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Weighted Carleson Measure Spaces
Associated with Different Homogeneities

Xinfeng Wu

Abstract. In this paper, we introduce weighted Carleson measure spaces associated with different ho-
mogeneities and prove that these spaces are the dual spaces of weighted Hardy spaces studied in a
forthcoming paper. As an application, we establish the boundedness of composition of two Calder6n—
Zygmund operators with different homogeneities on the weighted Carleson measure spaces; this, in
particular, provides the weighted endpoint estimates for the operators studied by Phong—Stein.

1 Introduction and Statement of Main Results

The purpose of this paper is to develop a new theory of weighted Carleson mea-
sure spaces associated with different homogeneities, identify the dual of the weighted
Hardy spaces studied in [Wu] with these new spaces, and prove that the composition
of two Calder6n—Zygmund operators with different homogeneities studied in [PS]
is bounded on these spaces. This is a continuation of the paper [Wu] studying the
questions of the composition of operators that cannot be answered by using the prop-
erties of each operator separately. To be more precise, let e(£) and h(€) be functions
on RY homogeneous of degree 0 in the isotropic sense and the anisotropic sense,
and smooth away from the origin. Then it is well known that the Fourier multipliers
T, defined by T1(f)(&) = e(£) f(&) and T, given by To(f)(&) = h({)f(&) are both
bounded on L? for 1 < p < oo, and satisfy various other regularity properties such
as being of weak-type (1, 1) and bounded on the classical isotropic and non-isotropic
Hardy spaces, respectively. Rivieré in [WW] asked the question: is the composition
T; o T, still of weak-type (1, 1)? Phong and Stein in [PS] answered this question and
gave a necessary and sufficient condition for which T; o T is of weak-type (1, 1). The
operators Phong and Stein studied are in fact compositions with different kinds of
homogeneities that arise naturally in the -Neumann problem.

There are some other questions of this kind about the composition operator T;0T,
that cannot be answered by using the properties of T; and T, separately. Recently,
Han et al. [HLLRS] developed a theory of multiparameter Hardy spaces and proved
that the composition T} o T, is bounded on these Hardy spaces. More recently, the
author [Wu] introduced and studied a new class of Muckenhoupt weights Af. In

terms of these weights, a theory of weighted Hardy space H% (RY) was established,
and weighted norm inequalities for T} 0T in H%‘W(]R{N ) were derived. Such questions
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also arise in the context of BMO and Lipschitz spaces due to the examples constructed
in [MR]. These questions motivate this paper.

In order to describe more precisely the questions and results studied in this paper,
we begin by considering all functions and operators on RN = R™ x --- x R", For
x=(x1,...,%,) € R¥N and § > 0, we consider the isotropic homogeneity on RN:

do(xy,...,xm) = (0x1,...,0%m),
and two kinds of anisotropic homogeneities on RY:
doyp (x1,...,%m) = (0%x1,...,0%x,,),
80y (x1,. .o xm) = (8%x1,...,0%x,,),

withl <g; <---<a, <ooandl < b <--- <b, < oo. Note that the additive
group (RY, +) equipped with either of the dilations o; and o, is a homogeneous Lie
group (see [FS2]). Let Ny = ayny +- - - +apyh,, and Ny = byny +- - - +byn, denote the

1 1
homogeneous dimensions and let |x|; = sup, <, [xi[“ and [x|s = sup,;,,, [xi["
be the homogeneous norms. For o = (a1, ..., am) € R", set

el = feu| +- - + e,
el = lonfar + - - + |am|am,
llllz = | |by + -+ + || bm.
For j, k € 7, we will frequently use the discrete dilations
20y (X1, X)) = (201x1, ..., 20 x,,),
2605 (x1, .. xm) = (5%, ..., 20,

where j; = a;jand k; = bjkfori =1,...,m.

As pointed out in [Wu], the weighted theory of function spaces is closely related
to the family of acceptable rectangles, which nicely reflects the geometry structure of
RN with mixed homogeneities. Throughout this paper, all rectangles are assumed
to have edges parallel to coordinate axes. We say that a rectangle R is acceptable if
R =1 x ---x I, where each ; is a Euclidean cube in R"™ with side-length ¢(I;) =
20iVhi = 2@Vib 1 < j < m for some j,k € 7. Denote by Ry the set of all
acceptable rectangles and by R% the set of all dyadic acceptable rectangles. Let fRZb;k
be the subset of iR‘fg that consists of all dyadic acceptable rectanglesR = I; X -+ - X I,
with side-length £(I;) = 2/Vki 1 < i < m.

The maximal function and Muckenhoupt weights associated with different ho-
mogeneities were introduced in [Wu] as follows.

Definition 1.1 The maximal function associated with different homogeneities is
defined by

M (f)(x) = sup %/If(y)ldy-
R}Ezgzxtg‘| | R
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Definition 1.2 Let w be a nonnegative locally integrable function on RY. For 1 <
p < 00, we say that w is in Af(lR{N ) if there is a constant 0 < C < oo such that

1 1 p—1
= dx) ( — —Hr=Dg <C.
2o (g /RW(’C) %) (1 /RW(") x)

We say that w € AF (RV) if there is a constant C > 0 such that
Mg (w)(x) < Cw(x), for almost every x € RN

The weight class AZ (RV) is defined by A% (RY) = U, <, Ay (RY). We use g,, =
inf{g: we A:f(]R(N )} to denote the critical index of w. For any subset A C RY,
denote w(A) = [, w(x)dx.

