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MAXIMAL HOMOTOPY LIE SUBGROUPS OF
MAXIMAL RANK

JOHN A. FROHLIGER

Introduction. Let G be a compact connected Lie group with H a
connected subgroup of maximal rank. Suppose there exists a com-
pact connected Lie subgroup K with H € K C G. Then there exists a
smooth fiber bundle G/H — G/K with K/H as the fiber. (See for example
[13].) This can be incorporated into a diagram involving the classifying
spaces as follows:

K/H K/H
¢
() G/H »>BH » BG
5}

Here =, ¢, ¢, and ¢, denote fibrations. We also know that the
homogeneous spaces and the Lie groups, which are homotopy equivalent
to the loop spaces of their respective classifying spaces, are homotopy
equivalent to connected finite complexes.

Now suppose H is a maximal subgroup. Can there still exist spaces,
which we will call BK, K/H, and G/K, and fibrations so that diagram (1) is
still valid? This paper will show that in many cases either G/K or K/ H will
be homotopically trivial.

For some cases an answer has already been found. It has been shown
for some instances of G and H that there are no nontrivial fibrations
F — E — B with E homotopy equivalent to G/H and F and B homotopy
equivalent to finite complexes. See for example [1, 7, 12]. This suggests the
following hypothesis.

CONIJECTURE. Let G be a compact connected Lie group with H a connected
maximal subgroup of maximal rank. Consider the fibration BH — BG
corresponding to the inclusion H C G. Suppose there exists a space BK such
that the following hold:
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1) QBK is homotopy equivalent to a finite connected CW complex K.
2) There exists a sequence of fibrations

Py o))
BH — BK — BG
with .4, homotopic to ¢.
3) The fibrations above all have fibers which are homotopy equivalent to

connected finite complexes.
Then K is homotopy equivalent to either H or G.

In this paper it will be shown that the conjecture is true for a large
number of cases.
Let T € H be a maximal torus and let

BT i BH

denote the fibration corresponding to the inclusion. Then, given the
conditions of the conjecture, we can conclude that the fiber of BT — BK is
also homotopy equivalent to a finite complex. (See [11}].)

For the sake of convenience, the fibers of BT — BK, BH — BK, and
BK — BG will be denoted K/T, K/H, and G/K respectively.

If a space BK satisfies the conditions of the conjecture, then we can
construct a diagram similar to (1) and thus we get the expected fibration
of the “homogeneous spaces”. In this paper we will use the following
strategy which was set down in [12].

a) Since G/ T is a simply connected Poincaré-Wall complex with positive
Euler characteristic, then we know from [10, 12] that K/T, G/K, and K/H
also have these properties. (See also [11].)

b) To prove the conjecture, we will try to show that HY(K/H, k) =0
(respectively H+(G/K, k) = 0) for some field k. Then it follows from (a)
above and [16] that K/H (resp. G/K) is contractible and the conjecture
follows from the homotopy exact sequence of

Qo
H—>K— K/H

Q¢,
(resp. K —> G — G/K).

1. The main theorem. It might be prudent to recall here some proper-
ties of Lie groups and Weyl groups. Let G be a compact connected Lie
group of rank » and let 7 denote a maximal torus of G. Then the
Weyl group of G is W;; = N(T)/T where N(T) is the normalizer of T. W
can be represented as a group of symmetries of R" generated by
reflections. (See for example [6].) W also acts on H*(BT, Z,) as a
pseudo-reflection group, the pseudo-reflections corresponding to the
reflections in R". Here Z  denotes the integers modulo a prime p.
Furthermore, given the fibration
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G/T — BT = BG,
if G has no p torsion we know (see [5])
i*:H*(BG, Z,) =~ H*(BT, Z,)"%.
Let BK be a space which satisfies the conditions of the conjecture. Since

K is homotopy equivalent to an H-space H*(K, Z,) is a Hopf algebra.
Hence there exists an m such that, for p large enough,

H*(K, ZP) = /\(erl_l, X2r2_l, “eey ermg l)
where dim x,,_, = 2r, — 1. Consequently,
H*(BK, Z ) =17 [y2r’ Yoy oo Yor, ]

where, without loss of generality, Y2 is the image of x,._; by
transgression. A similar statement is true for cohomology with rational
coefficients. Here m is called the rank of K. By [11] we have

rank H = rank K = rank G.

