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GENERALIZED ONO INVARIANT AND RABINOVITCH’S
THEOREM FOR REAL QUADRATIC FIELDS
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§1. Introduction

Let d be a square-free integer. Let

_(Vd if d=2, 3 (mod 4)
{%(1 ++4d) ifd=1 (mod4),

and {1, o} forms a Z-basis for the ring of integers of the quadratic field
Q(W'd). We denote by 4 and A, the discriminant and the class number
of Q(~/'d), respectively. We define the polynomial P(X) by

P(X) = X* 4+ Tr(0w)X + Nm(o)

where Tr and Nm are the trace and the norm. When d is negative, i.e.,
Q(v'd) is an imaginary quadratic field, T. Ono define the natural number
Da by

ps = Max deg P(a) d+ —1, -3,

0sa=s%|d]-1

po=p,;=1.

Here, for a positive integer N, deg N means the number of prime divisors
of N (counting multiplicity). Concerning the Ono invariant p,, we have
the following ([8], [9]):

THEOREM. Assume d < 0, then we have

(1) pdéhds
2 pa=1&h, =1,
3) Pe=2&S hy =2,

(2) is so-called Rabinovitch’s theorem. In this paper we define p,
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for a positive square-free integer d, which we call the generalized Ono
invariant (cf. §3), and we shall prove the following (cf. §4):

MaIN THEOREM. Assume d > 0, then we have

ey Ps = hg,
2 pa=1&h,=1.

When d =4m* +1 or d = m* + 4 with odd m, M. Koike proved (1)
and H. Yokoi proved (2) ([4], [12]). By a different method from theirs, we
gave another characterization of real quadratic fields Qv d), d = m? + 4,
with h, = 1 ([10]).

Using our theorem, we can get some necessary conditions for A, = 1.
We shall give some of them in the last Section 5, which contain results
proved in [1], [6], [7] and [11].

§2. Preliminaries

We fix a positive square-free integer d. Let v and 4 be as in the
introduction. The positive quadratic irrational can be expanded into the
periodic infinite continued fraction:

@ = [aoydh "',dk] = [a07a1, trty Ay, Qqy oty Qg "']
=a, + - i
a, + — 1
a + ——
Qs + PPN
where a,, a,, - - - are positive integers. We call k& = &, the period of .
We shall inductively define integers A, (>0) and B,, i =0,1, ---, by

A, =1, B, = Tr(a, — o), A, = —Nm(a, — o),
Bi..= —B; + 2a;,,,A;,, and A, = (B, + \/Z)/2wi+1
where w;,; = [@;,1, @;.q, - - -] is the (I + 2)-th complete quotient of (cf. [3]
Ch. 10 Th. 8.1). By the periodicity of w, we have A,,, = A, and B,,, = B,.
As is well known, the integral quadratic forms with the discriminant
4= B+ 4AA,,;:
F,= (DiAiXZ + BXY + (=1)'"A,, 7"

are reduced in the classical sense and equivalent to each other (cf. [2]
Ch. VII).
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For a, 8 in QW d), we denote by [«, 8] the Z-submodule of Qv d)
generated by «, .

LEMMA A. The modules
3 = [40 £(B. + Tr@) — o]

are principal ideals.

Proof. By a simple calculation, we have
Nm(%-(Bi + Tr(o) — a)) = —AA,.,.

It follows that a, becomes an ideal. Now we shall show that it is
principal. Assume i is even and put (B, + Tr(w)) = b,. Consider the
correspondence between the ideals in Q(v d) and integral binary quadratic
forms with the discriminant 4. Then the ideal a, and the unit ideal
[1, @, — w] correspond to F, and F,, respectively. We notice here that
the order of bases is carefully chosen. Since F, and F, are equivalent,
a, and [1, w] = [1, a, — w] are also equivalent in the narrow sense; hence
a, is a principal ideal. When i is odd, the product of ideals

[Ai, b, — U’][Auu b, — ]

is equal to the principal ideal [A,A,,,, b, — 0] = (b, — w). Therefore it
suffices to show that [A,,, b, — w] is a principal ideal. This ideal cor-
responds to the form

A, X'+ BXY — A,Y?,

which is improperly equivalent to F,. This means that [A,,, b, — 0] is
equivalent to the unit ideal (in the wider sense); hence a, is a principal
ideal. Q.E.D.