Let R(;) denote the set of all “cubes” associated with o; (i.e., rectangles with side-
length (271, ...,2/") for some j; € Z) and similarly for R,). Associated with o;,i =
1, 2, the anisotropic Hardy-Littlewood maximal function M(;y and the Muckenhoupt
weight class Ag) can be defined by replacing R¢ with R(;) in the definitions above.

Let w be a weight function (i.e., a nonnegative measurable function) on RY. The
characterizations of the Muckenhoupt weight class Af(]R{N ) are given by the follow-
ing theorem.

Theorem 1.3 ([Wu]) Suppose 1 < p < oo. Then the following four statements are
equivalent:

(i) weAFRN);

(i) we AP NAPRN);

(iil) My o M(a) is bounded on Li,(RN) or on LL, (04 RN);

(iv) M is bounded on LE,(RN) or on L5, (£9; RN).

The singular integral operators considered in this paper are defined as follows.

Definition 1.4 A locally integrable function X;,i = 1,2 on RN\{0} is said
to be a Calderén—Zygmund kernel associated with o; if for any multi-index a =

(aqy .oy aum),

(1.1) 10K (x)| < Alx| 7Vl for x € RN\ {0},
and

(1.2) ‘/kxwr Ki(x)dx| <C, uniformlyforallr >4 > 0.

The Calderén—Zygmund singular integral operator associated with o; is defined by
Ti(f)(x) = pv.(XK; * f)(x), where K; satisfies conditions of (1.1) and (1.2).
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Whenw € A , the composition TyoT, isboundedon L%, 1 < p < o0, butin gen-
eral, it is bounded neither on HY, (1) DOT ON H (). Recently, in [Wu], new weighted
Hardy spaces associated with different homogeneities were developed and weighted
norm inequality in H%AW was established. The main goal of this paper is to char-
acterize the dual of the weighted Hardy spaces H%‘W and prove the boundedness of
composition operator on the dual spaces. We would like to mention that characteri-
zations of product BMO spaces have been established earlier by many authors (Chang
and Fefferman [CF1, CF2], Krug and Torchinsky [KT], Ferguson and Lacey [FL],
Lacey, Petermichl, Pipher, and Wick [LPPW], etc.). We will provide further details
regarding these earlier works in what follows.

We now introduce the weighted Carleson measure spaces associated with different
homogeneities. Our crucial idea is to use the family of acceptable rectangles to define
the weighted multiparameter Carleson measure. More precisely, let (V) € S(RN)

satisfy

(13) supp ¥(0(€) C {€:1/2 < |¢] < 23,
and

(14) Y @@ 0 6) =1, forall € RM\{0},

jer

and let @ € $(RV) satisfy

(1.5) supp Y2)(€) C {¢:1/2 < |¢| < 2},

and

(1.6) Y D20, 8) =1, forallé € RN\{0}.
kel

Let ¢ = 1/1§1) 1>, where
V) =27 N2 0 x) and ¢ (x) =27y @ (27K 0y x).

We now formally define the weighted Carleson measure spaces CMO%WUR{N ) as fol-
lows.

Definition 1.5 Suppose 0 < p < landw € AZ (RV). Let % x be defined as above
and f € 8'/P(RY) (the space of tempered distributions modulo polynomials). We
say that f belongs to CMOY,  (RN), if

>y 'If}'z)w,k f(xR)lz} < oo

771
(w(Q)]? JkEZ R :R]k
RCQ

I1f HCMOQ’W(]RN) = sup{

for all open sets  in RN with w(2) < oo, where xz denotes the minimal corner of
R, i.e., the corner of R with each coordinate component attaining the minimal value.
When p = 1, we denote by BMO? the space CMO., ,,.
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Note that multiparameter structures are involved in the definition of Carleson
measure spaces. These new multiparameter structures are described via the family
of dyadic acceptable rectangles, which nicely reflects the mixed homogeneities of the
underlying space RY.

To see that the weighted Carleson measure spaces are well defined, we need to
show that the definition of weighted Carleson measure spaces is independent of the
choice of 9); x. This will follow from the next result.

Theorem 1.6 Let0 < p < landw € A (RN). Suppose that 1 = 1[1}1) * w}({z)
are defined as above and p = gog.l) * go,(f) satisfy the same conditions as 1 . Then for
f €8/P(RN),

HfHCMOI%%W(RN) ~ HfHCMO%‘fW(]R{N)‘

Before stating the main results of this paper, let us first recall the definition
of weighted Hardy spaces H%’W introduced in [Wu]. For f € 8'/P(RN), the
Littlewood—Paley—Stein square function g« ( f) of f was defined by

ge(f)x) = { > |wj,k*f(xR>|2xR(x>}z,

jkEZ ik
IKEL ReRL;

where xz denotes the minimal corner of R. Let 0 < p < coand w € A;";(lR(N ). The
weighted Hardy space HZ, | (RN) was introduced by

HE, (RY) = { f € 8'/P(RY) : go(f) € LLRY)}.

