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MORE ON HALFWAY NEW CARDINAL CHARACTERISTICS
BARNABAS FARKAS, LUKAS DANIEL KLAUSNER 2/, AND MARC LISCHKA

Abstract. We continue investigating variants of the splitting and reaping numbers introduced in
[4]. In particular, answering a question raised there, we prove the consistency of cof (M) < sy, and of
ty, < add(M). Moreover, we discuss their natural generalisations s, and ¢, for p € (0. 1), and show that
t, does not depend on p.

§1. Introduction. Let us recall the classical splitting number: Given S, R € [w]®
we say that S splits R, in notation S | R, if |S N R| = |R \ S| = w: and the splitting
number is defined as

s =min{|S| | S C [w]” and VR € [w]” IS € S: S | R}
In [4], among many other new cardinal invariants, the following variant of s was
introduced: For S. R € [w]” we say that S bisects R, written as S |1, R. if
ISNRNA| nosoo 1
|R N n| 2
and s/, is defined by replacing | with |,, in the definition of s,
si, = min{|S| | S C [w]” and VR € [w]” 3S € S: S |1, R}

As S |1/2 R implies S| R, s < S1 immediately follows. It also turned out that
cov(M) < sy, <non(N), where cov(M) stands for the covering number of the
meagre ideal and non (/) for the uniformity of the null ideal (see below). Moreover,
two of these inequalities are consistently strict (see [4. end of Section 2]): s < 51,
in the Cohen model and cov(M) < 51, in the Mathias model. One of the most
interesting remaining open questions is the following:

QUESTION A. Is 51, < non(N) consistent?

Of course, similar questions were raised regarding separations of s, and other
classical invariants. For example (see [4. Question A (Q2)]). motivated by the fact
that 5 < 0, where 0 stands for the dominating number (see below). it is natural to
ask the following:

QUESTION B.  Is 0 < sy, consistent?
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2 BARNABAS FARKAS, LUKAS DANIEL KLAUSNER, AND MARC LISCHKA

In Section 2, we present a short overview on the relevant cardinal invariants (from
[4]) and recall the inequalities and consistently strict inequalities between variants
of s and other classical cardinal characteristics.

In Section 3, by dualising the results from Section 2, we outline the inequalities
between the variants of the reaping number v and show the consistency of almost
all possible strict inequalities in the dual diagram.

In Section 4, answering Question B positively, we present two models of cof (M) <
s1,: (1) the w-stage countable support iteration of a modified infinitely equal forcing
and (2) the dual Hechler model, that is, the w;-stage finite support iteration of the
Hechler forcing over a model of MA + ¢ > w;.

In Section 5, we define natural generalisations of s/, and vy, namely s, and ¢,
for p € (0.1). We discuss their lower and upper bounds and show that t, does not
depend on p.

§2. Variants of s and v. When studying cardinal characteristics the following
framework can come handy, especially when dualising inequalities and in the context
of forcing. For a general overview on this framework, see, e.g., [2] or [5, Section 512].
(Here, we mostly follow the notation of the second reference.)

DEFINITION 2.1. A relational system is a triplet R = (X.C., Y) where (i) C is a
relation on X x Y, (ii) dom(C) = X, and (iii) there is no single y € Y such that
x C y forevery x € X.

A set U C X is R-unbounded if there is no single y € Y [C-above all elements of
U:aset D C Y is R-dominating if for every x € X, thereisa y € D C-above x. The
(un)bounding and dominating numbers of R are

b(R) = b(C) = min {|U| | U C X is R-unbounded},
?(R) =9(C) =min{|D| | D C Y is R-dominating}.

The dual of R is the relational system R+ = (Y, 7. X) (which satisfies conditions
(i)—(iii) automatically). Clearly, b(R+) = 2(R) and 9(R*+) = b(R).

ExamPLE 2.2. We recall all relational systems and cardinal characteristics we
need in the first four sections:

(1) Let Dom = (w®, <*,w®), where f <* g if {n | g(n) < f(n)} is finite. Then
b = b(Dom) and 0 = 0(Dom).

(2) LetZ be an ideal on an infinite set X, thatis, [X]<“ C Z and C € 7 whenever
C C AU B for some A4, B € T; we will always assume that X ¢ Z. Consider
the relational systems Cof(Z) = (Z, C,Z) and Cov(Z) = (X, €,Z). The four
classical cardinal invariants of Z are the following cardinals:

add(Z) = b(Cof(Z)). cof (Z) = o(Cof (Z)).

non(Z) = b(Cov(Z)). cov(Z) = 2(Cov(T)).
We know that add(Z) < cov(Z),non(Z) < cof(Z) always holds. We are
particularly interested in two specific ideals, namely M = {meagre subsets

of 2¢} and V' = {null subsets of 2*}. The well-known Cichoni’s diagram can
be summarised in the following Tukey connections (see below): Cov(M) <
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MORE ON HALFWAY NEW CARDINAL CHARACTERISTICS 3

Dom < Cof(M) < Cof(N) and Cov(N) < Cov(M)+ (and the facts that
add(M) = min{b, cov(M)} and cof (M) = max{non(M),d}).