Therefore, m = n where n is the dimension of the maximal torus 7. This
enables us to use Theorem 2.2 of [11] to see that, for all p large enough (at
least ryry ... 1,),

H*(BK, k) — H*(BT, k)

is monic for k = Zp or Q and H*(K/T, k) is evenly graded. From [17] we
have

(¢19)*H*(BK, Z,) = H*(BT, Z,)"*

where Wy, is a pseudo-reflection group acting on H2(BT, Z,). Call Wy
the (mod p) “formal Weyl group” of K.
Consider the sequence of fibrations

BT — BH — BK.

Let W, be the Weyl group of H. Since Wy, acting on H*(BT, Z,) leaves the
image of y* fixed, it leaves the image of H*(BK, Z,) 1nvar1ant Define W
in Aut H2(BT Z,) as the group generated by the pseudo -reflections of Wy
and Wy». Then

(6%)* H*(BK, Z,) — H*(BT, Z,)"
and clearly Wy, and Wy, are subgroups of W. But, by [8], we have
(W] =nrry...r, = Wl

Therefore, W = Wy and Wy © Wye. If Wy, = Wy then ¢F would be an
isomorphism and

H*(K/H,Z,) = H'K/H,Z,) = Z
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So Wy # Wy and, similarly, Wy» # W Thus, we have proven the
following:

THEOREM 1.1. Let H, G, and K satisfy the conditions of the conjecture.
Then the rank of K equals the rank of G. Furthermore, if K is not homotopy
equivalent to H or G then, for p large enough, the formal Weyl group of K is a
proper subgroup of the Weyl group of G and contains the Weyl group of H as
a proper subgroup.

2. Applications of the main theorem. All of the pairs of H and G
satisfying the hypotheses of the conjecture are listed in [6]. We can use the
results of the previous chapter to prove the conjecture for most of those
pairs. Specifically, we will show that the conjecture is true for the
following sublist of cases.

Weyl groups of Lie groups and their subgroups
for which the conjecture is true

W; Wy
a) 4, A; X A,
b) B, D,
c) C, C; X C,_;
d) D, D, X D,_,
e) Dn Dn*l
f) Dn An—l
g Eg Ay X As
h) Eg 5
1) Eg Ay X Ay X 4,
D E Ay X Dy
k) E, A
) E Ay X As
m) Eq Dy
n) Eg A, X Ey
o) Eg Ag
p) Eq Ay X Eg
qQ Eg Ay X Ay
r) F, Ay, X A4,
s) F, B,
t)y G, A, X A,
u) G, A,

Note. Cases (s) and (u) were covered in [12] with stronger results;
therefore, the arguments for these will be omitted here.

The representations of the Weyl groups used here are taken from [2].
For the rest of the chapter the superscript “p” in Wy, is unnecessary and
will be suppressed.
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Classical cases.

a) Wg = Ay, Wy = A4; X A,y

Let R"*! have the orthonormal basis {e,, e, . .. ,e,}. Then A, has a
representation such that the reflections correspond to transpositions of
pairs of the e;’s. Therefore, the representation of Wy is also generated by
such transpositions; hence, Wy is isomorphic to a product of A/s.
Consequently, if 4; X 4 Wi we get Wy, = Wyor Wy = W,

n—i—1 =

b) W, = B,, Wy = D,.

With R” having the orthonormal basis {e,, e,, ..., e,} the roots of a
representation of B, are {*e, *e; = ¢;}; those of D, are {*e; = ¢, },

J # k. If D, # W then another root of B, is a root of Wy. Without loss
of generality let e; be such a root. Since reflections in Coxeter groups
send roots to roots then

e — 2[ (e, e; — ep/lle; — ejllz](e, — ) =¢
is also a root of Wx. So the roots of Wy are {=e;, ¢; == ¢;} and Wy = B,

OW;,=C, Wyg=C;, XC,_,

Since C, is isomorphic to B,, the representation in (b) above will be
used. C; X C,_; then has roots {*e;, e, = ¢}, j # k, with j = 7 if
and only if £k = i. So any root ry in Wy not in Wy, must be of the form
E(e;, t+ e,) or £(e; — e ) with jo = iand ky > i

Case 1). ry = *=(e; + ¢, ). Let S, denote the reflection along the root r.
Then other roots of Wy are, for all j = i, k > i

S(ej—ejo)S(ek—eku)(ejO + e
= S(e]~%)[ (e, t ex) — e — e € T ex e — e )]
= Sl (g, T ex) + (ex = ¢)]
= S(gj,%())(ejo + ¢;)
= (¢, T e) — (e e, T e —¢)
= (e, T e) + (e —¢)
=e t e
and
S(ej—ejo)S(ek+eko)(?/o + e,
= S(ej;%)[ (ejo + eko) — (e, + €y €, + eko>(ek + eko)]
= S(ef"—’ju)[ (e, T ex) — (e =€) ]
= S(efejo)(ejo &)

= (ejo - ek) o <ej Ty €y ek>(ef - ejo)
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= (ejo —e) t (ef - ejo)

= ej_' ek.

