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Bilinear and Quadratic Forms on Rational
Modules of Split Reductive Groups

Skip Garibaldi and Daniel K. Nakano

Abstract. The representation theory of semisimple algebraic groups over the complex numbers
(equivalently, semisimple complex Lie algebras or Lie groups, or real compact Lie groups) and the
questions of whether a given complex representation is symplectic or orthogonal have been solved
since at least the 1950s. Similar results for Weyl modules of split reductive groups over fields of
characteristic different from 2 hold by using similar proofs. This paper considers analogues of these
results for simple, induced, and tilting modules of split reductive groups over fields of prime char-
acteristic as well as a complete answer for Weyl modules over fields of characteristic 2.

1 Introduction

The representation theory of semisimple algebraic groups over the complex numbers
(equivalently, semisimple complex Lie algebras or Lie groups) is well known. The set
of isomorphism classes of irreducible representations of the simply connected cover
of a group G is in bijection with the cone of dominant weights of the root system of
G.

Classifying representations of G over C is the same as classifying homomorphisms
from G into a group of type A. One can equally well ask about homomorphisms into
other groups, for which homomorphisms into groups of type B or D (orthogonal rep-
resentations) and groups of type C (symplectic representations) play a distinguished
role. The basics of this theory were laid out in [Mal], were known to Dynkin [Dy],
and a complete solution is clearly described in [GW09, §3.2.4], [St, pp. 226, 227], or
[BouL7, §VIIL.7.5]. One reduces the problem to studying irreducible representations,
then giving an algorithm in terms of the dominant weight A for determining whether
the irreducible representation L(A) has a nonzero G-invariant symmetric or skew-
symmetric bilinear form. The algorithm is proved via restricting the representation
to a principal A; subgroup of G. This material is now a plank in the foundations
of representation theory, where it has applications to determining the subalgebras of
semisimple complex Lie algebras [Dy] and distinguishing real and quaternionic rep-
resentations of compact real Lie groups [Bou L7, Ch. IX, App. I1.2, Prop. 3]. For gen-
eral k, invariant bilinear forms are used to provide information about the groups, for
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example throughout the book [KMRT], or for bounding the essential dimension of G
as in [CS] or [BaC], or for controlling Lie subalgebras as in [SF, §5.8, Exercise 1].

This paper concerns the generalization of the above theory of symplectic and or-
thogonal representations to the case of a field k of prime characteristic. The situation
is more complicated. There are four classes of representations (each of which is in
bijection with the cone of dominant weights) that have a claim to being the natural
generalization of the irreducible representation over C with highest weight A: the irre-
ducible representation L(1), the induced module H°(1), the Weyl module V (1), and
the tilting module T'(1). The four representations are related by nonzero maps

surjective

V(4) L(2)
(11) injectivel l injective
T() 2 foy),

where all four maps are unique up to multiplication by an element of k* (and the dia-
gram commutes up to multiplication by a scalar). The definitions make sense for every
field k, and when char k = 0 or A is minuscule, all the maps in (1.1) are isomorphisms.
We refer to [Jan] for information on this subject. In extending the theory of orthog-
onal and symplectic representations to include the case where the characteristic of k
is prime, two complications arise.

First, although the theory of bilinear forms on irreducible representations over
C translates easily to irreducible representations and Weyl modules over any k (see
Lemma 4.3), it does not directly translate to the representations H° (1) and T'(1). For
example, when V is irreducible or Weyl, the space of G-invariant bilinear forms is at
most 1-dimensional, but for V = H°(1) or T(A) it can be larger. We give a formula
for this dimension in the case of T(1) in Theorem 6.2 and relate it to B-cohomology
in the case of H(1) in Theorem 5.5.

Second, when char k = 2, the theory of G-invariant bilinear forms is insufficient to
treat homomorphisms of G into groups of type B and D, because such groups are re-
lated to the existence of G-invariant quadratic forms. The question of the existence of
G-invariant quadratic forms on irreducible representations has previously been stud-
ied (¢f. [W, GowW, SinW]), and there is no known, straightforward necessary and
sufficient condition (cf. Section 10). In contrast to this, we completely solve the ques-
tion of which Weyl modules have a G-invariant quadratic form; see Theorem 9.5.

Ad hoc constructions in the literature show that the half-spin representations
of Spin,,, for m odd, the representation A”(k*") of SL,, for r odd, and the 56-
dimensional minuscule representation of E; are all examples of groups G and irre-
ducible representations V' such that V has a G-invariant quadratic form if and only
if char k = 2 (see [KMRT, p. 150 and 10.12], and in the case of E, one notes that the
invariant quartic—in [Brown, p. 87], for example—is defined over Z and becomes a
square after reduction mod 2). These irreducible representations are also Weyl mod-
ules, because their highest weight is minuscule, so our Theorem 9.5 may be viewed
as a generalization of these examples, as it gives a necessary and sufficient condition
for the existence of such a G-invariant quadratic form. Proposition 8.5 gives a new
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explicit example of such a G-invariant quadratic form that does not seem to be in the
literature.

One major feature throughout our paper is the interplay with the admissibility of
various G-invariant bilinear forms and the rational cohomology of G. In the final sec-
tion (Section 11), as a byproduct of our results, we are able to calculate H'(G, A*(V))
for many cases where V is L(A), T(1), or H°(A).

This paper treats the case where G is split reductive. A sequel work will extend
these results to the case where G need not be split.

2 Background: Representations of Split Reductive Groups
2.1 Notation

We will follow the notation from [Jan] and [Bou L4]. Throughout, we consider a field
k of characteristic p > 0 and an algebraic group G over k (i.e., a smooth affine group
scheme of finite type over k) that is reductive and split. If k is separably closed, then
every reductive algebraic k-group is split. We fix in G a pinning, which includes the
following data:

* T:a k-split maximal torus in G.

o @: the root system of G with respect to T. When referring to short and long roots,
when a root system has roots of only one length, all roots shall be considered as
both short and long.

o II ={ay,...,a,: the set of simple roots. We adhere to the ordering of the simple
roots as given in [Jan] (following Bourbaki); see (8.3) for the numbering for type C.

* @: the maximal root.

* B: a Borel subgroup containing T corresponding to the negative roots.

* W =Ng(T)/T: the Weyl group.

* wo: longest element in W, relative to the choice of simple roots II.

* P:=Zw & - ®Zw,: the weight lattice, where the fundamental dominant weights
w; are defined by (w;, ) = 8;j,1< i, j < n.

* X(T) =Hom(T,G,,) c P.

* <on P: a partial ordering of weights, for A,y € P, y < A ifand only if A — p is in
Nay +--- + Na,,.

e P, :=Naw; + -+ + Nw,: the dominant weights.

* X(T)y =X(T)nP,.

¢ QQ := Z®: the root lattice.

We further define the following:

e F:G — G: the Frobenius morphism.

¢ G, = ker F": the r-th Frobenius kernel of G.

« MU the module obtained by composing the underlying representation for a ra-
tional G-module M with F".

H°(A) := ind§ A, A € X(T),: the induced module whose character is provided by
Weyl’s character formula.

V(L) == H°(-woA)*: the Weyl module.
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e L(A): the irreducible finite dimensional G-module with highest weight A € X(T)..
Its dual is L(—woA).

e T(A): Ringel’s indecomposable tilting module corresponding to A € X(T),, as
defined in [Jan, Prop. E.6]. Its dual is T(-wgA).

Example 2.1 Inthe case when Gisatorus,® =@, Q =0,and P = X(T) = X(T)..
Foreach A € X(T),, L(A) = H°(1) = V(1) = T(A) is one-dimensional.

