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Zariski Hyperplane Section Theorem for
Grassmannian Varieties

Ichiro Shimada

Abstract. Let ¢: X — M be a morphism from a smooth irreducible complex quasi-projective variety
X to a Grassmannian variety M such that the image is of dimension > 2. Let D be a reduced hyper-
surface in M, and +y a general linear automorphism of M. We show that, under a certain differential-
geometric condition on ¢(X) and D, the fundamental group 7 ( (yoo) MM\ D)) is isomorphic to
a central extension of 71 (M \ D) x m(X) by the cokernel of m2 () : m2(X) — m2(M).

1 Introduction

Let V be a complex vector space of dimension m, and let
M := Grass(r, V)

be the Grassmannian variety of all r-dimensional linear subspaces of V.. Let the group
G := GL(V) act on M from left in the natural way. Suppose that we are given a
morphism

¢: X —>M
from a smooth irreducible quasi-projective variety X. Suppose also that a non-zero
reduced effective divisor D of M is given. For v € G, let

Tp: X - M
denote the composite of ¢ with the action v: M — M of vy on M, and let
7®:7¢ (M \ D) — (M\ D) x X
denote the morphism given by x — (Wb(x), x) . We consider the homomorphism
10, :m (79" (M \ D)) — m(M\ D) x m(X)

induced by 7®.

The main result of this paper states that, if v € G is general, then, under a cer-
tain differential-geometric condition on ¢(X) and D, the homomorphism 7®,, gives
T (7¢*1(M \ D)) a structure of the central extension of 7, (M \ D) x 7;(X) by the
cokernel of m(¢): m(X) — m(M). This differential-geometric condition (Con-
dition (DG) in Section 2) is closely related to the problem of characterizing Chow
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forms among hypersurfaces in a Grassmannian variety. (See [4, Chapter 4].) In fact,
if Condition (DG) is not satisfied, then ¢(X) and D or Sing D are very special sub-
varieties of M, and the fundamental group m (7¢~'(M \ D)) is not necessarily a
central extension of 77 (M \ D) x m1(X) by the cokernel of m,(¢). See Section 9 for
examples.

When M is a projective space P!, Condition (DG) is always satisfied. Putting ¢
to be a linear embedding of P2, we obtain the classical Zariski hyperplane section the-
orem [9], the first rigorous proof of which was given by Hamm and Lé [6]. Therefore,
our result is a generalization of Zariski hyperplane section theorem to Grassmannian
varieties.

This paper is organized as follows. In Section 2, we make some definitions, state
the Main Theorem, and give some remarks. In Section 3, we investigate the situation
where Condition (DG) is not satisfied, and describe special features that ¢(X) and D
possess in this situation. Sections from Section 4 to Section 8 are devoted to the proof
of Main Theorem. The strategy of the proof is as follows. In Section 4, we extend the
family of 7¢~!(M \ D) over G to a family over an affine space End(V), so that we can
use [8, Theorem 1.3]. In Section 5, we prove that the fundamental group of the total
space of the family over End(V) is a central extension of (M \ D) x m;(X) by the
cokernel of m,(¢). By [8, Theorem 1.3], it is therefore enough to show that the local
monodromies on the fundamental groups of fibers of the family can be defined and
are all trivial. In Section 6, we introduce the transversality condition. In Section 7, we
prove that Condition (DG) implies the transversality condition, and in Section 8, we
prove that the transversality condition implies the triviality of local monodromies. In
Section 9, we present examples which show that Condition (DG) is not dispensable
for the statement on the fundamental groups to hold.

Debarre [2] also found a relation between a similar differential-geometric condi-
tion on subvarieties of a Grassmannian variety and a certain connectivity theorem.

2 Statement of Main Theorem

For a point p of M, let L(p) denote the linear subspace of V' corresponding to p. Then
we have the canonical isomorphisms

(2.1)  T,M = Hom(L(p),V/L(p)) and T,M = Hom(V/L(p),L(p)),

where T7 M is the dual space of the Zariski tangent space T,M to M at p. We define
rank(7) for 7 € T,M and corank(w) for w € T;M to be the rank of the correspond-
ing linear homomorphisms L(p) — V /L(p) and V /L(p) — L(p), respectively. For
linear subspaces T of T,M and N* of T; M, we put

rank(T) := max{rank(7) | 7 € T}, and
corank(N™) := max{corank(w) | w € N*}.

Let Y be a reduced irreducible closed subvariety of M. We choose a general point
p € Y,and put

rankY := rank(T,Y) and corankY := corank(N;Y),

https://doi.org/10.4153/CJM-2003-007-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-007-9

Zariski Hyperplane Section Theorem 159

where N}V is the co-normal space (T,M/T,Y)* C T,M of Y at p. Let us call them
the rank and the corank of Y, respectively.

We also define a notion of type of a subvariety Y of M with rankY = 1 or
corank Y = 1 as follows.

Let A and B be finite dimensional linear spaces, and T a linear subspace of
Hom(A, B) with dim T > 1. Suppose that the rank of 7: A — Bis < 1 for all
7 € T. Then either one of the following occurs:

(I)  There is a one-dimensional linear subspace B of B such that 7(A) C Br for any
TeT.
(II) There is a hyperplane At of A such that Ay C Ker 7 forany 7 € T.

When dim T = 1, both of (I) and (II) occur, while when dim T > 2, only one of (I)
or (II) occurs.

Suppose that Y is of rank 1 (resp. of corank 1). We say that Y is of type (I) or
(II) according to whether (I) or (II) holds for T,Y C Hom(L(p), V/L(p)) (resp.
NyY C Hom(V/L(p), L(p)) ), where p is a general point of Y. Remark that, when
Y is of corank 1 and of codimension 1 in M, then Y is both of type (I) and (II).

Let {D; | i € I} be the set of irreducible components of the reduced hypersurface
D of M, and let {(SingD); | j € J'*¥} be the set of irreducible components with
codimension 2 in M of the singular locus Sing D of D. We consider the following
conditions:

(a;) The closure ¢(X) of ¢(X) is of rank 1 with type (I).

(ar) The closure ¢(X) of ¢(X) is of rank 1 with type (II).

(b) Foratleastonei € I, D; is of corank 1.

(c;) Foratleastone j € @, (Sing D); is of corank 1 with type (I).
(cn) Foratleastone j € @, (Sing D); is of corank 1 with type (II).