(3) Let Reap = ([w]”./. [@]?) where S | X (“Ssplits X”)if [SNX|=|X\ S| =
. Then 5 = b(Reap) and t = d(Reap).

(4) Let Reap,), = ([@]”.}i. [0]?), where S |1/, X (S bisects X™) if

ISNXNn|l 150 1

| X Nnl 2

Then s,/, = b(Reap,;,) and vy, = d(Reap,,).
(5) For € € (0,1/2) let Reapy,.. = ([0]”. Ji+c. [0]”). where S |ipe X (“S e-
almost bisects X”) if for all but finitely many n

| ISNXnnl 1

= <L —F— )< .
3 S T Ixna S2°°

Then s,/,+. = b(Reap,,,.) and v, = d(Reap,),...).

Unfortunately. it is still unclear whether s,,,. depends on e (see [4. Question A
(Q3)]). Whenever we claim anything about Reap, /r4e OF its invariants, we mean that
our claim holds for every € € (0, 1/2).

THEOREM 2.3 (see [4. Theorem 2.4]). The following relations hold, where a — b
means “a < b, consistently a < b” and a --+ b means “a < b, possibly a = b"":

Regarding further inequalities between these cardinals (apart from separating 51
from 6,1, and/or non(N)). there was only one question left open. namely. if
51, <0 0T 5154, < 0 hold. To show that this inequality does not hold, in Section 4
we will present a construction based on countable support iteration as well as one
based on finite support iteration.

§3. The dual diagram. Although in the proof of Theorem 2.3 it was not stated
explicitly, all inequalities were proved (or could have easily been proved) via Tukey
connections.

DrerINITION 3.1. Let Ry = (Xo.Co. Yy) and Ry = (X;.C1. Y7) be relational
systems. A pair (F,G) of functions F: Xy — X; and G: Y; — Y. in short
(E. G): Ry — Ry.isa (Galois—)Tukey connectionfrom Ry to Ry if for any xo € X, and
y1 € Y1. F(xo) C1 y; implies xog To G(y1). This is commonly visualised as follows:
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4 BARNABAS FARKAS, LUKAS DANIEL KLAUSNER, AND MARC LISCHKA

G(yn)e Yo Y12 »n
X0 € Xo X BF(X())

If there is a Tukey connection from Ry to Ry, we say that Ry is Tukey-below Ry and
write Ry < R. Note that (F. G): Ry — Ry is a Tukey connection iff (G. F): R{- —
Rj is a Tukey connection. We say that Ry and R, are Tukey-equivalent, denoted by
Ry = Ry, when Ry < R; and R; < R both hold.

Recall that Ry < R implies that b(Rg) > b(R;) and 9(Rg) < 2(R;). For example,
the proof of 5, < non(A) in Theorem 2.3 actually shows Cov(\) < Reap,, etc..
and hence the dual inequalities (e.g.. cov(\) < ty;,) hold as well.

Let us point out that, after appropriate coding, all relational systems and Tukey
connections we discuss in this paper are Borel in the following sense: R = (X, . Y)
is Borel if X and Y are Polish spaces and C is a Borel subset of X x Y; a Tukey
reduction (F, G): (Xy, Co. Yy) — (X7 C1. Y1) between Borel systems is Borel if both
F and G are Borel functions. This can be particularly useful in the context of forcing:
If R is Borel, then we say that a forcing notion P is R-dominating if

VPE3yeYVxeXNV:xCy.

It follows that if there is a Borel Tukey connection Ry — R; and P is R;-dominating,
then P is Ry-dominating as well. Instead of “R-dominating,” we will use the common
more specific terms, e.g.. “IP adds a dominating real (over V)” means that P is Dom-
dominating, “P adds a random real” means that P is Cov(\)*-dominating, etc.:
we can talk about adding splitting, bisecting or e-almost bisecting reals (over V)
analogously.

To dualise Theorem 2.3, we hence have to check the consistency of the strict
inequalities. Before stating the dual form of Theorem 2.3, let us take a closer look
at ty,. The Borel reducibility Reap#2 =< Cov(N)* (because Cov(N') < Reap, )2 See
above) implies that if we add random reals. we also add bisecting reals over V. The
next two lemmas illustrate that “too tame” forcing notions cannot increase ti/,. We
assume that all forcing notions are atomless and separative; in particular, we assume
that every condition p in a forcing notion PP has incompatible extensions.

LeEMMA 3.2. IfP is o-centred, then it cannot add e-almost bisecting reals.