2.2 Direct Products

Suppose G = Ty x [1;; G; for Ty a split torus and G; simple and simply connected.
Let T; be a maximal split torus in G; and take T = []}_, T;; a pinning of G relative
to T is equivalent to fixing a pinning of each G; relative to T;. Then ® is the union
of the root systems of the G;. Setting P; to be the weight lattice of G;, i.e., X(T;), we
find that ‘X(T)Jr =Py @ @i(Pi)+ =P,.

Lemma 2.2 With the notation of the previous paragraph, for A; € X(T;),, we have
L(>A) =®L(A), V(X A)=®V(\), and H°(Y Ai) =QH(A:).

Proof The claim for H? is [Jan, Lemma 1.3.8]. Dualizing gives the claim for V. For
L, an irreducible representation of G is a tensor product of irreducible representations
of Ty and of the G;, and inspecting highest weights yields the claim. ]

For an arbitrary split reductive group G, there exists a split torus Ty and split, sim-
ple, simply connected groups Gy, . . . , G, as above and a central isogeny 7: To <[] G; —
G, all of which are in some sense unique. The quotient 7 relates the chosen pinning of
G relative to T to a pinning of Ty x [] G; relative to the split maximal torus 7~*(T)°
such that 7*X(T), = [T X(T;)+, and representations of G induce representations of
To x [1 G;. In this way, when proving the results in this paper, it is harmless to assume
that G is a direct product Ty x [] G; as at the beginning of this subsection.

In later parts of the paper, G; will be used to denote the first Frobenius kernel of
G; the difference will be clear from context.

3 Symmetric Tensors and Symmetric Powers
3.1 Symmetric Tensors

Let V be a k-vector space.

Definition 3.1 The symmetric group X, on n letters acts on ®” V by permuting
the indices of a tensor v; ® -+ ® v,,. Define S/, (V) € @ V via

S;(V):{xeé)V\ax:xforallcrEZn};

it is the space of symmetric tensors. The symmetrization map s:®" V - ®" V is
defined by s(x) = ¥ 4cs, 0x and

S/(V):=imsc S, (V);
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elements of S’/ (V') are symmetrized tensors. Evidently, if n! is not zero in k, then
Sy (V) =S,(V).

Example 3.2 (Bilinear forms) The space BilV := V* ® V* is the vector space of
bilinear forms on V, and S5(V*) is the subspace of symmetric bilinear forms. If
chark = 2, then S (V™) is the span of elements x ® y — y ® x for x, y € V¥, ie,
S5 (V™) is the space of alternating bilinear forms.

Regardless of the characteristic of k, we identify ®* V* > Hom(V, V*) denoted
b b, where b is defined by b, = b(v, - ). Note that, as our vector spaces are finite-
dimensional, the canonical inclusion ®"(V*) ¢ (®" V)* is an equality by dimen-
sion count, so we omit the unnecessary parentheses from this expression. The (left)
radical of b is rad b := ker D.

3.2 Symmetric Powers

The n-th symmetric power S"(V) of V is the image of ®" V in the quotient of
@50 ®' V by the two-sided ideal generated by all elements of the form v ® v/ —v' ® v
for v,v' € V; we write p:®" V - §"(V) for the quotient map. One typically omits
the symbol ® when writing elements of S" (V). If we fix a basis vy, ..., v of V, then
§"(V) has basis {v{"v3>---v5' | Y e; = n}.

We obtain a commutative diagram (cf. [Bou A4, $IV.5.8]) of linear maps

QV QV
N .
s"(V) —2= s7(V) c (V) Y sn(V).

The map ¢ is the multilinearization map ¢(vi---v,) = Xyes, Vo1) ® - ® Vo(n)- The
compositions ¢y:S7 (V) - S/(V) and y¢:S"(V) — S"(V) are multiplications
by nl.
Example 3.3 (Quadratic forms) The elements of the vector space

Quad V := §*(V*)

are the quadratic forms on V. The multilinearization map ¢ sends a quadratic form
q to its polar bilinear form by := ¢(q) given by

bg(v,v') = q(v+v') —q(v) - q(v").
If b, = 0, then q is said to be totally singular. The radical of q is
radq:={veV|veradb,and q(v) = 0}.
Evidently rad q is a vector space, and for each extension K of k,
rad(q® K) 2 (radq) ® K.

If char k # 2, then rad g = rad b,, and the only totally singular quadratic form is the
zero form.
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We refer to [EKM] for background concerning quadratic forms over a field, in-
cluding the case char k = 2.

3.3 Alternating Tensors

Definition 3.4 We define subspaces A’} (V) € A, (V) € ®" V via setting

A (V)= {xeév | ox = (signo)xforallo e =, }

and A’/ (V) to be the image of the skew-symmetrization map a: ®" V — A’ (V) de-
fined via at(x) = ¥,c5, (sign o) - ox. These subspaces are analogous to the symmetric
tensors in Definition 3.1.

Evidently, the restriction of « to A’, (V') acts as multiplication by n!. We can iden-
tify A>(V') with A5(V) and A%(V*) with the space of alternating bilinear forms on
V (as A*(V*) = A%2(V)*), i.e., the forms b € V* ® V* such that b(v,v) = 0 for all
v e V.If chark = 2, then A5 (V*) = §5(V™) is the space of symmetric bilinear forms
on V and A (V*) is a proper subspace of A, (V™) for nonzero V.

The sequences

(3.1) 0—S)(V) —>VeV-5A(V)—0
and
(3.2) 0—AX(V)—> VeV L s2(V)—o0

are exact. If char k # 2, then both sequences split and encode the direct sum decom-
position: V® V 2 A%(V) ® S*(V).

3.4 Representations

If V is a representation of a group G, then so are the vector spaces deduced from V
such as S5 (V*).

If char k # 2, then replacing V with V* in (3.2) gives a direct sum decomposition
(Bil V)€ = (A’2V*)% @ (Quad V)€. Furthermore, if (Bil V) = kb for some nonzero
b, then b is either symmetric or alternating.

However, when char k = 2, the situation is slightly different.

Lemma 3.5 Suppose chark = 2 and V is a representation of a group G such that
(Bil V)€ = kb for some nonzero b. Then b is symmetric and the quadratic form y(b)
is totally singular.

Proof The exact sequence (3.1) yields an exact sequence
0—> S5(V*)¢ — (Bil V)9 5 AZ(V*)©

and a(b) = mb for some m € k. Writing a Gram matrix M for b with respect to some
basis of V, the equation «(b) = mb says that M — M' = mM, hence m = 0, i.e,, b is
symmetric.
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For the second claim, suppose ¢y(b) # 0. Then the alternating form ¢y(b) equals
nb for some n € k*, thus b is alternating and y(b) = 0. This is a contradiction, hence

¢y(b) = 0. u

3.5 Symmetric p-linear Forms Versus Symmetric Powers of Degree p

We now return to the notions introduced in this section in the special case where k
has characteristic p # 0, and compare the symmetrized p-linear tensors, S;/(V'), and
the symmetric powers of degree p, S? (V).

Consider, for example, the case where V has basis v;, v, and p = 3. Then 8§ (V) is
2-dimensional with basis v; ® v; ® vs_; +v; ® v3_; ® v; + v3_; ® v; ® v; = ¢(viv3_;) /2
for i = 1,2. This contradicts the (erroneous) formula for dim S, (V') given in [Bou Al
Exercise 5b, Chapter III, §6]; a correct formula is implicit in the following result.

Proposition 3.6  Suppose char k = p. Then the sequence
(3.3) 0— vl —s2(v) L s1(v) — 0
is exact, and S},(V') is a direct sum of S (V') and the k-span of {®@" v |v e V}.