Our differential-geometric condition (DG) is the following:
Condition (DG) The Grassmannian variety M is P"~!, or the condition

((ar) and ((b) or (¢1) ) ) or ((ay) and ( (b) or (c) ) )

is not satisfied.

For example, if ¢(X) is of rank > 1, orifall D; (i € I) and all (SingD); (j € J@)
are of corank > 1, then Condition (DG) is satisfied. (As will be shown in Section 3,
a subvariety of M with (co)rank 1 is of very special type.)

To describe a central extension of a fundamental group, we use the following
method. Let T be an oriented connected topological manifold, and let a be an el-
ement of H*(T,Z). Then there exists a topological line bundle L — T, unique up
to isomorphisms, such that ¢;(L) = . Let L* C L be the complement to the zero
section of L. We have the homotopy exact sequence

o (T) 25 7(C) — 1 (LX) — my(T) — 1

https://doi.org/10.4153/CJM-2003-007-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-007-9

160 Ichiro Shimada

such that the image of 71 (C*) — 7 (L*) is contained in the center. Thus we obtain
a central extension of 7;(T) by the cyclic group Coker J;, which we call the central
extension associated with o € H*(T, 7).

Let c € H*(M, Z) be the first Chern class of the positive generator of Pic(M). We
definen € H?((M \ D) x X,Z) to be the cohomology class

—(topr)*c+ (¢ opry)c,

where pr, and pr, are the projections from (M \ D) x X to M \ D and X, respectively,
and ¢ is the inclusion of M \ D into M.

Main Theorem Suppose that dim ¢(X) > 2, and that Condition (DG) is satisfied. Let
~ be a general element of the group G. Then the homomorphism

@, m (T¢" (M \ D)) — m(M\ D) x m(X)

gives T (7¢~ (M \ D)) a structure of the central extension of (M \ D) x m1(X) by
the cokernel of m,(¢): m(X) — m (M), and this central extension is associated with
the cohomology class 1.

Corollary 2.1  Let ¢: X — P™! be a morphism from a smooth irreducible quasi-
projective variety X to P!, and D C P™ ! a reduced effective divisor. Sup-
pose that dim ¢(X) > 2. If v is a general linear automorphism of P™~1, then
m (7o (P \ D)) is isomorphic to a central extension of m (P™ '\ D) x m(X) by
the cokernel of ,(¢), and this central extension is associated with 1. [ ]

Remark 2.2  We have an isomorphism Grass(r, V) = Grass(m — r,V). Hence,
replacing r with m — r if necessary, we can assume that r < m — 2. We will use this
assumption in the proof of Proposition 8.4 in Section 8.

Remark 2.3  Since X is quasi-projective, we can embed X into a projective space
IPN. We cut X by a general linear subspace A of PV with codimension dim X — 2 to
obtain a smooth surface S := X N A. Let "¢|s: S — M be the restriction of "¢ to
S. Suppose that v € G is general. By Goresky and MacPherson’s theorem [5, Part II,
1.1, Theorem], both of the inclusions

S—X and 7¢[;'(M\D) = "¢ "(M\ D)

induce isomorphisms on the fundamental groups, and the inclusion of S into X in-
duces a surjective homomorphism 7,(S) — m,(X). In particular, the cokernel of
() is isomorphic to the cokernel of m,(¢|s). On the other hand, dim ¢(X) > 2
holds if and only if dim ¢|s(S) = 2 holds. Moreover the condition (ay) (resp. (ay)) is
satisfied if and only if (ay) (resp. (ay)) with ¢ replaced by ¢|s is satisfied. Therefore it
suffices to prove the Main Theorem for ¢|s; that is, we can assume that dim X = 2,
and that ¢: X — M is a generically finite morphism onto its image. We will use this
assumption in Section 8.
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Remark2.4 letL — Tand o = ¢;(L) € H*(T,Z) be as above. We have a homo-
morphism between exact sequences

*

0 — H*(m(T),2) ———— HX(T,7) ——— HX(T,2)

| | |

*

0 — Hz(wl(T),CokerﬁL) ——> H*(T, Coker 0;) 7. Hz(i Coker 0y),

where r: T — T is the universal covering of T (see [1]). Since
(@) € HX(T,7) = Hom (my(T), Z)

is the boundary homomorphism 8y : 7,(T) — Z, it becomes zero in H?( T, Coker 0f).
Thus « defines an element of H? (7r1 (T), Coker C')L) . One can easily check that this
element corresponds to the central extension of 7; (T') associated with c.

Remark 2.5 1In fact, Corollary 2.1 can be easily proved directly as follows. As was
remarked above, we can assume that dim X = 2, and that ¢: X — P! is generically
finite onto its image. Let 7y be a general element of G. We define

F: X x (P" '\ D) — P! x pm-!

to be the morphism given by F(x, y) := (7¢(x), y) . Let A be the diagonal of P! x
Pm=1 and let A, be a small tubular neighborhood of A. Then F~1(A) is isomorphic
to 7¢~ (P! \ D), and since 7 is general, F~!(A,) is homotopic to F~!(A). Then
the result of Corollary 2.1 (except for the description of the central extension) follows
from [3, Theorem 9.2 (b) with Remark 9.3].

3 Subvarieties of a Grassmannian Variety with (Co)Rank 1
In this section, we assume that M is not a projective space P™ 1.

Theorem 3.1 Let Y be a reduced irreducible closed subvariety of M. Suppose that
dimY > 2.

(1) ThesubvarietyY is of rank 1 with type (I) if and only if there exists a linear subspace
W CV withdimW = r+ 1 such that L(p) C W forallp € Y.

(2) The subvariety Y is of rank 1 with type (II) if and only if there exists a linear sub-
space W' C V withdimW = r — 1 such that W' C L(p) forallp € Y.