The following is fundamental in the theory of quadratic indeterminate
equations (e.g. cf. [3] Ch. 10 Th. 8.2):

LemMa B. The equation X* — Tr(w)XY 4+ Nm(w)Y* = (—1)'A, is al-
ways soluble. If £+ (—1) A, and 4| < i+ 4, then the equation X* —
Tr(w)XY + Nm(0)Y? = ¢ has no solution.
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§3. Generalized Ono invariant

Let the notation be as before. We denote by a(d) the set of positive
integers:

a(d) = {AO = 17 Al} tt AIC-1}

where k is the period of w. Using a(d), we shall extend the notion of
the degree.

For a natural number N, we define the degree of N with respect to
the set a(d) by

deg,,,N = Max {5

there exists a sequence (IV,, N,, - - -, V)
of divisors of IV satisfying (1) and (2).

@ 1 <N, N, divides N,,, for 1 <i < 4.
(2) Min {N,/N,, NN,/N,} ¢ a(d) for1Zi<j<£ e,

ExamprEs 1. If a(d) = {1}, then deg,,NN = deg N.
2. f d=m"+1 or m*+ 4 (m: odd), then k, =1 and a(d) = {1};
hence we have

deg,,N = deg N for all N.
3. If d=4m*+ 1> 5, then k, = 3 and a(d) = {1, m}; hence we have
deg,oyN =deg N  for N < m’.

In fact, let N=p,p,---p, (t =deg N) be the decomposition into prime
divisors. Set N,=p,---p, for 1 <i<t. If N<m!, then we have
(N,/IN)(NN,[N,;) = N <m. It follows that

1< M,, = Min{N,/N,, NN,/N,} <m.

Therefore M,;¢a(d) = {1, m} for 1 £i <j <, ie, the sequence (IV, N,
.-+, N, satisfies the conditions (1) and (2). Thus we have the assertion.
Now we define the generalized Ono invariant p, by
Pa = ng (dega(d)('—P(a))):
0La=[3(V4-Tr(w)]
where P(X) = Nm(X + w) is the polynomial introduced in Section 1 and

[r] is the greatest integer not exceeding a real number r. Notice here
that P(a) is a negative integer for a in the above interval.
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§4. Proof of Main Theorem

When once we get the generalized Ono invariant for real quadratic
fields, our main theorem will be proved by the same way as in the case
of imaginary quadratic fields (cf. [9]).

LEMMA. Let a, b (@ >0, b = 0) be integers such that a divides
Nm(b + ) and 2a <+ 4. If ithe ideal [a, b + o] is a principal ideal, then
a € a(d).

Proof. If [a, b + o] is a principal ideal generated by x — yo (x,y € Z),
its norm is equal to ¢ = |Nm(x — yo)| = |x* — Tr(w)xy + Nm(w)y*|. Since
%2a <+ 4, a coincides with some A, by Lemma B. Q.E.D.

Proof of Main Theorem. (1) Assume p, = deg,q(—P(b)) with 0 < b
<[BW4 —Tr(w)]. Let (N, ---,N), £ = p,, be a sequence of divisors of
N = — P(b) satisfying the conditions (1) and (2) in Section 3. Then the
ideal classes of p, = [N,,b + 0], i = 1,2, ---, £, are mutually distinct. In
fact if p, is equivalent to p,, then both of [N,/N, b + o] and [NN,/N,,
b + w] are principal ideals. Moreover we have (NN,/N)V,/N,) =N =
—P(b) < —~P(0) = Nm(w) < 14, where the last equality holds if and only
if d=2,3 (mod 4). If (NN,/N)UN,/N,) = +4=d and NN,/N, = N,/N,, it
follows that d is a square number; this is impossible. Thus we have
Min{NN,/N,, N,/N}} < t+/'4. By the Lemma above, it is contained in
a(d): this contradicts to the condition (3). Therefore we have p,; < h,.

(2) It is sufficient to show that p, = 1 implies A, = 1. Suppos2
h, = 2. Let p be a non-principal prime ideal having the smallest norm.
Then Nmp = p is a rational prime number and 1 <Nmyp <iv/d < IV4
(cf. Minkowski’s lemma). Set p = [p,b+ 0] OZb<p<iv4d) ana
q = [N/p, b + w], where N = —N(b + w), then pg = [N(b + w), b + 0] is
a principal ideal; hence q is not a principal ideal and Nmq = N/p = p.
The sequence (N/p, N) satisfies the condition (1) in Section 3 and
Min {N/(N/p), N(N/p)/N} = p. We shall show p ¢ a(d). Suppose p = A, € a(d).
By Lemma A, we know that a, =[A,, b, — o], b, = (B, + Tr(w)), is a
principal ideal. Since p = A, divides both of Nm(b + w) and Nm(b, — w),
p divides Nm(b + w) — Nm(b, — o) = (b + b )b — b, + Tr(w)). If b + b,
= np for some ne Z, then [p,b + o] =[p,np — b, + 0] = [p, b, — 0] = q;
is a principal ideal. If b — b, 4+ Tr(w) = np for some n € Z, then [p, b + w]
= [p, b, — Tr(w) + np + 0] = [p, b, — '] = [p, b, — 0}’ = a} is a principal
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ideal, where a; is the conjugate of a,. Thus we get p ¢ a(d); hence the
sequence (IN/p, N) satisfies the conditions (1) and (2) is Section 3. This
means p, = deg,,(—P(b)) = 2. Q.E.D.