Proof For exactness, the only thing to check is exactness at the middle term S? (V).
Fix a basis v1, ..., v4 of V and form the corresponding basis

B = {vf‘v?---vé" | Ze,- :p}

of SP(V). We partition Z as X = {v/ |1<i<d}and Y = # \ X. We may identify
VI with the k-span of X, because, for any v = ¥ ¢;v; € V, we have v? = 3 Pyl
For an element v{'v3* --- v, we define

e; e eq P
hi=(®v) @ (@) & ®(®v) eV
and H to be the stabilizer in £, of h. Clearly,

p(vivsz--vi) =|H|- Y. oh.
o€X,/H
Therefore, for v/ € X, wehave H = X, 50 ¢(vF) = pl-h = 0. For h = v{' ---v' € Y, the
size of H is e1ley! -+ 4!, which is not divisible by p, hence ¢(h) isin k- ¥ ;c5,/p oh.
For distinct cosets 0H and ¢'H of H, the elements 0H - h and ¢'H - h are linearly
independent in ®” V, so it follows that ker ¢ = span(X) = im V1.
From this argument, the final claim is clear. u

Replacing V with V*, we may view sequence (3.3) as relating homogeneous poly-
nomials of degree p and symmetric p-linear forms.

Definition 3.7 For k a field of characteristic p, a symmetric p-linear form f is
characteristic if f(v,v,...,v) = 0forallv € V. For p = 2, a characteristic symmetric
2-linear form is nothing but an alternating bilinear form.
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Corollary 3.8  For every vector space V over a field of characteristic p, S, (V™) is the
space of symmetric p-linear forms on V that are characteristic.

Proof For f € S;,(V™), f is not characteristic if and only if f(vi,v1,...,v1) # 0 for

some v; € V if and only if with respect to some basis v;, ..., v, of V with dual basis
X1, ..., Xy, When we write f in terms of the dual basis, we find a nonzero multiple of
®? x;. Proposition 3.6 gives the claim. ]

For a different view on Proposition 3.6 and Corollary 3.8, see [DV, Section 3,
esp. Theorem 3.4].

Corollary 3.9 Suppose chark = p and V is a representation of an algebraic group G.

(i) IfV has no codimension-1 G-submodules, then ¢: SP(V*)¢ — S, (V* )C is injec-
tive.
(i) IFHY(G, V*U) =0, then ¢: SP(V*)¢ — S;,’(V*)G is surjective.

Part (ii), in the special case p = 2, can be found in [W, Satz 2.5].

Proof Taking the exact sequence (3.3), replacing V with V*, and taking fixed sub-
modules gives the exact sequence

* * ¢ * *
(viIG — s2(v)e = s (v)e — HY(G, viIY)
From this, (ii) is clear. For (i), if (V*)% = 0, then (V*I1)C = 0. ]

4 Bilinear Forms on Irreducible and Weyl Modules
4.1 Bilinear Forms on Irreducible Modules

The proof in the case k = C given in [GW09, Th. 3.2.13, 3.2.14] shows that for every
field k and every A € X(T),, (BilL(1))€ is nonzero if and only if A = —wyA, if and
only if (BilL(1))© = kb for some nondegenerate b.

Suppose these conditions hold. If char k # 2, then the splitting of sequence (3.2)
shows that b is symmetric or skew-symmetric. If char k = 2 and A # 0, then b is alter-
nating. Indeed, in that case b is symmetric with y(b) totally singular by Lemma 3.5,
but y(b) is the zero quadratic form by Corollary 3.9(i), i.e., b is alternating, as claimed.

4.2 Reducible Modules

The material in the preceding subsection is enough to determine (Bil V)¢ when V is
semisimple. We now consider arbitrary (finite-dimensional) representations V. Re-
call that the socle, denoted by soc V, is the largest semisimple submodule of V. The
head of V, denoted by head V, is the maximal semisimple quotient; the kernel of the
map V — headV is the radical of V, denoted by rad V. The following observation
has many applications.

Lemma 4.1 Let U ¢ radV. If U and (head V)* have no common composition
factors, then the pullback (Bil V/U)C — (Bil V)¢ is an isomorphism.
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Proof Suppose first that U is simple. The induced map Bil(V/U) — Bil V is obvi-
ously injective and G-equivariant. For every b € Homg(V, V*), we have

b(U) csoc(V*) = (head V)*,

so by hypothesis b vanishes on U. Furthermore, b induces a homomorphism
head V - head(V*) — U*, which must also vanish by the hypothesis, hence every
element of b(V') vanishes on U, and b is in the image of Homg (V/U, (V/U)*) -
Homg(V, V*), as claimed.

The general case follows by induction on the length of a composition series for U,
because for simple Uy ¢ rad V we haverad(V') /Uy = rad(V/Uy) and head(V/Up) =
head(V). [ |

4.3 Weyl Modules

For each A € X(T),, the Weyl module V(1) has head L(A), and therefore rad V(1)
is the kernel of the map V(1) - L(A) from (1.1). Note that rad V(1) = 0 if and only
if V(1) is irreducible if and only if all maps in (1.1) are isomorphisms.

Example 4.2  Let G be an adjoint group of type B,, over a field k, hence itis SO(V, q)
for a quadratic form g on a (2n + 1)-dimensional vector space V by [KMRT, p. 364].
The G-module V can be identified with the Weyl module V(w;). If char k = 2, the
radical of the bilinear form rad b, (whose definition is recalled in Example 3.2) is
1-dimensional, the irreducible representation L(w;) is V(w;)/rad by, and H’(1) =
V* has a unique proper submodule, L(w).

Lemma 4.3 For A € X(T),, the surjection V(1) — L(A) induces an isomorphism
(BilL(1))¢ 5 (Bil V(1))C.

Proof #1 (Bil V(1)) = Homg(V (L), H°(-woA)), which is k (if and only if A =
~woA) or 0. Thus, the induced map (Bil L(1))° — (Bil V(1))€ is onto. [

Proof #2 Apply Lemma 4.1 with U = rad V(A1), using Lemma 5.1 to see that
L(-wpA) is not a composition factor of U. [ |

Definition 4.4 We say a representation V of G is symplectic if there is a nonzero
G-invariant alternating bilinear form on V (i.e., A*(V*)® # 0) and V is orthogonal if
(Quad V)€ # 0. Clearly, if char k # 2, a representation V(1) or L(1) can be symplec-
tic or orthogonal or neither, but not both. If char k = 2and A # 0, it can be symplectic,
both orthogonal and symplectic, or neither.

4.4 Integral Models

As G is a split reductive group, there is a split reductive group scheme Gy over Z such
that Gz x k is isomorphic to G [Groll]. Moreover, for each A € X(T), there is a
representation V (A, Z) of Gz such that base change identifies V(A,Z) x k with the
Weyl module V(1) of G over k. Consequently, it makes sense to write V(A, K) for
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the Weyl module V (A, Z) x K of Gz x K, for any field K. We use this convention when
we want to emphasize the field of definition.

Suppose that 1 = —wyA, so V(A,C) is orthogonal or symplectic; the recipe de-
scribed in [GW09] will tell which. Because V (A, Q) is also self-dual, there is a nonzero
(Gz x Q)-invariant bilinear form on V (A, Q), and by clearing denominators we as-
sume it is indivisible and defined on V (A, Z) with values in Z. From this we find that
when chark # 2, V(A, k) is orthogonal (resp., symplectic) if and only if V(A,C) is
orthogonal (resp., symplectic).

For any k, if V(A, C) is orthogonal, then we can similarly use the symmetric bilin-
ear form on V (1, Q) to construct a (Gz x Q)-invariant quadratic form that is nonzero
and indivisible on V' (A, Z) and so conclude that V (A, k) is orthogonal. The converse
of this is false; see, for example, Proposition 8.5.

Entirely parallel remarks hold for the induced module, H(1).