The H%"W(]R{N) quasi-norm of f was given by Hf||H<pg_W<]R{N) = gz (Nl vy
The main results of this paper are as follows.

Theorem 1.7 Let0 < p < 1 andw € AZ (RN). Then
(HL ,(RY)) " = CMOL | (RM).

More precisely, if g € CMO%YWGR(N), the mapping {, given by L,(f) = (f, ), defined
initially for f € 8o (RY), extends to a continuous linear functional on H%‘ W(]R{N ) with
1] ~ ||g||CMO;% mv)- Conversely, for every £ € (H%"W(]R{N))*, there exists some

g€ CMO%’W(JR{N)Y so that { = {g. In particular, (Hy, ,,(RN))* = BMOY (RV).

Theorem 1.8 Let0 < p < landw € Afo(lR{N). Suppose that Ty and T, are
Calderén—Zygmund singular integral operators as defined in Definition 1.4. Then
the composition operator Ty o T, is bounded on CMO%,W(IR{N ), in particular, on
BMO« ,,(RN). Moreover, there exists a constant C such that

T2 o T2(Nllemor, avy < Clifllemor, -
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Remark 1.9 It is worthwhile to point out that the homogeneities considered in
this paper are more general than the ones considered in [PS, HLLRS]. The weighted
endpoint estimates for the operators studied in [PS] are thus given by a special case
of Theorem 1.8. Moreover, if o; = o, = o, our results also cover the classical ones
in [Ga, ST,LLL]. We also point out that if the regularity condition (1.1) is weakened,
then the result in Theorem 1.8 continues to hold for certain range of p.

Finally, we make the following remarks.

To prove Theorem 1.6, our strategy is to use the discrete Calder6n reproducing
formula (see Lemma 2.3) and the geometric argument involving certain annuli de-
composition of the set of acceptable rectangles (See Sections 3 for more details).
These ideas will also be used in the proofs of the other main results.

To establish the dual of H'(R? x R2?) with BMO(R? x IR?), Chang and Fef-
ferman [CF1] invoked the bi-Hilbert transform characterization of product Hardy
spaces. Krug and Torchinsky [Kr, KT] described the dual of weighted product Hardy
spaces HL(R2 x R2) in a quite different way, and the method employed there re-
lied on atomic decomposition characterizations of Hﬁ(Ri X ]R{i) and Journé’s cov-
ering lemma. Journé’s proof in [Jo] that a class of product singular integrals maps
L (R" x R™) boundedly to BMO(RR" x R™) also invokes the covering lemma of fun-
damental importance. However, these methods cannot be applied to our case, since
these characterizations for Hfg‘w and Journé’s covering lemma in our setting are still
absent.

We shall use techniques of weighted sequence spaces to prove Theorem 1.7. To be
more specific, we first introduce weighted sequence spaces bl the lifting operator
L and the projection operator T. We then show in Theorem 4.2 that ch is the dual
space of sP. The Hp — sP boundedness of £ and CMO% i £ boundedness of
T are then estabhshed in Theorem 4.3. The proof of Theorem 1.7 then follows from
Theorems 4.2 and 4.3.

To prove Theorem 1.8, we first note that CMOZ,  (RN) C 8’/P(RN). Thus the
composition operator T} o T, may not be well deﬁned on CMO (RY). Therefore,
to prove Theorem 1.8, we first have to define T; 0 T, on CMO (R {N ). Recall that the
key method used in [Wu, DHLW] to derive the boundedness of T, o T, on weighted
Hardy spaces is based on the denseness of L? in weighted Hardy spaces. Unfortunately
this method is not directly applicable to the current setting, since L*> N CMO%{W is not
dense in the CMO%‘W norm. However, a weaker version of the density result holds.
Namely, L* N CMO% , is dense in CMOY, | in the weak topology (H, ,, CMO% »)
(see Lemma 5.1). This implies that T} o T, can first be defined on L2 N CMO% ,and
then be extended to CMOP . Furthermore, to show the boundedness of T} o T, on
CMO%‘W, it suffices to estabhsh the boundedness on L ﬁCMO%_W. The boundedness
on L2 N CMO%’W can be achieved by applying the Calderén type formula and the
geometric argument.

The paper is organized as follows. In Section 2, we give some lemmas. The proof of
Theorem 1.6 is presented in Section 3. Section 4 is devoted to the proof of the duality
of H(F ,, with CMOI; - In Section 5, we establish the boundedness of composition
operators on CMO
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2 Some Lemmas
The following lemma can be proved as in the classical case; see [St, GR].

Lemma 2.1 Supposew € AZ (R") and q > q,,. Then there exist 0 < Cy,C,,8 < 00
such that for all acceptable rectangles R and all measurable subsets A of R,

Al w(A) Al
< —Z
CI( |R|) w(R) ~ C2 ( |R|>
In particular, the measure w(x)dx is doubling with respect to acceptable rectangles.