Proof The proofs of (1) and (2) are completely parallel. Therefore we will prove
only (1). The ‘if” part is obvious. We will prove ‘only if part.
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Suppose that Y is of rank 1 with type (I). We choose a general point yo of Y. There
exists a unique (r+ 1)-dimensional linear subspace W (y,) containing L(y,) such that
T,,Y is contained in the linear subspace

W(yo) == {7 € Hom(L(y0),V/L(y)) | ImT C W(yo)/L(y0)}
of Hom (L(y,), V/L(yo)) under the isomorphisms (2.1). We choose a basis

61,...,€r,f1,...,fm_,

of V such that L(y,) is spanned by ey, . . ., e,, and that W (y,) is spanned by ey, . . . , e,
fi- We define a local coordinate system (x;;)i<i<m—r1<j<; of M in such a way that
the r-dimensional linear subspace L(p) of V' corresponding to a point p = (x;;) is
spanned by the vectors

6]/-(117)::6]‘+Zfix,‘j (jZl,...,T).

i=1

Let d be the dimension of Y. Since Y is of type (I), we have d < r. Let (z1, .. .,z4) be
a local analytic coordinate system of Y with y, = (0,...,0) defined in a small open
neighborhood U of y,. We put

0gij
0z,

Sij(z1,...,2z4) = xijly, and 0,8 :=

Then the tangent vector (0/0z,), € T,Y is given by an (m — r) X r matrix

F,(y) = (0,8i())

that expresses a linear homomorphism from L(y) to V /L(y) with respect to the basis
e](y),...,e(y) of L(y) and the basis

fi mod L(y), ..., fu—r mod L(y)

of V/L(y). The condition that Y is of rank 1 with type (I) is equivalent to the condi-
tion that the d - r column vectors of the d matrices F;(y), ..., Fi(y) are proportional
to each other forany y € U.

Recall that T,,Y is contained in W (y0). By choosing a suitable basis of V and

making a linear transformation among zi, . . ., z;, we can assume that
1 ifi=1landj=v,
3.1 0vgii =
(3.1 8ii(v0) {0 otherwise
holds for v = 1, ..., d. Then, by an analytic transformation of the local coordinates
(z1,...,24), wecanput gy, = z, forv = 1,...,d. In particular, we have
(3.2) Ogw=1 and 0,8, =0 (j#v).
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Since the column vectors of the matrix F,(y) are proportional to each other for any
y € U, the equality (3.2) implies that the column vectors of F, (y) are zero except for
the v-th column. Hence we have 0,g;; = 0 for j # v; that is, g;; is a function of one
variable z;. On the other hand, the ji-th column vector of F,(y) and the v-th column
vector of F,(y) are proportional to each other for any y € U. Since the top entry
of these column vectors is 1 by (3.2), we have 0,,g;, = 0,8, fori =2,...,m —r.
The left hand side depends only on z,,, while the right hand side depends only on z,.
Therefore they are constant. Since they are zero at y, by (3.1), we have d,g;, = 0

fori =2,...,m—randv = 1,...,d. Since g, is zero at y,, we have g;, = 0 for
i=2,....m—randv = 1,...,d. This implies that Y is contained in the locus
{p e M| L(p) CW(yo)}- n

Next we consider the subvariety of M with corank 1. We put
P, (V) := Grass(1,V),

and consider M as the variety of all (r — 1)-dimensional projective linear subspaces of
P (V). For a point p € M, let II(p) C P.(V) denote the projective linear subspace
corresponding to p. Let S be a reduced irreducible closed subvariety of P, (V). For a
point x € S, we denote by ET,S C P, (V) the embedded Zariski tangent space to S at
x. We denote by §™ the smooth locus of S, and put

Ci(S) := {p eEM | dim(H(p) N ETxS) = k for some x € II(p) N S”S},

where the over-line means the Zariski closure. When k = dimS — m + r + 1, the
subvariety Ci(S) of M is the higher associated hypersurface defined in [4, Section 2E,
Chapter 3]. Note that, if Y is a hypersurface of M, then Y is of corank 1 if and only
it Y is coisotopic in the sense of [4, Definition 3.9, Section 3, Chapter 4]. Therefore,
by Theorem 3.14 in [4, Section 3, Chapter 4], we obtain the following theorem. (See
also [2, Proposition 3.3].)

Theorem 3.2 A reduced irreducible hypersurface Y C M is of corank 1 if and only
if Y is a higher associated hypersurface Ci(S) of a reduced irreducible closed subvariety
SCP.(V)withdimS=m—r—1+k [ |

This theorem can be generalized as follows. Let M* be the Grassmannian variety
of all (m — r)-dimensional linear subspaces of V* := Hom(V, C). We have a natural
isomorphism

§: M* = M.
For a reduced irreducible closed subvariety $* of P*(V) := P.(V*), we define the
subvariety Cr(S*)* of M™* associated to S* in the same way.

Theorem 3.3  LetY be a reduced irreducible closed subvariety of M with codimension
1>2.

(1) If Y is of corank 1 with type (I), then there exists a reduced irreducible closed sub-
variety S C P, (V) with dim S = m — r — I such that Y coincides with C(S).
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(2) IfY is of corank 1 with type (II), then there exists a reduced irreducible closed sub-
variety S* C P*(V) with dim §* = r — I such that Y coincides with 5(CO(S*)*) .

Proof The following proof is almost same as the proof of [2, Proposition 3.3]. First
note that, if Y C M is of corank 1 with type (II), then 6 ~}(Y) C M* is of corank 1
with type (I). Therefore it is enough to prove (1).

Let Y™ be a Zariski open dense subset of Y consisting of y € Y at which Y is
smooth. Since corank(N. }’f Y) is a lower semi-continuous function of y € Y™, we
have corank(N}Y) = 1 forany y € Y™. Let y be a point of Y™. There exists a
unique one-dimensional linear subspace B(y) of L(y) and a linear subspace K(y) of
V /L(y) with codimension [ such that

T,Y = {7 € Hom(L(y),V/L(yp)) | 7(B(y)) C K(»)}

under the isomorphisms (2.1). We denote by p(y) the point of P,.(V) correspond-
ing to B(y). Note that p(y) € II(y). Let X be the Zariski closure of { (¥, p(y)) |
y €Y™} inY x P,(V), and let S be the image of the projection of ¥ to P, (V). We
put

s:=dimS, and k:=dim(ET,,,SN(y)),

where y is a general point of Y. We then have Y C Ci(S). Hence we have
(33) dimY=(m—rr—1<dimCi(S) <s+k(s—k)+(m—r)(r—k—1).
The fiber of ¥ — S over the general point p(y,) of S is contained in
{p € M| L(p) D B(yo)} = Grass(r — 1,m — 1).
Hence we have
(3.4) s>dimYX—(m—-r)r—1)=m—r—1L

Let
(u,v) € Hom (L(y0),V /L(y0)) x Hom (B(y0),V /B(yo0))

be an element of
Topt00 2 C TyM X Ty P (V).