ProoF. Let P =J,,, Cn. where each C, is centred, let B be a P-name for an
element of [w]®”, and assume towards a contradiction that

p Ik “B e-almost bisects every X € [w]” N V™"
for some p € Pand € € (0,1/2), that is,

\F“l e< |BﬁXﬂn| < ! + ¢ for almost all n”
P Xnn "2
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for every X € [w]® N V. Fix an interval partition (I,) of w such that |Iy| > 2 and
|I,| > 2"|1.,| for every n (where I, = Uken I and I = @). First of all, we show
that

1 BNl 1
plF “575’<| 1A |<§+e’foralmostalln”
n

holds for every &’ € (e.1/2). To see this, fix such an €’; then. as p IF“B e-almost
bisects w,” p forces that for every sufficiently large n,

BOn| _ (1+2MB0le| _ (1+27)[B NI

< <
|1 (1+2m)[1,] <]
1 1
1 27]1 _ _ !
<1+ )(2+6)<2+s,

where the second inequality follows from |I,| +27"|1,| > |I,| + |I<4|- The lower
bound can be established similarly: p forces that for every sufficiently large n,

BN, |BNL| || ., B0l ., 1 I
D A -
|In‘ |In‘ |In| ‘I§n| 2 2

Fix an &’ as above. Then thereisa p’ < p and an N € w such that

1 BnI,| 1
p'IF“575’<‘ A |<§+s’foreveryn2N.”

By modifying B on I.y (which does not affect the property of being e-almost
bisecting), we can assume that p’ forces these inequalities for every n: in particular,
B N1, # @ forevery n (as &’ can be very small, we assume that |7, | is even for every
n). In the rest of the proof we assume that p’ = 1p, that is,

I+ “% - < |B?—n|1" < % + ¢’ for every n.” (%1)
Let §,={ECI,|VpeC,3q<p:qlFBnI,=E}. Note that £, # @: Oth-
erwise, for every E C I, we can fix pgp € C, such that pg I+ BN, % E, but
these pr have a common extension, which is a contradiction. Fix an arbitrary
sequence (E,),ce, € V such that E,, € &, for every n (we know that E, # @), and
let X =,c, En € [0]”N V.

Since B e-almost bisects X, we can fix some p € Pand M € w such that

BnXnm| 1

plF “W<§+6 forallm > M.” (%2)
Now fix a k such that
. 1 1
min(l) > M and —— > +e.
o+l 2

As each condition has incompatible extensions, there are extensions of p in infinitely
many C,: hence for some n > k., we can fix a p’ € C, below p. By the definition of
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E,. there is a ¢ < p’ which forces that BN I, = E, = X N I,; in particular, ¢ forces

that
|Bmxmg,l\> Bnxnr|  |E 1
|Xﬂ1§n| o \I<,1|—|—|Xﬂl,,| |I<n‘ + |E,,| %—l—l
> ! > ! > +
= €
2 2" = ’
et e Tl 2

where the second inequality follows from Equation (x;) and the third inequality
follows from |I.,| <2™"|I,|. This contradicts Equation (x,), because I<, =
min(Z,,;) > min(f) > M. B

Before the next lemma, let us recall the Laver property. A forcing notion P has
the Laver property (see [1. Definition 6.3.27]) if for every sequence (H,,),e., of non-
empty finite sets and every P-name f* € [],.,, H,. thereisan S € [] [H,)* (in

V) such that IFp* £ (n) € S(n) for almost all n.”
LemMma 3.3, IfP has the Laver property, then it cannot add e-almost bisecting reals.

new

PrROOF. Assume towards a contradiction that a p € P forces that B € V'F -
almost bisects every X € [w]® N V. As in the proof of Lemma 3.2, we fix an interval
partition (Z,) in V such that |Ip| > 2 and |I,| > 2"|I.,| for every n as well as an
e’ e (e, 1/2), and just like above, we can assume that

1 Bnl| 1
pIF “576/< | |In|”| < §+s’foreveryn.” (%3)
Let Qo =11. Q1 =LUL. .... Qu =U,<com Lmypy be the union of the next 2"
many intervals in the partition. Applying the Laver property, there are an S €
[Theo PO in V. S(m) ={S™ | m' <2"}.a p’ < p. and a P-name b for an
element of [], . 2" such that p’ F“B N Q,, = SZ’Em € S(m) for every m.” Define

mew

)
=) U spnbu,yev.

mew m! <om
Then X is infinite because X N Ly () = ngm) O Ly jmy = BN Ly ) 7 @ for

every m. We claim that p’ IF“B does not e-almost bisect X.” To see this, let m be
sufficiently large such that

1 S 1 n
= +e.
272}7‘1 —_—
e
Then p’ forces that
‘X n I§2m+b(m>| o |I<2”7+iz(}71)| + ‘B N 12’”+['7(m)| _|.1<2m+—b("7)‘ + 1
|Bﬂ]2m+[')(m)‘
> : > : > ] +
‘ = +e
‘[<2’71+15(m)| +1 Lb(m) + 1 —2 /
<1/276/)|12m+[,(,,1)| 12’
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where we used Equation (x3) in the second inequality and |I,|/|I,| < 2™ in the
third one. n

