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Quasi-Poisson Manifolds

A. Alekseev, Y. Kosmann-Schwarzbach and E. Meinrenken

Abstract. A quasi-Poisson manifold is a G-manifold equipped with an invariant bivector field whose
Schouten bracket is the trivector field generated by the invariant element in A%g associated to an
invariant inner product. We introduce the concept of the fusion of such manifolds, and we relate
the quasi-Poisson manifolds to the previously introduced quasi-Hamiltonian manifolds with group-
valued moment maps.

1 Introduction

This paper is a sequel to [1], in which the notion of a quasi-Poisson manifold was in-
troduced. While the purpose of [1] was to obtain a unified picture of various notions
of “generalized moment maps” and their properties, the current article is devoted
to a closer examination of a particular type of quasi-Poisson manifolds, defined as
follows.

Let G be a Lie group, whose Lie algebra g is equipped with an invariant inner prod-
uct. From the Lie bracket and the invariant inner product, one obtains an invariant
element ¢ € A%g, the Cartan 3-tensor of the Lie algebra with an invariant inner
product. The quasi-Poisson manifolds studied in the present paper are G-manifolds
M together with an invariant bivector field P, such that the Schouten bracket [P, P]
equals the trivector field ¢y, generated by ¢. Of particular interest are the quasi-
Poisson manifolds admitting a moment map, ®: M — G (see Definition 2.2 below).
The triple (M, P, ®) will then be called a Hamiltonian quasi-Poisson manifold.

The basic example of a Hamiltonian quasi-Poisson G-manifold is M = G, where
G acts by conjugation, and the moment map is the identity map. As we will explain
in this paper, there are many parallels between this example and the usual linear
Poisson structure on the dual of a Lie algebra. In particular, in analogy with the
coadjoint orbits, all the conjugacy classes in G are quasi-Poisson submanifolds with
a “non-degenerate” bivector field. Other examples are obtained using the methods
of “fusion” and “exponentiation” introduced in this paper. As an application, we
will show how to construct the usual Poisson structure on the representation variety,
Hom( (), G) /G, for any oriented surface with boundary, %, by reduction of a
quasi-Poisson structure on a fusion product of several copies of G.

One of the main results of this paper states that every Hamiltonian quasi-Poisson
manifold has a generalized foliation, the leaves of which are non-degenerate Hamil-
tonian quasi-Poisson manifolds. Furthermore, every non-degenerate Hamiltonian
quasi-Poisson manifold (M, P, @) carries an invariant 2-form w such that (M, w, ®)
satisfies the axioms of a quasi-Hamiltonian G-manifold with group-valued moment
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map, as introduced in [2]. Conversely, every such manifold carries a non-degenerate
quasi-Poisson structure with moment map ®.

In a recent paper, T. Treloar [8] has applied the concept of a Hamiltonian quasi-
Poisson manifold developed here to study the symplectic geometry of spaces of poly-
gons on the 3-sphere.

The organization of the paper is as follows. In Section 2 we give the definition of
quasi-Poisson manifolds and of moment maps for Hamiltonian quasi-Poisson man-
ifolds. Section 3 describes the fundamental examples of M = G with the action by
conjugation, and of the conjugacy classes in G. Section 4 contains the definitions of
the quasi-Poisson cohomology and of the modular class of a quasi-Poisson manifold.
In Sections 5 and 6, we study the fusion and reduction of quasi-Poisson manifolds.
In Section 7, we show how to construct Hamiltonian quasi-Poisson manifolds out
of Hamiltonian Poisson manifolds using the process of exponentiation. In Section 8
we define a generalized dynamical r-matrix and we prove the cross-section theorem,
which is our main technical tool. Using this result, we show, in Section 9, that ev-
ery Hamiltonian quasi-Poisson manifold is foliated into non-degenerate leaves. In
Section 10 we prove the equivalence of the notion of a non-degenerate Hamiltonian
quasi-Poisson manifold with that of a quasi-Hamiltonian manifold in the sense of
[2], and we apply this result to describe the Poisson structure on the representa-
tion variety, Hom(m(E)7 G) /G. In Appendix A we explain the relation between
the quasi-Poisson bivector on the group G and the Poisson bivector on the dual of
the Lie algebra of the central extension of the corresponding loop group LG. In Ap-
pendix B, we prove that the new r-matrix introduced in Section 8 is indeed a solution
of a generalized classical dynamical Yang-Baxter equation.

Notation Let G be a Lie group with Lie algebra g. Although many of the results
of this paper hold for non-compact Lie groups, we shall assume for simplicity that
G is compact. For any G-manifold M and any { € g, the generating vector field
of the induced infinitesimal action is defined by &y(m) = d% =0 exp(—t&).m, for
m € M. The Lie algebra homomorphism g — C*>(M; TM), £ — &, extends to an
equivariant map,

(1) A®g — C®(M; A°TM),

preserving wedge products and Schouten brackets.! More generally, for any function
a € C*(M, A*g), we denote by vy the multi-vector field, an(m) = (a(m)) ,,(m).

If P is a bivector on M, then P* denotes the induced map from differential forms
to vector fields, with the convention P*(a)(b) = P(a, b), for 1-forms a and b.

'We briefly recall the main properties of the Schouten bracket:

la, 8] = —(=)el=D0BI=D18 4],
[, 18,7]] = [lenBl,7] + (=))I=DUI=D 5 [0 4]]
[, A~ = [a, B] Ay + (=D)1I=DIBIg A [a, 4].

For any vector field X, the bracket [X, a] is just the Lie derivative.

https://doi.org/10.4153/CJM-2002-001-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2002-001-5

Quasi-Poisson Manifolds 5

We shall denote the left- and right-invariant multivector fields on G generated
by an element 3 € A®g by 4L and R € C>°(G; A®TG) respectively. The vector
fields &F for € € g are the generating vector fields for the right action, (g,m) €
Gx G +— gm = mg ' € Gand —&R are the generating vector fields for the left
action, (g, m) — g.m = gm.

Our definitions involve the choice of an invariant inner product (positive definite,
non-degenerate symmetric bilinear form) on g, which we also use to identify g* with
g. We denote the inner product by a dot. Using the inner product, one can define
the canonical invariant skew-symmetric 3-tensor on g, sometimes called the Cartan
3-tensor. In terms of an orthonormal basis (e,) of g, this canonical element, ¢ € A%g,
is given by

1
(b = Eﬁtbcea Nep N ec,

where fo;c = e, - [ep, €] are the structure constants of g. Here and below, we take the
sum over repeated indices. (Normalizations for the element ¢ vary in the literature.)

We denote by 0" the left-invariant Maurer-Cartan form on G, and by 6® the right-
invariant Maurer-Cartan form. Let 6% and 0R be the components of the Maurer-
Cartan forms in the basis (e;). Then L(eé)ﬁlf = 04 and L(eg)ﬁf = 0. IfA: g — gis
a linear map, we define its components by Ae, = Agpe,. This gives (ad¢)ap = — favcbes
for & € g. Also, atapointg € G, ef = (Adg)ahei, and OF = (Adg)ab%.

2 Quasi-Poisson Manifolds

Recall that a Hamiltonian Poisson G-manifold is a triple, (M, Py, @), consisting of
a G-manifold M, an invariant Poisson structure Py, and an equivariant moment map
®y: M — g* satisfying the condition,

) PA(d(®o, €)) = Eur,

for all £ € g. The simplest example of a Hamiltonian Poisson G-manifold is M = g*
with its linear Poisson structure and the coadjoint action; the identity map is then a
moment map.

