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A SIMPLE PROOF OF AN IDENTITY OF
PETHE AND HORADAM

Kvuo-JYE CHEN

An identity for two generalised Tribonacci sequences is obtained. Earlier identities
by Pethe and Horadam follow as special cases.

1. INTRODUCTION

In 1986, Pethe and Horadam [2] extended Harman’s idea [1] and proved
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(1) Z (q192 )k_JUm+2J'+nVn+2j+u — P192 Z (Q1¢12)k_'7 Umt2j—14sVat+2i-14s
=1 j=1

k
= Um+t2k+sVat2k+14s — (0192) Um+sVat14s,

where Upt12 = p1Un+1 — 1Un, Vatz = p2Vatr1 — @2 Vo, p1, P2, 1 and g2 are fixed real
numbers, s = 0 if k is even, and s =1 if k is odd.

Using (1), they “obtained a wealth of significant summation identities involving
the products of combinations of Fibonacci numbers and polynomials, Pell numbers and
polynomials, Chebyshev polynomials and sine functions”.

The object of this paper is to show that (1) can be proved without using Harman’s
idea and that (1) is indeed an easy consequence of a very simple reduction formula (see
Lemma 1).

We shall use Lemma 1 to obtain an identity (see Theorem 1) for generalised Tri-
bonacci sequences, of which (1) is a special case. Also from Theorem 1 we obtain as a
bonus the main result in Pethe’s paper [3], that is,

k [k/2}+2
(2) PZ Qk_JJm+jJn+j +R Z Qk_21+'Jm+2j—aJn+2j—-2—a
j=1 j=1
[k/2] .
+ Z Qk_21+1_‘Jm+2j—3+JJn+2j—l+a
j=1

= m+kJn+Ic+l - QkJm+aJn+l—l’
where Ju43 = PJny2 + QJnt1 + Ry, and P,Q, R are fixed real numbers.
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2. THE MAIN RESULT

LEMMA 1. Let (Un);r, and (Va)oo, be two sequences satisfying

Unts =p1Unt2 + 1Ung1 + 11U,
and Vats =p2Vata + @2 Vaq1 + 12V,

where pi, gi,ri,t = 1,2, are fixed real numbers (or polynomials). Then

(3) Um+kVn+k+1 = (PzUm+kVn+k +P1<12Um+k—1 Vn+k-—l +T2Um+kVn+k—2
+r1@2Umik—sVntk—1) + 1 @2Um+k—2Vati—1.

PRroOOF: By the recurrences satisfied by U, and V,, we have

Um+kVnti+1 = Umtr(P2Vatk + @2 Votk—1 + r2Vatr—2)
= p2Um+kVatr + 12UmskVati—2 + 2UmtkVnrr—1
= p2UmttVark + r2UmskVntr—2
+ @2(P1Um+k-1 + @1Umtk—2 + "1Umsk—3)Vatik—1
= (P2Um+kVatir + 1192Um+k—1Vask-1 + T2Um s Vatr—2
+r102Umtk—3Votk—1) + @1@2Umsk—2Voy k-1

THEOREM 1. Let U, and V, be as defined in Lemma 1. Then

(4)
Lk/2] L&/2]

P2 Z (0192) % Ut 2540 Vat2jts + 102 Z (0102) ™ U i2i-144Vataj-14s

i=1 i=1
Lk/2) "
+r2 3 (@10) ' T Umi2i1aVat2i-24s

i=1
Lk/2) .
+71q2 Z (Q1Q2)L / J_’Um+2j—3+nVn+2j—1+c
i=1

= Um+kVn+k+1 - (th ¢12)U‘:/2J Um+an+1+u
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or equivalently

(5)
Lk/2)+s Lk/2]

D2 Z (q1q2)Lk/2J_j+,Um+2j—aVn+2j—a+p1q2 Z (q142)Lk/zj_ij+2j—1+aVn+2j—1+a
j=1 i=1

|k/2])+=

+ 712 Z (q1q2)Lk/zJ_j+’Um+2j—sVn+2j—2—a
j=1

L&/2]
+r192 z (q1q2)Lk/ZJ_]Um+2j—3+,Vn+2j—1+.9

j=1

)Uﬂ/?J

= Um+tVatk+1 — 2(0192 Un+tsVat1-s

where s =0 if k is even and s =1 if k is odd.