4.5 Reduced Killing Form

Let G be a split quasi-simple group defined over Z. The highest root « is in X(T),,
and the Weyl module V (&, Z) is the Lie algebra § of the simply connected cover G of
G [Ga, 2.,5]. Dividing the Killing form of § by twice the dual Coxeter number k" gives
an even and indivisible symmetric bilinear form (cf. [GN, p. 633] or [SpSt, pp. 180-
181]) so there exists a unique indivisible quadratic form s so that 2k - b; is the Killing
form «. It is called the reduced Killing quadratic form ong.

We now sketch how to determine the isomorphism class of s over any field k. It
is harmless to assume that G is simply connected. The roots ® and simple roots II
index a basis {hs | § € [T} U {x,,x_4 | @ € @} for Lie(G). As s is invariant under
T, it vanishes on each x.,, and it quickly follows that s is an orthogonal sum of its
restrictions to Lie(T) and Zx, + Zx_, for each « € @. Put r for the square-length
ratio of long roots to short roots, so r € {1,2,3}. The calculations in [SpSt, pp. 180,
181] show that Zx, + Zx_, contributes a zero form to s ® k if « is short and r is zero
in k; otherwise, it contributes a hyperbolic plane.

As for the restriction to Lie(T'), recall that there is a unique positive-definite qua-
dratic form q" on the coroot lattice Q" (for the simple root system @ of G) that takes
the value 1 on short coroots and r on long coroots. Since s restricts to a Weyl-invariant
form on Lie(T), the formulas in [SpSt] show that the restriction of s to Lie(T) is q".
In summary, s®k is an orthogonal sum of hyperbolic planes, a zero form (if char k | r)

and q¥ ® k.
To calculate q¥ ® k, fix a basis a', ..., «, of simple coroots and set C to be the
Cartan matrix with respect to the basis oy, . .. , &, of simple roots. For D the diagonal

matrix whose i-th diagonal entry is the square-length g¥ () of «}, the product DC
is a symmetric integer matrix with even entries on the diagonal, and

(4.1) q'(v) = %VTDCV forve QY.

In case char k = 2, formulas for the isometry class of s can be found in [BaC, §3].
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4.6 A Uniserial Example

Let A,y € X(T), such that y = —wou, and let V be a uniserial G-module with com-
position factors L(u), L(A), L(¢). Note that V does not satisfy the hypotheses of
Lemma 4.1.

Example 4.5 1f A = —-woA and Exti(L(1),L()) = k, then dim(Bil V)¢ = 2.
To see why this is so, note that V* is also uniserial with the same composition fac-
tors, and that the corresponding module diagrams in the sense of [BC] are “rigid”
by the hypothesis on Ext, so by Proposition 6.5 of ibid. we can read off the elements
of Homg (V, V*) from the diagrams; clearly Homg (V, V*) is 2-dimensional with a
basis consisting of an isomorphism and a map that sends V onto soc(V*).

The following provides a tool to check the Ext hypothesis in the example.

Lemma 4.6 If V(L,) has two composition factors L(A;) and L(A1) (with L(A1) as
the socle) and H°(A;) = L(A;), then Exts(L(A;),L(A2)) 2 k.
Proof Apply Homg(-,L(A;)) to the exact sequence
0— L(4) — V(X)) — L(A;) — 0
to get
Homg( V(A2),L(A1)) — Homg(L(A),L(A)) —
— Extg(L(1,),L(A)) — Extg(V(42),L(A1)).

The first term is zero because A; # A,. The last term is zero by [Jan, Prop. 11.4.16]
because L(A;) has a good filtration. [ |

5 Bilinear Forms on Induced Modules
5.1 Induced Modules

The theory of bilinear forms on an induced module H(1) is notably different from
that for irreducible and Weyl modules, and in general the forms on H°(1) need not
have much to do with L(1). We start with the following basic lemma.

Lemma 5.1 IfA € P, and —woA are comparable in the partial ordering on P, then
A= —Wo/\.

Proof We have that —woA = A + ¢ for 0 a sum of positive roots or a sum of negative
roots. Applying —wq to both sides and subtracting, we find that 0 = wqo, but wq
interchanges positive and negative roots, hence ¢ = 0, i.e., A = —wgA. ]

Then we find the following lemma.
Lemma 5.2 IfH°(]) is reducible, then the pullback
(Bil H'(V)/L(1))  — (Bil H°(1))
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is an isomorphism.

Proof The dual of head H’(2) is the socle of H*(A)* = V(-woA). By Lemma 5.1,
A cannot be less than —wgA, and therefore L(1) cannot be a component of the socle.
The conclusion follows by Lemma 4.1. ]

Example 5.3 Let G be a quasi-simple group. Then

4 ifchark =2 and G has type D, for n > 4 and even,
dim(Bil H(@))¢ = {2 if chark = 2 and G has type B, or C,, with n > 2,
1 otherwise.

Note that the dimension can be bigger than 1, unlike for irreducible and Weyl mod-
ules. To see the claim, we combine Lemma 5.2 with the preceding discussion and
with the G-module structure of V(&) = H°(&)* given in [Hiss]. Put & for the high-
est short root.

Suppose G has type B, or C,, for n > 2 and char k = 2. Then H®(&)/L(@) is either
k ® L(ap) or is uniserial with composition factors k, L(ag), k as in Section 4.6. In
the latter case, V(ap) has socle k by [Hiss], so Lemma 4.6 applies, and in both cases
we find dim(Bil H*(@) )¢ = 2, as claimed.

If G has type F4 and chark = 2, or if G has type G, and chark = 3, then
H(a)/L(&) is L(ap), so dim(Bil H*(&))¢ = 1.

In the remaining cases, writing Z for the scheme-theoretic center of the simply
connected cover of G, H*(&)/L(&) = Lie(Z)*, on which G acts trivially. If Z is not
étale, then dim(Bil H®(@))¢ = (dim Lie(Z))?, whence the claim.

Note that, in calculating the dimension of (Bil H®(@))®, we implicitly gave for-
mulas for all of the G-invariant bilinear forms.

We remark that for G of type A, D, or E, H°(@) is the Lie algebra of the adjoint
group [Ga, 3.5(2)].

5.2 A Necessary Condition

Lemma 5.4 Ifthere is a nonzero G-invariant bilinear form on H°(1) or T(A), then
2 is in the root lattice Q.

Proof On the one hand, the action of the torus T on the representation V = H°(1)
or T(A) turns V* ® V* = Bil(V) into a graded vector space with grade group X(T),
and the hypothesis gives that 0 is a weight. On the other hand, all weights of V are
congruent to A mod the root lattice Q, hence all weights of Bil( V') are congruent to
—2wod mod Q, so —2woA € Q. As —w( normalizes Q, the conclusion follows. [ |

Note that —wg acts on P/Q as -1, hence the condition A = —wA (for the existence
of a nonzero G-invariant bilinear form on V(1) or L(1)) implies that 21 € Q.
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5.3 Connections with Cohomology

The following result demonstrates that the number of G-invariant bilinear forms on
the induced module H°(1) is related to the rational B-cohomology. In [HN], it was
shown that similar B-cohomology calculations for GL, (k) are related to the coho-
mology of Specht modules for the symmetric group on # letters.

Theorem 5.5 Let A € X(T),. Then for N = |®|/2,
dim(Bil H°(1))¢ = dim Ext (H(A), - - 2p)
= dimHY (B, V(-wod) ® (=1 - 2p)).

Proof Recall that H’(1)* = V/(-woA). Furthermore, by using Serre duality [Jan, IT
42091,

V(-wol) = HY (wp - (—wo)t)) = HY (-1 -2p).

Consider the following spectral sequence [Jan, 1.4.5]

Ey’ = Exti,( HY(1), Riind§ (wo - (-wo)))) = Exty/(HO(A), wo - (-wol)).
According to Serre duality [Jan, I1.4.2(9)],

R indg(wo : (—wo/l)) = [RN_i ind§ (—(wp - (-wo)) + 2p))] !
= [RV " ind§ (V)]

By assumption, A € X(T),, so by Kempf’s vanishing theorem, R¥~ind$§ (1) = 0
when N —i >0 (or N > i).

