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This study identifies two previously unrecognised screech modes in non-axisymmetric jets.
Spectral proper orthogonal decomposition (SPOD) of ultra-high-speed schlieren images
reveals a bi-axial flapping mode in a rectangular jet and a quasi-helical mode in an
elliptical jet. To educe the complex three-dimensional structure of these new modes, SPOD
is performed on datasets from different viewing perspectives, produced by rotating the
nozzle with respect to the schlieren path to an azimuthal angle 6. The bi-axial flapping
mode is strongly antisymmetric from any perspective. However, the SPOD eigenvalue at
the screech frequency (Ay) varies with 6 and the axial distance of the SPOD domain from
the nozzle lip. This mode most closely resembles a flapping mode in the minor-axis plane
close to the nozzle lip and a wagging mode in the major-axis plane further downstream.
This transition from flapping to wagging at the same frequency correlates with the axis
switching defined by the shock-cell structure in the mean flow. The quasi-helical mode in
the elliptical jet is characterised by an antisymmetric structure present in the SPOD spatial
modes whose eigenvalue A; is insensitive to both 6 and the axial domain. These findings
indicate that the spatial evolution of the mean flow in non-axisymmetric jets may allow
them to support a range of additional screech modes that differ significantly from those
supported by the original three-dimensional shape of the jet.
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1. Introduction

Increasingly stringent regulations on jet noise are motivated both by population growth
leading to airports in closer proximity to population centres and by an expanding body of
evidence linking exposure to jet noise to poor health outcomes. The sound produced by
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the turbulent jet emitted from gas-turbine engine exhausts remains the major contributor
to overall noise during takeoff, despite significant strides in reducing this noise component
through a reduction in exhaust velocities. Aircraft designed to fly above the speed of sound,
whether military jets or supersonic civilian-transport concepts, cannot achieve reductions
via the same means. The exhaust from these engines, even at takeoff, is supersonic
and likely to contain shock and expansion waves, which motivates further attempts to
understand, and ultimately control, the noise produced by imperfectly expanded supersonic
jets (Tam 1995). These jets are characterised by a range of noise sources, both broadband
and tonal. Like subsonic jets, the dominant noise source in the downstream direction
remains that associated with the turbulent wavepackets (Cavalieri ef al. 2013; Jordan &
Colonius 2013; Cavalieri, Jordan & Lesshafft 2019). The presence of shocks, as well as
modifying these wavepackets (Nogueira et al. 2022c¢), introduces new sources of sound,
including broadband shock-associated noise (Harper-Bourne & Fisher 1974) and screech
(Edgington-Mitchell 2019). Though the aforementioned sources are observed in jets at all
scales, jets at full scale also exhibit noise sources which have no clear counterpart in the
laboratory (Leete et al. 2021). Of these various sound sources, the focus of this paper is on
unusual manifestations of jet screech in non-axisymmetric jets.

The occurrence of jet screech was initially discovered by Powell (1953), who proposed
that it was due to a resonance loop. According to the classical explanation of jet screech,
the instability waves in the jet shear layer propagate downstream and interact with shock
structures. This interaction leads to the creation of waves propagating upstream. These
upstream-travelling waves then propagate back to the nozzle, disturbing the shear layer
and initiating new instability waves, thus completing the resonance loop (Tam & Tanna
1982). The wave travelling downstream has long been recognised as the Kelvin—Helmholtz
(KH) wavepacket (Cavalieri et al. 2013), while the wave travelling upstream has recently
been identified as a subsonic guided jet mode (G-JM), first predicted by Tam & Hu (1989),
and identified in subsonic impinging (Tam & Ahuja 1990) and free (Schmidt ef al. 2017,
Towne et al. 2017) jets in subsequent decades. This mode has since also been identified in
supersonic impinging (Bogey & Gojon 2017), then screeching (Edgington-Mitchell et al.
2018; Gojon, Bogey & Mihaescu 2018) and finally ideally expanded (Bogey 2021) jets. The
general mechanism behind screech is now well understood, as detailed by Nogueira et al.
(2022b) and Edgington-Mitchell et al. (2022a), being an extension of the ‘weakest-link’
model of Tam & Tanna (1982) that considers the upstream wave as a guided jet mode
and accounts for variation in shock-cell spacing (Nogueira et al. 2022a). The core of the
weakest-link model is that the wavenumber of the upstream-propagating wave is selected
via a triadic interaction between the Kelvin—Helmholtz (KH) wavepackets and the shock
structures.

Modal-staging behaviour in axisymmetric jets has been investigated systematically in
prior research (Powell 1953; Davies & Oldfield 1962; Powell, Umeda & Ishii 1992; Singh
& Chatterjee 2007; Gao & Li 2010; Edgington-Mitchell et al. 2022a). It has been shown
that the discrete jump in frequency often (but not always) coincides with a modification in
the azimuthal structure of the screech mode. Screech modes have historically been denoted
classified according to their azimuthal structure, toroidal (A1 and A2), flapping (B and
D) and helical (C) disturbances. These modes can be linked to the natural instability of
the jet, which can be decomposed on an azimuthal basis into modes categorised by their
azimuthal wavenumber, denoted m. Additionally, A1l and A2 have been found to be linked
to the m = 0 mode. The helical C mode is associated with the m = 1 mode. The B and
D flapping modes are considered a special case of the m = +1 modes, where two helical
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modes happen simultaneously with a consistent phase relationship, resulting in a flapping
mode.