Lemma 2.2 Letw € AZ (RN). Then for all acceptable rectangles R and R’ and for

q> qw
R’) Ll e x; — x| ™
w < H | | | ’| 1+ M )
w(R) [ | |1i] oI v eIy
Here and in what follows, x;, and xr denote the minimal corners, and ((I;) and ((I])
denote the side-lengths of I; and I/, respectzvely

Proof Note thatfori =1,...,m, I C A;I;, where

UV O + [x, — x|
e 400 ’

with C being a constant depending only on the dimensions. This implies R’ C R,
where R = C[(A1]}) X - -+ X (Anly)]. Then by Lemma 2.1, for any g > q,,,

w(R') _ w(R) <C{|R|} 1 ot [K(L-)vé(li% |x1, —xz;] "
1=1

w®) ~ wR) ~ ||R| oI;)
m L] |I |11 o, — x| 774
1+ .
=cll [ o LT e v
Hence the proof of Lemma 2.2 is concluded. ]

Let Soo (RN) be the set of all f € S(RY) satisfying
f(x)x%dx = 0, for all multi-index a.
RY

One of the key tools in this paper is the following discrete Calderén reproducing
formula. The proof is essentially the same as that of [HLLRS, Theorem 1.3] and thus
will be omitted. For the classical case, see [Ha, FJ, FJW].

Lemma 2.3 Let1);; = ¢(1 *¢k satisfy (1.3)—(1.6). Then

F =" > Rk * fxr)thalx — x),

JKEZ peRik

where xg = (xi,, . . ., X1,) is the minimal corner of R and the series converges in L*(RY),
Soo(RN), and 8' /P(RN).
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Throughout this paper, for j, k € 7Z, letj = (j1,..., jm) and k = (ky, ..., ky).
The following almost orthogonality estimate will be frequently used in the sequel (see
[Wu, Lemma 3.1]).

Lemma 2.4 Let1;; = z/;§1) * w}({z)7 ik = gogl) * <p§c2) satisfy the conditions (1.3)—
(1.6). Given any positive integers L and M, there exists a constant C = C(L,M) > 0
such that

(jiVj] VK vk M
WM*@ﬂW@N<C2m}HQ|mkMrI 2

i=1

(zjkV]k\/k VK 4 |xi|)n,'+M'

Remark 2.5 The almost orthogonality estimate also holds if the functions
@, ] 0@ only satisfy moment conditions up to order M,

/ O (0xdx = 0 = / eV (y)y dy
RN RN

for any multi-indices ||, |5] < My, i = 1,2. In this case, the almost orthogonality
estimate indeed holds forall M > 0 and all0 < L < M, + 1.

The following useful estimate is also needed; see [Wu, Lemma 3.2].

Lemma 2.6 LetR € fR%k. Then for any x € R, xg = (x1,,...,%1,,) € R xp/ =
(xp7,- -+, x1;) € R and for any M, § > 0 satisfying 3 < 6 <1,

2M(j,-\/j,.’vk-\/k.’)

Z | ||:H 2],V] !VkiVk! +|X —x,|)ﬂ+M:| |g(xR/)\

RIERY
m 11 g 1
<c{Il[z"0 " vi] } {Mg[( > gl ](x)} :
i=1 iR)/ ¥
where the constant C depends only on M and the dimensions ny, . .., fi,.

Proof of Theorem 1.6
ForR=1 X XL, R =1/ x --- x I' € RL set

m nk
R R =11 { || || A ||§ H

i=1

no__ o 1
PRI = iy v ey e, — s e

where xg = (xy,, . .., xy,) is the minimal corner of R and ¢(I;) denotes the side-length
of I; and similarly for xg- and ¢(I/). For R € fRfé;k and R’ € fRZg’k , denote

Sk =[x * fr)]>  Tre = |@jrar * flxr)|*
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For any L,M > 0, applying the discrete Calderén reproducing formula in Lemma
2.3 and the almost orthogonality estimate in Lemma 2.4 yields

1
Sk = ’ Do D IRk Sl ik oy (r — xr0)

IR g e

Z Z o= L{li—j" I+ [k—K"[})

",k'EZ i’ k!
J R'eRL

A

|R/|2(jivj,./vkivk,.’)M

m
il;ll (20iVI{VKVK 4 |x, — in/|)"f+M sk o)

S Y fRR)PRR)T.

i’ k' €E7. ik
] R'eRL,

Squaring both sides first, then multiplying by IR|*[w(R)] ™!, adding up all the
terms over j,k € 7Z, R € R! ’k,R C , and finally applying Hélder’s inequality,

we obtain

G DD RPIWR)] TS

J-keZ RE:R{;

RCQ
172
SN REWRITT DT ST AR ROP(RR)T ]
JkEZ ReRI j’,k’EZR/GZR%’),k/
RCQ
SO REW®IT Y > AR RIPRR))
j’kEZReJQ{;; j/,k’EZR/E:R{K’,k’
RCQ '

x [ > % r(R,R’)P(R,R’)TR,].