This shows that there is only one non-zero row in the spectral sequence; thus, the
spectral sequence collapses and for all i > 0:

Ext (H°(A), RN ind§ (wo - (-wol))) = Exty N (H°(A), wo - (-wod))
=~ Exty N (H°(1),A - 2p).

The result now follows by specializing to the case when i = 0. ]

5.4 SL, Examples; Symmetric Powers

Let G = SL, and consider H 0(d w;), where w; is the first fundamental weight. We
have H®(dw;) = S (V') where V is the natural n-dimensional representation.

Example 5.6 For G = SLy, H’(dw;)* = V(dw;) has a simple socle [Jan, I1.5.16
Corollary] and H°(dw,) is multiplicity-free as a G-module (note the weight spaces
are all one-dimensional). So taking U = rad H*(dw; ) in Lemma 4.1 gives

(Bil H(dw;)) © = (Bilhead H' (dw;)) © = k.

That is, base change from the integral model as in Section 4.4 provides a nonzero
SL,-invariant bilinear form on $¢(k?), and it is the only one up to a factor in k*.
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Example 5.7 Let G = SL, where n > 3. The G-modules H°(dw; ) can have compli-
cated submodule structures. However, one can employ the weight criterion in Corol-
lary 5.4 to deduce the following: If n + 2d, then 2dw; ¢ Z®, and

dim(Bil H*(dw;))€ = 0.

5.5 SL; Examples

Example 5.8 Let G = SL; and let A be a generic weight in the lowest p?-alcove (see
[DS]). Then the following are true: (i) the composition factors of H° (1) are multiplic-
ity free and (ii) the head of H°(1) is a single irreducible representation. Moreover, if
A # —woA, then the head of H(1) is not a composition factor of V/(-wgA). Therefore,
in this case, dim(Bil H°(1))¢ = 0.

Suppose p = chark > 3 and consider the following weights of G = SL; expressed
in terms of the fundamental weights:
A] = (0, 0),
/\2 = Sa+ag,p(ar+as) )Ll = (P - Z,P - 2),
A3 =Say,pay AZ = (P,P - 3)’
A4 = Saypay - A2 = (P =3, p) = —wols.
We have indicated how A, for j = 1,2, 3 are linked to (0,0) under the dot action of
the affine Weyl group W,,.
By using the standard translation functor arguments [Jan, I1.719, I1.7.20] or em-
ploying [DS] we can deduce the following facts. The representation H(A,) is unis-

erial with two composition factors (from head to socle): L(0,0), L(A,) For j = 3,4,
H®(1;) is uniserial with two composition factors (from head to socle): L(1,), L(A;).

Example 5.9 For j=2,3,4,
(BilH*(A;))“ = (Bilhead H'(A;)) 2 k

by Lemma 4.1. Pulling back along the surjection T(13) — H®(13) from (1.1) gives a
nonzero G-invariant bilinear form on the tilting module T'(13) also. (In fact it gen-
erates (Bil T(A3))€ by Example 6.4 below.) That is, H’(13) and T((13) each have a
nonzero G-invariant bilinear form, yet A3 # —wgA3, in contrast with the situation for
simple and Weyl modules described in Section 4.

6 Bilinear Forms on Tilting Modules
6.1 Tilting Modules

The tilting module T(1) has both a good and Weyl filtration, and the composition
factor of highest weight in T'(1) is L(A). We briefly discuss the maps induced by
applying the functor V + (Bil V)€ to (L.1).
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Lemma 6.1 Forall A € X(T),, the pullback map (Bil T(1))¢ — (Bil V(A))¢ is
surjective. If T(A) is reducible, then the composition

(BilH°(1))¢ — (Bl T(1))¢ — (BilV(1))€

is zero.

Proof Assume (Bil V(1)) # 0, s0 A = —wpA and there exists an isomorphism
fiT(A) = T(-wod) = T(A)*. As A and —wyA are weights of T(A) (and V(1)) of
multiplicity 1, the pullback of f to V() is nonzero, proving the first claim. Commu-
tativity of (1.1) and Lemma 5.2 give the second claim. [ |

The lemma shows that when T (1) is reducible:

(6.1) dim(Bil T(1))€ > dim(Bil H*(1))€ + dim(Bil V(1))C.

6.2 Dimensions and Filtration Multiplicities

We now compute the dimension of the space of G-invariant bilinear forms on T(1)
in terms of the good filtration multiplicities. Define [ T(1): H° ()] to be the number
of times H®(u) appears in a good filtration for T(1); it equals Homg (V (¢), T(1))
by [Jan, Prop. I1.4.16(a)], so it is independent of the choice of good filtration.

Theorem 6.2  Let G be a reductive algebraic group. Then for each A € X(T),,

®)  dim(Bil T(1))% = Xyex(r), [T(-wod):H* ()] [T(V):H®(w)];
(i) ifA=-woA, then dim(Bil T(1))¢ = Zﬂex(T)+[T()L):HO(‘L¢)]2.

Proof (i) According to [Jan, II 4.13 Proposition], Ext. (V(01), H(0,)) = 0 for all
01,0, € X(T),. Since T()) has a Weyl filtration, it follows that

Exth(T(A),H%(0)) = 0forallA, 0 € X(T),.

Therefore, the functor Homg (T(1), —) is exact on short exact sequences of modules
that admit good filtrations. Now T'(-wgA) admits a good filtration, thus

dim(Bil T(1))¢ = dim Homg ( T(1), T(-wo)))

= ;) [T(—WO/\):HO([J)] dimHomG(T(A),HO(‘u)).
ueX(T)+

Because T(A) = T(A)" and H°(A) = V(1)” under the duality 7 defined in [Jan, II
2.12, 2.13], Homg(T(A), H°(4)) = Homg(V(u), T(1)) and (i) follows. Part (ii)
follows immediately from (i). [ |

In the sums in Theorem 6.2, the g = A term contributes 0 if A # —woA (by
Lemma 5.1) and 1if A = —wgA. In either case, the sum restricted to y # A gives
the dimension of the kernel of the pullback (Bil T(1))¢ — (Bil V(1))C.
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6.3 SL; Examples
Let G = SL3 with p > 3 and let A; for j = 1,2, 3, 4 be as in Section 5.5.

Example 6.3 'The tilting module T(A,) is uniserial with composition factors (from
the head to the socle):

L(0,0), L(1,), L(0,0).

As in Section 4.6, we find that dim(Bil T(A,))€ = 2, which agrees with the 1 +1% = 2
provided by Theorem 6.2(ii), and we find equality in (6.1).

Example 6.4 The structure of the tilting module T'(A;) for j = 3,4 is given by the
following diagrams in the style of [BC], with the head on top and the socle on the
bottom:

L(A2)

e N
L(Aj) L(0,0)
AN e
L(Az)

Therefore, dim(Bil T(A;))€ = 1, which agrees with Theorem 6.2(i) by looking at the
structure of the tilting module above with its good filtration factors H(1;), H(15).

Remark 6.5 Andersen, Stoppel, and Tubbenhaur [AST, Th. 4.11] have recently
proved that A, := Endg(T(A)) for A € X(T), is a cellular algebra. Under com-
position, Bil T(1) becomes a Ay-A_,,,) bimodule. As a left A)-module, Bil T(1)
admits a filtration of cell modules, and as a right A_,, ,-module, it admits a filtration
of dual cell modules. The reader is referred to [AST, Def. 5.1] for the definitions of
these modules.

7 Quadratic Forms on Tilting Modules
7.1 Modules with a Good Filtration
We characterize symmetric G-invariant p-linear forms for tilting modules and Weyl

modules via cohomological vanishing.