In this paper we will study a notion of Hamiltonian guasi-Poisson G-manifold, for
which the moment map takes values in the group G itself. The terminology “quasi”
is motivated by the relation to quasi-Poisson Lie groups (see [1]), which are the clas-
sical limits of quasi-Hopf algebras. For any G-manifold M, the Cartan 3-tensor ¢
corresponding to an invariant inner product on g gives rise to an invariant trivector
field ¢p; on M.

Definition 2.1 A quasi-Poisson manifold is a G-manifold M, equipped with an in-
variant bivector field P € C*°(M; A2TM) such that

3) [P, P] = -

We note that if the group G is Abelian, P is a Poisson structure in the usual sense.
We denote by {f,¢g} = P(df,dg) the bracket defined by P. It does not in general

https://doi.org/10.4153/CJM-2002-001-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2002-001-5

6 A. Alekseev, Y. Kosmann-Schwarzbach and E. Meinrenken

satisfy the Jacobi identity; instead

{{flva}v]%} + {{f27f3}7f1} + {{f37f1}’f2} = 2¢M(df17df27df3)~

An equivariant map F: M — N between quasi-Poisson G-manifolds (M, P) and
(N, Q) will be called a quasi-Poisson map if {F* fi, F* f,} = F*{f1, f,} forall fi, f, €
C>°(N,R). Equivalently, F.(P,,) = Qpm) for all m € M.

To motivate the moment map condition for quasi-Poisson manifolds, we observe
that the moment map condition for Poisson manifolds (2) is equivalent to,

(4) Pi(d(®5 ) = (25(Dof) ,,

for all functions f € C*(g*,R). Here Dy f is the exterior differential of f, viewed
as a g-valued function on g*. Equivalently, Dy is the g-valued differential operator

on g* such that (Dyf), = % in a basis (e,) of g, defining coordinates &, on g*.
Equation (4) becomes

* * a
(5) Pg(d(‘l’of)) = ®; (%) (€a)m-

In the non-linear case, we assume that the basis (e,) is orthonormal and we replace
Dy by the g-valued differential operator D on G, with components

1
(‘Df)a = E(eé + es)f'
We note that D, unlike Dy, depends upon the choice of the inner product on g.

Definition 2.2  An Ad-equivariant map ®: M — G is called a moment map for the
quasi-Poisson manifold (M, P) if

(6) PHd(®*f)) = (*(DSf)),,»

for all functions f € C>*(G,R). The triple (M, P, ®) is then called a Hamiltonian
quasi-Poisson manifold.

In the basis (e;), the moment map condition (6) reads

1
(7) P(d(@" ) = 5@ ((ez + &) f) (el
The following Lemma gives an equivalent version of the moment map condition.

Lemma 2.3 Let (M, P) be a quasi-Poisson G-manifold. An Ad-equivariant map ®:
M — G is a moment map if and only if

(8) P@70) = (1 + Ada)a(e)u
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Proof First suppose that ® satisfies (8). Using df = (eX f)6%, we find that

P(d(@" ) = 307 (& (1 + Adg)aa(erh

Equation (7) follows since ef = (Adg)ubei. The converse is proved similarly, since,
for all g € G, one can always find f € C°°(G, R) such thatdf = 6% at g. ]

The definition of a moment map for a quasi-Poisson manifold can also be cast in
the more invariant form,

(9) PO (0" ¢)) = %((1 + Adg-1)€)

for all £ € g, from which it is clear that Definition 2.2 coincides with the definition
given in [1].

3 Examples: The Lie Group and Its Conjugacy Classes

The basic example of a Hamiltonian quasi-Poisson manifold is the group G itself. Let
1 € A2(g @ g) be the element

1
(10) Y= Ee;/\eﬁ,
where the superscripts refer to the respective g-summand. A straightforward calcu-
lation shows that the Schouten bracket of 1) is the following element in A*(g @ g),

1
[V, ¥] = Zfabc(e; NepNel+eh Nep Ne?).

In terms of the map diag: A® g — A®(g @ g), induced by the diagonal embedding
g — g P g, this can be written

(11) [, 9] = diag(¢) — ¢' — ¢7,

where ¢ is the Cartan 3-tensor of g. Consider the map g ® g — C*(G; TG),
(€1, €%) — (2L — (¢1)R given by the generators of the G x G-action on G, where the
first G-factor acts by the left action and the second G-factor by the right action. The
image of — under the extended map A®(g & g) — C°°(G; A®*TG) is the bivector
field on G,

1
PG:Eeﬁ/\eﬁ.

When the action map is composed with the diagonal embedding of g in g & g, the
elements of g are mapped to the vector fields generating the conjugation action. We
denote this infinitesimal action, and its extension to A®g, by & +— &g. Therefore,
equation (11) yields

[P, Pl = ¢ — ¢" + o".
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Since ¢ is Ad-invariant, ¢* equals ¢® and therefore
[P, PGl = -

This proves the first part of

Proposition 3.1 Let M = G, with G acting on itself by conjugation, and let P¢ be the
bivector field

1
(12) P = Eeﬁ/\eﬁ.

Then (M, Pg) is a Hamiltonian quasi-Poisson G-manifold with moment map ®: M —
G the identity map.

Proof It remains to verify the moment map condition (7), which in this case is

(13) PP = 3 (e + 1) (eado.

From the definition of P; we obtain,
1
P(df) = (e ek = (eh)el).

These two expressions differ by (e f)el — (e f)eX, which vanishes by Ad-invariance
of the inner product. ]

Remark 3.2 In Appendix A, we shall give a heuristic derivation of the bivector field
P as a quotient of a formal Poisson bivector Py ;4 on the dual of the loop algebra Lg
of g.

It is well-known that for any Hamiltonian Poisson manifold, the moment map is
a Poisson map with respect to the linear Poisson structure on g*. Similarly

Proposition 3.3  Let (M, P) be a Hamiltonian quasi-Poisson G-manifold with mo-
ment map ®: M — G. Then ® is a quasi-Poisson map.

Proof Using (6) and (12) we find that

O, P(D*df) = 0. (2*(DS)) ,, = (Df)g = PL(df),

forall f € C*°(G,R). This shows that ®.P = Pg. [ |
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To compare the bivector field Pg to the linear Poisson structure Py, on g = g%,
consider the Taylor expansion of Pg near the origin, using the coordinates provided
by the exponential map, exp: § — G. Let v(s) = == = 1+ 5 +0O(s?). The operator

1—e
v(ade): ¢ — gis well-defined for  small, and
0 0
14 L — d = R= d Y
(14) e, = (v(adg)) wog (v(a 5))“‘8&’
where % are the coordinate vector fields. Therefore,
1 2 0 0 0
Po=—- —
o= ((vad0)") 5o A ge = L (@da - 56 " g, + OUEID):
showing that the linearization of Pg is the linear Poisson structure,
0 0 0
15 abcSc d a .
(15) fb&aga %6 ( g)bﬁéa %,

Proposition 3.4  For every conjugacy class C C G, the bivector field P; on G is tangent
to C. Thus C is a quasi-Poisson manifold, with moment map the embedding ®: C — G.

Proof By equation (13), PuG: T*G — TG takes values in the image of the action
map g — TG, £ — &g. Equivalently, Pg is tangent to the orbits for the conjugation
action. ]

Example 3.5 Leto: G — G be a non-trivial involutive automorphism of G, with
fixed point set G7, and M = G/G” the corresponding symmetric space. Let € be the
generator of Z,, and define the semi-direct product G = 7, x G such that eg = o (g)e.
The action of G on M extends to an action of G, by €.(¢G%) = (g)G”, and the map

O:M—>7,xG, g¢gG +— (e,a(g)gfl)

is a G-equivariant diffeomorphism from M onto the conjugacy class of the element
(e,e) € G. Thus every symmetric space carries the structure of a quasi-Poisson
manifold. Remark 3.6 below shows that P); = 0, since each element of the form
(e, o(g) g_l) squares to the identity element.