Ik EL R eRil K
Note thatfor y = (y1,..., ym) € R, €I + [y, —xp/| = L))+ |xp,—yil, i = 1,...,m.
Consequently,

z(j,‘\/jl/\/k,‘\/ki,)M

m
E P(R,R) ~ E 11 — dy;
’ ! o i=1J1 (211\/]{ VRVE + |in - yil)niJrM
R'ERL R'ERL

m 2V ViV M
:/ (H iVl VkiVk! i M)dy Sl
jy Njop (IVIVEVED 4 — ] )it

It follows that
G2 > Y ARRIPRR)S Y 2RI <y,
j',k’EZRle:R{’.k’ j’,k'EZ

€
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For R, R’ € R%, by Lemma 2.2, we also have

/ +2 niq
2 -1 < |p/2 =1 T M |Ii|}q [ Ix’i_x’/| }
63) et s prweor | g ] [ o)

Combining the estimates in (3.1), (3.2), and (3.3) yields

ST 3T RPWRI TS <

-~ .
JKEZ ReRi}

RCO
SN 3 Y IRPIWR))THR,R)P(R,R) Ty,
FREL RERI I K €L 1)/ M
RCQ )
where
A N A1 e
RR)=T[| 7 AT ,
=L 1]
~ m 1
P(R,R) =]

B3 (U [0 v EaDT g, — xp rdi=ma®

Note that in the above inequality, L and M can be chosen arbitrarily large. Conse-

quently,
1
G4 sup{ ———— S REWR) S} S
Q [W(Q)]P REﬁng
RCQ

1
sups ———— IR"*[w(R")]~'#(R,R")P(R,R") T/ ¢ .
“ { (w1 Rgt;i‘gRgﬂgfg ' }

RCO

Here and in what follows, ZRGR% means )., ZRQR%" and similarly for ZR/GR,%.
Now to finish the proof, it suffices to show that the last term in (3.4) is majorized

by
1 _
Sgp{j Z |R/|2W(R/) ITR/}.
7 L@
R'CQ

We point out that r(R,R’) and P(R, R’) characterize the geometrical properties
between two acceptable rectangles R and R’. Namely, when the difference of the sizes
of Rand R’ grows bigger, (R, R") becomes smaller; when the distance between R and
R’ gets larger, P(R, R") becomes smaller. The following argument is quite geometric.
To be precise, we shall first decompose the set of dyadic acceptable rectangles {R’}
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into annuli according to the distance of R and R’. Next, in each annuli, precise esti-
mates are given by considering the difference of the sizes of R and R’. Finally, add up
all the estimates in each annuli to finish the proof.

We now turn to details. For j,k € ZandR=1; x --- X I, € fng, let

Rj,k = (zleklll) X oeee X (zjm\/kmlm).

Denote Q7% = URgz 3R; k. For any dyadic acceptable rectangle R C Q2 and j, k € Z,,
let

A o(R) = {R' € RL :3R' N 3R # o},

jo(R) ={R" € Ry : 3R}, N3R # @,3R]_, ;N 3R = &},

yr(R) ={R" € RY :3R), N 3R # @,3R),_; N3R =2},

Ak (R) ={R' € R% : 3R}, N3R+# @,3R]_,, N3R=2,3R}, | N3R=0}.

Note that for any R’ € RZ and for any R € R% contained in 2, there exist j,k € N
such that R" € &7j ((R). Therefore {R"} C Uj ren/jx(R). Hence,

W Z Z |R ‘2W(R) 11’(R R’ )P(R, R Txs
w

RERYL R'eRY,
RCQ
= 7771 S IRPwWR) TR, R)P(R, R') T
[WD]" ™ xR Edtpo®)
RCQ
FD o D D RPWR) TR RDPR RO T
JEL, W( )] Re:Rd R’ €et;o(R)
RCO
+3 ——— 3 > IRPw(R)T'r(R.R)P(R,R)) Ty
keZ, W(Q)] REiRd( R’ €ty 1(R)
RCQ
Y —— > > IRPwR) TR R)P(R,R) Trr
JKEZs [W(Q)] RG(R"’ R’ €7 1(R)
RCG
=I1+I1+II+1V.

We only estimate the terms I and IV, as terms I and III can be handled similarly.
To simplify notation, in the sequel, we always assume R, R’ € fR‘fg.

Estimates for I Denote %y, = {R’ € iR% :3R'NO £ &} Forany R’ & %, we
have 3R’ N Q%° = @. Thus for every R C €2, 3R’ N 3R = &, and thus R’ & o7 o(R).
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This implies that URgQ oo C HBoo. Hence

1

1< — Z Z IR"Pw(R")"'r(R,R")P(R,R") Ty
(w(ED]? ™ ricgmor RRCO
R’ € 0(R)
For each integer h > 1,let F° = {R’ € %y, |3R' N Q| > 1/2"|3R’ |} Denote

DgO — 3"2 \3"281 and Qg = UR'ei)g'o R’. Observe that %y = >, D h' and that

P(R,R’) < 1 for any pair of dyadic acceptable rectangles (R, R’) with R’ € % and
R’ € % (R). Thus

(3.5) 1< 7_12 S IR PwR) TR, R ) Tr.