Early studies on jet screech have focused on axisymmetric jets. Later, researchers found
that alternative non-axisymmetric nozzle geometries such as rectangular and elliptical
shapes notably enhance noise suppression (Wlezien & Kibens 1988; Viswanath et al.
2017) and large-scale turbulent mixing (Ho & Gutmark 1987; Gutmark, Schadow &
Wilson 1989; Gutmark & Grinstein 1999). Motivated by these benefits, supersonic jets
issuing from an elliptical nozzle have been studied theoretically using stability analysis
(Crighton 1973; Morris 1988; Morris & Bhat 1995; Kinzie & McLaughlin 1997; Morris
2010; Nogueira, Weightman & Edgington-Mitchell 2023) and experimentally (Ho &
Gutmark 1987; Hussain & Husain 1989; Lee & Baek 1994; Rajakuperan & Ramaswamy
1998; Gutmark & Grinstein 1999; Yoon & Lee 2003; Edgington-Mitchell, Honnery
& Soria 2015a,b). Two dominant screech modes have been observed in experimental
studies, namely the varicose and flapping modes. Overall, five classes of instability waves
have been predicted by linearised spatial stability analysis in the context of elliptical
jets (Morris 1988; Morris & Bhat 1995; Nogueira et al. 2023; Suzuki, Nogueira &
Edgington-Mitchell 2023). They are the varicose (ceg), flapping (se;), wagging (ceq),
double-flapping diagonally (ce;) and double-flapping sidewards (se;) modes. The ceg
corresponds to the toroidal m = 0 mode in the axisymmetric jet case, becoming identical
in the limit as the aspect ratio approaches 1. The se; and ce; are likewise equivalent to the
|m| = 1 modes in the limit of AR = 1, but more closely resemble the flapping B and D
screech modes away from this limit. In an axisymmetric jet, there is no preferred axis for
the flapping mode, and it tends to precess around the axis. In an elliptical jet, the se; and
ce] modes are locked to their particular axes.

Edgington-Mitchell et al. (2015b) observed a screech mode that appeared to be helical in
nature, based on velocity measurements in two planes for an elliptical jet. The occurrence
of this mode was explained through axis switching. Axis switching is a phenomenon
specific to non-axisymmetric jets, in which the major axis of the jet contracts while the
minor axis expands (Hussain & Husain 1989). This contraction and expansion leads to a
switching of the axes, such that at some distance downstream of the nozzle, the jet has
greater spanwise extent in what was originally the minor axis. Edgington-Mitchell et al.
(2015b) hypothesised that the deformation of the mean flow in the form of axis switching
might permit the flow to support more modes than stability analysis of an elliptical profile
might suggest. However, this was speculation, and no further evidence of this ‘helical’
mode has appeared in the literature.

Some experimental (Suda, Manning & Kaji 1993; Raman & Rice 1994; Raman
1997; Menon & Skews 2010; Karnam, Baier & Gutmark 2019; Semlitsch et al. 2020;
Edgington-Mitchell, Beekman & Nogueira 2022b; Karnam, Saleem & Gutmark 2023) and
numerical (Umeda et al. 1990; Cain et al. 1995; Berland, Bogey & Bailly 2007; Viswanath
et al. 2017; Chakrabarti, Gaitonde & Unnikrishnan 2021; Liang et al. 2023) studies have
been also conducted on rectangular jets. Overall, the flapping mode in the minor-axis
plane and the varicose mode have been found to dominate the screeching behaviour
of rectangular jets. Raman (1997) briefly reported the existence of antisymmetric
screech modes in the major-axis plane for a rectangular jet with aspect ratio AR =
5.0. Our experimental results indicated that rectangular and elliptical jets can produce
an antisymmetric screech mode in the major-axis plane (Mazharmanesh et al. 2024).
However, characterisation of this mode has remained underexplored.

This study is motivated by these preliminary data that suggest the presence of additional
heretofore undocumented antisymmetric screech modes in non-axisymmetric jets. In this
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Figure 1. (a) Schematic of the supersonic-jet experimental facility. (b) Rectangular-nozzle geometry and
global coordinate system. Minor-axis and major-axis planes are marked by 8 = 0° and 6 = 90°, respectively.

paper, we systematically characterise all the screech modes observed in rectangular
and elliptical jets, including two new observed modes we label as ‘Bi-axial flapping’
and ‘Quasi-helical’ modes. High-speed schlieren visualisations accompanied by spectral
proper orthogonal decomposition (SPOD) are used to classify the screech modes. This
paper is organised as follows. The experimental set-up and analysis techniques are
described in § 2. Overall characteristics of the previously identified screech modes, i.e.
varicose and flapping modes, are presented in § 3. Section 4 describes features of the new
bi-axial flapping mode in rectangular jets, while characteristics of the quasi-helical mode
observed in elliptical jet are discussed in § 5. The paper is completed with conclusions in
§6.

2. Experimental set-up
2.1. Jet and nozzle parameters

The experiments were performed in the Supersonic-Gas-Jet Facility at Monash University.
A schematic of the supersonic-jet set-up is shown in figure 1(a). The system is supplied
with a continuous flow of high-pressure air at nozzle pressure ratios NPR = 2.0-5.0,
where NPR is the ratio of the plenum to the ambient pressure. Flow conditioning is
achieved before entering the nozzle by using a series of screens and honeycombs in the
plenum chamber. Two different nozzles are used in this study. The first nozzle is a purely
convergent rectangular nozzle with an aspect ratio AR = 2.0, equivalent circular diameter
D, = 13.6 mm, and a non-uniform lip thickness between the major and minor axes due to
uniform external geometry, as shown in figure 1(). The other nozzle is a purely convergent
elliptical nozzle with an aspect ratio AR = 2.0, equivalent circular diameter D, = 10 mm
and lip thickness 0.05D,. Both nozzles have a large contraction between plenum and throat
of more than 100:1.
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2.2. Data acquisition