Hence Wy, = W
Case 2). ry = i(ejo = eg) As in Case 1) above, other roots for Wy
are, forall j =i, k > i

S(ej_ejo)S(ek-eko)(ejO - eko)

= Ste—e )l (€, = €x) — ek — ey &y ~ e )(er ~ )]
= S(e/_efo)[ (e, — ex) — (ex — eg) ]

= S(e’,—tyo)(ejo —e)

= (e, — ) — (e; — ¢, e — ele — )

= (ejo —e) T (¢ — ejo)

:ej_ek

and
S(ej - ejo)S(ek tey, )(efo a eko)
= S(e—e (¢, = ex) — Cew + ey € — e(en +oe) ]
- S(e] - ",j())(ejo * ek)

=6 ke

Hence Wy = W once again.

d)W; = D, Wy = D; X D,_,.

Recall that D, has roots {*e¢; = ¢, },1 = j <k =nand D; X D,_; has
roots {*e; = ¢} with1 = j <k =iori+ 1= j<k= n From the
calculations in (c) above we see that there is no intermediate Coxeter
subgroup between Wj; and W

C) WG = D_n’ WH = Dn*l'
D, has all of the roots of D, except those of the form ==e; = ¢,. Again

the calculations in (c) verify the conjecture for this case.

fy Wo = D,, Wy = A4,_,.

A, has {i(ej — ¢,) } for its roots. The first calculation in part (c),
Case 2, above shows that if Wy has any root in W not in W} then
Wy = W

Exceptional cases. Unfortunately, the Weyl groups of the exceptional
Lie groups do not have such “nice” representations. So for the following
cases, I find it easier to use Poincaré polynomials.

Note that if H*(BG, Q) has type [2i,, 2i,, ..., 2i,] and H*(BK, Q) has
type [2/, 2j,, - . ., 2j,] then
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(1 =2y o1 — ¢

FolG/K 1) = A=y .. (1 =y

The strategy now will be to determine possible candidates for Wy and to
show that for each candidate P(K/H, t) or Py(G/K, t) is not a finite
polynomial.

For example, consider W, = E(j = 6,7, or 8). If rj and r, are two
roots of the representation of E; as a Coxeter group then the value of
(ry, ray/lInl Iyl is either 0, =1, or =1/2. Therefore, Wy must be a
product of 4/’s, Ds, Ey’s, and the trivial group.

g) W = Eg, Wy = A X As.

H*(BEg, Q) has type [4, 10, 12, 16, 18, 24]. The candidates for Wy are
listed below along with corresponding types for H*(BK, Q), and the
appropriate polynomials.

Wi H*(BK, Q) type Poincaré polynomial
a = Ma - 24

4, X Ds [4,4,8,12, 16, 10] PAG/K, 1) = —f—
(1 =551 =1
(=90 = Ha -

A 4, 6,8, 10, 12, 14 PG/K, 1) =

6 [ ! ol T A1 — B — M

1= 190 = Ma —

Dy 4, 8, 12, 16, 20, 12] PAGIK, 1) = ¢ 8)( 20)( ,2)
(1= )1 — )1 — %)

By substituting 1 = €™/ in the first and third polynomials and 1 = ¢™7 in

the second we see that none of them are finite polynomials.

i) Wo = Eg, Wy = Ay X 4, X A,.

Here H*(BH, Q) has type [4, 4, 4, 6, 6, 6]. Below we list possible
candidates for W, the corresponding types of H*(BK, Q), and the
appropriate Poincaré polynomials.

Wy H*(BK, Q) type Poincaré polynomial
A, X A, [4 46,68, 10] PKIHL 1) = 9 A = )
SRR o a - A -6
a - &a - Ha - 19
Ay X Dy [4,4,6,8,8,12] PyK/H, 1) =

(a1 =M = 5a - 5

By substituting t = ™/ 3 we see that neither is the Poincaré polynomial of

a finite complex.