(Q) h>1 R’CQOO R:RCQ
R'€2,(R)

We now estimate

> rRR)

R:RCS)

R’ € (R)
foreachh € Z, and R’ C Qg‘o. Note that R’ € % ¢(R) implies 3RN 3R’ # &. Using
an idea of Chang and Fefferman in [CF1], for such R, we consider the following three
cases:
Case L: [[| > |Ii|, || = |- .., L] = [Lnls
Case 2: |I/| > |L;| fori € Aand |I/| < |I;| fori € B, where A, B are nonempty subsets
of {1,...,m}and B={1,...,m} \ 4;
Case 3: |I]| < |Li|, || < |L|,--- |10, < |Ln-

We first consider Case 1. In this case, we have
IR| < |3R" N 3R| < |3R' N QY| < 217M3R| < 272N |R|,

which implies that |[R’| = 2"=2N=1*Y|R| for some integer § > 0. For each fixed 6, the
number of such R’s must be less than C(6 + h)N2/*". Consequently,

3 KRR < cZ(zg%) 0+ N2 < coi

RECase 1 0>0

where L’ =L — (N +1) > 0.

We next deal with Case 2. For A = {i,...,i;} and B = {i1,..., iy}, we denote
In =1, x---xI,Ig =1, x---xI andsimilarly for I{ and I}. ThusR = I4 x I
and R’ = I’ x If. Tt is easy to see that

LARELS Y
[Lar| 228 |31’\

|3R’| < |3RN3R'| < 2'7"3R/|,
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which implies that |I}| = 20*"=2N=1|1,| for some integer 6 > 0. For each fixed 6, the
number of such I’s must be less than C(6 + k)N - 20+, Similarly, |I| = 2*|I}] for
some integer A > 0. For each fixed A, 315 N 3I}; # & implies that the number of such
Ig’s is less than 5. It follows that

> Ry <c >N Mﬂ) (0 + N2 < co

ReCase 2 0>0 A>0
We finally handle Case 3. In this case, we have
IR’ <|3RN3R'| < |3R' N Q™| < 2!713R!| < 2!7M2N|R/),

which implies that & < 2N + 1. Since in this case [R’| < |R|, we have |[R’| = 2?|R| for
some integer § > 0. For each fixed 6, the number of such R’s must be less than 5.

Therefore, .
> Ry <cY(5) P <c

ReCase 3 0>0

Now we rewrite the right side of (3.5) as

SY (X Y Y Jwr =

771
W(Q) h>1R/CQOU RcCasel R&Case2 RecCase3

L +0L+ 1.
Note that for x € QZ"O, there exists a dyadic acceptable rectangle R C QZ’O such
that x € R. Therefore, M (qoo)(x) > |3R’ N Q%°|/|3R’| > 27" Applying the
LL(RN) boundedness of My with q € (g, %) and Lemma 2.1 yields

w(2°) < w( {x: Me(xa)x) > 271 < 27w(Q°0) < 27w(Q).

This, together with the estimates in Case 1 and Case 2, yields

L+L<C 7_12 Z 2’ |1(2R‘/ »

(w(E)]» h>1Rrcal

<c722 M ()] : > R 7

IR (0)) K~ (@)1 o VR H

<C S 2 ) ()] sup - > R
Wi = a @] g wRY

1 ‘R/|2

<cC Tx,

T @ R/%w(R') :

https://doi.org/10.4153/CJM-2013-021-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-021-1

Weighted Carleson Measure Spaces 1395

where in the last inequality we have chosen L’ large enough so that

do2aemiti<c

h>1

For I3, note that in this case, h must be less than C = 2N + 1. Hence,

R .
L <C Z Z wR) Tr

W(Q)] 1<h<cR,CQuo
1 0,0y12—1 1 |R/\2
SC——m Y WO T —ry ~Tr
[W(Q)]E_l 1§zh;C " [W(Qz'o)]g_l Rgz.o w(R") !
<c CY M e s Ly RE,
w1 52 w2~ o wRY

<Csup ! Z R Tg:.
(W@~ o wRY

Altogether, this yields

1< Csup ! Z |R/‘/2 Tg:.
W@ Sy YR

Estimates for IV For j, k > 1, set

ajr = 77_1 S > IRPWR) TR, R)P(R,R)) Ty,
(wED]? ™ rcarréa,m
and
Bir={R": 3R}, NQ" # o}
Recall that

Ak (R) ={R' € Ry : 3R}, N3R # @, 3R], ;N3R =2, and 3R}, | N3R = o}.

Forany R’ ¢ Z;r, we have 3R} N Q%" = @. Thus for every R C Q, 3R}, N3R = &,
which implies that R’ ¢ ,szfj,k(R) Therefore URgz i (R) C B Hence,

1
ajp < ———— Y > |R'PwR) 'R, R)P(R, R') T

(w(Q)]» R'€Bj; RRCQ
R'€oj((R)
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Let
Fi¥ = {R € Bjx: 3R}, N Q") > 1/2"3R 1]}, h >0,
DI =g \NFE  h>1, DI =0, and

Of= U R,R>1
R'eDI*

Note that %; = Uth @{;’k. Thus,

S > IRPwWR) TR, R)P(R,R) T

771
(Q)] h>l R/ele RRCQ
" R'€ai(R)

(36) aj7k < —

Note that R" € 7j ((R) implies that
lxi, — x| > 27V v 0T, fori=1,...,m.