The supersonic jet is visualised using a Z-type Toepler schlieren system consisting of
two mirrors with focal length 2032 mm to create a collimated light path through the test
section. Images are captured via a high-speed camera (Photron Fastcam SA-Z 2100k)
operating at 150k frames per second with a shutter speed of 1/197647 s and resolution
512 x 200 pixels. Illumination is produced by a pulsed light-emitting diode (Willert et al.
2010) to obtain 100k images of density gradient in the streamwise direction (dp/dx) at
each operating condition. In this study, schlieren measurements are taken from different
azimuthal angles to reconstruct three-dimensional (3-D) flow structures of the supersonic
jet. The camera is initially aligned with the minor-axis plane as marked by 6 = 0°
in figure 1(b) and the jet is displayed in the x—y plane. To capture different viewing
perspectives, the nozzle is rotated about the x-axis from 6 = 0° to 6 = 180° in 10°
increments while the camera position is kept constant. The co-ordinate y* is used to denote
the spanwise direction as defined by the viewing angle, while y and z are based on the
nozzle geometry and are independent of viewing angle, as shown in figure 1(b). Here,
y* = ywhen 0 = 0° and y* = z when 6 = 90°.

2.3. Data decomposition

Spectral proper orthogonal decomposition (SPOD) (Lumley 1970; Towne, Schmidt
& Colonius 2018) is a frequency-domain adaptation of the POD (proper orthogonal
decomposition) technique. It identifies the most-energetic structures for specific
frequencies. It is now well established as a methodology for identifying coherent structures
for specific frequencies in turbulent flows (Schmidt ef al. 2018; Sano et al. 2019; Abreu
et al. 2021). SPOD identifies monochromatic modes that are optimal in terms of the
flow’s energy norm. The SPOD modes are derived as the eigenvectors of the cross-spectral
density matrix, which is estimated using Welch’s method (Welch 1967). A brief overview
of the method is provided here, while comprehensive mathematical derivations and
algorithmic details can be found from Towne et al. (2018) and Schmidt & Colonius (2020).

In statistically stationary flows, consider q; = q(#;) as the mean-subtracted snapshots,
where i = 1,2, ..., n; indexes the number of snapshots. For spectral estimation, the
dataset is segmented into npy overlapping blocks, each containing ng snapshots.
Adjacent blocks overlap by n,yj, snapshots, with n,y) = ng /2 for the present case
(50 % overlap). Each of the np; blocks undergoes a Fourier transform in time, and
all Fourier realisations at the /th frequency, denoted as qgj), are organised into a

matrix Q) = [@51), 211(2), e, @1("””‘)]. The SPOD eigenvalues A; are determined by solving

the eigenvalue problem (1/ny)QfWQW; = W A;, where W is a positive-definite
Hermitian matrix accounting for the component-wise and numerical quadrature
weights, and (-)* indicates the complex conjugate. The SPOD modes for the /th

frequency are then obtained as @; = (l/a/nblk)QllIllAl_l/ 2. The eigenvalues A; =

diag(/ll(l), /11(2), - /15"“")) represent the energies of the corresponding SPOD modes, with
/151) > /11(2) > ... > /15"””‘). The SPOD modes, denoted by the columns of the matrix @; =
[¢§l), ¢;2), ey qSl(”b”‘)], represent the coherent structures in the flow at the /th frequency,

with ¢§J ) being the jth mode.

The SPOD will be used in this study to characterise the screech modes; flows
characterised by resonance tend to exhibit low-rank behaviour and are thus amenable
to decompositions of this kind (Wong et al. 2023). Here, we apply SPOD on the
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Figure 2. The SPOD-eigenvalue spectra of the leading mode for the rectangular jet viewed in the minor-axis
plane (6 = 0°) at: (a) NPR = 2.0; (b) NPR = 2.6; (¢) NPR = 4.0. St; and A, indicate the screech frequency
and associated SPOD eigenvalue, respectively.

light-intensity data derived from schlieren to educe spatial modes ¢ and corresponding
SPOD eigenvalues A at the screech frequencies. It is noteworthy that the magnitude of
the SPOD eigenvalues can only be used here for a qualitative comparison between cases;
the magnitudes themselves are related to the degree of light-intensity fluctuation, rather
than any fundamental flow variable. Sensitivity tests have been conducted by doubling
the sample length to ascertain the influence of temporal period on the convergence for
the leading SPOD modes. Further details of the statistical convergence of SPOD can be
found in Appendix A. The spectral-estimation parameters used here are ng; = 4096 and
Novlp = 2048, resulting in npy = 47 SPOD modes for each frequency. The dataset used
herein has n, = 100 000 snapshots.

3. Overall characteristics of the varicose and flapping modes

We begin with an analysis of the well-known varicose and flapping modes in both
elliptical and rectangular jets. The SPOD eigenvalues are used to identify the frequencies
associated with screech. Figure 2 shows exemplar SPOD-eigenvalue spectra of the leading
mode for the rectangular jet at three different NPRs, as visualised in the minor-axis
plane; the fundamental screech frequencies are denoted by red markers. In this study,
the non-dimensionalised frequency, Strouhal number, is defined as St = f D./U;, where
D, and Uj; are the equivalent diameters (based on matched area) and ideally expanded jet
exit velocities, respectively. Here, Sty and A, indicate screech frequency and associated
SPOD eigenvalue, respectively. For the two lower NPRs presented, all the significant
peak frequencies are harmonics of St;, suggesting that only one screech loop is active
(see figure 2a,b). As NPR increases, multiple non-harmonic peak frequencies appear in
SPOD energy spectra, indicating multimodal behaviour (Edgington-Mitchell et al. 2022a),
which means that more than one screech loop is active at a single operating condition (see
figure 2c¢).