To obtain a more explicit description of the bivector field on a conjugacy class C,
identify the tangent space T,C at ¢ € C with ggL, where g, = {£ € g | Adg{ =&} is
the Lie algebra of the stabilizer of g. The operator Ad, —1 is invertible on ggl. Using
this inverse, we consider

Adg +1 i 1 N
(M| )

We will view this as a linear operator on g acting trivially on g,. We claim that the
bivector Pg at the point ¢ € G can be written

1 [ Adg+1
1 R (e ‘ L) (e,
(16) 6= (Adgl 9g>ab(€ )o A (&),
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showing explicitly that P is tangent to the orbits. Indeed,

1 1

Ps = Z(Adg_l — Ady) el N ey = Z(Adg +1)b(Adg—1 —1)gcel A €
1 1

= Z(Adg +1)p(Adg —1)eaet N ek = _Z(Adg +1)a(ea)G A ef.

which yields (16), since e = ( ((1 — Ady) ’ Q;) _1) ab(eh)G-

Notice that, in analogy to (16), the linear Poisson bivector Py 4 at the point £ € g
can be written

(17) Pog = = ((ade [o2) ™), (ea)g A (en)ys

N —

where G acts on g by the adjoint action.

Remark 3.6  Equation (16) also show that P vanishes at those points ¢ € G for
which all eigenvalues of Ad, are +1 or —1. That is, P vanishes at g if g* is contained
in the center of G.

4 Quasi-Poisson Cohomology

On a Poisson manifold (M, P), the graded algebra of multivectors, C*°(M; A*TM),
with the differential dp = [P, -], is a complex. In fact, since df; = % [[P, P, ] , the
property [P, P] = 0 ensures that dp squares to zero. The cohomology of dp is called
the Poisson cohomology of (M, P).

Let (M, P) be a quasi-Poisson G-manifold. Then, dp := [P, -] defines an op-
erator on the space of multivectors. Its square is in general non-vanishing, dj =
%[¢M, -]. However, when restricted to the subspace of G-invariant multivectors,
C>(M; A°*TM)C, dp becomes a differential.

Definition 4.1 Let (M, P) be a quasi-Poisson G-manifold. The quasi-Poisson coho-
mology of (M, P) is the cohomology of the differential dp = [P, -] on the space of
G-invariant multivectors, C*(M; A* TM)C.

Let M be an orientable manifold and let %, be the isomorphism from multivectors
to differential forms on M defined by a volume form, p. The de Rham differential on
the space of differential forms, d, translates into the operator 9, := — %, ' od 0 x,, on
multivectors, called the Batalin-Vilkovisky or BV-operator. The BV-operator, J,,, is a
generator of the Schouten bracket on C*°(M; A®*TM), that is,

(o, ] = (=D)*I(8u(a A B) = (Bue) A B — (=) la A (8,5)),
where |« is the multivector degree of «. Since, moreover, the BV-operator is of

square 0, it is a (super-) derivation of the Schouten bracket, d,[c, 8] = [J,c, 8] +
(=Dl e, 9,8].
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Lemma 4.2  Assume that 11 is a G-invariant volume form on a G-manifold M. Then,
the map \*g — C°°(M; A*TM) induced by the G-action on M, £ — &y, is a homo-
morphism of complexes with respect to the Lie algebra homology operator, 0: A* g —
A*~'g and the BV-operator, 9.

Proof The map £ +— &y is a homomorphism with respect to both the exterior
product and the Schouten bracket. Moreover, the operator 0 is a generator of the
Schouten bracket on A®g. Hence, it is sufficient to prove the property 0,&u = (0€) M
on the elements of degree 1. For all § € g, 9§ = 0. To compute 0,{y = — *;1 odo
*,,E0, we consider

d(*;LfM) = de(&p)pe = L&),

where ¢ denotes an interior product and £ a Lie derivation. Since p is G-invariant,
L&) = 0, whence 9,,(§n) = 0, which shows that 9,({u) = (08)u, forall § € g.
|

We define the modular vector field on a quasi-Poisson G-manifold (M, P) with
given G-invariant volume form p by the formula, X, := 9,P.

Proposition 4.3  For any G-invariant volume form p on the quasi-Poisson G-manifold
(M, P), the modular vector field X,, is G-invariant and a cocycle with respect to dp. The
quasi-Poisson cohomology class of X,, is independent of the choice of fu.

Proof Since the BV-operator is a derivation of the Schouten bracket, for each £ € g,
[év, X, ] = [€m, 0, P) = 0,[ém, Pl — [0,ém, P] = 0. Moreover, dpX,, = [P,0,P] =
10,6um. The element ¢ defines a cycle in Lie algebra homology. Hence, we obtain
dudm = (0¢)p = 0 and dpX,, = 0.

Choosing ft = fu with f a positive G-invariant function on M, one obtains the
new BV-operator, d;, = 0, — L( d(In f )) . The modular vector field also changes,

Xy =X, — L(d(lnf))P =X, + [P In(f)] = X, + dp(In f).

We conclude that the class of X, in the quasi-Poisson cohomology is independent of
the choice of . u

We refer to the class of X, in the quasi-Poisson cohomology as the modular class of
the quasi-Poisson G-manifold (M, P). This definition extends the standard definition
of the modular class of a Poisson manifold [10].

Proposition 4.4 The modular class of the quasi-Poisson G-manifold (G, Pg), where
Pg is defined by formula (12), vanishes.

Proof Let p be the bi-invariant volume form on G defined by the basis (e,) of the
Lie algebra g. Then, X, = 9,Pc = — *,' d %, Pg, where %,Pg = Lu(e®) (el
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Applying the de Rham differential yields

du(eN) ey = L) — w(ed)du(el)p
= 1(eh)L(ef)p — 1(ef)Lleh)pn =0,

since e and el commute, and since y is both left-and right-invariant and closed.
This implies X,, = 0. ]

5 Fusion of Quasi-Poisson Manifolds

Any Hamiltonian Poisson G x G-manifold becomes a Hamiltonian G-manifold for
the diagonal G-action, with moment map the sum of the moment map components.
For Hamiltonian quasi-Poisson manifolds a similar statement is true using the prod-
uct of the moment map components. However, it is necessary to change the bivector
field. In this section H is a compact Lie group with an invariant inner product, pos-
sibly H = {e}.

Proposition 5.1 Let (M, P) be a quasi-Poisson G x G x H-manifold. Then
(18) Ppys := P —

where 1y is the image of (10) under the G x G-action map, defines a quasi-Poisson
structure on M for the diagonal G x H-action. Moreover, if (!, 2, ¥): M — G x
G x H is a moment map for the G X G x H-action, the pointwise product

(@0, )
is a moment map for the diagonal action.

Proof The trivector field for the G x G-action is the sum of the trivector fields ¢},
and ¢3, for the two G-factors. By assumption, P is G x G-invariant and [P,P] =
@i + @3, Therefore [P, 1)p] = 0, and using formula (11) we obtain

[P —tu, P = thu] = ¢ + Oy + [Yar, Yu] = (diag(e)) ,, = ding.

where (i)ﬁ}ag is the image of ¢ under the map (1) extending the infinitesimal diagonal
action of G on M.

Now suppose that the action is Hamiltonian. For any maps ®' and ®* from M
to G,

(B' )" 08 = (Adg1)ap(D2)*OF + (D1)*0F.