As for the estimates for I, we consider three cases:

Case 1: [27VRiTf| > |L|,. .., [20»Vke) | > |15

Case 2: [2/VkI/| > |I;| for i € A, and |2/VKI/| < |I;| for i € B, where A, B are
nonempty subsets of {1,...,m}and AUB = {1,...,m};

Case 3: |21Vh!| < |L|,. .., |20"Vke! | < |L|.

We rewrite (3.6) as

ajr < T Z Z IR'*w(R") ' Tg/

W(Q) h>1 R/EDJk
>+ Y+ Y )RRIPRR)
ReCasel ReCase2 ReCase3

=ajrtajkt+ajis
We first handle the term a;x ,. For each h > 1and R’ € D{l'k, we estimate
> r(R,R")P(R,R).
RECase 2
Let A ={i,...,4;} and B = {ijy1,...,inm}. Set

IA:IilX-'-XI,'I, Ig=1;

L1

XX I
and similarly for I} and I};. Thus R = Iy x Igand R’ = I} x I}. For each j, k > 0, set

g = 2R o

_ 2]1+1Vk1+11 N ZJkamI

Im "

IB]k
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Then R]/'A,k = If/\,]}k X I B,j k- Let js = ],ln,l B j,-lnil and jB = jim Ny, T+ jimn,-m
and similarly for k4, kB, (jVk)gand (jV k)B.
Note first that [I4 x Iy ; | < |3R} N 3R|. Thus

|14
1313 4l

3R: .| < |3R:, N3R| < |3R,, NQ*| < 3R 4,
ok jok ok

2hl

which yields

2L < 3V ) < 2V

We now consider two subcases.

Subcase 2.1: |I;| > |I4]. In this subcase, since 2"~1=UVRa|1,| < |I4], we have |I}] ~
2h=1=GVRatn 1, | for some integer n > 0. And for each fixed #, the number of such
I’s must be less than < (n + h)N2"*",

Subcase 2.2: |I;| < |I4|. In this subcase, we have |I{| < [Is| < |I} ;[ So 2"|I;| = |4
for some integer 7 satisfying 1 < 7 < (j V k)4. Moreover, for each 7, the number
of such I,’s must be < 1. Moreover, we have 2"~ 127 |1} | = 2"=1|I,| < 2UVRat2N| /|
which implies that & < 2N + (j V k)4 — 7. Note also that

FZI ( o, — in/|> S ( o, — x| E(Ii/)> > 2(Vhn A > 2(Vha
=i o1) =i o1y o) - A

In Case 2, |I ; ;| < |Ip| implies that 20VRstR| I ~ |I5| for some x > 0. And for
each fixed k, the number of such Ip’s must be < 1 since 311’37]‘7,( N 3Ig # . These
considerations imply that for M > L,

> r(R,RP(R,R')

Subcase 2.1

< Z <|IA>L(|I{3|>LIAI< |x1i_xji,|>(l+M)
- Subcase 2.1 |IA‘ |IB| i=1 E(Izl)

5 Z (n+ h)N2n+h27[hflf(j\/k)A+n]L2f[(jvk)3+/<,]L27(1+M)(ij)A
n,k>0

2 hL’ 2~ [GVRAIIM—=L]5— [(]Vk)B]
and that for M > NM’

> r(R,R)P(R,R')

Subcase 2.2
< ¥ (W>L(%>L ﬁ(l N |x1—x1|> o
- Subcase 2.2 |IA| ‘IB‘ i=1 (1)
(jVE)a

Z Zz—an [(]vkn+n]L2— [(jVk)a—n]

=1 k>0
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(jVk)a
< Z zfﬁszM/ [(]\/k)A —7] zf(jvk)BL
n=1

< 2 L(]\/k)AZ ]\/k)

To estimate a; x>, we write

Ajr = 7_12 SR PwWR) T T

(Q) h>1 R’EDM
x ( DY ) r(R,R")P(R, R')
R€ESubcase 2.1 RESubcase 2.2
=ajk21tajk22-

Note that for x € Q,ﬁk there exists a dyadic acceptable rectangle R C Qilk such that
x € R, and therefore M (xao0)(x) > |R}; N Q|/|R} ;| > 27" Thus, applying the

L, boundedness of M with g € (g,,, %) and Lemma 2.1,

W(Qi’k) < w({x : M (xqoo)(x) > 2—h}) < 29M(Q00) < 29M(Q).