D W = Eq, Wy = A) X D

It is known that H*(BG, Q) and H*(BH, Q) have respective types
[4, 12, 16, 20, 24, 28, 36] and [4, 4, 8, 12, 16, 20, 12].
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Wy H*(BK, Q) type Poincaré polynomial

(I _ th)(l _ t”‘)(l _ t24)
(= &Ha = 2a - P
(=5 = =M
a =5 = MHa -2
(1= Ha -7

=& =1

Note that in the first two cases P(K/H, e"’?) is not defined while in the
third case Py(G/K, €™’%) doesn’t exist.

k) Wg = E9, Wy = 4.

For this the only candidate might be Wy, = D-, but this was eliminated
in part (j) above.

As we have seen, D, cannot be a candidate for Wy. 4, can’t be used
either since this would give
(1 — " + 119
(1= %1 =6

which is undefined for 1 = €™/3.

m) W = Eg, Wy = Dy.
If WK = Ax then

A, X Eg (44,10, 12,16, 18,24]  Py(K/H, 1) =

A, 4, 6,8, 10,12, 14, 16]  Py(K/H, 1) =

D, [4, 8, 12, 16, 20, 24, 14]  Py(G/K, t) =

P(K/H, 1) =

(1 = O = 19 = MHa — %
(1= 2901 = 2Ha = 2Ha =1
which is obviously not finite.

For the next four cases the only candidate for Wy is Dg, which would
give H*(BK, Q) a type [4, 8, 12, 16, 20, 24, 28, 16]. But in each instance
Py(K/H, t) is undefined for some value of ¢, hence is incompatible with a
finite complex.

n) Wy = Eg Wy = A, X E,.

P(K/H, t) =

For this
=M =19
Py(K/H, 1) = 1= &1 = 7%

which is undefined for t = ™.

0) W = Eg, Wy = A
Here t = ¢™/? shows that
(1 =290 = #Ha = Ha - P

P(K/H, t) = a- t(’)(l — th)(l — 114)(1 — tlg)
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isn’t a finite polynomial.

p) W = Eg, Wy = 4, X Eq.

Here
a - 4Ha - %9a - 2a - %)
(1 =51 = O — 9 — 1'%

which is also undefined for 1 = ¢™/3.

q) WG = ES’ WH = A54 X A4.
For this case t = €™/ doesn’t return a value for

Py(K/H, 1)
(1= =9 = Aa - AHa - AHa - 119
=0 - - Aa - SHa - Ha - 9
1) Wy = F,, Wy = Ay X A,.

The only possible candidate for W, here might be D, but a quick scan of
the root system shows that this doesn’t contain W}; as a subgroup.

This case yields stronger results. Since H*(BG,, Q) has type [4, 12] and
H*(BH, Q) has type [4, 4] then

P(K/H, t) =

1 — t12
P(G/H, t) = (——4—).
a-17
Let F — G/H — B be a compact fibering of G/H with F connected. Then

since

Py(G/H, t) = Py(F, 1)PyB, 1)

we get
-1
Py(B, t) = 4-(1 ~
and
R
Py(F, t) = ———(1 — t")

for some a. This implies 4|a and a|l12; hence, a is equal to 4 or 12.
Therefore, G/H is connectedwise prime.

3. Other cases. Unfortunately, it is possible for H to be a maximal sub-

group of G of maximal rank without W) being a proper reflection
subgroup of W These cases include, among others, W, = C, with
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Wy = A,_, and W; = B, with W,; = B, _, or B; X D,_,. However, the
conjecture still remains valid here for some specific cases of G or H.

a) G = Sp(n), H = U(n).

Here W; = C, and Wy; = A, _,. If K is not homotopy equivalent to H
or G then Wy, = D,. So, in cohomology with rational coefficients, we have
H*(BT) generated by Xy, ..., X, with dim x; = 2 and

H*(BSp(n) ) maps 1somorph1cally onto S(xl, .. x2)

H*(BU(n) ) maps isomorphically onto S(x,, ..., x,); and

H*(BK) maps isomorphically onto the ring generated by S (x,, e xi)
and x;x, ... X,

(Here S(al, ...,a,) denotes the ring of symmetric functions on
(ay,...,a,).)

But Sp(n) and U(n) are torsion free which means that the statements
above concerning H*(BT), H*(BSp(n) ), and H*(BU(n) ) are true even
with integer coefficients. Therefore, there must be classes sy, . .. sn, s
in H*(BK, Z) which map onto the symmetric functions ol(x%, .. x)
oz(x%, R xf,), ey O(X .., x ) and kx;x, ... x, respecuvely in
H*(BT, Z).