This relation together with the moment map property,

, 1 ;
PH(®)* 0% = 5(1 + Adgi)av(ep)prs
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fori = 1,2, implies,
1 1
Pu((éléz)*eg) = 5(1 + Adtl)l)uc(ec)]l\/[ + E(Adtbl)ab(l + Ad(bz)bc(ec)i/j'
By equivariance of ®', ((®')*0R, (e)i,) = (Adg: —1)a, and therefore,

Y (@1 99)°68) = S (Adu)a (1 — Adglieleoly + 5 (~1+ Adaaclecy

We obtain
. 1
P ((@'02)*0F) = S (14 Adgiaa)a ()i + (e)iy)
which is the moment map condition for the diagonal action. ]

Example5.2 Let M = G, viewed as a G x G-space for the action defined by
(g1,8).a = g1ag; . The trivector field for this action is ¢y = ¢* — #® = 0, hence
P = 0 defines a quasi-Poisson structure. The diagonal action is the conjugation,
and the quasi-Poisson structure Py, is defined by the bivector field, Pg,s = %eff A ek,
introduced above. We remark that the G x G-action on M = G does not admit a
moment map. (However, one can view G as a symmetric space G X G/G for the
involution o(a, b) = (b,a) of G X G, and as such it is a Hamiltonian quasi-Poisson
7, x (G x G)-manifold by Example 3.5.)

Example 5.3 Let M = D(G) := G x G with G x G-action

(g1,9)-(a1,@m) = (@a1g ', pag ),

and bivector field

1
(19) P = E(ei"L A eﬁ’R + e;’R A eﬁ’L).

Then (D(G), P) is a quasi-Poisson G x G-manifold obtained from G x G, viewed as a
G*-space, by fusing two pairs of G-factors. A simple calculation shows that (a;, a,) —
(aras, afla;l) is a moment map.

Example 5.4 By fusing the two G-factors acting on the Hamiltonian quasi-Poisson
manifold D(G) of Example 5.3, we obtain a Hamiltonian quasi-Poisson G-manifold,
where G acts by conjugation on each factor of G x G, and the moment map is the Lie
group commutator, (a;,d;) — [ai,d,] = alazafla; ! 'We denote this Hamiltonian
quasi-Poisson G-manifold by D(G).

If M; and M, are quasi-Poisson G-manifolds, we denote their direct product with
diagonal G-action and bivector field (P; + P;)gs by M; & M,. We remark that the
two projection mappings, M; ® M, — M; (j = 1,2), are quasi-Poisson maps.

Propositions 5.1 and 3.3 have the following consequence:
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Corollary 5.5 The group multiplication, Multg: G® G — G, (g1,£) — Q1% isa
quasi-Poisson map.

Proof Since the identity map is a moment map for (G, P), Proposition 5.1 shows
that Multg is a moment map for G ® G. Hence it is a quasi-Poisson map by Proposi-
tion 3.3. [ ]

Proposition 5.6  For any quasi-Poisson manifold (M, P), the action map
A:GeOM — M, (g, m)— gm

is a quasi-Poisson map.

Proof Since P is G-invariant, A,P = P. To compute A, P; we observe that A,ef =

—(eq)u, since —el is the vector field generating the left action on G, and A is equiv-
ariant with respect to this action. Thus

1
AuPe = —5(Adg)a(ea)y / (ey)m-

Finally, since A.(e,)m = (Adg-1)ap(ep) M, we obtain

A*(—%ws—é>Aw»M)::§A%I—J»AA%lnan4Aw»M

1
= E(Adg)ab(ea)M A (eb)M7
which cancels the term A, Pg. |

It is evident that the fusion operation is associative. Given a Hamiltonian quasi-
Poisson G x G x G x H-manifold M, we can begin by fusing the last two G-factors,
or the first two G-factors. The G x H-equivariant bivector fields on M thus obtained
are identical. In the following sense, fusion is also commutative.

Proposition 5.7 Let (M, P, (D!, ®2, \I/)) be a Hamiltonian quasi-Poisson G X G x H-
manifold. Let
R-M—-M, m— (e,CIJI(m),e) .m

be the action of the second G-factor by the value of the first moment map component.
Then R is a diffeomorphism, with properties

(20) R* (P! = d' P2
and
21) &(P—;m&A@&):P—Qm@A@m.
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Proof Equation (20) follows by equivariance of the moment map,
R*(®*®') = R*(®?)R*(®') = Adg (9?)D' = O' D7,

To prove (21), write R as the composition of two maps, R = R, o R;, where R;: M —
GXx M, m— (®'(m),m),and Ry: G x M — M is the action map A? of the second
G-factor. The tangent map to R; is defined by

(R1).(X) = ((')"6%, X)ek + X.

In particular, (R).(ea)}; = (ea)} + (Ad@1)-1 —1)apepr and (Ry).(en)}; = (ea)}ss s0
that

1 1 1
E(Rl)*(eu)jl\/[ A (eu)jz\/[ = E(ea)]lvj A (ea)ﬁ/[ - E(Ad(dﬂ)*l _l)ub(ea)jzvj A erQ-

We now use the fact that (R;).(e,)i; = (ea)i; and (Ry).(ef) = —(e,)3,, and the
relation (Ry)«(e4)3; = (Adg-1)as(ey)3- We find that

1
E(RZRI)*(ea)]l\/[ A (ea)jz\/[
1 1
= S (Adi-Dan(ea)ls A ek + 5 (Adwn - = Da(eals A )y
1 1
= _E(Addﬂ)ab(ea)%/[ A (e — E(Addﬂ)ab(ea)jz\/[ A (ep)is-

On the other hand, (R;).P is the sum of P, of (®'),.P = P, and of cross-terms which
can be found by pairing this bivector with #% and using the moment map condition.
The result is

1
(R)),P=Pg+P+ E(l + Adgt)apel A (&)}

We next apply (R, ) to this result. The push-forward of P and of Pg; are obtained as
in the proof of Proposition 5.6, and we obtain

1 1
(RZRI)*P =P- E(Adfbl )ab(ea)Jz\/[ A (eb)%/[ - E(l + Ad(I'l )ab(eu)]z\/[ A (eb)]l\/1~

Equation (21) is now obtained by subtracting the expression for %R*(eu)}w A (ea)d;
from that for R, P. |

6 Reduction of Hamiltonian Quasi-Poisson Manifolds

If (M, Py) is a Poisson G-manifold, and M, the open subset of M on which G acts
freely, the quotient M, /G carries a unique Poisson structure such that the quotient
map is Poisson. If the action is Hamiltonian with moment map ®,: M — g%,
then ®; has maximal rank on M,, and for every coadjoint orbit, O C g~
(@, '(0) N M,) /G is a smooth Poisson submanifold of M., /G. More generally, if
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M., denotes the subset where the action is locally free, i.e., the stabilizer groups are
finite, M, /G is a Poisson orbifold and (@, '(0) N M..) /G is a Poisson suborbifold
of M. /G. The space My := ®;'(9)/G is called the reduced space. For the orbit of
0 € g*, we also use the notation M /G := ®;'(0)/G.

Similar assertions hold for a quasi-Poisson manifold (M, P). Since ¢y, vanishes on
invariant forms, the space C°°(M, R)“ of G-invariant functions is a Poisson algebra
under {-, -}. Therefore M, /G is a Poisson manifold in the usual sense.

Theorem 6.1 (Quasi-Poisson Reduction) Let (M, P, ®) be a Hamiltonian quasi-
Poisson manifold. Then ® has maximal rank on the subset M, where the action is
locally free. For each conjugacy class C C G, the intersection of Me = ®~'(C)/G with
M. /G (resp., M./ G) is a Poisson submanifold (resp., suborbifold).

Proof Suppose that the action is locally free at the point m € M. To prove that ¢
has maximal rank at 7, we need to show that the equation ®* (6% - £)(m) = 0 does
not admit a non-trivial solution £ € g. Let £ € g be any solution of this equation. By
equivariance of the moment map,

0= <(I)*(9R : 5)777M>(m) == (Adq)(m)—l —1)6 -n

for all 7 € g. Hence, Adg(;)—: & = &, and the moment map condition (9) shows that

0 =P5 (270" - €)) = &u(m).