The SPOD-eigenvalue spectra for both jets and all NPR considered are presented
as a contour in figure 3. In this figure, each spectrum at each NPR is individually
normalised using its own maximum such that at each condition, the range of values is
between O and 1. Peaks identified as per figure 2 are overlaid here using cyan markers.
Only the initial and final pressures at which these peaks appear in the SPOD-eigenvalue
spectra have been highlighted by the cyan markers in figure 3. Figure 3 demonstrates
that multimodal behaviour occurs for both rectangular and elliptical jets at multiple
operating conditions. It is noteworthy that multimodality is evident in both minor-axis
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Figure 3. Frequency spectra as a function of nozzle pressure ratio for (a) elliptical jet AR =2.0;
(b) rectangular jet AR = 2.0. (a-i,b-1) 8 = 0°. (a-ii,b-ii) 8 = 90°. The cyan triangles (cyan A) denote the
first peak in the varicose mode. The cyan circles (cyan o), cyan squares (cyan [J) and cyan plus signs (cyan
+) represent the first (the lowest Sz;), second (the middle Sz,) and third (the highest St;) peaks, respectively,
identified in the SPOD-eigenvalue spectra shown in figure 2(c). To avoid cluttering the figure, only the initial
and final pressures at which the peaks appear in the SPOD-eigenvalue spectra are marked.

and major-axis planes. Further, staging behaviour is observed for both jets at NPR = 2.2,
where screech frequency changes discontinuously. This particular transition represents
screech switching from the varicose mode (Tam & Norum 1992) to the flapping mode
(Suda et al. 1993).

We explore further the varicose and flapping modes using SPOD spatial modes ¢ at
screech frequency and associated SPOD eigenvalue A;. Figure 4 shows the real part (¢,)
and absolute value (|¢|) of SPOD spatial modes for the rectangular jet in the varicose mode
at St; = 0.92; each mode here is constructed from a different viewing perspective varying
from 6 = 0° to & = 90°. In this figure, each SPOD spatial mode at each 6 is individually
normalised using its local maximum such that the maximum value is one. The screech
mode is found to be symmetric when viewed from any perspective plane with non-zero
amplitude at the centreline and a streamwise peak in the absolute value at x/D, ~ 1.4.
As the viewing perspective is moved from the minor-axis plane to the major-axis plane,
the projection of the wavepacket covers a larger spanwise extent, suggesting that the initial
ring vortex has a non-axisymmetric shape. This finding is aligned with the 3-D structures
of wavepackets for non-axisymmetric jets reported by Nogueira et al. (2023). Due to the
path-integration effect inherent in the schlieren technique, the peak amplitudes of the
wavepacket in the cross-wise direction appear at the jet’s shear layer in the minor-axis
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Figure 4. Rectangular jet in varicose mode at Sz, = 0.92 and NPR = 2.0. (a—d) Real part of SPOD spatial
mode. (e—h) Absolute value of SPOD spatial mode. (i-/) Schematic of the viewing perspective.

plane and near the centreline in the major-axis plane. Since the SPOD spatial modes
are illustrated only for 8 = 0° to & = 90°, a normalised inner product, S, is calculated
to quantify the agreement between the SPOD spatial modes of supplementary angles.
This eliminates the need to display the modes for angles between 6 = 90° and 6 = 180°.
To demonstrate that the screech mode is symmetrical with respect to the 6 = 0°-plane
which intersects the z-axis, figure 5(a) presents the normalised inner product 8, computed
using the complex form of SPOD spatial modes obtained when viewed in symmetric
planes, i.e. 8 = 0°-plane and & = 180°-plane, & = 10°-plane and 6 = 170°-plane, etc. The
complex form of the spatial modes is used to eliminate the effect of any variation in phase
between the compared viewing angles.

g = (Po=i, Po=180°—i)

= , 1=0°10°,...,80° 3.1
lpo=ill-llpo=180°—ill
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Figure 5. (a) Cross-correlation coefficient 8 between symmetric planes around the z-axis for a rectangular jet
at NPR = 2.0. (b) Angular dependence of the SPOD eigenvalue at the screech frequency for both rectangular
and elliptical jets in the varicose mode.

where (-, -) is the inner product and the double vertical bars denote the Frobenius norm.
Here, ¢p—; is the SPOD spatial mode at the screech frequency Sz, when viewed in the
perspective plane 6 = i°, whereas ¢g—139°—; indicates the SPOD spatial mode at the same
frequency in the corresponding symmetrical plane. It should be noted that only the leading
mode is used here. The parameter 8 defined above will range from —1 to 1. The screech
mode is considered symmetrical about the z-axis when the cross-correlation coefficient
P is closest to one, meaning that the SPOD spatial mode viewed in the symmetrical
plane 6 = 180°—i° is very similar to what is obtained using 8 = i°-plane. Equivalently,
B = —1 represents antisymmetric structures about the z-axis, which is not observed in the
present case. A B value close to zero indicates uncorrelated screech modes. Figure 5(a)
shows the computed g of the leading SPOD mode for the rectangular jet operating at
NPR = 2.0 and St; = 0.92. It is clear from this figure that symmetric planes produce the
same SPOD spatial mode, with coefficients greater than 0.93. Though not shown here for
brevity, similar flow behaviour is also observed in the elliptical case.

The varicose mode is further characterised using the SPOD eigenvalue A; at the
corresponding screech frequency. Evolution of A for both rectangular and elliptical jets
are presented in figure 5(b) as the viewing perspective is varied from 6 = 0° to 6 = 180°.
Because the broadband region in the SPOD-eigenvalue spectra is not the same for different
0, a correction is applied to the spectra to isolate the amplitude of the peak itself and
discount any changes in the broadband spectrum. This correction ensures that all peaks
are referenced to a common baseline. It should be noted that this reference point can be
any arbitrary value of A; for convenience in calculating the correction factor, 4 = 0 has
been chosen here. The correction coefficient is calculated based on the local average of
non-screech frequency around a fine peak and then subtracting the corresponding local
average A from the peak value ;. This process is performed as to isolate the energy of
the screech tone from different perspectives, and it leads to results that are in-line with the
expected trends for the dominant modes. It is important to highlight that, even though the
correction clarifies some of the trends, the present results are not strongly dependent on
the correction process. As shown in figure 5(b), the corrected A is found to be relatively
constant for different 6, indicating that the fundamental screech frequency is dominant in
all axes.
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Figure 6. Rectangular jet in flapping mode at Sz, = 0.39 and NPR = 2.6. (a—d) Real part of SPOD spatial
mode. (e—h) Absolute value of SPOD spatial mode. (i-/) Schematic of the viewing perspective.