LEMMA 3.1. If k = 1 (mod 2) then the conjecture holds for G = Sp(n),
H = U(n).

Proof. If k = 1 (mod 2) then in cohomology with mod 2 coefficients the
image of (¢)* contains the ring generated by S (x%, e xﬁ) and
XXy ... X, (reduced modulo 2) in H*(BT). Let ¢’ be the mod 2 reduction
of 5" and let ¢, ..., c, be the mod 2 Chern classes of H*(BU(n) ). Then
oft = ¢, and g) maps H*(BSp(n)) isomorphically onto the ring
generated by cl, s cn

Since W; = C, and Wy = D, then
A—-™H1 =28 ...a = A0 Dya — &
-5 -2 ...a = A0 hya — 2
=1+ >

So dim G/K = 2n.
Now consider the diagram

P(G/K, t) =

N~ N

K/U(n) K/U(n)
p l ¢
Sp(n)/U(n) » BU(n) > BSp(n)
P b,
Sp(n)/K » BK » BSp(n)
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Since U(n) and Sp(n) have no 2 torsion we have H*(SP(n)/U(n), Z,)
generated by p*cy, p*c,, . . ., p*c,, none of which is zero, with the relation
(p*c,-)z = 0. (See for example [5].) So

p*¢ft = p*c, # 0.

Since ¢, maps to x,x, ... x, in H*(BT), Sq°c, maps to (x; ... x,)
X (%) + xy + ...+ x,), ie., Sg’c, = c,c;. Therefore

0 # (p*c,)(p*c)) = p*Sq’c, = p*¢*Sq’t = 7*(p"*Sq’Y).
But this gives a contradiction since
dim (p'*Sq*t) = 2n + 2
which is greater than the dimension of Sp(n)/K.
Now we can use this lemma to prove the conjecture for a few cases.

THEOREM 3.2. If G = Sp(n) and H = U(n) then the conjecture is true for
n=12 or3.

Proof. The proof for n = 1 follows from the fact that there are no
intermediate subgroups between the trivial group and C,.

Suppose n = 2. Then we see, say by using Poincaré polynomials, that
K/U(2) and Sp(2)/K are simply connected Poincaré-Wall complexes of
dimension 2 and 4 respectively. Furthermore, the polynomials show us
that H*(Sp(2)/K) contains only torsion submodules for * = 1, 2, or 3. We
can use duality and the universal coefficient theorem to show that

H*(Sp(2)/K) =0
in these dimensions. We can sum this up, using mod 2 coefficients as
Z, i=02
0  otherwise

H'(K/UQ), Z,) = {

WwWKw={ .
0 otherwise.

In the spectral sequence of
Sp(2)/K — BK — BSp(2)

we see E, is evenly graded. Thus E, = E_, and H*(BK, Z,) is evenly
graded. Consequently, from the spectral sequence of

K/U(2) = BU(2) — BK,

since everything is evenly graded, we find that ¢} is a monomorphism.
Hence k = 1 (mod 2) and the lemma applies.
Suppose now n = 3. Then we have
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a1 —Ha - Ha -
(1 =1 = HA -6
1+ £
a - 4Ha - Ha - 5
(1 =1 — 51 = 1
=1 +2+4+
(1 —Ha = Ha -
(1= A1 = Ha =
=1+ +A 42048+ 104412

P(Sp(3)/K, t) =

PAK/UQB), 1) =

Py(Sp(3)/U3), 1)

Consider the mod 2 Serre spectral sequence of
K/U@3) — Sp(3)/U(3) — Sp(3)/K.

Suppose Sp(3)/K has no 2 torsion. Then the differential d, on E, is the
zero homomorphism for 2 = r = 6. Therefore, we see that E, = E__ and
K/U(3) has no 2 torsion. Suppose Sp(3)/K has 2 torsion. By duality
and the universal coefficient theorem, we see that

H\(Sp(3)/K) = H(Sp(3)/K) =~ Hy(Sp(3)/K) = 0
and
Hy(Sp(3)/K) =~ Hy(Sp(3)/K).
Therefore, Sp(3)/K has 2 torsion if and only if
H(Sp(3)/K, Z,) # 0.
Since the image of Hz(Sp (3)/K, Z,) does not vanish in E_,
HXSp(3)/K, Z,) = Z,.
We can then deduce that
HXSp(3)/K, Z,)) = 2, ® Z,
and
HXK/UB),Zy) = 7, ® ZL,.
So K/U(3) has 2 torsion and, as for Sp(3)/K,
HXK/UB), Zy) = 7, ® L,
Consequently, E3° = Z, ® 2,917,017,