Since B(y) C L(y) holds for every y € Y™, we have u|p,,) = m o v, where 7 is the
natural projection from V /B(y,) to V /L(yo). Since (o, p(y0)) is a general point
of ¥, Ty(y,)S is the image of T(,, 4(y,))25. Therefore T, (,,)S is contained in the linear
subspace

E(yo) = {v € Hom(B(yO),V/B(yo)) | Im(mov) C K(yo)}

of Ty P« (V'), which is of dimension m — 1 — I and contains T (,,)I1(y,). Hence we
have

(3.5) k> dim Tyy)S +dim Ty I(yo) — dim K(yo) = s — (m —r — ).

Since I > 2, the pair (s, k) satisfying the inequalities (3.3), (3.4) and (3.5) is only
(m —r —1,0). Therefore we have Y = Cy(S) withdimS =m —r — L [ |
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4 Construction of a Family of Complements over End(V)

Hironaka’s resolution of singularities gives us a smooth projective completion X of X
and a morphism ¢: X — M such that

W:=X\X
is a normal crossing divisor, and that the restriction of ¢ to X coincides with ¢. We
equip W with the reduced structure so that W is a reduced divisor (possibly empty)
of X. Fory € G, let 7"¢: X — M denote the composite of ¢ with the action of
on M.

Let A denote the space End(V), which is an affine space of dimension 2, and
contains G as a Zariski open dense subset. We put

u:.= {(’y,p) EAXM ‘ dimfy(L(p)) = r}.
Then the action G x M — M of G on M extends to the morphism
a:U— M.

We also put _ i
X:={(7,x) €AxX| (7,6() €U},

which isa Zariski open dense subset of Ax X containing G x X. When (v, x) € X, we
write 7¢(x) to denote the point a(’y, d)(x)) of M. This notation is compatible with
the previous definition when v € G. Let
v: X =M

be the morphism given by (v, x) + 7¢(x), and let

U: X - MxX
be the morphism given by (v,x) — (%(x),x). It is easy to check that ¥ is a lo-
cally trivial fiber space in the category of complex manifolds and holomorphic maps.
Every fiber of ¥ is isomorphic to

R := GL(r) x A™m=",

In particular, ¥ is smooth. We regard

(DxX)+ (M xW)

as a divisor of M x X, which is reduced because both of D and W are reduced. Since
U is smooth, the pull-back

7 =0 (DxX)+(MxW)) =9 (D) + ((Ax W)NX)
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is also a reduced divisor of X. Let
U':X\Z — (M\D)xX

be the restriction of ¥. Then we have the following diagram of the fiber product

(4.1) T\Z——> 7%

(M\D) x X —— M xX.

Let Z be the closure of Z’ in A x X; that is, Z is the unique divisor of A x X whose
support is the closure of Z’ and whose restriction to X coincides with Z’. Then Z is
again a reduced divisor. We put

E=AxX)\Z,

and let f: E — A be the projection.

Let A C A denote the irreducible hypersurface A \ G. For every point p € M, the
locus of all v € A such that (v, p) ¢ WU is of codimension > 1in A. This implies that
(A x M)\ Uis of codimension > 2in A x M, and (A x X) \ X is also of codimension
> 2in A x X. Therefore the inclusion of X \ Z’ into E = (A x X) \ Z induces an
isomorphism

m(X\ Z2") = m(E).

For v € A, let F, denote the fiber f ~1(v), and let Z., be the scheme-theoretic inter-
section of Z with {7} x X. We regard Z, as a subscheme of X. If v € G, then we
have

E,=X\Z,="¢""(M\D),

and the restriction of ¥’ to F, = 7¢~!(M \ D) is equal to the morphism 7 ®.
Now Main Theorem follows from the following two claims.

Claim4.1 The homomorphism Um(X\ Z) = m(M\ D) x m(X) gives
m(E) = m(X \ Z’) a structure of the central extension of (M \ D) x m(X) by
the cokernel of 7,(¢) associated with € H? ( (M\ D) x X, Z) .

Claim 4.2  If the condition (DG) is satisfied, then the inclusion of F,, < E induces
an isomorphism on the fundamental groups for a general v € G.

5 Proof of Claim 4.1

Let L — M be the universal family of r-dimensional subspaces of V. Then we have
c1(det L) = —c, where c € H*(M, Z) is the positive generator. Let

L —+MxX, and L, 2 MxX

https://doi.org/10.4153/CJM-2003-007-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-007-9

Zariski Hyperplane Section Theorem 167

be the pull-backs of L — M by the first projection pr,: M x X — M, and by the
composite morphism ¢ o pr,: M x X — X — M, respectively. Then we have a fiber
bundle

Isom(L,, L) - M x X,

whose fiber over (p, x) is [som (L( q_S(x)) ,L(p)) =~ GL(r). The C*-bundle

det(Isom(L,, L)) = M x X

is the complement to the zero section of the line bundle (det £,) ™! ® det L1, whose
first Chern class is given by

7= — pr’lk c+ (§Z7 o prz)*c € HZ(M X X, 7).

If (v,x) € X, theny: V — V induces an isomorphism from the fiber L($(x)) of
L, over U(y,x) = (%{)(x), x) to the fiber L(“’(ﬁ(x)) of L1 over ¥(~,x). Hence ¥ is
naturally lifted to a morphism

T: X — det(Isom (L5, L1)),

which is a fiber bundle with fibers isomorphic to SL(r) x A"™"~")_ In particular, T
induces an isomorphism from 7, (X) to 7 (det( Isom(L,, Ll)) > , which is a central
extension of 7 (M) x m(X) associated with 7.

Recall that the morphism W is locally trivial with fibers isomorphic to R =
GL(r) x A™m=1)_ Therefore we obtain from the diagram (4.1) a homomorphism
between the homotopy exact sequences for ¥ and ¥':

(5.1)

a _ v
7T2((M\D) XX) e 7T](R) e WI(X\Z/) - Trl((M\D)XX)

| | |

mM xX) — mR) —— (X)) ——— m (M x X),

where vertical arrows are induced from the inclusions. Note that the morphism ¥’
factors through

U= Wl s X\ 27— det(Tsom (L2, £1)) [ (1 oy

Since every fiber of ¥’ is isomorphic to SL(r) x A"~ this morphism ¥ induces
an isomorphism

m(X\Z") =m (det(Isom(Lz,Ll)) |(M\D)><X) )
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so that ¥/ makes 7, (X \ Z’) the central extension of r; (M \ D) x ; (X) by the cyclic

group
Coker(@: (M \ D) X m(X) — 7r1(R))

associated with the cohomology class 7 = 7|\ p)xx € H2((M\ D) x X, Z) . Hence
it is now enough to show that the cokernel of 9 in (5.1) is isomorphic to the cokernel
of my(¢): my(X) — m(M).