Figure 6 displays SPOD spatial modes for the rectangular jet operating at NPR = 2.6
and Sz, = 0.39 as the viewing plane is varied from the minor-axis plane to the major-axis
plane. In this figure, each SPOD spatial mode at each 6 is again individually normalised
using its own local maximum. The real part of the spatial mode observed at 8 = (°
is antisymmetric about the centreline and the absolute value is zero at the centreline;
this pattern is consistent with either a helical or flapping motion. If the structures were
associated with a helical motion, they would be invariant with respect to the viewing
perspective. Here instead, the antisymmetric pattern weakens gradually as 6 increases
before fully disappearing when viewed in the major-axis plane (8 = 90°). The structure
shown for this angle should be interpreted simply as a residual from the path integration,
which should cancel most of the flapping behaviour observed for & = 0°. The amplitude of
the mode has a streamwise peak at x/D, ~ 2.5 for all viewing angles. Though not shown
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Figure 7. (a) Cross-correlation coefficient 8 between symmetric planes around the z-axis for a rectangular jet
at NPR = 2.6. (b) Angular dependence of the SPOD eigenvalue at the screech frequency for both rectangular
and elliptical jets in the flapping mode.

here for brevity, qualitatively similar spatial modes are observed for a flapping elliptical
jet.

Like the varicose mode, symmetry of the flapping mode around the z-axis is examined
through the cross-correlation coefficient B. The results show a high similarity between
SPOD spatial modes produced using planes of 8 = (0° to § = 60° and corresponding
symmetrical planes of 6 = 180° to & = 120° with the g8 greater than 0.75 (see figure 7a).
A lower B for planes close to the major-axis plane is attributed to the weak SPOD spatial
mode appearing when viewed in those planes; these modes are likely unconverged. Unlike
the varicose mode, the SPOD eigenvalue associated with the screech frequency does not
remain constant when the viewing perspective is varied from the minor-axis plane to
the major-axis plane. As shown in figure 7(b), A; decreases gradually from 6 = 0° and
reaches a minimum at & = 90° in the major-axis plane. As the viewing perspective rotates
again towards the minor-axis plane, i.e. & = 180°, the SPOD eigenvalue increases and
approaches the value at & = 0°. This finding is consistent with results in figure 6 indicating
that a strong flapping occurs in the minor-axis plane.

4. Bi-axial flapping mode in rectangular jets

The focus of this section is to characterise a new mode observed in the rectangular jet
when the multimodal behaviour occurs. This mode, which has been marked by squares
() in figures 2(c) and 3(b), exhibits new features that are distinct from those reported
for the varicose and flapping modes. The real part and absolute value of SPOD spatial
modes for the rectangular jet operating at NPR = 4.0 and screech frequency Sty = 0.27 are
shown in figure 8, as the viewing-perspective angle is varied from 6§ = 0° to 8 = 90°. Each
SPOD spatial mode at each 8 is individually normalised using its local maximum. Note
that since the wavepacket amplitude envelope extends significantly further downstream
for NPR > 3.5, a larger field of view was used compared with that used in § 3. The axial
length of the domain size is 12.5D, starting at x/D, = 2.5 from the nozzle lip rather
than x/D, = 0.0. Unlike the varicose and flapping modes, a strong antisymmetric pattern
about the x-axis (spanwise plane in the 3-D view) is evident from every perspective plane,
with zero amplitude at the centreline. The position of the peak wavepacket amplitude is
found to vary with the viewing perspective; while the peak in the minor-axis plane is at
approximately x/D, = 6.5 and it gradually moves further downstream as € increases such

1004 A7-11


https://doi.org/10.1017/jfm.2024.1166

https://doi.org/10.1017/jfm.2024.1166 Published online by Cambridge University Press

S. Mazharmanesh and others

@
)

I
4 6 8 10 12 14 4 6 8 10 12 14 Viewing perspective

.
V4

4 6 8 10 12 14 4 6 8 10 12 14 Viewing perspective

®

4 6 8 10 12 14 4 6 8 10 12 14 Viewing perspective

(d) (h) 0

o
&

-2 )
4 6 8 10 12 14 4 6 8 10 12 14 Viewing perspective
x/D, x/D,
I I
-1 0 1 0 0.5 1.0
br ]

Figure 8. Rectangular jet in bi-axial flapping mode at Sz, = 0.27 and NPR = 4.0. (a—d) Real part of SPOD
spatial mode. (e—h) Absolute value of SPOD spatial mode. (i-/) Schematic of the viewing perspective.

that the peak occurs at x/D, = 8.1 in the major-axis plane. This result is surprising, to
say the least; while it is well recognised that the amplitude envelope of wavepackets is a
function of frequency (Cavalieri et al. 2013; Maia et al. 2019), the spatial modes plotted
here are all for the same frequency St; = 0.27 and should represent the same coherent
structures associated with the screech mode. A wavepacket at a single frequency exhibiting
a streamwise shift in its amplitude envelope has not, to our knowledge, been previously
reported.