Since the action is locally free at m, this implies £ = 0.

Because ® is of maximal rank on M,,, ®~1(€) N M., is a smooth submanifold
of M,,, and (<I>*1(€) N M**) /G is a smooth suborbifold of M.../G. To show that
(<I>*1 ©)n M**) /G is a Poisson suborbifold, we have to show that, for all invariant
F € C*(M,R)°, the Hamiltonian vector field P4(dF) is tangent to ®~1(€) N M,..
In fact, P*(dF) is tangent to all level sets of ®, because

(PH(dF)) @*f = —(P*(d®*f)) F=0

for all functions f € C*°(G, R). Here we have used the moment map condition (7)
and (e,)F = 0. [ |

For € = {e} we also write M J/G := ®~!(e) /G.

Example 6.2 Let X be a compact oriented surface of genus & with r > 1 boundary
components. It is known that the representation variety Hom( (), G) /G can be
identified with the moduli space of flat G-bundles over X.. Its smooth part carries a
natural Poisson structure [6], the leaves of which correspond to flat bundles whose
holonomies around the boundary circles belong to fixed conjugacy classes in G.

Using the notion of fusion, this Poisson structure can be described as follows. First
we observe that

Hom(7(X),G) = {(al, cam, by, b) € G Tlaj a5 [ e = e}.
j k
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Viewing this relation as a moment map condition, we can write

Hom(7(%),6) /G= (DG ®---®@D(G)@G®---®G) //G.

h r

For any Hamiltonian quasi-Poisson manifold (M, P, ®), the embedding M —
M ® G defined by m — (m, (®(m)) 71) is a G-equivariant diffeomorphism from

M onto the identity level set of the moment map for M ® G, (m,g) € M X G +—
®(m)g € G. Thus it induces a bijection from M /G to (M ® G) //G. It is easily shown
that on the smooth part, this bijection is a Poisson diffeomorphism. In particular,
the Poisson structure on the representation variety can also be written,

Hom(7(%),6) /G= (DG ®---@D(G)@®G®---®G) /G.
h r—1

In Section 10, Example 10.8 we shall explain that this Poisson structure coincides
with the canonical Poisson structure on the moduli space of flat connections on ¥. A
similar construction of the Poisson structure on the representation variety using the
properties of the solutions of the classical Yang-Baxter equation was developed in [5].

7 Exponentials of Hamiltonian Poisson-Manifolds

Let (M, Py, ®y) be a Hamiltonian Poisson G-manifold. We will show in this section
that if @, takes values in the open subset ' C g on which the exponential map has
maximal rank, then Py can be modified into a quasi-Poisson structure with moment
map exp o®y. This construction involves a bivector field on g,

1
T= ETabea Aey € C(g%5 Ng),
where Ty, (&) = (w(adg)) a foré € g%, and ¢ is the meromorphic function of s € C,
I 1 s s 3
w(s) = T Ecoth (E) =0 + O(s”).

We observe that T is well-defined and smooth on g7, but develops poles on the com-
plement of this set. By a result of Etingof and Varchenko [4], T is a solution of the
classical dynamical Yang-Baxter equation,

oT, 1
(22) Cycl,, (8—b + TakfkblTlc) = qubm
c

where Cycl ;. denotes the sum over cyclic permutations. It follows from (14) and
from the relation % ( v(s) + u(—s)) = 1 — sp(s) that T also satisfies the equation (see

(3)

0 1 .
a—gu — Eexp (eﬁ +ef),
where for a local diffeomorphism F: M — N and any multivector field 4 on N we
denote by F*u the unique multivector field on M such that F,(F*u) = u.

(23) Tap(en)g =
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Theorem 7.1  Let (M, Py) be a Hamiltonian Poisson G-manifold with moment map
®y. Suppose that ®o(M) C . Then, exp: § — G has maximal rank on the image of
&y and P = Py — (9§ T)m defines a Hamiltonian quasi-Poisson structure on M, with
moment map ® = exp oP,.
Proof Let Ty = (®;T)y. We want to compute

[P, P] = [Py, Py] — 2[Py, Trng] + [Tar, Tag]-

The first term vanishes since Py is a Poisson structure. For any function f €

C>®(g,R), [Py, @5 f] = —Pg(q)a‘df). Using the moment map condition (5) of ®,
and the invariance property [Py, (e,)p] = 0 of Py, we obtain
0T,
(24) [Po, Tna] = ——<I>o 65” (eadr A (ep)ar A (e
c

To calculate [Ty, Tar] we use the relation
[(ea)rns @5 Tr] = PG (Sfakm Tont + fatm Tiom)-

Taking symmetries into account, we obtain

[Tv, Tim] = iq)g(Takal)[(ea)M A (ep)m, (er)m A (el

+ @5 Tap[(en)ar, Do Tl (ea) A (e A (en)m
Do (Tab Tra) fokm(ea)m A (em)nr A (e)m

+ 295 (Tap fokm Tont) (ea)m A (ex)mr A (e1)m
= O (Tak fini Tic) (ea)rs A (ep)rs A (ec)m-

Together with (24), and using the classical dynamical Yang-Baxter equation (22), this

yields
« [(OTap
[P, P] = @5 A + Tk finnTic ) (ea)m A (ep)m A () = P
To prove that ® = exp 0P is a moment map, we use equation (23). For all functions
f € C=(G),

Ti (d®* ) = B Ty (ea) (D exp® f)(ep)u
= Dy ( Tap(ea)g(exp* f)) (es)m

= 0 (e )~ e (€ + 1) ) e

= 0 (e 1) (e — 30 (6 +e15) e

The moment map property (7) of ® follows from this relation together with the
moment map map property (5) of ®y. [ ]
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Example 7.2  Let Pg be the quasi-Poisson structure on G defined by (12). Under the
exponential map, it pulls back to a bivector field, exp* Pg, on g?. On the other hand,
let Py 4 be the linear Poisson structure on g* = g. Then exp* Pg = Py4 — T,. This
follows from equation (23), together with the expressions (16) for P and (17) for
Py .

The process described in Theorem 7.1 can also be reversed.

Corollary 7.3  Let (M, P, ®) be a Hamiltonian quasi-Poisson G-manifold. Suppose
that the image of ® is contained in an open subset U C G on which the exponential
map admits a smooth inverse, log: U — g. Set &9 = logo®, and Py = P + Ty Then
(M, Py, ®y) is a Hamiltonian Poisson G-manifold in the usual sense.

8 Cross-Section Theorem

The Guillemin-Sternberg symplectic cross-section theorem states that for any sym-
plectic G-manifold with moment map ®,: M — g*, the inverse image Y = @ L)
of aslice U C g* at a given point £ € g* is a G¢-invariant symplectic submanifold,
with moment map the restriction of ®,. Thus, Y is a Hamiltonian G¢-manifold,
called a symplectic cross-section of M. In this section we will prove a similar result for
the quasi-Poisson case.

Given g € G, we denote the stabilizer of ¢ with respect to the conjugation action of
Gonitselfby H = G,. Any sufficiently small connected open neighborhood U of g in
H is a slice for this action. That is, the natural map G xg U — G.U, (g, h) — ghg’l,

is a diffeomorphism onto its image. There is an orthogonal decomposition
(25) TGly = TU & (U x h™),

where h = Lie(H) and the second summand is embedded by means of the vector
fields generating the adjoint action.

Let (M, P, ®) be a Hamiltonian quasi-Poisson manifold. By equivariance of ®, the
inverse image Y = ®~!(U) is a smooth H-invariant submanifold of M, and there is
an H-equivariant splitting of the tangent bundle,

(26) TMly = TY & (Y x b1).
Dually,
(27) T*Mly = T*Y & (Y x (h1)*).