First we show that 9 maps the first factor 7, (M \ D) to zero. Because H,(M, Z) is
an infinite cyclic group generated by the homology class of a closed algebraic curve
in M, every non-zero element of H,(M,7) has a non-trivial intersection number
with the homology class of the ample divisor D. Hence any non-zero element of
m (M) = Hy(M,Z) cannot be in the image of m(M \ D) — m,(M); that is, the
homomorphism 7,(M \ D) — m,(M) induced by the inclusion is a zero map. Then
the commutativity of the diagram (5.1) proves the claim 9 ( m,(M\D) x{0}) = 0. To
investigate the image of the second factor m,(X) by 9, we choose a point po € M \ D
and consider the morphism

Ui {(y,x) € X\ Z' | "d(x) = po} — X
given by (7, x) — x. This morphism is the pull-back of ¥ by the inclusion
X2 {p} xX—= (M\D) x X.
Hence the boundary homomorphism 0y : m(X) — 71 (R) associated with the locally

trivial fiber space ¥ coincides with the restriction of 9 to the second factor. On the
other hand, ¥ is also obtained as the pull-back of the second projection

(5.2) a ' (po) = {(v,p) eU|y(p) =po} > M

by ¢: X — M. Therefore we have a homomorphism between the homotopy exact
sequences associated with ¥ and (5.2):

oy
(53) ——= mX) — mR) —= (¥ {p} x X)) ——

. |

_— 7T2(M) _— 7T'1(R) _ W](Q_I(Po)) _— .

Thus all we have to show is that the boundary homomorphism Jy; associated with
(5.2) is an isomorphism. Since both of m,(M) and 7 (R) are an infinite cyclic group,
it is enough to show that 7, (a‘l(po)) is trivial. Since (A x M)\ U is of codimension
> 2in A x M, m;(U) is trivial. Because the morphism a:: U — M admits a section
p — (idy, p), the homomorphism a..: m(U) — m (M) is surjective. From the
homotopy exact sequence associated with a, we see that (™ !(pg)) is trivial. ~ ®
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6 Proof of Claim 4.2

Let {D; | i € I} be the set of irreducible components of the reduced divisor D, and let
{(Sing D); | j € J} be the set of irreducible components of the singular locus Sing D
of D. We regard each (Sing D) ; as a reduced subscheme of M. Let J@ < Jbe the set
ofall j € Jsuch that (Sing D); is of codimension exactly 2 in M. For points p,q € M
and linear subspaces K C T,M, L C T,M, we put

G(p,q) :=={v€G[~(p)=4q}, and
G(p,gK,L) :={y € G(p,q) | (dy),(K) C L}.

Instead of G(p, p), we write G,. We consider the following conditions. We equip
¢(X) with the reduced structure.

TR 1(i) Let p be a general point of #(X), and let g be a general point of D;. Then
G(p, s Tpé(f), Tqu) is of codimension > 2 in G(p, q).

TR2(j) Let p be a general point of ¢(X), and let q be a general point of (Sing D);,
where j € J. Then the locus

{7 €Gp,q) | (dv),(T,3(X)) + T,(Sing D); = T,M}
is Zariski open dense in G(p, q).

We say that the transversality condition is satisfied if TR 1(i) is satisfied for every
i € I and TR 2(j) is satisfied for every j € J?.
Now Claim 4.2 follows from the following two sub-claims.

Sub-claim 6.1 Suppose that the condition (DG) is satisfied. Then the transversality
condition is satisfied.

Sub-claim 6.2  If the transversality condition is satisfied, then the inclusion F, — E
induces an isomorphism 7, (F,) £ m (E) for a general y € G.

7 Proof of Sub-claim 6.1

Suppose first that r = 1 or r = m—1, i.e., that M is a projective space. Forany p € M,
the natural representation G, — GL(T,M) of G, on T, M is surjective. Hence the
assumption dim ¢(X) > 2 implies the transversality condition.

From now on, we assume 2 < r < m — 2. Then Sub-claim 6.1 follows from the
following:

(1) If TR 1(i) is not satisfied, then ¢(X) is of rank 1 and D; is of corank 1.
(2) If TR2(j) is not satisfied for j € J@, then ¢(X) is of rank 1, (Sing D); is of
corank 1, and the types of ¢(X) and (Sing D); coincide.

Because of the definition of (co)rank, these follow immediately from Proposition 7.1
below. Let p be a point of M, and let F, H and K be linear subspaces of T,M such
that

dimF >2, dimH=dimT,M -1, and dimK =dimT,M — 2.
We denote by G,(F, H) C G, thelocus of all ¥ € G, such that (dv),(F) C H.
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Proposition 7.1

(1) Suppose that G,(F, H) is of codimension < 1 in G,. Then we have rank(F) = 1
and corank((TPM/H)*) =1.

(2) Suppose that K + (dy),(F) fails to coincide with the total space T,M for a general
v € G,. Then we have rank(F) = 1 and corank((TpM/K)*) = 1. Moreover the
types of F and (T,M /K)* coincide.

Proof For simplicity, we put
n:=m-—r

We fix bases {ey, ..., e} of L(p) and {f',..., f"} of V/L(p). We express, via the
isomorphisms (2.1), elements 7 € T,M (resp. w € T;M) by r x n matrices (7;;)
(resp. n X r matrices (wih)), where

T(e) = ZTijfj, and w(f/) = Zwﬁei.
j=1

i=1

The canonical bilinear form (, ): TyM x T,M — Cis then given by
(w,7) = Zwﬁﬂ]’.
i»j

We write the natural homomorphism
u: G, — GL(L(p)) x GL(V/L(p))
by u(y) = (v L), putting the inverse on the first factor. Let us also express el-

ements y; of GL(L(p)) and y, of GL(V/L(p)) by r X r matrices (g{‘) and n X n
matrices (hi-), respectively;

nle) = glee, m(f) =Y Hf.
j=1

k=1

Then the action of v € G, on T, M is identified with the multiplication of matrices
(T,‘j) — (Zglk’l'klhlj) .
k]

Now we start the proof of (1). Let a be a generator of the 1-dimensional linear
subspace (T,M/H)* of T, M. We have