THEOREM 3.4. The following relations hold, where a — b means “a < b,
consistently a < b” and a --+ b means “a < b, possibly a = b.” and there are no
Sfurther provable inequalities between these cardinals:

cov(N) ----- > T - - - 3 > Cijote —) non(M

U
SN—

Proor. The inequalities follow by dualising the ones in Theorem 2.3. To show
the consistency of the strict inequalities and that there are no further inequalities in
ZFC, keeping in mind the consistent cuts of the Cichon’s diagram, it is enough to
show that the following are consistent: v < non(M) and ;4. < b (separately. of
course).

t < non(M) holds in the model presented in [3, Section 5], because it is a model
of u < s and we know that t < uand s < non(M) (for more details on the ultrafilter
number u, see [2, Section 9]).

We show that v,y <add(M) < b holds after the ¢* stage finite support
iteration D+ of the Hechler forcing D. We know that if x > ¢ is regular, then
VP = add(M) = min{b, cov(M)} = k = ¢ because D adds both dominating and
Cohen reals. Recall (folklore, see [7]) that if 6 < ¢ (hence also if § < ¢*) and
(P, Qﬁ)ag,;/k(; is a finite support iteration of o-centred forcing notions (that is,
o “Qq is g-centred” for every o < d). then P is also o-centred. Applying Lemma
3.2, it follows that if ¢ < ¢* and (P,.Qp)a<s<s is a finite support iteration of
o-centred forcing notions, then

IFs “no S € [w]® can e-almost bisect all elements of [w]” N V7
in particular, VP E vy, < ¢ <addM) =c. B
Probably the most interesting remaining open question is the following:

QuEsTION C.  Is cov(N) < vy, consistent?

§4. Models of cof (M) < s1/,. Let us recall the infinitely equal forcing EE (see
[1, Definition 7.4.11]): p € EE if p is a function, dom(p) C w is coinfinite, and
p(n): n — 2 is a function for every n; if p and ¢ are conditions, ¢ < p if ¢ D p.
We know (see [1, Lemmas 7.4.12 and 7.4.14]) that EE and its countable support
iterations are proper and w®-bounding and preserve non-meagre sets (see also [1,
Lemma 6.3.21 and Theorems 6.1.13 and 6.3.5]).
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We will work with a variant of EE. Basically, we do the following: (i) We
allow longer characteristic functions in the n-th coordinate (but still below a
common bound); and to adapt the forcing notion to our needs, (ii) we switch
from characteristic functions to subsets and (iii) by shifting the underlying set in
the n-th coordinate, we make sure that in the generic sequence, these finite sets are
ordered consecutively.

More precisely, we fix an interval partition (1,) of w asin Lemma 3.2 and Lemma
3.3. thatis, |Ih| > 2 and |I,| > 2"|I,| for every n. and define P = IP; ) as follows:
p € Pif p is function such that:

(a) dom(p) C w is coinfinite and
(b) p(n) C I, for every n € dom(p):

q < pifq O p. The very same proofs that work for EE show that P and its countable
support iterations are proper and w®-bounding and preserve non-meagre sets. It
follows that if cH holds in the ground model. then P, (the w,-stage countable
support iteration of P) forces that cof (M) = max{non(M).d} = w;.

LEMMA 4.1. Let G be the canonical P-name of the P-generic filter and let X be a
P-name such that

p X = Uran(U G) = U {p(n) | p € G andn € dom(p)} (€ [®]”).
Thenno S € [w]® NV can e-almost bisect X .
Proor. Fix an S € [w]”, ane € (0,1/2), and a p € P. Pick an n in w \ dom(p)

such that

1 1

1
—n+1
2" Szfé‘ and hence WZ§+6

We distinguish two cases:

Case I: |S N 1,| > |I,|/2. Define ¢, € P. dom(g,) = dom(p) U {n}. ¢u!gom(
p.and g,(n) = S N I,. Then ¢, < p and ¢, forces that

p =

|Sm)'(m1§n|> SN 1
‘Xﬁ[ﬁn| T |+ 1SN ‘g;?r“ +1
> : > 1 > ! + e
|I<n| 2-n+1 _|_1 - E .
i+l

As n can be arbitrarily large. p cannot force that S e-almost bisects X .
Case2:|S N I,| < |I,|/2. Definer, € P, dom(r,) = dom(p) U {n}. ] 4om(p) = P-
and r,(n) = I, \ S. Then r, < p and r, forces that

|Sﬂ‘X/ﬂI§n\ < <] < |L<n| <2—n+1<17€.
X Nicy|  — M \S| T 5/2 ~2

As n can be arbitrarily large, p cannot force that S e-almost bisects X . o

Applying this lemma and the aforementioned properties of IP,,. we obtain the
following:
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THEOREM 4.2. If V E cH, then V2 E w) = cof (M) < Sijpte = 51y = 0.