§5. Applications

In this section we shall give necessary conditions for 4, to be one
in several cases where the period k, of w is relatively small. For this
problem, we refer to [1, 6, 7, 11].

We begin with the following which is proved in [10]:

ProprosiTioN 1. (1) Assume d = 2,3 (mod 4); then h, =k, =1 if
and only if d = 2.

(2) Assume d =1 (mod 4); then h, = ky = 1 if and only if d =5, or
p. =1 and P([yd)) = —1. In this case d = m* + 4, where m is an odd
prime or 1.

In the following we prove only Proposition 5 and Proposition 6. By
similar ways, the others will be proved.

ProrosiTiON 2. Let d =m'n*+4m=1 (mod 4) (m, n:odd; n >0,
m > 1); then k, =2 and od) = {1, m}. If hy =1, then m and mn® + 4
are primes.

PropositioN 3. Let d =m? + r= 2,3 (mod 4) such that r|2m and
mz=zr>1; then kg =2 and old)={1,r}. If h,=1, then r=2 and
(—2—) = —1 for any odd prime divisor p of m, where (——> denotes the

p

Legendre symbol. In this case m* + 2 or 3(m* 4+ 2) is a prime according
as m is odd or even.

ProposiTiON 4. Let d=4m*>+1 (m > 1); then k; =3 and a(d) =
{1,m}. If hy =1, then m and 4m’ + 1 are primes.

PropoSITION 5. Let d = m* — r =1 (mod 4) such that m is even and
0 <r|m; then k, =4 and a(d) ={1, +2m —r —1),r}. If hy=1, then r
and d|r are primes.

Proof. Since m is even, r = 3 (mod 4). By a simple calculation, we
have k;, =4 and a(d) ={1,1@m —r — 1), r}. Suppose r=rr” (1 <r’
< r”); then r’ = 2x’ 4+ 1 for some 0 < x’ < [3(¥/d — 1)]. Set N = —P(x)),
and r’ divides N= — () —x' + 1(m* —r — 1) = 1(m* — r — 2x’ + 1)).
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Consider the sequence (r’, N) of divisors of N. Then Min{N/r’, Nr’'/|N}
= Min{{(m* —r — ('V/r', r'} = r'¢a(d); hence h, = p, = deg,s,\[N = 2.
Therefore we see that r must be a prime. On the other hand, by the
theory of genera, we see that d/r is a prime. Q.E.D.

ProrosiTioN 6. Let d = m* — r = 2,3 (mod 4) such that r|2m and
1<r<m; then by, =4 and o(d)={,2m —r—1,r}. If hy,=1, then
r=2 and (——3> = —1 for any odd prime divisor p + 2m — 3 of m. In

D
this case m* — 2 or +(m* — 2) is a prime according as m is odd or even.

Proof. By a simple calculation, we get &k, =4 and a(d) = {1,2m — r
— 1,r}. Suppose r is even and r > 2, then r’ =r/2 is odd. Set N =
—P(r). Then r/ divides N= —P@F)=m* —r — (r' =r'(m}r’ —2 —7r’).
Consider the sequence (r’, N) of divisors of N, then Min{N/r/, Nr'/|[N} =
Min {m*/r’' — 2 — r’, r'} = r’¢ a(d); hence p, = deg,s,N = 2. This con-
tradicts to A, = 1. If r =2r’ 4+ 1 is odd, then r’ divides —P(r’) = m* —
r—@Y=m—r"—1)(m-+r’ + 1). If we consider the sequence (m — r’
—1,N), N= —P(r’), we have p, = deg,,, N = 2. Thus we bave r =2

provided h, = 1. Suppose that r =2 and there exists an odd prime

divisor p # 2m — 3 of m with (sz) = 1. Then we have a solution

p
s (0 < s <p) for the equation X* = —2 (mod p). Then p divides —P(s)
=m —(2+§) =pm’p — 2+ s9)p). Set Ny=p and N, = N = —P(s),
then Min {N,/N,, NN,/N,} = p ¢ a(d); hence p, = deg,,,[N = 2. This con-
tradicts to h, = 1. The last assertion comes from the theory of genera.
Q.E.D.
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