H={reT,M|(a,1)=0}.
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Suppose that « is represented by an 1 x r matrix (a/'). When 7 € F is given, the
condition on v € G, for (dv),(7) to be contained in the hyperplane H C T,M is
given by the quadratic equation

Z all kalhl =0,

i,7,k,l

where u(y) = (77 ', 12) and 1 = (g), 12 = (h?). We put

Q) = { (e, (1) € End(L(p) x End(V/L(p) | 3 alighrul = 0},

ikl

and let Q(7)° be the intersection of Q(7) with GL (L(p)) X GL(V/L(p)) . Then we
have
Gp(FEH) = (v~ (Q(r))

TEF

The locus Q(7) is a quadratic hypersurface for 7 # 0. Moreover the closure of
Q(7)° in End(L(p)) X End(V/L(p)) is equal to Q(7), because Q(7) cannot pos-
sess an irreducible component in common with the complement in End (L( p)) X
End(V/L(p)) to GL(L(p)) x GL ( V/L(p)) . It is also easy to see that, if two matri-
ces 71 and 7, of F are linearly independent, then Q(7;) does not coincide with Q(73).
Therefore the assumption of (1) implies that, for every 7 € F \ {0}, Q(7) is a union
of two hyperplanes, and all these Q(7) contain one fixed hyperplane in common. We
put
pi= corank( (TPM/H)*) .

By choosing the bases {ei,...,e,} and {f', ..., f"} suitably, we put the matrix (a/')
into the following form:

ji 1 ifi=jandl <i<p,
o =
0 otherwise.

Let 7 = (1) be a non-zero element of F. The reducibility of Q(r) implies that there
exist \i € Cand ] € Csuch that

izgfnklhéz(z kgz) (Zujhl)

i=1 ki ik

that is,

i ifi=jand1<i<p,
(7.1) /\;(.#;_{nkl ifi=jand1 <i<p

0  otherwise.
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There exists at least one (k, ) such tha‘; nw 7 0. Hence (7.1) implies that p = 1.
Moreover, we have X; = 0 fori > 2, 4/ = 0for j > 2,and gy = A} - pj. We have
Q(n) = Ay U Ay, where A, and A, are hyperplanes defined by

Ay = {ZAigsz}, Az:{Zuﬁh} :0}.
k 1

By the consideration above, either Ay C Q(7) forall 7 € For A, C Q(7) for all
7 € F holds. In the former case, for any 7 € F, there exist scalars t; (I = 1,...,n)
such that \}#; = 7. This implies that Ker 7 C L(p) contains a fixed hyperplane

{inei in)\} = 0}

of L(p). Thus F is of rank 1 with type (II). In the later case, for any 7 € F, there exist

scalars s; (k = 1,...,r) such that skull = 7y. This implies that, for k = 1,...,r,
the vector 7(ex) € V/L(p) is proportional to 27:1 ,ullfl. Thus F is of rank 1 with
type (I).

Next we prove (2). We put
p == min{ corank(w) | w € (T,M/K)* \ {0}}.

Note that 4 is not the maximal rank, but the minimal one. Let a € (T,M/K)* be
an element such that corank(a) = p, and let 8 € (T,M/K)* be an element that is
linearly independent with a.. Then K is defined in T,,M by

K={reT,M|(a,7)=(3,7) =0}

Let n and ¢ be linearly independent elements of F. Then the assumption of (2) im-
plies that

(a, (@) (8. (dy)p(m) ) _
(7:2) det((a,uw)p(o) (8, @p() ) ~°

holds for a general v € G, and hence for an arbitrary v € G,. We write down this
equation in terms of the components of the matrices o = (a/*), 8 = (87"), 7 = (n;;),

¢ = (Gij) and y = (g), 72 = (), where u(v) = (7', 72). We put

ikl : i K1) = adim G,
Looking at the coefficient of g¥hl.gk' bt of (7.2), we obtain the following equations:

g gl ]gl ] g q
(i, kL : §' K1)+ [,k 2 il KD
+ (i’ K gk + (KT i kD)
— ([ kL : ji, K"V + (G k1 : i, KT
+ i, k' ji' kU] + (i k' 2§l kD)) = 0.

(7.3)
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By re-choosing the bases {ej, ..., e} and {f', ..., f"} appropriately, we get

o P {1 ifj=iand1<i<p,
. =

0 otherwise.

Because corank(a) = p is minimal and o and (3 are linearly independent, there exists
(i’, j') such that

(7.5) (i">porj >p) and B #£0.
Suppose that there existed i; and (i, j,) such that
alt = ofr = ol =0, " £0 and [P #£0.
Applying (7.3) to (j,1, j',i") = (i1, 11, ja2,12), we would obtain 7y Cxr;r — N7y = 0

for arbitrary (k, I, k’,1"). This contradicts the linear independence of 7 and ¢. There-
fore there are no such i; and (i, j»). This means, by (7.4) and (7.5), that

p=1 and (B £0=> (j < pori < p).

Now by changing {ei, ..., e, } and {f!, ..., f"} again, we get
(7.6) o/’ = 0 unless (j,i) = (1,1), while a'' =1, and
(7.7) (7 = 0 unless (i, j) = (1,1) or (2,1) or (1,2).
Applying (7.3) to (j,1, j',i") = (1,1, 1,2), we obtain

B2 (Gt — Mo Gua) + (g Gt — irnGar)) = 0
for arbitrary (k, I, k’,1"). Putting [ = I’, we get
(7.8) B (MGt — miriC) = 0

for arbitrary k, k’ and I. Applying (7.3) to (j,1,j',i’) = (1,1,2,1) and putting
k = k', we also obtain

(7.9) B (maCar — M ) = 0

for arbitrary k and [, I’. Suppose that both of 3'? and 3*! were non-zero. Then (7.8)
and (7.9) would imply that 1 and ¢ should be linearly dependent, which contradicts
the assumption. Hence either (32 # 0,3?! = 0) or (8'2 = 0,3*" # 0) holds.
Combining this with (7.6), we see that corank(w) < 1 for every linear combination
w of & and f; that is, we have corank(K) = 1.