But since the “homogeneous spaces” are 1-connected and satisfy Poincaré
duality, the classes in E§’3 remain through E_.. This contradicts

HY%Sp(3)/U3), Z,) = Z, ® Z,.
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So K/U(3) and Sp(3)/ K must have no 2 torsion and hence, as in the n = 2
case, k = 1 (mod 2).

b) G = SO(2n + 1), H = SO(2n) X SO2(n — m) + 1).

Here W; = B, and Wy = B,_, (for m = 1) or B,, X D,_,, (for
m > 1). Recall that a representation of B, has roots {*e;, *e;, *e;} with
1 =i j=nB, XD, ,hasroots {*e;, *e, *e}forl =i = mand
l=j<k=morm< j<k = n If Wy has a root of the form
*ete; with i = m and j > m then, by applying reflections, we see
that Wy and W have the same roots, hence are isomorphic. However, if
we add to the roots of W}, the vector e, with p > m, we get the root
system of B, X B,_,. So if there is a K, not homotopy equivalent
to G or H, which satisfies the assumptions of the conjecture then
Wy = B, X B,_,. Nevertheless, there are still instances where the
conjecture is valid.

THEOREM 3.3. If
G =S0Q2n + 1) and H = SO2m) X SOQ2(n — m) + 1)
the conjecture holds forn = 2; m = 1 or 2.

Proof. The proof for the m = 1 case will be given here. The proof for
m = 2 is very similar. See [9] for details. Suppose the theorem were not
true for m = 1. From their Weyl groups we see that

H*(BG, Q) has type [4, 8, 12, ..., 4n];

H*(BH, Q) has type [4, 8, 12,...,4(n—1), 2]; and

H*(BK, Q) has type [4, 8, ...,4(n—1), 4].

Therefore
4

3.

1 —¢
Po(K/H, 1) = ——

From the 1-connectedness of K/H and the Poincaré polynomials of BH

and BK we have
. Z j=0,2
H/(K/H,Z) = )
0 otherwise.

See also [11].
For the remainder of this proof, we will be using mod 2 coefficients.
From [5] we have

H¥(BG) = Zo[Ws, Wy, .., Wy,i )] with dim W = J;

H*(BH) = Z,[w), wy, Wy, ..., Wy, ] with dim w5 = 2 and
dim w; = J; and
(1) ¢*W = w; + w,_,m)
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where w, = 1; w; = Oforj & {0,2,3,...,2n — 1}.
We will now show that i* is not surjective. Consider now the Serre
spectral sequence of
K/H - BH — BK.
Suppose i* is surjective. Then E, = E_, and we get
Py(BK, t) = Py(BH, t)/PAK/H, t)
=1/[(0 — D1 = A - A - 14
X (1 =) ... —2""Ha+ )
=1/[(1 =1 -5 - 41— 4
X1 —=£2...a—-¢""h
From (1) we know H*(BK) has classes v, vs, ..., vy, where
oty = w; + w; )
From P,(BK, t) above we see that there exists a nontrivial class
v, € H%BK) not generated by v, and y%, Since v} is not in the span of v,
and y% we can assume without loss of generality that
$1vy = awywh + b(wh)

with a or b nonzero. It is now straightforward to show that v},
vy, ..., V9, are algebraically independent since their images under ¢}
are algebraically independent. Hence,

H*(BK) = Zy|vj, vy, v, ..., ¥y, 4]

But if i* is surjective then we see that w,, w) is not in the range of ¢}
since

T(vo,—1v2) = (Wa,u— 1 T Wa, 3wWh)(wy + wh)

and ¢ maps no other product of y’s to an expression with terms of the
form w,, _w, or w,,_wj. This is a contradiction of

O*Wo, 1 = OTOI Mo, = Wy Wi
Therefore i* is not surjective.
Since i* is not onto then, from the spectral sequence of
K/H — BH — BK,

we see that there are classes v, and vj in H*(BK) such that ¢}v, = w,
and ¢7v5 = wh. Using this fact, equation (1), and a little induction we find
that there are classes v3, vy, ..., vy, | in H*(BK) with ¢fv, = w,. Hence
¢F is onto.