Lemma 8.1 The splitting (27) is P|y-orthogonal, that is, there is a decomposition,
Ply =Py + Pf;, where Py is a bivector field on Y and Pf; € C®(Y; AZhh).

Proof Atm € Y C M, the fiber {m} x (h)* is the space of covectors a =
O*(OR - &)(m) with € € ht. Let &' = %(1 + Adg(m-1)¢ € bt. By the moment
map condition (9), it follows that,

Py(a, B) = (£ (m), B) = 0,
forall € T} Y. ]
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An explicit description of the bivector Pj can be given in terms of the moment
map. Define r € C®(U; A’ht) as

1
(28) () = Sra(h)ea A ey,
where
_ 1 (Ady+1 n
(29) () = =3 (Adhl b )ab.

Since @ is a quasi-Poisson map, the description (16) of the quasi-Poisson structure
on G shows that P} = —®}r, where &y = ®ly.

We will need the following property of the tensor field r. For every vector field
X € C*®(U;TG) on U, let Xy be the orthogonal projection of X to a vector field
tangent to U, using the splitting (25). Let f;}x be the structure constants of f), viewed
as the components of a skew-symmetric tensor of g under the inclusion A*h — A’g.

Lemma 8.2  The tensor field r defined by equation (29) satisfies

1 1
(30) Cycl,, <5(€£ +eN)prpe + Takfkblrh:) = Z(ﬁzbc —f2).

This lemma, which is proved in Appendix B, generalizes the result proved by
Etingof and Varchenko in [4] (see also [3]) in the special case where H is Abelian,
where this equation reduces to the classical dynamical Yang-Baxter equation.

Theorem 8.3 For any Hamiltonian quasi-Poisson G-space (M, P, ®), and any slice
U at a given g € G with stabilizer G, = H, the cross-section Y = ®~1(U) is a
Hamiltonian quasi-Poisson H-manifold, with bivector field Py = P|y — Py and mo-
ment map y = P|y. Conversely, given a Hamiltonian quasi-Poisson H-manifold
(Y, Py, ®y), let the associated bundle G X Y be equipped with the unique equivariant
map ®: G xyg Y — G and the unique invariant bivector field P, such that ® restricts to
®y and P to Py —®§r. Then (Gx Y, P, @) is a Hamiltonian quasi-Poisson G-manifold.

Proof Replacing M by G.Y, we may assume that M = G xp Y. It is clear that the
moment map condition for (Y, Py, ®y) is equivalent to that for (M, P, ®). We have to
show that [P, P] = ¢y ifand onlyif [Py, Py] = (Z)?,. Let Py denote the extension of Py
to a G-invariant bivector field on M. Also, let 7 € C*°(G.U, A%g) be the G-invariant
extension of r. By definition, P = Py — ®*7, so what we need to show is that

(31) ([°F, *7] — 2[Py, 7))y = duly — ¢}
By a calculation similar to that of the term [T, Tj] in the proof of Theorem 7.1,

(D77, @7F] = ™ (Tak frwntic) () A (en)nm A (€c)m-
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To compute the term [ﬁy, ®*7], first observe that [ﬁy, (es)m] = 0 by G-invariance of
Py. Using (7), we obtain

1
[Py, ®%ry] = —Ph(dDsr,) = — (5(65 + ef%m) (ea)y-
Therefore,
~ T I~ * * 1
([®*F, ®*F] —2[Py, ®*F])|y = @ (5(65 +eR)prpe + rukfkbl”c) (ea)M A (ep)mA e

Together with Lemma 8.2, this proves (31). ]

Using the construction from Section 7, the cross-section Y can be equipped with
an ordinary Poisson structure as follows. Since g is in the center of H = G, &} =
g~ '@y is also a moment map for (Y, Py). For U small enough, the exponential map
for h admits an inverse on g~'U C H, log: ¢7'U — I Let

Doy = log(g™ ' ®y),

and set Pyy = Py + Ty. By Corollary 7.3, (Y, Pyy, ®oy) is a Hamiltonian Poisson
H-manifold.

9 The Generalized Foliation of a Hamiltonian Quasi-Poisson Mani-
fold

It is a well-known result of Lie, for the constant rank case, and of Kirillov, for the
general case, that for any Poisson-manifold (M, Py), the generalized distribution?
Dy = im(P(j)) is integrable.

In this section we show that every Hamiltonian quasi-Poisson manifold is foliated
by non-degenerate quasi-Poisson submanifolds. Given a Hamiltonian quasi-Poisson
manifold (M, P, ®), define a generalized distribution © on M by

D = im(P%) + T,,(G.m).
Because G is compact, g = im(1+Ad,) ©ker(1+Ad,), for any g € G. By the moment
map condition, the image of P!, always contains all 1;() with 7 in the image of the
operator 1 + Adg(,;) on g, therefore D,, can be re-written

Dy = im(PL) & {&u(m) | (1 + Adgm)€ = 0}

In particular, if m € M is such that 1 + Adg () is invertible, then D, = im(Pﬁn).

2A (differentiable) generalized distribution on a manifold M is a family of subspaces ©,, C T;uM,
such that for all m € M, there exists a finite number of vector fields X, ..., X; € C°(M; TM) taking
values in © = (J,,c)s Dm and spanning Dy, at m. An in-depth discussion of generalized distributions can
be found in Vaisman’s book [9].
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Definition 9.1 A Hamiltonian quasi-Poisson manifold (M, P, ®) is non-degenerate
ift®,, = T,,M for all m € M.

For example, the conjugacy classes C of a group G are non-degenerate Hamilto-
nian quasi-Poisson manifolds. The decomposition of G into conjugacy classes is a
special case of the following:

Theorem 9.2 The distribution D is integrable, that is, through every point m € M
there passes a unique maximal connected submanifold N of M such that TN = D|.
Each submanifold N is G-invariant, and the restrictions of P and ® to N define a non-
degenerate Hamiltonian quasi-Poisson structure on N.

Proof We show that D is integrable near any given point m € M. Let g = ®(m),
and U C H = Gg be an H-invariant slice through g, and Y = ®~'(U) the corre-
sponding cross-section. Since G.Y = G x g Y, it suffices to show that the distribution
Dy induced by the quasi-Poisson structure Py is integrable. However, as explained in
the previous section, Py = Pyy — Ty, where Py y is an H-invariant Poisson structure
in the usual sense, and Ty is a bivector field taking values in the second exterior power
of the H-orbit directions. Moreover, Py y admits a moment map ®yy = log(g~' ®y),
which implies that the image of Pgﬁy contains the H-orbit directions. Hence Dy is
equal to the distribution defined by the Poisson-structure Py, and therefore inte-
grable by the theorem of Lie and Kirillov. ]

10 Non-Degenerate Quasi-Poisson Manifolds

Any non-degenerate bivector field Py on a manifold M determines a non-degenerate
2-form wy by the condition wj = (P(j))’l. It is well-known that under this correspon-
dence, the Poisson condition [Py, Py] = 0 is equivalent to the closure of the 2-form
wo.

In this section, we extend this correspondence between non-degenerate Poisson
manifolds and symplectic manifolds to the “quasi” case. While the role of the non-
degenerate Poisson manifolds is played by the non-degenerate Hamiltonian quasi-
Poisson G-manifolds, that of the symplectic manifolds is played by the “quasi-
Hamiltonian G-spaces”, introduced in [2]. First, we recall their definition, which
includes the non-degeneracy assumption (c) below. Then, we show that every non-
degenerate Hamiltonian quasi-Poisson manifold (M, P, ) carries a canonically de-
termined 2-form w such that (M, w, ®) is a quasi-Hamiltonian G-space.