Suppose that 3'> # 0 and 5°! = 0. Then Kerw C V/L(p) contains the hyper-
plane spanned by f%,..., f" for any w € K. Thus K is of type (II). Moreover the
fact that (7.8) holds for arbitrary elements 7 and ¢ of F implies that there exist fixed
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scalars uy, . .., u, such that, forany 7 € F,wehavet,,...,t, € Csatisfying 71y = uyt;.
This implies that Ker 7 C L(p) contains a fixed hyperplane

{zi:xiei Zl: uixi = 0}

for any 7 € F. Thus F is of rank 1 with type (II). Suppose that %! # 0 and 32 = 0.
Then Im w C L(p) is proportional to e; for any w € K. Thus K is of type (I). More-
over, by (7.9), there exist fixed scalars vy, ..., v, such that, for any 7 € F, we have
Sty ..., 8 € Csatisfying 7y = sgv;. This implies that Im 7 C V /L(p) is generated by
a fixed vector Z?:l v;f forany T € F. Thus F is of rank 1 with type (I). ]

8 Proof of Sub-claim 6.2

In order to prove Sub-claim 6.2, it is enough to show that f: E — A satisfies the
conditions (T1)—(T4) in [8, Theorem 1.3].

The condition (T1) is obviously satisfied. Since f is smooth, the condition (T2) is
also satisfied. For the condition (T3), it is enough to show that the locus

Eg:={y€A|F, =02}

is contained in a Zariski closed subset of codimension > 2 in A. The following lemma
is easy:

Lemma 8.1 Let S be an irreducible hypersurface of M, and let p, q be two distinct
points of M. Then the Zariski closed subset {y € G | v(p) € S,v(q) € S} of G is of
codimension > 2. ]

Corollary 8.2  If C is an irreducible Zariski closed subset of M with dimC > 1, then
the Zariski closed subset {y € G | v(C) C D} of G is of codimension > 2. [ |

Ify € GNEg, then 7(¢(X)) is contained in D. By Corollary 8.2, the assump-
tion dim ¢(X) > 2 implies that G N 4 is contained in a Zariski closed subset of
codimension > 2 in G.

Recall that A is the irreducible hypersurface A \ G of A. Let A° C A be the
Zariski open dense subset consisting of all v € A such that the linear homomor-
phismv: V — V is of rank m— 1. It is well-known that A° coincides with A\ Sing A
([7, Example 14.16]). For a point p € M, we put

A°(p):={y € A° |Kery ¢ L(p)} = {y € A° | (v, p) € U},

which is a Zariski open dense subset of A°. The following lemma is obvious:

Lemma 8.3  The morphism A°(p) — M given by v — ~y(p) is surjective. ]
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Let x be any point of X. By Lemma 8.3, if v € A"((ﬁ(x)) is general, then
v(¢(x)) ¢ D. In particular, we have x € X \ Z,. Hence A N Eg is contained
in a proper Zariski closed subset of A. Therefore = is contained in a Zariski closed
subset of A with codimension > 2. Thus the condition (T3) is satisfied.

Now we check the condition (T4). Let Xy C A be the topological discriminant

locus (see [8, Definition 1.2]) of f: E — A, and let 25}), ceey E;k) be the irreducible

components of ¥ ¢ with codimension 1 in A. If A C X, then one of Eif) is A.
First let us consider the local monodromy around A.

Proposition 8.4 If v is a general point of A, then Z., is a reduced divisor of X.

Proof For~vy € A, we put
K,:={peM|Kery CL(p)}.

If v € A°, then K,, is isomorphic to Grass(r — 1,m — 1). Fory € A, let )_(’ly denote
the fiber of the projection X — A over . Then we have

X =X\ 67Ky,

First we prove that, if y € A is general, then (;_5_1 (K,) is of codimension > 2 in X.
We put
X:={(r,p) € A>xM [ p €K}

Since the projection X — A° is smooth with fibers isomorphic to Grass(r—1,m—1),
X is smooth and of dimension

dimX = dimA° + (m —r)(r — 1).
The group G acts on X from left by
(v, p) = (vog 'g(p) (g€G).

The projection X — M is obviously equivariant under this action. Since G acts
transitively on M, the projection X — M is smooth. Consider the fiber product
XK x X of the projection X — M and ¢: X — M:

K xu X X A°
| o]
X — M.
é

The projection K x3; X — X is smooth and of relative dimension equal to dim K —
dim M. Hence we have

dim(X xu X) = dimX + dim XK — dimM = dim X + dim A° — (m — r).
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Let q: X xy X — A° be the composite of the projections K xp X — X and
X — A°. By construction, ¢~ (K,) is isomorphic to g~ ' (7). Therefore, if y € A°
is general, we have

dimé_I(Kﬂ,) < dim(X xp X) —dimA° =dimX — (m — r).

Since we have assumed r < m — 2 (see Remark 2.2), the codimension of q_S_l(KV) in
X is at least 2 for a general v € A.

Let Zﬂ’/ denote the scheme-theoretic intersection of )_(; and the divisor Z’ of X. If

v € A is general, then X \ Xf; is of codimension > 2 in X, and hence Z, coincides
with the closure of Z/ in X. Therefore it is enough to show that Z! isareduced divisor

of)?; for a general v € A. We put
Xpo := (A° x X)N X,

and let Z}. be the scheme-theoretic intersection of Z’ and Xa-. For y € A°, we
denote by

Ppo: Xae = M and X; —M

the restrictions of ¢ X — M to Xao and to )_(;, respectively. Then we have
Zpo =" (D) + (A° x W) N Xao,

and, for v € A°, the divisor

ro_ o —1 </
Z =y (D) + WX,

of 7; is the scheme-theoretic intersection of Z5 . and Y; in X ao. Note that G acts on
Xao by
(7,%) = (gov,x) (g€G),

and that 1. is equivariant under the action of G. Since G acts on M transitively,
Ao is smooth. Therefore ¢/A_OI(D) is a reduced divisor of X ao. Hence, if v € A° is
general, then )/ ~'(D) is a reduced divisor of Y;.

