting to investigate to what extent similar results are true in the

non-unimodular case.
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