We show that this strict inequality can be obtained via a finite support iteration
as well, namely, we can dualise (now in the forcing sense) the result saying that
tip4. < add(M) in the Hechler model (see Theorem 3.4). Consider the dual Hechler
model, that is, every model of the form VPor where V E “MA + ¢ > wy.” We
know (see, e.g.. [1, Model 7.6.10]) that cof (M) = w; holds in these models. We
interpret D as the filter-based Laver forcing for the Fréchet filter over 1<® = {5 €
®<® | s is strictly increasing}, thatis, T € Dif T C o< is a tree (i.e., T is closed
with regard to taking initial segments) with a fixed element stem(7) € T such
that:

(a) either ¢ C stem(T') or stem(7T) C ¢ for every t € T and
(b) extr(t) ={new|t™(n) € T} is cofinite in w for every ¢ € T with
stem(T) C .

If7T € Dands € T.thenletT' [, ={t € T |t Csort2s}e D. Let d be a D-name
for the generic dominating real, i.e., d = | J{stem(7) | T belongs to the generic
filter} € @™ = {f € w® | f is strictly increasing}.

We recall a classical preservation theorem we will apply (see, e.g., [6] or [1., Section
6.4]). Fix a sequence (C,),ce of increasing closed relations on w® such that

(Ch)¢f ={f €w®”| f C,g} is nowhere dense

foreverynand g. Let C= | J,c,, Cn. We will use terminology compatible with the one
we use when working with relational systems: If & = cof(k) > w. then a U C w®
is k-C-unbounded if for every C C w® of size < k, there is an f € U which is not
C-below any element of C. In this case we will write f [Z C.

DEFINITION 4.3. Let £ = cof(x) > @ and let P be a k-cc forcing notion. We
say that P is k-C-good if for every P-name / for an element of @®, there exists a
non-empty Y C w® of size <k such that IFp f [Z & whenever f [Z Y. Say that P is
C-good if it is w;-C-good.!

It is straightforward to show that if P is xk-C-good, then P preserves (a) “F is
k-C-unbounded” for F C w® and (b) “d(C) > A” for cardinals 1 > & (see [9]).

THEOREM 4.4 (see [8] or [, Lemma 6.4.12]). Let k = cof (k) > w and assume
that (Po., Qp)a<s p<s is a finite support iteration of k-cc forcing notions such that
IFo “Qq is k- T -good” for every a < 6. Then Py is k-C-good as well.

We are going to apply this theorem with Q, = I, but first we define our relation
C. Fix an € € (0,1/2) and an interval partition (/) as we already did above, that is,
|lo] > 2 and |I;| > 2%|1;| for every k. Let

O ={(H.(Ex)keo) | H € [0]”, Ex C Iy and |Ex|/|I;| > /4 for every k}

and define the relation C= C, on [w]” x O by

new

X Ty (H (Ex)kew) <= Vhk € H\n: [ X NEc| < (I/2+&)(|X N Ik| + [I<k]).

ISee [9] for the proof that this variant of k-C-goodness is equivalent (under the assumption that P is
k-cc) to the classical definition from [8] or [1, Definition 6.4.4].
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First of all, notice that [w]® as a subspace of P(w) is canonically homeomorphic
(denoted by ~) to '™ C w® and hence to w® itself. To code O as w® as well, let

E[ 1],
(e ~ 4]
if we consider Qy as a discrete space. then ], ., Qx is a compact metric space and

O:[w]“’xanzw”’xl—[kan(wak)zw”’.

kew kew kew

Qk—{EQIk

LemmA 4.5, The following statements hold.:

(1) dom(C) = [w]® and ran(C) = O.

(2) The relation C, is closed in [w]® x O.

(3) The set () Ex)) is nowhere dense in [w]” for every (H, (Ey)) € O.
(4) cov(M) <o(C) < 814

Proor. (1): First let X € [w]®. If there is an infinite H C w such that | X N
Ii|/| x| < 3/a for every k € H, then X Cy (H. (It \ X)reo)- If there is no such H,
then |X N I |/|Ix| > 3/4 for every k > K for some K € w, and if we choose some
Ey C I with |E|/|Ix| € (1/4,3/8) for every k > K (> 2), then

3 1
| X NE| <|Ex| < §|Ik| < (5 +5>|Xﬂ]k| forevery k > K.,

hence X T (0 \ K., (Ex)kew)-

Now let (H. (Ex)kew) € O.If X = @ \ U,y Ex isinfinite, then X T (H. (Ey)).
If this set is finite, however, then there is a K such that w \ K C H and E; = I for
every k > K. If Y € [w]® such that | Y N I;| = 1 for every k, then

1
[YNE <1< (5 +s)(1 + [I<x|) holds for every k € H \ 1.

andso Y | (H, (Ey)).
(2): If X 2, (H, (E))), then this is witnessed by a kg € H \ n, that is,

1
X 0 Eig| = (5 +) (1X 0 B + s, ).

Then X' i, (H'.(E})) for all X’ € [w]” and (H'.(E;)) € O such that X' N [;, =
X NIy ko € H'. and E; = Ej: these pairs (X'.(H'.(E}))) € [w]” x O form an
open neighbourhood of (X, (H, (Ey))) in [w]® x O.