Proposition 71 Let G be a simple split algebraic group and let V' be a finite-dimen-
sional G-module such that V* admits a good filtration. Assume further that if p = 2 and
G is of type C then [V* : H(w;)] = 0. Then every G-invariant characteristic symmet-
ric p-linear form on V is the polarization of a G-invariant homogeneous polynomial of
degree pon V.

Proof By Corollary 3.9(ii), it suffices to prove that E; := H'(G, (V*)!1]) = 0. Apply
the Lyndon-Hochschild-Serre spectral sequence:

E;’ = H'(G/G, H/ (G, k) ® (V*)[) = H™ (G, (v)I).

with the five term exact sequence 0 - Ey° — E; - E>' - E° - E,.
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Since V* admits a good filtration, it follows that E5* = 0 for i > 1. Therefore,
H'(G, (V*)[") = Homg/g, (k. Exty, (k. k) ® (V*)[)
= Homg (k, Extg, (k, k)™ @ v*).
Now by [BNP, Theorem 3.1(C)(f)],

0 _ -
Extl, (k, k)(D = {H (@) p=2and®=C,
! 0 else,
hence the claim holds apart from the exceptional case. In the exceptional case,
(H*(w) ® V*)¢ = Homg(V, H(w)) = Homg (V(w;), V*),

whose dimension equals [ V*: H°(w;)], so again the claim follows. ]

7.2 Tilting Modules

Taking p = 2 in the proposition and specializing to tilting modules gives the following
corollary.

Corollary 7.2  Let G be a simple split algebraic group over a field k of characteristic 2,
and let A € X(T),. Assume further, in the case that G has type C, that

[T(V)*:H"(w;)] =0.

Then every G-invariant alternating bilinear form on T(A) is the polarization of a G-
invariant quadratic form on V.

Proof T(A)* = T(-woA) has a good filtration, so Proposition 7.1 yields the result.
|

8 Exterior Powers of Alternating Forms
8.1 Existence of Quadratic Forms

In this section, b denotes a nondegenerate alternating form on a vector space V of
finite dimension 27 over a field k. We analyze quadratic forms on A"(V) induced by
b for various r. This is related to quadratic forms on the fundamental representations
of the group Sp(V, b) of type C.

It is well known that there is a bilinear form b(,) on A”(V') defined by

(8.1) biry(X1 A Axes 1 Aee A ) = det(b(Xis Yj)icij<r)s

and that b, is non-degenerate, since b is [Bou A9, Prop. IX.1.9.10]. If k has character-
istic different from 2, then evidently b, is symmetric for even r and skew-symmetric
for odd r. If k has characteristic 2, we consider quadratic forms.

Proposition 8.1 Let chark = 2 and let r be odd. For a fixed symplectic basis
of V, there is a quadratic form q(,y on A"(V') with polar bilinear form b,y such that
qiry(vi A Ave) =0forvy,...,v, € B.
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Proof Aschark =2, we can write out Z as ey, ..., en, f1,. .., fn such that
(8.2) b(e;,e;j) = b(fi, fj) = 0forall i, jand b(e;, fj) = 6.

Write V7 for a free Z-module of rank 2n whose basis we denote also by Z by abuse
of notation; we may equally define a symmetric bilinear form bz on V7 by (8.2) so that
we may identify b with bz ® k. Then (bz) ,) is a symmetric bilinear form on A"(Vz)
and the map f:x — (bz)(r)(x, x) is a quadratic form on A"(Vz).

We claim that f always takes even values. As A"(Vz) is generated as an abelian
group by symbols whose entries are taken from the symplectic basis, it suffices to ver-
ify that f(x) is even when x is such a symbol. But (bz),)(x, x) can only be nonzero
for such an x if for every e; in x there is also a corresponding f; and vice versa. As r
is odd, this is impossible and the claim is proved.

As f is a homogeneous polynomial of degree 2 (with integer coeflicients) in the
basis dual to the bases of A" V7 consisting of symbols with entries from %, it follows
that f is divisible by 2. The desired quadratic form on A"(V) = A"(Vz) ® k is then
q(r) = (3f) ® k. By construction, q(,) has polar bilinear form (bz) () ® k = b(,),
and by the preceding paragraph q,) vanishes on symbols with entries from % as
desired. ]

Remark 8.2 In the case where r is even and 2 < r < dim V, the bilinear form b,
is symmetric, but it is not alternating because for s = r/2and x = e; A fines A fo A
- Aes A fs we have b, (x, x) = 1. Therefore x = b(,)(x, x) is a nonzero quadratic
form on A”(V') which is obviously invariant under Sp(V, b).

Remark 8.3 When chark = 2, q is a quadratic form on V, and r is odd, [MR,
Th. 1.6.2] defines a quadratic form A"q on A"V. Taking b to be the polar form of
g, we find that A"q equals the form q(,) from Proposition (8.1). In particular, the
isomorphism class of A"q depends only on the bilinear form b and not on the choice
of g such that b = ¢(q).

8.2 Fundamental Weyl Modules for Type C

Asin [Bou L4], we write w, for the fundamental dominant weight such that (wr, a j> =
d,j, where «; is the simple root numbered j in the diagram

(8.3) 1 2 3 n-2 n

We can see explicitly which of the fundamental Weyl modules V (w,) of Sp(V, b) are
orthogonal. Some of these are easy: for r even, V(w,,C) is orthogonal, hence so is
V(w;, k) for every k.

Example 8.4 V(w) is the tautological representation V of Sp(V, b), and Sp(V, b)
acts transitively on the nonzero vectors. It follows that the only Sp(V, b)-invariant
polynomials are constant, hence V (wy, k) is not orthogonal for any k.
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For the remaining cases, where r is odd and 3 < r < n, we identify V(w,) with the

subspace of A"(V') generated by symbols v; A -+« A v, such that vy, ..., v, generate a
totally isotropic subspace of V as in [GowK, §1] or [De B]. We call such symbols of
generator type.

Proposition 8.5 If chark = 2, r is odd, and 3 < r < n, then the quadratic form
q(r) defined in Lemma 8.1 restricts to be Sp(V, b)-invariant and nonzero on the Weyl
module V(w,).

Proof Let x be a symbol of generator type, where each entry in the symbol belongs
to A. The basis A defines a pinning of Sp(V, b) as in [Bou L7, §VIIL13.3] of a root
subgroup relative to the pinning, so we can decompose V as an orthogonal sum V =
U 1 U’ relative to b where g(U) = U, g is the identity on U’, and U consists of s = 1
or 2 of the hyperbolic planes defined by 2. We write x = y A y’, where y € A'(U)
and y’ € A"7'(U’) are symbols of generator type and ¢ < s, because x has generator
type. Writing gy = 3. y; where the y; are symbols in A*(U) with entries from %, we
find

an(gx) =am (X yiny') =2 by (i Ay, yiny).

i<j

Asr>3,r—t>1,and (8.1) shows that b,y (yi A ¥, yj A ¥') = 0. That is, g(gx) = 0.
Furthermore, if g is instead taken to be in the maximal torus of Sp(V, b) defined by
the pinning, then it scales x and again q(gx) = 0. It follows from these two calcula-
tions that q(gx) = 0 for all g € Sp(V, b), hence g,y vanishes on symbols of generator
type, regardless of whether their entries are drawn from %.