Let € Q*(G) be the bi-invariant closed 3-form,

1
n= Efabcef NN
Definition 10.1 ([2]) A quasi-Hamiltonian G-space is a triple (M, w, ®) where M

is a G-manifold, w an invariant differential 2-form, and ®: M — G is an Ad-
equivariant map, such that

(a) dw = ®*n,

https://doi.org/10.4153/CJM-2002-001-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2002-001-5

Quasi-Poisson Manifolds 23

(b) ¢((ea)m)w = 3P*(0F +05),
(c) forall m € M, the kernel of w,, is the space of all £y/(m) such that £ is in the
kernel of 1 + Adg ().

We will need the following two results that were proved in [2]. First, there is an ex-
ponentiation construction. Given a Hamiltonian symplectic G-manifold (M, wy, ®o)
such that ®,(M) is contained in the set g* C g of regular values of the exponen-
tial map, exp, one obtains a quasi-Hamiltonian G-space (M, w, ®) by setting ¢ =
exp o®g and

w = wy + Py,

where @ € Q%(g) is the image of the closed 3-form exp* 7 under the homotopy
operator 2*(g) — Q2*!(g). Secondly, there is a cross-section theorem. Suppose that
(M,w, ®) is a quasi-Hamiltonian G-space, and that U C Gis aslice at g € G. Then
the cross-section Y = ®~!(U) with the 2-form wy and the moment map ®y, defined
as the pull-backs of w and @, is a quasi-Hamiltonian H-space, where H = G,. The
canonical decomposition TM|y = TY & (Y x h*) is w-orthogonal. Conversely, given
a quasi-Hamiltonian H-space (Y, wy, ®y), the associated bundle M = GxyY carries
a unique structure of quasi-Hamiltonian G-space (M, w, ®) such that w and ® pull
back to wy and Py.

If (M, P, @) is a non-degenerate Hamiltonian quasi-Poisson manifold such that ®
admits a smooth logarithm ®,: M — g, one can define a 2-form w on M in the
following way. The bivector Py = P + (®;T)y is invertible, we denote its inverse by
wp, and we set w = wy + . The following Lemma describes the relation between
w and P.

Lemma 10.2  Let (M, Py, ®y) be a non-degenerate Hamiltonian Poisson manifold,
and let wy be the symplectic form corresponding to Py. Suppose that ®o(M) is contained
in the set of regular values of exp: ¢ — G, and let ® = exp 0P, w = wy + P§w, and
P= P() — (CI)E;T)M Then

1

(32) PFow’ = Idpy — (ea)m ® ®* (0 — 05).
Proof Given m € M, let U be a slice through ®((m), and let Y = <I>0_1(U) be
the corresponding cross-section. We first evaluate both sides of (32) on elements
of T,,Y, and then on orbit directions. The 2-form ®;w vanishes on T,Y, and the
bivector (®f T)ys vanishes on T%Y. Hence P* 0’|,y = Pg ow}|r,y = Idr,y, which
agrees with the right-hand side of (32) since ®* (9‘5 — 95) also vanishes on T,,,Y. To
complete the proof we evaluate both sides of (32) on orbit directions. The moment
map properties of P and w yield

1

P (W (eam) = E(Adqﬂ +1) 4, PH(D*OR)
1
= 4 (Ade—1 +1)ap(Ade +1)uc(ec)

1
= 1(2 + Ad@*l +Adcl>)ub(eb)M7
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and the same result is obtained by applying the right-hand side of (32) to (e;)y;. M

Generalizing the Lemma, we can state the main result of this section:

Theorem 10.3  Every non-degenerate Hamiltonian quasi-Poisson manifold (M, P, ®)
carries a unique 2-form w such that (M,w, ®) is a quasi-Hamiltonian G-space, and
such that w and P satisfy equation (32). Conversely, on every quasi-Hamiltonian G-
space (M, w, ®) there is a unique bivector field P such that (M, P, ®) is a non-degenerate
Hamiltonian quasi-Poisson G-manifold, and equation (32) is satisfied.

Proof Given (M, P, ®),letY be a cross-section at m, as in the proof of Lemma 10.2,
and let ¢ = ®(m). Thus (Y, Py, ®y) is a non-degenerate Hamiltonian quasi-Poisson
H-manifold that corresponds to a quasi-Hamiltonian H-space, (Y,wy, ®y). Let w
be the unique 2-form on G.Y C M such that (G.Y,w, @) is a quasi-Hamiltonian G-
space, and wy is the pull-back of w. We have to show that w satisfies equation (32).
For orbit directions, this follows from the moment map conditions (see the proof of
Lemma 10.2), while, for directions tangent to Y, it follows by applying the lemma to
(Y, Py,g~'®y). Uniqueness is clear since the equation,

1
(33) W o P! = Idpepy 7@*(95 — 0% ® (e,

the transpose of (32), defines w’ on the image of P¥, while the moment map condition
determines w’ on orbit directions.

The converse is proved similarly, using the cross-section theorem for Hamiltonian
quasi-Poisson manifolds. ]

By Theorem 10.3, all the constructions and examples for quasi-Hamiltonian G-
spaces given in [2] can be translated into the quasi-Poisson picture.

Example 10.4 Let C C G be the conjugacy class of a point g. By Proposition 3.4,
there exists a unique bivector P on € such that (C, P, ®), with ®: € — G the embed-
ding, is a Hamiltonian quasi-Poisson space. Similarly, by Proposition 3.1 of [2], there
exists a unique 2-form w on € such that (€, w, ®) is a quasi-Hamiltonian space. The-
orem 10.3 implies that the bivector P and the 2-form w are related by equation (32).

Example 10.5 Let D(G) = G x G with bivector P given by formula (19), and with
the 2-form w defined in Section 3.2 of [2],

1
w= —E(Hi’L AOER 4 LR A gRLY,
Both the left- and the right-hand sides of (33) yield the same expression,
1
IdTD(G) - Z ( (Adaz)abe;’L ® aé’R - (Adaz—l )ub(:‘;‘R ® GZ’L
- (Adul)ubeZﬁL ® 9;7R - (Adal—l )abei’R 024 Hi’L) .

Thus, the quasi-Poisson and quasi-Hamiltonian definitions of D(G) agree.
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In both the quasi-Poisson and the quasi-Hamiltonian settings there is a notion of
reduction. We show that these notions agree as well.

Proposition 10.6  Let (M, P, ®) be a non-degenerate quasi-Poisson manifold and let w
be the corresponding 2-form on M. Then, for any conjugacy class € C G, the intersection
of the reduced space Me with M., /G carries a Poisson bivector P® induced by P and a
symplectic form w® induced by w, such that (P®)f o (w®)’ = 1d.

Proof Choose g € Cand a slice U containing g and let Y = ®~'(U) be the cross-
section. We observe that in both the quasi-Poisson and the quasi-Hamiltonian set-
tings, the reduction of M at € is canonically isomorphic to the reduction of Y at the
group unit of H = G,. The cross-section Y carries the Poisson bivector Py y and the
symplectic form wg y. According to Lemma 10.2, (Po,y)t o (cu()y)b = Id7y. Hence, the
same relation holds for the reduced space. ]

Next, we will show that the fusion operation for quasi-Hamiltonian G-spaces
given in [2] coincides with the fusion operation for quasi-Poisson spaces. Let
(M7w, (@4, <I>2)) be a quasi-Hamiltonian G x G-space, and let (M,P, (4, <I>2)) be
the corresponding Hamiltonian quasi-Poisson G x G-space. By [2, Theorem 6.1],
the space M with the diagonal G-action, the pointwise product of the moment map
components & = ®;P,, and the fusion 2-form

1
Wfys = W — E(I)Taﬁ A @;057

is a quasi-Hamiltonian G-space. On the other hand, Proposition 5.1 yields a bivector
field Pg,s = P — 9, which, together with the diagonal G-action and the moment
map P, P,, defines the structure of a Hamiltonian quasi-Poisson G-manifold on M.
The following proposition asserts that, as expected, wg,s corresponds to Pg,s under
the equivalence established in Theorem 10.3.