(3): Fix an X € [w]® with X C, (H.(E;)) and a basic open neighbourhood
Upn={Y €[w]”| YNm=XNm} of X (foran m € w). If k € H \ n such that
min(f;) > m (and k is sufficiently large, see below), and Y € U,, suchthat Y N [ =
Ej. then k witnesses Y 7, (H.(Ey)). that is, |Y N Ex| = |Ex| > (12 +¢€)(|Ex| +
|Ix|) because

||]§_£I > (% +s)(% +2*")

holds if & is sufficiently large.
(4): cov(M) < d(C) follows from (1) and (3). Now let S € [w]”, define S’ = S if
|S N Ir|/|Ix| > !/4for infinitely many k and S’ = w \ S otherwise, and let Hs = {k |
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|S" N Ic|/|Ik| > 1/4} € [w]”. For k € Hs.let Ef =S' NI, and for k € w \ Hy. let
E, = I;. It is enough to show that if S e-almost bisects X, then X C (Hg, (E,f))
ie. that (id, S — (Hs. (E}))): ([w]”.C.0) — Reapﬁ2jE€ is a Tukey connection.
Clearly. S |1+ X iff S’ |11 X: therefore if k € Hg is sufficiently large. then X N
I<; # @ and

X NE}| _ISnX NI - 1
| X O Ll + L] = X N <] 2

+e

finishing the proof. -
Lemma 4.6. D is C-good.

ProOF. Let (H.(E))) be a D-name for an element of ©. We will construct
a countable family O’ C O such that whenever X € [@]* NV and X IZ O, then
=X 7 (H.(Ey)).

Let H = {ko < k| < ---} be an enumeration in V', Recall that we denote the
generic real of D by d. By thinning out H . we can assume that d (n) < k,, for every

n. (Note that if I- X 7 (J, (Ey)) for some infinite / C H . then this holds for H as
well.)

We define a rank function p, on w<' for every fixed n € w as follows: We
set p,(s) = 0 if there are k,; € w and E,; C I, such that whenever T € D and
stem(7’) = s. then thereisa 7”7 < T which forces that “k, = k., and Ep,, = Ens.”
Then we proceed by recursion: At the ath stage, after already having defined {s €
@<¢ | pu(s) = B} forevery B < o, we set p,(s) = a if

Yo, = {m | pu(s™(m)) < @} is infinite.

We show that dom(p,) = o<1 for every n. Assume towards a contradiction that
pa(s) is not defined. Then {m | p,(s~(m)) is not defined} is cofinite; hence we can
construct a 7 € D with stem s such that p,(¢) is not defined for every € T above
s.Therearea T’ < T.k € w. and E C I, such that T’ I+ “k,, = k and Ex = E”; in
particular, k and E witness that p,(stem(7"’)) = 0. a contradiction.

Also, we will need the fact that if n > |s|, then p,(s) > 0. To see this, let (.for ke
w) Ty € D such that stem(7%) = s and extr, (s) = w \ k. Then T} IF k < d(]s]) <
d(n) < ky. If p,(s) = 0, then we could pick &, , such that 7' |- ky, = k., whenever
T € D with stem s; but in that case, T’ = T, , IF k.5 < k,. a contradiction.

Now, if p,(s) = 1and m € Y, then p,(s™(m)) = 0 and hence we have defined
kn“v“(m) and En“v“(m)- Note that

{m € Yoy | kyy~(m) = k}is finite

for each k. Otherwise, there are k € w and E C I; such that X = {m € Y, |
kys~(m) = k and E, .~ (,,) = E} is also infinite, and hence if T € D with stem(7") =
5. then there is an m € X Nextr(s). and so thereisa T” < T'[ ~(,,) < T such that

T’ I+ “k, = k and E, = E.” in other words, pn(s) = 0, a contradiction.
For such » and s we can thus fix an infinite Z, ; C Y, such that

if m, = Zn)s and m < m’, then kn,sA(m) < kn,sﬁ(m’)‘
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We let K, = {kn.s"(m) | m e ZILS}’ Ezs = En,s’\(m) if me Znes and kn,s"(m) =k
and E;* = I; otherwise, and

O = {(Kns. (E* kew) | n € 0. s € 0™, p,(s) =1} C O.