Any element z of V(w,) can be written as z = ), z; for z; symbols of generator
type. For any g € Sp(V, b), we have

qr)(82) = 224 (82:) + 20 b(r) (871> 82))-

i<j

As gz; also has generator type, q(,)(gz;) = 0. Furthermore, b, is canonically deter-
mined by b and so is Sp(V, b)-invariant, so it follows that

() (82) = Y. b (2i-25) = q(r) (2),

i<j

as desired. |

9 Which Weyl Modules are Orthogonal when char k = 22

The goal of this section is to prove Theorem 9.5, which determines, in case char k = 2,
which Weyl modules have nonzero G-invariant quadratic forms. In case char k # 2,
quadratic forms are equivalent to symmetric bilinear forms and the answer is given
by the material in Section 4 and the recipe described in [GW09] or [Bou L7].
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9.1 Alternating Forms

Composing linear maps defined in Section 3, we obtain, for vector spaces V;, V3, a
linear map,

Id®«a

2 2 2 2 L2
@ (®V) ®(®V,) —% (@W) ®(®W) > ®(VieV,) & s3(Vie W),

where the middle isomorphism is v; ® v] ® v, ® v5 = v; ® V2 ® v; ® v5. Replacing
the first map Id ®« with « ® Id does not change @. Put e;: ®* V; - A%(V;) for the
quotient map.

Lemma 9.1 (Tignol’s product) The map @ vanishes on ker(e; ® e,) and induces a
linear map A*(V;) ® A*(Va) —» S*(Vi ® V).

Proof For i = 1,2, the map a vanishes on the subspace .#,"(V;) of ®” V; spanned by
elements v®v for v € V;, so @ vanishes on (®* V;) ®.%," (V3) = ker(Id ®e; ). Because
replacing the first map in the definition of @ does not change @, @ also vanishes on
F3'(V1) ® (®* V3), and we conclude that @ vanishes on the kernel of e; ® e;. [ |

The following proposition in the case char k = 2 can be found in [SinW, §3], or see
[KMRT, p. 67, Ex. 21]. Our proof invokes Tignol’s product from Lemma 9.1.

Proposition 9.2  If V4, V, are k-vector spaces with alternating bilinear forms by, by,
then there is a unique quadratic form q on V; ® V; so that

(9.1 q( ZVU ®v2i) = 2. bi(viisvij) b2 (vainva;)  for vei € Ve

i<j

If by and b, are nondegenerate, then so is q. If b; is invariant under a group G;, then q
is invariant under G, x G.

Proof The alternating form b; determines an element of A*(V;*). Plugging b; ® b,
into Tignol’s product gives an element g € S*(V;* ® V') = S*((V; ® V3)*), i.e., with
a quadratic form on V; ® V. |

Corollary 9.3 Let A, u € X(T),. If the Weyl modules V(A), V(u) have nonzero
G-invariant alternating bilinear forms, then V(A + ) is orthogonal.

Proof The tensor product V(1) ® V(u) has A + p as an extreme weight, and so
there is a nonzero G-equivariant map 7: V(A + y) - V(1) ® V(u). The hypothesis
on V(1) and V(u) gives a G-invariant quadratic form g on the tensor product by
Proposition 9.2, hence g is a G-invariant quadratic form on V(1 + ), and it suffices
to check that g7 is nonzero.

Fix highest weight vectors x*, y* and lowest weight vectors x~, y~ of V(1), V(u)
respectively; note that the bilinear forms are nonzero on the pairs (x*,x7) and
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(y*, y7) asin Lemma 4.3. The sum of the highest and lowest weight spaces of V (1+pu)
is identified via m with k(x* ® y*) +k(x~® y7),and qg(x* ® y* +x~ ® y~) is nonzero
by (9.1). ]

9.2 Orthogonality and Weyl Modules

We continue by providing below some examples for symplectic groups.

Example 9.4 Let G be a quotient of Ty x []; G; as in 2.2 such that G; = Sp,,, for
some n > 1 and some j, and A € X(T), such that A restricts to be zero on Ty and G;
for i # j, but on Gj it is w;. Then by Lemma 2.2, the restriction of V(1) to G; is the
tautological representation as in Example 8.4 and the restriction to T and to G; for
i # jis a trivial representation. Therefore, k[ V(A)]¢ = k[V(w;)]%P2 = k and V(1)
is symplectic (i.e., A*(V/(1)*)€ # 0) and not orthogonal (i.e., (Quad V(1))€ = 0).

Theorem 9.5 Let G be a split reductive group over a field k of characteristic 2 and let
A € X(T)+ be nonzero. Then exactly one of the following holds:

(i) V(L) is orthogonal (i.e., (Quad V(1))€ % 0), or

(ii) G and V(L) are as in Example 9.4, or

(iii) A # -woA.

Furthermore, if (i) occurs, then (Quad V(1))¢ = kq for a quadratic from q with
rad b, = rad V(1) and one of the following holds:

(a) radq = rad V(1), (Quad L(A))€ is 1-dimensional and spanned by the quadratic
form q induced by g, and rad bz = 0; or
(b) (QuadL(A))€ =0, and rad q is a codimension-1 G-submodule of rad V(1).

Proof Suppose first that (ii) and (iii) are false; we prove (i). As in Section 2.2, without
loss of generality we can assume that G is of the form Ty x [T}, G; where T is a split
torus and the G; are simple, split, simply connected algebraic groups over k, and write
A =Y%M As A = —woA and wy is the product of the longest element in the Weyl
groups for each of the G;, it follows that A; has the same property for all i and in
particular that 1¢ = 0. If A; # 0, then V(A;) has a nonzero alternating bilinear form
by Lemma 4.3. Hence, if two or more A;’s are nonzero, Corollary 9.3 and Lemma 2.2
combine to give (i).

So assume A = A;. As Ty and G; for i # 1 act trivially on V (1), we may assume
that G = Gy, i.e., that G is simple. By hypothesis, (Bil V(1))¢ # 0, and Proposition 7.1
completes the proof of (i).

Now suppose that (i) holds. Because A # 0, for V. = V(1) or L(A), V lacks
a codimension-1 submodule, hence polarization gives an injection (Quad V)¢
A2(V*)S by Corollary 3.9(i), thus (i) implies not (iii) completing the proof of the first
claim, and dim(Quad V) < 1. Let q € (Quad V(1)) be nonzero. If rad b, = rad g,
then the remaining claims in (a) are obvious, so suppose g|;aq v(1) is not identically
zero. Recall from Section 4.4 that G and V(1) are defined over F,. The natural map
Fa[V(A, )] ® k - k[V (A, k)] is an isomorphism [Se], so g is the base change
from IF, of a G-invariant quadratic form go on V (A, T, ). We take X to be the kernel
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of g restricted to the radical of V(A,F,); it has codimension at most one because
IF, is perfect. Then the radical X of q is a proper subspace of rad V(1) and contains
Xo ® k, hence dim(rad V(1)/X) =1, and the claim is proved. [ |

9.3 Meaning of Orthogonality for Weyl Modules

If L(A) is orthogonal, then the action of G on L() is a homomorphism G — SO(q)
for some G-invariant quadratic form ¢, and SO(q) is a semisimple group of type B or
D. We now describe the relevant group schemes in the case of a G-invariant quadratic
form g on the Weyl module V(2).

Suppose for the moment that f is a polynomial function on a vector space V over
an infinite field and U < V is a subspace such that f(u +v) = f(v) forall u € U and
v € V. Then f induces canonically a polynomial function f on V := V/U, and we
define O(f) to be the closed subgroup scheme of GL(V) stabilizing f. Similarly, set
O(f, U) to be the sub-group-scheme of GL(V') leaving both f and U invariant.

Lemma 9.6  In the notation of the preceding paragraph, there is a short exact sequence
of group schemes

1— Hom(V/U,U) — O(f,U) — O(f) x GL(U) —> 1.