Let Wy, ..., W,, be the irreducible components of W. We choose a general point
w; of W; for each i. If v € A° is general, then w; ¢ ¢~ (K,) and 'y((;_b(wi)) ¢ Dby
Lemma 8.3. Hence W N )_(; and 1/)4_1(D) have no common irreducible components.
Thus Z is a reduced divisor of X; for a general v € A°. ]

Let Ba be a Zariski open dense subset of A containing the generic point of A such
that B N X ¢ C A. Let fa: EA — Ba be the restriction of f to Ea := f~Y(Ba). By
Proposition 8.4, we see that the conditions (B1) and (B2) of [8, Proposition 4.3] are
satisfied by fa. Hence the local monodromy around A is trivial.

https://doi.org/10.4153/CJM-2003-007-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-007-9

Zariski Hyperplane Section Theorem 177

Next we consider the local monodromy p; around E(fi) that is not A. From now

on, we will assume that dim X = 2, and that ¢ is generically finite onto its image (see
Remark 2.3). We put

EG = f_l(G)a

and let fG: Eg — G be the restriction of f to Eg. Then we are exactly in the situation
of [8, Section 5]. Indeed, the restriction of the morphism v): X — M to E coincides
with

§:GxX—>M

in [8, Section 5]. (Note that we put B := G in [8, Section 5].) Recalling the definition
of the divisor Z of A x X, we see that Eg is the complement in G x X to

Zg = (Gx W)+g D).
Therefore we can prove the triviality of the local monodromy y; around ng) by show-
ing that the conditions (G1)—(G3) of [8, Proposition 5.1] are satisfied.

Recall, from [8, Section 5], that Y = ¢(X). The condition (G1) is satisfied be-
cause of our assumption. The condition (G2) follows from Corollary 8.2. The condi-
tion (G3) follows from the following proposition, in which we use the assumption in
Sub-claim 6.2 that the transversality condition is satisfied. Recall, from [8, Section 5],
that Sing ((Y)ND) is the locus consisting of all points y € v(Y)ND such that either
7(Y) is singular at y, or D is singular at y, or T,y(Y) + T,D # T, M.

Proposition 8.5 Suppose that the transversality condition is satisfied. Then the locus
{'y € G | dim Sing(’y(?) N D) > 0} is contained in a Zariski closed subset of
codimension > 2 in G.

Proof We assume that there exists an irreducible hypersurface = of G such that
dim Sing (£(Y) N D) > 0 for a general point ¢ € Z, and derive a contradiction.
Let Q C_? be the minimal Zariski closed subset such that the generically finite
morphism ¢: X — Y is étale over Y \ Q. We put
Xo:=X\¢(Q).

By Corollary 8.2, the locus {7 yex dim(fy(Q) ﬂD) = 1} is of codimension > 2 in
G. Because ¢ is a general point of the hypersurface Z, we have dim (£(Q) N D) =0
or £(Q) N D = @. Therefore the assumption dim Sing (§ Y)n D) > 1 would imply
that the locus

{x€Xo|p:="*d(x) € Dand (d°P) (T X) C T,D}

should contain a curve. We consider the incident variety

Q= {(7,x,p) € GxXog x D|"¢(x) = p and (d"¢)(T:X) C T,D}.
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Then the dimension of the fiber of the projection pr: 0 — G over the general point
& of = should be > 1. Thus pr () would contain an irreducible component with
dimension > dim G.
Fori € I, we put
D :=D; \ (D; N Sing D).
Let prj,: 2 — D be the projection. Then we have
Q=[]rU,e, "™,
il
where '
QF .= prpy (D) and Qj-mg = pry ' ((Sing D);) .
First we show that
(8.1) dim QP <dimG—1 foralli el
The fiber of the projection
QF — Xy x D
over (x, p) € Xo X D is the subvariety

(8.2) G($(x), p; (d)(T.X), T,DI¥)

of G. This fiber is of codimension > 1 in G(q_b(x)7 p) for every (x, p) € Xy x D,
because the action of the stabilizer subgroup G, on T, M is an irreducible represen-
tation. On the other hand, the condition TR 1(7) implies that the fiber (8.2) is of
codimension > 2 in G(¢(x), p) for a general point (x, p) of Xy x D. Thus we
obtain (8.1) by easy dimension counts. Next we show that

(8.3) dim(prg'(2) Q™) < dimG—1
forall j € J. If p € Sing D, then T,D = T, M. Therefore the fiber of the projection
Q" — X, x (Sing D),

over (x, p) € Xg X (Sing D);is G(q_b(x), p) . Since G(q_b(x), p) = G, is irreducible,

Qj-mg is also irreducible, and

dim Qj-ing = dim(Sing D); + dim G, + dim X < dimG,

where the equality holds if and only if dim(Sing D); = dim M — 2; that is, j € J @,
Therefore (8.3) holds for any j € J\ J®. Suppose that j € J?. The condition
TR 2(j) implies that t_here exist an element 79 € G and a point p € "¢(X,) N
(Sing D); such that ¢(X,) and (Sing D); are smooth at p and intersect transversely
at p. Then the locus of all v € G such that "¢ (X,) N (Sing D); # @ is a Zariski
open subset of G containing 7. This implies that the projection Qj-mg — G is domi-
sing
i j

Q;mg. Thus (8.3) is proved for all j € J. Combining (8.1) and (8.3), we see that

dimprg 1(2) < dim G — 1, which yields a contradiction. |

nant. Hence pr '(2) N Q%" must be of codimension > 1 in the irreducible variety
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9 Examples

We consider the case when m = 4 and r = 2; that is, M = Grass(IP!, P®). For a point
Q € P? and a plane H C P?, we put

Xo:={peM|QelIl(p)} and Yy:={peM|I(p)C H}.

Let fo: X — M and gy: Yy — M be the inclusions, both of which induce iso-
morphisms on the second homotopy groups. Let C C P? be a closed curve. We
put

Dc:={peM|CnIl(p) # &},

which is a hypersurface of M. We choose Q € P? and H C IP? in general positions
with respect to C, and consider the three fundamental groups

m(M\ D), m(fq'(M\Dc)), and m(gg'(M\Dc)).

Note that f'(M \ D) is isomorphic to P? \ po(C), where pg: C — P? is the
projection with the center Q. Note also that g;;' (M \ D¢) is isomorphic to

1\ U b

x€HNC

where H" is the dual projective plane of H and I, C H" is the line corresponding to
apointx € H.

e Suppose that C consists of d lines passing through a point of P such that no three
of them are on a plane. Then we have

m(fy'(M\Dc)) 2 Fyy and  mi(gy'(M\ De)) = 78D,

where F;_, is the free group of rank d — 1. In this case, we can easily prove that
71(M \ Dc) is isomorphic to Z&=1,
* Suppose that C is a smooth curve of degree d on a plane in P>. Then we have

m(fg'(M\Dc)) =7/d7 and m(gg'(M\Dc)) = Fy_y.

In this case, we can show that (M \ D¢) = Z/dZ.
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