Now consider the following diagram.
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H~ QBH —— - QBK = K

P¢|
EH =~ PBH ———  » PBK

L

BH > BK

This induces a transformation 7* from the cohomology spectral sequence
of PBK — BK to that of EH — BH. We know (for example, see [5] ) that
there are classes x|, x;, X5 ...,Xy,_, in H*(H) such that w),

W, ..., Wy, are their respective images by transgression and such that
H*(H) = A[X’l, xl, I X2n_2]
(that is, H*(H) has a simple system of generators {x}, x|,..., X5, 2} ).

Since PBK is contractible we know that there is an element y, | in
E, for some r, such that d,y;_, is the nontrivial image of v, from
H*(BK) — E, — E,. Then t*y,_, “kills” ¢fv, = w; in the spectral se-
quence of EH — BH. Therefore, ¥y, |, must be the image of x;_, in
H*(H) — E,. We may think of y, |, as being in H*(K). So now
we have classes y|, ¥y, Y3, . . ., Ya,—2 in H*(K) such that

Qo)) = x1, Q)% = x,,
and their images by transgression are vj, vy, v3, ..., v,,_|, Iespectively.
Now look at H — K — K/H. We know from above that (2¢))* is
surjective. So, since K/H is l-connected, in the cohomology spectral
sequence of this fibration we have E, = E_. Hence, if yj is the image
the generator of Hz(K/H) is H2(K), the multiplicative properties of
spectral sequences show us that

H*(K) = [yll, yl2’ AT &2 ’y2n—l]'

Suppose, in the spectral sequence of PBK — BK, d,y5 # 0. (This must be
true for some » = 2.) Then

T* ry’2 = drT*y’z = O

Since 7* is injective for E22’1 then » must be 3. So y4 is also transgressive.
Call its image in H3(BK ) v5. Then (see [4] ) we have

H*(BK) = Z,[v5, v3, V5, V3, . . ., Vo 1]

with the kernel of ¢F being v3(H*(BK) ).
Now let us derive some properties of H*(BK) with respect to the
Steenrod squares. From [3] we have
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for kV, = Vlj or w;. Therefore

Sq'y, = 02 (J —! —it_ L= l)y,-_,\_)jﬂ + v4 (other terms).
==

(Here, and throughout the remainder of the proof, “other terms” will refer
to a sum of products of the generators of H*(BK) not including those
stated explicitly.)

Since

915q'v = Sq'wh = 0
then S¢'v, = av} for some a. Similarly, Sq'vy = 0.
d1Sq™Vy = Sq’e*vy = 0
consequently, there are B and € such that
Sq™v = Vi(Byy + e)).
From the formula above Sqlvz = v; + Ovj.
() = Sg™v4
= Sq'Sq™v,
Sq'(vy(Bvy + evh)
v3(B(vy + 6v3) + aevhy).

Therefore 8 = 0 and @« = € = 1 and we have S¢'vy, = v} and Sg*v} =

VHv3.

From the Cartan formula and the results above we deduce a useful
property.

PROPERTY 1). If v; v, ... V; V4 is a nonzero term of Sq* Vi Vi, - - Vi VD)

v Jm r

then m = r and, without loss of generality, the v’s are ordered so that
. > . > . . > . . > . J
h=h=lsh=ly. o) =1

Now we are ready to finish the proof of the theorem. From equation (1)
we have

O5W, = v; + v,_,v5 + vj (other terms).
In particular,
o5 W,, = vy,_ov5 + vj (other terms).
Also 5‘12W2n = W,W,,. So now apply ¢35 and get

(2)  (vy + vH)(vy,_9v5 + v; (other terms) )
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= qu("zn—zvlz + v5 (other terms) ).
Using the Cartan formula we obtain
Sq*(v3—2%%)
= 8¢%(30-2% + Sq'(n2,_)(Sq'v5) + v3,_o(Sq*vh)
= @3- Vs + Vo Vs + vy (05
+ v4 (other terms).

So, for equation (2) to hold, the v,,_v5 on the right-hand side must be
“cancelled”. Clearly, the only way this can be done is if the “cancelling”
term comes from the qu(vg (other terms) ) part of (2). In particular, v,, 5
must be among the “other terms”. But

Sq%vy,_ 3 = Vavy,_3 + (2n 2_ 4)v2n_1 + v3 (other terms).

So, in order to get the cancelling, we need (2" 2 4) to be 1 (mod 2) and
this can only happen if » is odd. This gives us our first partial conclusion:
the conjecture is true if n = 0 (mod 2).