The existence of what appear to be both flapping and wagging modes at a single
frequency, with a streamwise-position dependence, suggests a significant axial variation in
the mean flow, beyond the typical behaviour observed in axisymmetric jets. One possible
mechanism by which a drastic modification of the mean flow might occur is axis switching.
In a supersonic jet, axis switching not only modifies the spanwise structure of the shear
layer, but by doing so, it also changes the 3-D shape of the shock and expansion cells.
These shock structures are relatively straightforward to visualise, providing a means to
identify the axis-switching location. The schlieren data are temporally averaged to produce
the mean flow /. Time-averaged visualisations of the density gradient in the streamwise
direction (dp/0x) are presented in figure 9(a,b), individually normalised using local
maxima in the minor-axis and major-axis planes, respectively. Bright and dark regions
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Figure 9. Time-averaged shock structures for the rectangular jet at NPR = 4.0 when viewed in (a) the
minor-axis plane and (b) the major-axis plane. (¢) Comparison of spanwise size of the shock-cell structures;
shock cells are marked by cyan and magenta solid lines in the minor-axis plane and major-axis plane,
respectively.

indicate the presence of compression and expansion waves, respectively. It should be
noted that the first shock cell visible in figure 9 is actually the second shock cell after
the nozzle; the first shock cell is located before the beginning of the domain imaged here.
The spanwise extent of the shock-cell structure changes as a function of the downstream
distance from the nozzle, increasing when viewed from 6 = 0° and decreasing when
viewed from 6 = 90°. The spanwise extent of the shock cells is used as a crude criterion to
indicate the location of axis switching. To qualitatively show variation in the spanwise size
of the shock-cell structures, exterior boundaries of the dark regions of the shock cells in
the minor and major axes are marked by cyan and magenta colours, respectively, as shown
in figure 9(c), where they are overlaid on the original image as viewed in the major-axis
plane. The exterior boundaries are determined via a boundary-tracing technique applied
to binarised versions of figure 9(a,b). By this metric, the axes switch at approximately
x/D, = 6.5 at approximately the third shock cell in figure 9(c), i.e. the fourth shock cell
of the jet. At this point, the shock cell in the major-axis plane is clearly smaller than that
in the minor-axis plane, in contrast to the state of the flow at the exit from the nozzle.

We now seek to provide further clarity of the nature of the bi-axial mode observed at
Sty = 0.27, and determine if its behaviour can be correlated with the observed point of axis
switching. To this end, the schlieren data are subdivided into smaller streamwise spatial
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Figure 10. Rectangular jet exhibiting bi-axial mode at St;, = 0.27 and NPR = 4.0. (a) Angular dependence of
A, for various subdomains. (b) Cross-correlation coefficient § between symmetric planes around the z-axis.

domains, and the resultant SPOD-eigenvalues A are compared against the full-domain
value. One subdomain covers the axial distance 2.5 < x/D, < 5.0, spanning the first three
shock cells of the jet, prior to when axis switching occurs. The second subdomain extends
over the axial distance 5.0 < x/D, < 9.0, spanning the region where axis switching
occurs, and the final subdomain covers the range 9.0 < x/D, < 14.5, after axis switching
has occurred. As shown in figure 10(a), A, remains nearly constant for any viewing
perspective when the whole domain size is considered; the mode represents the same
‘energy’ of fluctuation irrespective of from which angle it is viewed. An important caveat
should be restated here that the SPOD is not based on any intrinsic flow property,
but instead is calculated on light intensity fluctuation. The energy being invariant with
viewing angle is consistent with a varicose mode, as shown in figure 5, and would also
be consistent with a helical m = 1 mode. The spatial modes presented in figure 8 rule
out a varicose mode, and the streamwise and angle-dependent wavepacket amplitude is
inconsistent with a pure helical mode. An angle-dependent eigenvalue amplitude emerges
when the subdomains are considered instead. For subdomain 2.5 < x/D, < 5.0 (see blue
(] in figure 10), the relationship between viewing angle and eigenvalue closely mimics
what was observed for a pure flapping mode in figure 7, suggesting the flow here most
closely resembles a flapping mode in the minor-axis plane before the axis-switching
point. The region that spans the axis-switching location 5.0 < x/D, < 9.0 (see green
V in figure 10) behaves similarly to the full domain; this region has contributions from
the behaviour both upstream and downstream of the axis-switching location. Finally,
the subdomain located after the axis-switching location, i.e. 9.0 < x/D, < 14.5 (red o
in figure 10), presents an angular dependence that is & = 90° phase shifted from that
exhibited by the first subdomain. The most straightforward explanation is that this is
a flapping mode in the major-axis plane, which for clarity is typically referred to as a
‘wagging’ mode. The three subdomains, taken together, suggest that the axis switching
represents a sufficient distortion of the original mean-flow profile that the flapping axis
also switches. We term this heretofore undiscovered mode a bi-axial flapping mode.
To confirm that these structures represent the same resonant frequency, the symmetry of
the bi-axial flapping mode around the z-axis is studied using the earlier cross-correlation
method. According to figure 10(b), symmetric planes lead to reasonably similar SPOD
spatial mode, with coefficients greater than 0.75.
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Figure 11. Rectangular jet exhibiting flapping mode at St; = 0.23 and NPR = 4.0. (a—d) Real part of SPOD
spatial mode. (e—h) Absolute value of SPOD spatial mode. (i—/) Schematic of the viewing perspective.