PROOF: When k is even, repeated use of (3) yields

Un+kVatk+1 = (P2Um+kVair + P1@2Umtk—1Vate—1

+r2UmtkVatk—2 + "11@2Um+k—-3Vatr—1)

+ ¢192 (P2Um+tk—2Vntk—2 + 1102Um+k—3 Vot k—s
+r2Umtk—2Vati-4 + T102Umtk—5Vair-3)

.-

+ (‘11‘12)(k_4)/2 (P2Um+4Vata + P102Um43Vnys
+72Um+taVat2 +1142Um+1Vats)

+(0122)* 7 (p2Ums2Varz + P182Umt1 Vit
+72Ums2Va + 711¢2Um—1Vat1)
+(0102)* U Vi,

whence
k/2 ) k/2 .
(6) P2 Z (2102) %) T U s2;Vas2; + Pr1aa Z (012:)* P Unns2j-1Vagajma
j=1 j=1
k/2 ) k/2 .
+r2 3 (010)* P U2 Vas2jcz + a2 > (ma Y D 25 —s Va2
j=1 j=1
k/2
= UmtkVanik+1 — (0192)" “Um Va1, k even.
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Similarly, when %k is odd, we have
(7) Um+kVatk+1 = (P2Um+ Vot + P1@2Umtk-1Vosk—1
+72Um+kVnsk—2 + 711@2Umyk—3Vaire—1)
+ 0192 (P2Umik—2Votk—2+ P1@2Umik—3Vnti-3
+r2Unmk-2Vask-1 + 11@2Umsk—5Vayr—3)
I
+ (¢ 112)(k-5)/2 (P2Um+5Vat+s + P1@2Um+4Vota
+72Um+5Vnts + 1192Um+2Vnt4)
+(0122)* ™ (P2UmssVars + P102Ums2Vata
+72Um+3Vnt1 + 162U Vat2)
+(0102)* TV U1 Vasa,

whence
(8)
(k-1)/2 _ (k—1)/2 '
P2 Z (q1q2)(k_1)/2_JUm+2j+1Vn+2j+l +pi1q2 E (‘IIq2)(k_l)/2_JUm+2jVn+2j
i=1 j=1
(k—1)/2 ] (k-1)/2 .
tr2 Y (@e) VP Ui Vazjor +1ige Y (0202) D2 U g2 Vo
j=1 j=1
= Un+iVarit1 — (@102)* 7 Uni1Vasa,  kodd.
Since

Un+1Vat2 = Unp1(P2Vat1 + ©2Va + 12 Vo)
=pUmiiVapn + @Umpa Va +r2Uma Vo,

(8) can be rewritten as

(9)
(k+1)/2 ) (k—1)/2 \ .
P2 2 (q1q2)(k+1)/2_JUm+2j—1Vn+2j—l + p1qz2 z (q1Qz)( _1)/2_1Um+2,-V,.+2,-
j=1 j:l
(k+1)/2 ] (k—1)/2 _
2 > (0102) U m2j 1 Vagajos + 1 > (@162)* 2 Umizj_2Vasa;
=1 i=1

= UntkVatrt1 — %(qlqz)(k—l)/zUmHV,,, k odd.

Now, it is readily seen that (4) follows from (6) and (8), and (5) follows from (6) and
(9)-
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3. SpEciAL CASEs

In this section, it will be shown, as we proposed in Introduction, that (1) and (2)
are special cases of (4) and (5), respectively.

Case 1. Replacing k first by 2k and then by 2k 4+ 1 in (4) gives two identities which
can be combined in one identity, that is,

(10)
k

k
. i
P2 Y (@10) " UnmizjtsVar2its + 122 Y (0192)" 7 Umizi-14+0Vnt2i-140
j=1 j=1

k
i
t+ 72 Z (9292) 7" Umt2j+0Vnt2i—2+45
i=1

k
-
+ 7142 Z (0192)" 7 Umt2j-3+sVnt2i-1+4s
j=1

k
= m+2k+5Vn+2k+1+a - (41412) Um+aVn+1+a

Let ¢ = —q1, g2 = —¢2, and 7, = r, = 0. Then (10) reduces to (1).

CAasE 2. Let Upn =V, =Jn, p1=p2=P, ¢1 =q =@, and r; =7 = R. Then we
obtain (2) from (5) by combining even and odd cases of k.
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