So now we continue, assuming 7 = 1 (mod 2). We must have

O3 W), = vo,—ovy t+ vy, _3v3 + V5 (other terms).
Then
¢5VV2n+l = ¢§Sqlu/2n
= Vy,— V5 T vp,_ov3 + V5 (other terms).
Since
Sqlvj =+ Dy + vj (other terms)
and W, ., = Sq' W,, we get the following.

PROPERTY 2). For every nonzero term in ¢3W, ., of the form
ViVi, - Y v3, m > 1, at least two of the i’s are odd. (From the formula, we

see that at least one lj is odd. Two must be odd since the total dimension is
odd.)

Now consider S¢*W, .| = W,W,,, . Again apply ¢3 to obtain
(3)  S¢* vy, vy + vy,_,vs + V4 (other terms))
= (vy + vp¥))(v5,,— V5 + v,,_,v5 + V5 (other terms) ).
Again use the Cartan formula.
Sq* van— 1%y + v2u-2¥)
= (54"3- Vs + (5472, )(Sg'VD) + (Sq*v,- 1 )(Sq™V)
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4 3 1 2 2
T (Sqvp,— V3 + (Sqvp,—2)(Sqv5) + (S¢7v,,-2)(Sq7v3)
2

= VgVou—Va t Vava,— vy + vavy, (V)

i N S R D I L e o Vzn—l(V§)2 + v (other terms).
Therefore, in order for equation (3) to be satisfied, we must “cancel” the
Vv3v,,_ V5 term above. This can only be done if one of the “other terms” in
(3) is of the form vy, and Sq4(vav,,v’3) has v;v,,_v; as a nonzero term.

From Properties 1 and 2 above we know that a and b are both odd

and, without loss of generality, ¢ = 3 and b = 2n— 1. Therefore a = 3,
b = 2n — 5, and v4v,,_, must come from v;(Sq*v,,_s). But
4 (2n — 8
SqVou—s5 = VgVop—s5 T VaVy—g T ( 2 )Vz"zn—3
+ (2n 4_ 6)v2n_l + vj (other terms).

Consequently, to “cancel” the vyv,, v we must have
(2” " 6) = 1 (mod 2).

Hence, 2n — 6 = 4 (mod 8), i.e., n = 1 (mod 4) and we conclude that the
conjecture is true for n = 3 (mod 4).
Now suppose n = 1 (mod 4) and continue.

DIW,, 11 = Vou— V5 Tt Vo, _oV3 T+ V3vy,_sv3 + V3 (other terms)
where v3v,, 5 is not among the “other terms”.
84" (r3v2—5¥5) = (STV3)Sq' Va5 + (S¥3)(Sq™2,— 5V
+ (S4'v3)(Sg,—5)Vs + v4(Sq*vy,— sV
=0 + (vr3)(vovy,—shv3 + 0
+ v3(Vgvan—s T Vava—g T vavy, 3 vy, VS
+ (other terms) vjv; + (other terms) (v’3)2.

Note that Sq*(v;v,,_sv5) contains the nonzero term v,vyv,,_3v5. To
get equation (3) then, ¢3W,, . | must contain a term other than vyv,, v}
such that, when we apply Sg* we get a “cancelling” v,vsv,,_3v5.

Case 1). Suppose that the term is of the form v, v,v5. Then Properties 1
and 2 show that a and b are odd, not greater than 3 and 2n — 3
respectively, and a + b = 2n — 2. Soa = 3 and b = 2n — 5, which is
impossible, and we go to Case 2.

Case 2). The term is of the form v,v,vv; with, say a even, b and ¢ odd,
and b = c. Then by Property 1, since b and c are at least 3, a = 2. So
a = 2, b = 3, and consequently, ¢ = 2n — 7. So the term must be

’
V2V3Von—7V3-
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The only way v,v;v,,_ v can be produced from Sg*(vyv4v,,_7v4) is from
the expression

4
V2V3(Sq Vo, - 7)V5.

But, in S¢*,,_; we have the coefficient (** ; %) for v,,_; and, if n = 1
(mod 4) then 2n — 10 = 0 (mod 8); hence,

(2n—8
4

Therefore, the conjecture is valid for n = 1 (mod 4) and we are done.

) = 0 (mod 2).

Remark. For small values of n, classes such as v,,_5 and v,,_5 may not
exist. In such cases, the proof is finished at the point where such classes
are required.
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