In addition to the bi-axial flapping mode at screech frequency St; = 0.27, two other
screech frequencies Sty = 0.23 and 0.30 are also active at NPR = 4.0, as shown in
figure 2(c). SPOD spatial modes and SPOD eigenvalues A, for these screech frequencies
are investigated to characterise the two screech modes. SPOD spatial modes at screech
frequency Sty = 0.23 (marked by circles (o) in figures 2¢ and 3b) are qualitatively similar
to the pure flapping mode illustrated in figure 6; a clear antisymmetric structure in the
minor-axis plane and no coherent structure in the major-axis plane, as shown in figure 11.
The variation of A; and 8 with 6 shown in figure 12 likewise matches the trends in figure 7;
taken together, it is evident that the screech mode at St; = 0.23 is a straightforward
flapping mode. Results in figure 12(a) reveal that regardless of the axial distance from
the nozzle lip, this screech mode consistently flaps in the minor-axis plane, indicating that
this mode appears insensitive to axis switching. Furthermore, symmetry of the flapping
mode around the z-axis is confirmed by means of g greater than 0.85 for planes 0°-180°
to 60°-120° (see figure 12b). As for NPR = 2.6, the weak signatures in the major-axis
plane leave the modes relatively unconverged and, thus, g is small for those planes.

Figure 13 displays the real part and absolute value of SPOD spatial modes for the
third screech frequency St; = 0.30, which corresponds to the branch marked by plus
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Figure 12. Rectangular jet exhibiting flapping mode at St; = 0.23 and NPR = 4.0. (a) Angular dependence
of A for various subdomains. (b) Cross-correlation coefficient 8 between symmetric planes around the z-axis.

signs (+) in figures 2(c) and 3(b). A symmetric pattern is observed when viewed in
any perspective plane, indicative of a varicose mode. Both the spatial modes and the
relationship of A; and 6 shown in figure 14(a) are reminiscent of those shown in figure 5(a),
to provide further confirmation of the classification of this mode as varicose. Like the
pure flapping screech mode at NPR = 4.0 and Sz, = 0.23, and unlike the bi-axial flapping
mode at NPR = 4.0 and St; = 0.27, this varicose mode does not show any variation in
the streamwise location of the peak in wavepacket amplitude with variation in viewing
perspective. In addition, 8 > 0.8 in figure 14(b) demonstrates high similarity between
SPOD spatial modes obtained using symmetric planes, confirming the symmetry of
screech modes around the z-axis.

5. Quasi-helical mode in elliptical jets

The multimodal behaviour of an elliptical jet is distinctly different from that in a
rectangular jet, as demonstrated in figure 3. In this section, we investigate whether the
screech modes produced by the elliptical jet when exhibiting multimodality are similarly
distinct. As demonstrated in § 3, the behaviour of the elliptical and rectangular jets are
similar in the pure flapping and varicose modes. In this multimodal region, we first
characterise the screech mode marked by cyan circles (o) in figure 3(a) for NPR > 3.5.
SPOD spatial modes associated with varying viewing angles for the mode at NPR = 3.6
and St; = 0.28 are shown in figure 15. Like the bi-axial flapping modes, this screech mode
is strongly antisymmetric when viewed from any perspective. Given the hypothesised role
of axis switching in the bi-axial flapping mode examined previously, we consider how
the shock structures of the elliptical jet at this pressure ratio develop in the streamwise
direction. The same technique described in § 4 is used here to highlight the spanwise sizes
of shock-cell structures. As shown in figure 16, though a complete axis switching does not
take place in the domain imaged here, the shock cells in the major-axis plane nonetheless
undergo a more rapid contraction with streamwise distance than those in the minor axis.
The spanwise extent of the seventh shock cell in the major-axis plane approaches that of
the same shock cell in the minor-axis plane, at approximately x/D, = 7.5. This location
aligns reasonably well with the peak in the wavepacket amplitude envelope, which occurs
at x/D, ~ 8 in figure 15. The initially elliptical profile is undergoing, at the very least,
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Figure 13. Rectangular jet exhibiting varicose mode at St; = 0.30 and NPR = 4.0. (a—d) Real part of SPOD
spatial mode. (e—h) Absolute value of SPOD spatial mode. (i-/) Schematic of the viewing perspective.
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Figure 14. Rectangular jet exhibiting varicose mode at St; = 0.30 and NPR = 4.0. (a) Angular dependence
of A for various subdomains. (b) Cross-correlation coefficient 8 between symmetric planes around z-axis.
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Figure 15. Elliptical jet in the quasi-helical mode at St; = 0.28 and NPR = 3.6. (a—d) Real part of SPOD
spatial mode. (e—h) Absolute value of SPOD spatial mode. (i—/) Schematic of the viewing perspective.

a reduction in eccentricity, perhaps even a circularisation, with increasing downstream
distance.

Global and axial local variations of SPOD eigenvalue Ay with 6 are used to further
elucidate the nature of this screech mode. Three subdomains based on axial distance from
the nozzle lip are defined to cover an initial region spanning the first two shock cells,
i.e. 0.0 < x/D, < 3.0, aregion spanning the axis-switching location (3.0 < x/D, < 11.0)
and a section well downstream of the axis switch, i.e. 11.0 < x/D, < 14.5. As shown in
figure 17(a), A, is found to be reasonably constant at approximately 107 for all angles when
considering the entire domain. All subdomains evidence similar behaviour, with reduced
amplitude for the small domains but the same relationship with angle. The insensitivity of
As to viewing angle and subdomain suggests that this mode is not exhibiting a bi-axial
flapping. Given the antisymmetry of the structures in the SPOD spatial modes when
viewed from any viewing perspective, and the lack of streamwise variation, we suggest
that this mode most closely resembles a helical mode, as observed in axisymmetric jets.
As the mean flow is not axisymmetric, and thus is difficult to effectively decompose
on an azimuthal basis, we stop short of calling this mode helical, but instead adopt the
label ‘quasi-helical’. Further characterisation of the quasi-helical mode, including helicity
measurements, requires velocity data from the jet cross-section, which is beyond the scope
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Figure 16. Time-averaged shock structures for the elliptical jet at NPR = 3.6 when viewed in (a) the
minor-axis plane and (b) the major-axis plane. (¢) Comparison of spanwise size of the shock-cell structures;
shock cells are marked by cyan and magenta solid lines in the minor-axis plane and major-axis plane,
respectively.

of this study. It is worth noting that symmetry of the SPOD spatial modes around the z-axis
is confirmed by means of § > 0.8 (see figure 17b).