To finish the proof, fix an X € [w]® NV and assume that X 7 O, ie., X 7
(Kos. (E"*)) whenever p,(s) = 1. or more explicitly. for infinitely many k € K,

" 1
X NER| = (5 +2)(1X NI+ l<el): (ox.p)

To show that |- X 7 (H.(Ey)). we fix T €D and n € w. We will find a
T'<T and a k > n such that T'IF “k € H and ('k,X,(Ek))'” We can assume

that n > |stem(7)| and hence p,(stem(7")) > 0. By induction on this rank, one
can easily show that there is an s € T above the stem such that p,(s) = 1.
Pick a k =k, ;~(n) € Ky Nextr(s) \ n such that ('k.X.(E,"""))~ By the definition
of p,(s™(m)) =0, there is a T' < T~ < T which forces that k, =k and
Er = E, ~(m) = E;"*:inparticular, T" also forces that k € H \ nand (°k‘x.(E,())- =

Applying Lemma 4.6 and Theorem 4.4, we obtain that Ds preserves ;4. >
?(C) > cov(M)”, and hence the following:

THEOREM 4.7. If V EMA+c>w). then VP Ew =cof(M) < sipp. =
51/2 = C.

§5. Further generalisations: s, and v,. In this last section, we take a look at
generalisations of s, and vy, in the following sense: For p € (0, 1), let Reap , =
([w]?.},. [w]?) where S |, X (“S p-splits X”) if

ISNXNn| 1o
| X Nnl

We write 5, = b(Reap,) and v, = d(Reap,).
Obviously, Reap, , = Reap, < Reap and hence s, =51, >sand v, =1, <t
for all p € (0, 1). We will need the following easy observation:

Fact 5.1. Let po. p1 € (0.1) and A. B, X € [w]®. Then the following statements
hold:

(1) IfA4|,, X and B |,, ANX, then AN B |,,,, X: hence max{s,,.s, } > $,,
and min{t,;.t, } <ty

(2) If A ), X and B |,, X \ A. then AU B |y 1, pop, X: hence max{s,,.s, } >
Spotpr-popy @A MIN{Ty). Ty b < Tpo iy pgpy -

Proor. (1) follows from

(ANB)NXnNn| |[BN(ANX)Nn| [ANX Nn|
|X Nnl 4N X)Nal X Nn|
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and (2) follows from

(AUB)NXNn| |ANXNn|+|BN(X\A4)Nn|

| X Nal | X Nnl
lAnxnn]  [Bn(X\A)nna| [(X\A4)Nn|
X nn| (X \ 4)Nnl |X Nnl

Also, we recall a classical construction:

FacT 5.2 (Non-integer bases). Let b > 1 be a real number. Then every x > 0 can
be written as x = ZnN}OO c,b" where N > 0 is an integer and 0 < ¢, < b are also
integers for all n.

THEOREM 5.3. ¢, does not depend on p.

ProOOF. Fixa p € (1/2.1). We show that t, = ).

To show that t, > i), let R C [w]” such that [R| < t1/,. We will construct an
S € [w]” such that S |, R (that is. such that S |, X for every X € R).

By recursion on n € , one can easily construct S, € [w]” and R, C [@w]” such
that So = w, Ry =R, Su11 |1/2 R, and

Rn+1 == {Sn+1 ﬂX | X € Rn}
For m > 1, define

Im = m Sn and Dm = Im-1 \Im = Im-1 \Sm
n<m
It follows that R,, = {I,, N X | X € R} and hence that I,, D,, € [@]® for every
m > 1. First of all, we show that I, |i» R and D,, |;;m R for every m > 1. This
holds for m = 1 by the definitions above. We proceed by induction on m; assume that
the claim holds forafixedm. If X € R.thenl,, N X € R,, and thus S, |1/2 I,NX.
Since [, [y» X holds as well. we can apply Fact 5.1(1) with py = 1/2", p; = 1/2,
A=1,, B=S,,. and X, and obtain that I,,,| = S,, .1 N1, |1/2m+1 X . It follows
that Dyys1 = L \ Syt |yyym1 X (because 12 —1/2m+t = 1/m+1),
Now let P C w \ {0} be such that }°, _, 2" = p (a representation of p < 1 in
base 2) and S = Umep Dm. We show that S |, R. Fix an X € R and define the
lower and upper relative density of S € [w]®” in X € [w]” as follows:

= . [SNX Nn|

dx(S) =1 r_-2 -

x(S) msup
SN X Nn|

dyS) = m it =
Clearly, d y and d , are monotone, dx(w\ S) =1-d (S)and d (v \ S) =1-
dy(S).and S |, X iff dx(S) = d,(S) = p: in this case we write dy (S) = p. Also,
notice that d is finitely additive. It follows that it is enough to show that d ,(S) > p
and dy(w\ S)>1-p. For k € w, let Ay = U,,cpri Pm (and |J@ = @), then
d y(Ar) < dy(S). and at the same time d  (Ax) = dx(Ax) = Y,cpri dx (D) =

Y meprw 2" koo, p. hence p < d ,(S). To show that d,(w\ S) > 1 - p, write
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@\ S as,,cq\ p Dm- (Since finite modifications of S, do not affect the above. we can
assume without loss of generality that (., S» = @ and hence that o = (J,,~; D
is a partition.) -