Proposition 10.7  The bundle maps Pi . T*M — TM and w2 TM — T*M are

fus

related by
1
(34) Ptqus o w?us = IdTM _Z(eu)M & é*(aﬁ - 95)7
where (ea)y = (ea)jlw + (eu)ﬁ,l are the vector fields generating the diagonal G-action
on M.

Proof We have to compute

4

#
1 1 * *
P?us OW?us = (P_ E(ea)}vj A (%)ij) o <UJ — 5‘1)1 9;‘ N ‘1)29§> .

https://doi.org/10.4153/CJM-2002-001-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2002-001-5

26 A. Alekseev, Y. Kosmann-Schwarzbach and E. Meinrenken

We compute the four terms in the expansion of the right-hand side. By Theorem 10.3,
the first term is

1 1
Pow =1ldny — (ea)yy © O (0 — 0) — 4 (ea)iy ® B3(6; — 7).
Next, using L((ea)fw) w = %@;‘(05 +60R),i = 1,2, we find that

1 1
((ea)ly A () Fow’ = 2 (ehy © B3 (0% +65) — £ (e} ® D7(6; + 65).

| —

From P#(®;0L) = 1(1 + Ad,)as(ep)iy» i = 1,2, we obtain

1 1 1

EPﬁo(CI)Tﬂﬁ/\CI);Hf)b = Z(1+Ad¢,;|)ah(ea)]2\4®@i<9£f Z(1+Ad¢l)ab(ea)}w®¢§0ff.
Finally,

((ea)ly A () F o (@70 A @308

|

1 gl 1 «
= Z(ea)]l\,, ® (1 — Adq)z—l ) @05 + Z(e“)%/l ® (Adg, —1)®;07.
Putting everything together, we get

pt

fus

1
0wl = Idry —edu ® (@305 + (Adg 1) @705 — @705 — (Ads, ) ®36;)
1 .
= ldry — (ealur @ (2192) (607 — 02,
as required. ]

Example 10.8 Consider

M=D(G)® - -®D[G)&C ®---®C,,
h

where Cy, ..., C, are conjugacy classes in G. This space can be viewed either as a
quasi-Hamiltonian space (see Section 9 of [2]), or as a quasi-Poisson manifold (see
Section 6). Proposition 10.7 together with Examples 10.4 and 10.5 show that these
two structures agree in the sense of Theorem 10.3. According to Theorem 9.3 of [2],
the reductions of M are isomorphic to the moduli spaces of flat connections with
the Atiyah-Bott symplectic form. Proposition 10.6 implies that the quasi-Poisson
reduction yields the Poisson bivector inverse to the canonical symplectic form.
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A The Formal Poisson Structure of Lg*

In this appendix, we show that the quasi-Poisson structure P; on G defined by equa-
tion (12) can be viewed as a quotient of a formal Poisson structure on Lg*, the dual
of the loop algebra Lg of g.

Let LG be the loop group of G, with Lie algebra Lg. The inner product defines a
central extension Lg of Lg, with dual Lg = Q1(S!,g) x R. The adjoint action of LG
on L/é dualizes to the following action on L?f,

g, A) = (Adg(,u) — )\g*QR,)\) , §E€LG ueQ (S a9, ER.

In particular, the affine action on Lg* := Q!(S', g) x {1} is identified with the gauge
action of LG on G-connections over S'. Let Lg* be equipped with the formal linear
Poisson bivector obtained by restriction from that on La". The action of the based
loop group QG C LG on Lg* is free, with quotient Lg* /Q0G = G. We shall show that,
under the quotient map, the formal Poisson structure on Lg* projects to the bivector
(12) on G.

In the finite-dimensional case, the restriction of the linear Poisson structure Py g
of g* to the Lie algebra t of a maximal torus T C G can be written in terms of the
corresponding root space decomposition. Let R be the set of roots of the complexi-
fied Lie algebra ¢, and for any a € R, let e, be a root vector of unit length, such that
e_,, is the complex conjugate of e, and (e,, e_,) = 1, where (, ) is the Killing form.
Then, if p € t with («, 1) # 0 for all roots «, the value of Py 4+ at p is

1
Pogr = Z W(ea)g* A (e—a)g*-

aER,

In the case of loop algebras, for any ¢ € ¢© and k € 7, we denote by £[k] € Lg©
the loop defined by A A
f[k] (627”5) _ eZ’KlkS§.

Then the root vectors for fg are all e, [k], with corresponding affine roots (a, k),
together with vectors h;[k] for k # 0, with affine roots (0, k), where (k;) is an or-
thonormal basis for t. From the identification of Lg* with the hyperplane at level 1

in I:Z;*, we obtain the following formal expression for the Poisson structure on Lg* at
a constant loop p € t C Lg* with (o, ) ¢ Z, for all roots a,

1
Porge= D > el i ol A (ecalkhiye

aeR, keZ

£33 s KD A Oy~

j k>0

In a finite-dimensional manifold, any Poisson structure which is invariant under
a free group action reduces to a Poisson structure on the quotient. Formally, we can
carry out this calculation for the free action of {2G on Lg*. The quotient map takes
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a constant loop p € t C Lg* to the element expr € T C G, and the corresponding
tangent map takes the value of ([k])r4- at p to the value of g at exp p1. Applying the
tangent of the quotient map to the Poisson bivector of Lg*, we obtain

1
Z Z W(ea)c A (e—a)G-

a€R, kEZ

Using the formula

. 1 1
dm, D e~ 2 O
[k <N

for x ¢ 7, we obtain
1
% > cot(m(a, m))(ea)a A (e—a)a,
aER,

which coincides with the bivector P defined by equation (12) (see equation (16)).
An alternative procedure for projecting the bivector of Lg* to G was considered in

[7].

B A Generalized Dynamical r-Matrix

Let 19/ € C*°(U, A2h+) denote the r-matrix defined by equation (29). We shall now
prove Lemma 8.2. Let T C H be a maximal torus, and on T N U define

1/ Ady,+1
rg/*(h):_E (Ad:_l tl> e N ey
ab

and
rb/t(h) —

1 (Adh +1

Nt ) e Aep.
2 Ao‘lhq‘b )ube °

Then r3/%|ry = 9/t — /. Our starting point will be the classical dynamical Yang-
Baxter equations satisfied by 9/t and /! (see [3, Lemma A.5]):

1 1
e ( 36k +enatl + 2 ") = L

and
Vor o ry b b/een o) _ 1o
Cycl gy (E(ea te )ty T fle | = 3 Jabe
Using the fact that rglft klilr?c/ t= rZ,{t fkblr?c/ " upon subtracting the second equation

from the first, we obtain

1 t 1
(35) Cydahc (5(65 + ef)trgc/b + rglébﬁfblr?c/b + 27’2]{ fkblriqc/b> = Z(ﬁle - -ﬁ)hc)'
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To prove the lemma, we need to evaluate Cyclabc( %(e{; + ef)b /trgc/ b) , where the sub-
script b/t denotes the projection of the vector field along T N U onto the normal
bundle of T N U in U which is isomorphic to (T N U) x (++ N'h). This projection
can be expressed in terms of r itself and the vector fields generating the G-action as

e+ e = e
By the H-invariance of 7%/, this relation shows that
(36) Cycl . G(eﬁ + e)pryl” — Zfz;ftﬁcbﬂiqc/b) =0
Adding equation (35) to (36), we obtain equation (30), proving the lemma.
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