The other screech frequency active at NPR = 3.6 and marked by (L) in figure 3(a)
is considered last. Figure 18 displays SPOD spatial modes for St; = 0.32 for different
viewing planes. Strong antisymmetric patterns in the minor-axis plane accompanied by
no clear pattern in the major-axis plane is indicative of a flapping instability in the minor
axis. This is reinforced by the variations of A, with increasing 0; figure 19(a) shows that A
depends on 6 in the same way as the two flapping modes observed previously in figures 7
and 12. According to figure 19(a), this v-shape pattern for A is independent of the axial
distance from the nozzle lip, indicating that the screech mode consistently flaps in the
minor axis. Furthermore, SPOD spatial modes are found to be symmetrical around the
z-axis with B greater than 0.7 for symmetric planes 0°-180° to 60°-120°. Thus, this mode
appears to be a classical se; flapping mode.

6. Conclusions
The features of two previously unrecognised screech modes in non-axisymmetric jets have
been identified for the first time in this study. By analysing ultra-high-speed schlieren
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of A for various subdomains. (b) Cross-correlation coefficient 8 between symmetric planes around the z-axis.

Viewing perspective

0 5 10 0 5 10
x/D, x/De
— —
-1 0 1 0 0.5 1.0
b, [

Figure 18. Elliptical jet exhibiting flapping mode at Sz, = 0.32 and NPR = 3.6. (a—d) Real part of SPOD
spatial mode. (e—h) Absolute value of SPOD spatial mode. (i—j) Schematic of the viewing perspective.
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Figure 19. Elliptical jet exhibiting flapping mode at St; = 0.32 and NPR = 3.6. (a) Angular dependence of
A, for various subdomains. (b) Cross-correlation coefficient § between symmetric planes around the z-axis.

images using spectral proper orthogonal decomposition (SPOD), a bi-axial flapping mode
in a rectangular jet and a quasi-helical mode in an elliptical jet have been discovered.
In this study, schlieren measurements have been taken from different azimuthal angles (9)
to reconstruct 3-D flow structures of the supersonic jet.

The bi-axial flapping mode is found to be strongly antisymmetric about the x-axis
when viewed from any perspective, but the SPOD eigenvalue at the screech frequency
(4y) is found to vary depending on 6 and the axial distance of the SPOD domain from
the nozzle lip. For the region close to nozzle lip, A; decreases gradually as the viewing
perspective is varied from the minor-axis plane (6 = 0°) to the major-axis plane (6 = 90°),
reaching a minimum at 8 = 90°. This dependence on angle indicates a flapping mode
in the minor-axis plane. In contrast, for a SPOD domain defined further downstream, a
gradual increase in A; from 6 = 0° to 6 = 90° indicates that in this region, the jet is
‘wagging’ in the major-axis plane. Taken together, this suggests that the screech mode
experiences a transition from a flapping mode to a wagging mode at the same frequency.
It is demonstrated that the location at which this switch takes place correlates with the
location of axis switching as defined by a consideration of the shock-cell structure in the
mean flow.

The quasi-helical mode in the elliptical jet is examined through the same methodology.
Distinct from the bi-axial mode in the rectangular jet, this mode is characterised by the
antisymmetric structure in the SPOD spatial modes, with an eigenvalue A, that remains
unaffected by both 6 and the axial domain. The discovery of these new structures indicates
that in addition to the commonly known screech modes supported by the original 3-D
shape of the jet, the axial variation in the mean flow in non-axisymmetric jets could
support a variety of additional screech modes.
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Figure 20. Convergence of the SPOD spatial modes for elliptical jet operating at NPR = 3.6 and
(a) Sty = 0.28 (b) Sty = 0.32.
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Figure 21. Convergence of the SPOD eigenvalue A; for elliptical jet operating at NPR = 3.6 and
(a) Sty = 0.28 (b) Sty = 0.32.

Appendix A. Statistical convergence of SPOD modes

The convergence of the computed SPOD modes is analysed by considering three
datasets of 50000, 100 000 and 200 000 images, and performing SPOD on each dataset.
A normalised inner product B; s; is computed between each SPOD spatial mode ¢; s/,
obtained with datasets of 50000 and 100000 images, and the corresponding mode ¢s;,,
obtained with the dataset of 200 000 images,

(@sts» Gi,st,)
| @st, |11 Bi s, |

where (-, -) is the inner product and the double vertical bars denote the Frobenius norm.
Also, i =1 and 2 refers to the dataset of 50000 and 100000 images, respectively.
The SPOD spatial mode is considered as a converged mode when ;s is closest to
one. Figure 20 shows the 8 calculated using the leading modes at screech frequencies
Sty = 0.28 and 0.32 in the elliptical jet operating at NPR = 3.6. The SPOD mode is found
to be converged using the dataset of i = 2 with 8 greater than 0.95 and 0.8 for St; = 0.28
and 0.32, respectively. It should be noted that the SPOD spatial mode at Sz, = 0.32 and

1004 A7-22

Bi.st, = (A1)


https://doi.org/10.1017/jfm.2024.1166

https://doi.org/10.1017/jfm.2024.1166 Published online by Cambridge University Press

Screech modes in non-axisymmetric jets

0 = 90° is very weak, thus B = 0.8 is ample to have converged SPOD in this particular
configuration.

We also examined the sensitivity of the SPOD eigenvalue at screech frequency A to the
sample length. As shown in figure 21, the variation of Ay is less than 6 % when the sample

length increases from 100000 images to 200000 images. Thus, the dataset of 100000
images is used in this study. Though not shown here for brevity, similar results are obtained
for the rectangular jet.
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