Proof Choosing any complement U’ of U in V and writing linear transformations
of V in terms of a basis adapted to the decomposition V = U @ U’, we find that for
every k-algebra S,

GL(U)(S) Hom(U’®S,U®S)) =

O(f,U)(S) = ( 0 o(f)(S)

Now suppose that g is a quadratic form on V, and that dim(rad b,/ rad q) <1. This
holds if char k # 2, or if k is perfect, or by Theorem 9.5 if V is a Weyl module for a split
reductive group G and q is G-invariant. Then we take U := rad g; the hypothesis on
the dimension assures us that for every extension K of k, rad(q ® K) = (radq) ® K =
U ® K, and we find that O(gq) = O(q, U) as group schemes. Therefore, for g the
induced quadratic from on V /U, we have an exact sequence

1— Hom(V/U,U) — O(gq) — O(q) x GL(U) — 1.

We define SO(q) to be the fiber of SO(g) x SL(U) in O(q). Clearly, the action of
G on V preserving g gives homomorphisms G — SO(q) — SO(q), where SO(q) is
semisimple of type B or D.

10 Quadratic Forms on Irreducible Representations
10.1 Orthogonality and Irreducible Representations

For what A € X(T), is L(1) orthogonal? By Theorem 9.5, L(1) of G is orthogonal
if and only if (a) the Weyl module V(A) is orthogonal and (b) a nonzero G-invariant
quadratic form g on V(1) vanishes on rad V((1). As the case where chark # 2 is
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treated by Lemma 4.3, we assume here that char k = 2, and we know the answer to (a)
by Theorem 9.5.

For question (b), we have the following sufficient conditions. Let W, = W x pZ®
be the affine Weyl group, which acts on X(T') via the dot action. For w € W, and
A € X(T), the action is denoted by w - A. The following result provides sufficient
conditions to guarantee that L(A) is orthogonal.

Proposition 10.1  Suppose chark =2, A # 0, and V(1) is orthogonal.

(i) A is not a sum of positive roots;

(iii) H'(G,L(1)) =0;

(iv) L(A) is orthogonal,

The following implications hold: (i) = (ii) = (iii) = (iv).

Proof Using [Jan, I1.2.14, I1.2.12(4)] we have
H'(G,L(1)) = Extg(k,L(1)) = Homg(rad V(1), k).

If (iv) fails, then by Theorem 9.5(b) Homg(rad V(), k) # 0, i.e., (iii) fails. If (iii)
fails, then L(0) is a factor in the composition series for V((1), hence A € W, - 0 and
(ii) fails. If A is in W5 - 0, then A is in the root lattice; since A is a dominant weight, it
is a sum of positive roots, so (i) implies (ii). ]

It is not hard to find A € Q but A ¢ W,, - 0, i.e., an example to show that (ii) # (i).
The examples in Section 10.2 show that the converses of each of the other implications
can fail. Also, note that Proposition 10.1(ii) can be replaced by the statement that “0
is not strongly linked to A”;, for strong linkage as described in [Jan, I Chapter 6].

Example 10.2  Let w be a dominant weight of Sp,, that is neither a sum of positive
roots nor w;. For every field of characteristic 2, the Weyl module V(w) of Sp,, is or-
thogonal by Theorem 9.5, and Proposition 10.1 says that the irreducible representation
L(w) is orthogonal.

10.2 Adjoint Representations

Suppose now that G is a split simple group over a field k of characteristic 2. The
highest weight of the adjoint representation is &@. We illustrate the proposition by
determining whether the irreducible representation L(@) is orthogonal, i.e., whether
the reduced Killing form s defined in Example 4.5 vanishes on rad V(&). According
to the description of s in that example, it suffices to first find the radical U of the polar
bilinear form of g¥ ® k, which is the kernel of the linear transformation DC, and then
to check if ¢V ® k as given by (4.1) is identically zero on U. These steps involve linear
algebra with explicit matrices over I, and explicit formulas can be found in [BaC],
so we merely summarize the results in Table 1.

For types other than C, the orthogonality of L(&) has been determined in [GowW,
§3] by a somewhat different argument. Although for type C, we find that L(&) is never
orthogonal, which appears to contradict the final sentence of [GowW].
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(o) restrictions | L(@) orthogonal? dimH'(G, L(«))
n=0,2mod 4 yes 0
A, n=1mod 4 no 1
n =3 mod 4 yes 1
n=0mod 4 yes 1
B, (n>3) n=1,3mod 4 yes 0
n =2 mod 4 no 1
n =0 mod 4 yes 2
D, (n>4) n=1,3mod4 yes 1
n =2 mod 4 no 2
C, or E; no 1
E6) Eg, F4, or Gz yes 0

Table 1: Orthogonality of L(«) for a Simple Group G over a Field of Characteristic 2

In the table, for the convenience of the reader, we also give dim H!(G, L(@)). This
amounts to identifying the cohomology group with Homg (rad V (@), k) and consult-
ing the description of the G-module structure of V (&, k) given in [Hiss]. Note that
the case of A, with n = 0 mod 4 shows that (iii) # (ii) in Proposition 10.1 and with
n = 3 mod 4 shows that (iv) # (iii).

11  Cohomology of A? of Irreducible and Weyl Modules
11.1  Vanishing of the First Cohomology

We begin with a lemma that gives conditions on V that guarantee H'(G, V® V) = 0.
Recall that G is assumed to be split reductive.

Lemma 11.1 Let V be a module admitting a good filtration or V = L(A) with A €
X(T),. Then H(G,V® V) =0.

Proof If V has a good filtration, then V' ® V has a good filtration and the result
follows, because H'(G, H%(a1) ® H(02)) = 0 for all 01,0, € X(T), by [Jan, I 4.13
Proposition].

Now suppose that V = L(1), and suppose that H'(G, V ® V), i.e.,

Extg( L(-wol),L(1)),
is not zero. According to [Jan, II 2.14 Remark], one has either —-woA < A or A < —wgA,

contradicting Lemma 5.1. ]

11.2  First Cohomology with Coefficients in the Exterior Square

We now calculate H'(G, A?(V)) for some of the modules V we have studied.
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Theorem 11.2  Let G be a split reductive group and A € X(T)... Then

0 ifchark £ 2 and V = T(1), L()), or H°(A),
HI(G,AZ(V))Z G f i B ( ) 0( ) ( )
(Quad V*)® ifchark =2,V =L(A) or H(A), and A 0.
Evidently, if A = 0, then for V = L(A) = H°(A) = k, we have (Quad V)€ = k but
A*(V) =0,s0 H(G,A*(V)) = 0.

Proof Taking G-fixed points in (3.2) gives an exact sequence

AX(V)C 25 Bil(V)6 £ Quad(VF)S — HY(G, AX(V)) — HY(G, V ® V),

where the last term is zero for V = H°(1), T(1), or L(A) by Lemma 11.1. If char k # 2,
then p€ is surjective and the claims follow.

So suppose chark =2 and V = H°(1) or L(A) with A # 0. If (Quad V*)€ = 0, we
are done, so assume otherwise. Then Lemma 4.3 implies that p© is the zero map, and
again we are done. ]

Example 11.3  Suppose V = L(1) for some A € X(T),; we claim that (Quad V*)¢ =
(Quad V)©. Indeed, if A # —woA, then (Bil V)¢ = 0, hence (Quad V)¢ consists of
totally singular quadratic forms, which are necessarily zero (by Theorem 9.5 because
A # 0); the same applies to V* = L(—wgA).

In the case where chark = 2 and V = L(1), Sin and Willems [SinW, Proposition
2.7] showed that H'(G, A%(V)) = 0 implies (Quad V)¢ = 0. We are able to say more
in Theorem 11.2 thanks to Lemma 11.1.

11.3 Application to Induced Modules

By combining Theorem 11.2 with Theorem 9.5, we obtain the following first cohomol-
ogy calculation for all induced modules.

Corollary 11.4  Let G be a split reductive group and A € X(T),. Then

k ifchark =2and 0% A = -woA, but
H'(G,A*(H°()))) = G and V(L) are not as in Example 9.4,

0 otherwise.
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