The proof of the converse inequality is similar but with a little twist: We start
with a family R’ C [w]® such that |R’| < v, and have to construct an S’ € [w]”
such that S’ |1, R'. By recursion on n € w. we define S, € [0]” and R, C [w]”
such that S§ =w. Ry =R'. S,,, |, R,. and R, ., ={S, ,NX | X € R, }. For
m > 1, define I, =, ., S» and D;, = I, 1 \ I,,. It follows (by induction) that
L, |pm R and Dy, | ,m1(;_,) R’ for every m > 1. If we can find a P' C o \ {0} such
that >, _p p" ' (1 - p) =1/2, then, just like above, S" =J,,cpr D), [i» R'. The
problem is that when writing #/2-2 in the non-integer base 1 <b = p~! <2, i.e.,
Plr2p = Ziv:foo(p’l)”, we may have to use non-zero coefficients for at least some
0 < n < N. Therefore, we have two cases:

new

Case I: 1f r/22p < 1, 1.e., p < 2/3, then N < 0 and we can pick an appropriate P’
and hence conclude that ¢, < T

Case 2: If 2/3< p <1 then, applying Fact 5.1(1), v, = min{r,.v,} <v, =

min{r >, v,2} <t §” -1 in other words. v, <t <t <t,;s <. There is an
n such that 1/3 < p* < 2/3 (because 1/3 < (%/3)%). and hence v, <t m =1, o <
t]/z.

Note that we did not make use of Tukey connections in the proof above. Therefore,
the dual equality of p-splitting numbers for different parameters p does not follow.
In fact, we only showed that a family too small to be !/2-reaping is not p-reaping and
vice versa—which does not, in any obvious way, yield a method to turn a !/2>-reaping
family into a p-reaping family or vice versa.

QUESTION D.  Is it consistent that s, # s, for some p,t € (0,1)?

The next natural question is if we can generalise Cov(A') < Reap, n =< Cov(M)+,
that is. the inequalities non(N) > s, > cov(M) and cov(N) < ¢y, < non(M) for
arbitrary p € (0, 1).

Cov(NV) = Reap, is problematic because in the case of p = 1/2, the proof uses the
law of large numbers to show that {S € [w]” | S |;, R} is of measure 1 for every
fixed R € [w]®.

QUESTION E.  Does Cov(N) < Reap,. or at least non(N) > s, and cov(N) < t,.
hold?

However, Reap, < Cov(M)+ and hence s, > cov(M) and t, < non(M) hold
because it is easy to see that {X € [w]” | S|, X} =

ﬂ U ﬂ Xe[wl”|(p-e)lXnn <|ISNXnn|<(p+e)|XNn|} e M

e>0Newn>N

and hence, identifying P(w) and 2%, (F. G): ([w]”./,.[®]”) = (M. Z. P(w)) with
F(S)=[o]**U{X €[w]” | S|, X}and G(X) = X if X isinfiniteand G (X) = w
if X is finite is a (Borel) Tukey connection.

We can define sg, tg. 51, and t; as well. To avoid the trivial case s; = 1 and
to maintain the duality s; = s, and tv; = v, we say that S |y R (“S O-splits
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R”) if S is infinite and coinfinite, R is infinite, and |[SNRNn|/|[RNn| — 0;
we define S |; R similarly. Hence let Reap, = ({S € [w]? | |0 \ S| = w}. |o. [w]?).
Reap, = ({S € [0]? | |o \ S| = @}, |1.[w]?). 5o = b(Reap,) = 5; = b(Reap, ), and
to = 0(Reap,) = t; = 0(Reap,).

Just like for p € (0,1),if S € [w]” and | \ S| = w, then {X € [w]® | S |o X} €
M and hence Reap, < Cov(M)*; in particular, 59 > cov(M) and ty < non(M).

FacT 5.4. Dom™’ < Reap,, and hence © > sy and b < v,.

ProoF. Instead of w®, we work with X = {x € ®™ | |w \ ran(x)| = w}. It
is trivial to show that (X, <* X) = (w®, <*,w”) = Dom. We define a Tukey
connection (F, G): Reap; — Dom, that is, an

(FG): ([w]”. “is 0-split by.” {S € [w]” | | \ S| =w}) — (X. <", X)

as follows: Let F: [w]” — X be defined by F(R)(n) = rm where R = {ro <
r<--}telw]”andlet G: X = {S € [®]” | |w\ S| = w} be defined by G(x) =
ran(x). If F(R) <* x, ryn < x(n) forevery n > N for some N and ryn < k < ryne1,

then
[ran(x) N R N k]| cNAn oo 0
ROk~ 2 :
and hence G(x) = ran(x) 0-splits R. 4

QUESTION F.  Does Dom* = Reap,,. and hence d = sy and b = vy, hold? Or do at
least sy > s and vy < t hold?
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