Combining the above estimates yields

1 _
921 S T 3 2 Mg IGVRAIM =Ly = [GVRRIL [y 1K) )7~

Ao~

(w(@)]r =1
1

X e O KPR T
h P

rRICOt

<1 S 2 VRN Ll (GRS a1 [y )]
()]

1
X supiil Z |R,|2W(Rl)71TR/
n W@ o

S/ 2*[(j\/k)A][M*L]2 ]\/k)B]L pi,,l Z ‘R |2W(R )~ ITR/
a QP 5
and
2N+(jVk)a
Gikar § ——r D 27O OVINL ) -
R2C0))

1

X O KPR T
h p

R,gﬂi.k
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< b GVRAIL-N=a@/p =1y (VR )] 3

~ [w(sm%—l

X sup 71 Z IR"*w(R") ™ Tgs
(w()]»~ RICT

— 9~ 1GVRAIL" 5 =1(jVi)sIL sup

> IR PwR") T T

W@ S

Combining these estimates yields that for M > L > q(% —-1)

Z“;k2< Za]k21+2a]k22Nsup ﬁ‘z Z‘R |2‘W(R) ITR’-

j.k>1 j.k>1 Jk>1 | R’QQ

Using the same skills as above, we can also get

Za]kl+a]k3<sup Z IR"*w(R") ™ Tg:.
]kZl | P R/gn

This gives the desired estimate for IV, and hence Theorem 1.6 follows. ]

4 Duality of Hf  (RY) with CMOZ, | (RV)

The purpose of this section is to prove Theorem 1.7. To this end, we first introduce
weighted sequence spaces associated with different homogeneities.

Definition 4.1 Let0 < p < landw € A% (RN). The weighted sequence space
sh(RN) is defined to be the collection of all sequences s = {sr} such that

1
_ 2
e = [{ £ X bR}

JkEZ ReRI

< 00.
LE(RN)

The weighted sequence space ch(RN) consists of all sequences s = {sz} such that

R\ ?
sl vy = up{[(m]_l Z Z R|2W(R)} =00

JkEZ ReRit
RCO

where Q runs over all open sets in RN with w(Q2) < oo.

The duality theorem for the weighted sequence spaces is as follows.

Theorem 4.2 Let0 < p < 1landw € A% (RN). Then (sh(RN))* = ch(RN). More
precisely, for every t = {tg} € ch(RN), the mapping

s={sg} — (s,8) = ZstR
R
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defines a continuous linear functional on sh,(RN) with operator norm 11l (o2 vy =
[£]] 2 ey and conversely, for every £ € (sh(RN))*, there exists a unique t € ch(RY)
such that L({sr}) = (s,1).

Proof We first prove that ch(RN) C (sh(RN))*. Suppose t = {tz} € ch(RN). For

s € sh(RN), set 1
S@wz{XjZﬂm%me}z

k€L ReRIL
Fori € Z, set
Qi = {x € RN : G(s)(x) > 2'},
Qi = {x € RN : Mg (xo,)(x) > 1/2},
B, ={ReRL:[RNQ| > 1/2|R|, RN Q1| < 1/2|R|}.
If x € R € B;, then

1 RN
Me(xo)(x) > 7/)(9,-()’)61)’: | | >
IR| Jx R|

1
2 7
which implies

(4.1) U RC Q.
ReB;

Moreover, for g € (g, 00), by the LL(RY) boundedness of M,
(4.2) w(€) S w(Q),

and in view of Lemma 2.1, for each R € B;,

>

43) wRN (4 \ Q1)) wR\ Qi) o |:|R\Qi+1:|q 1
) 2 et

w(R)  w(R) R|

Suppose t = {tz} € ch(RN). Applying (4.1), (4.2), (4.3), and the Cauchy—
Schwarz inequality yields

5%

— =
JkEL ReRI

Z/Z Z |tR| R |5R||R‘ 2XR(X)W()C)dx

iez Y U\Qin pep,

1

R * ) :
= Z{ > |tR|2w(R)} {/sii\ﬂ > Isel*IR 1XR(X)W(x)alx}

i€Z N RCQ il ReB;
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Sl D (€% ”2{ 9(s)(x)]2w(x)dx}

[1VA

= [ltllglls

l
~

<Clelle Y 2 w(2)]

i€

5W

proving the inclusion ¢, (RN) C (sh(RN))*.

The converse can be proved similarly to that given in [FJ] in the one-parameter
setting. If £ € (sh(RN))*, then it is clear that £(s) = > rSeir for some t = {tz}.
Now fix an open set Q C RN with w(£2) < co. Let i be a measure of IR’% such that
w(R) = [w(Q)]'~¥?|R|[w(R)] "' if R C Q, and otherwise 1(R) = 0. Set

{se} e = { >y |5R2[W(Q)]12/P|R|[w(R)]1} y

JKEZ pegik
RCQ

Thus

{ (w(Q)]F~ DIDIR (R)};

JkEZ ReRIL
RCQ
= ||t||/ZZ(Q,,u) Sup Z Z SRfR[W(Q)]l_Z/P|R|[W(R)]_l
Isll 2 IR ]kExLREJQM
RCS
<lel sup || selw@) PRI (R !
HSH;Z(Q,H)Sl w

where s = {sg}, s = 0 if R is not contained in €. However, for such an s, by Holder’s
inequality,

H se[w(Q))=/?|R|[w(R)] !

1

= { / > > sR|2[w<Q>12—4/PR|[w(R>]—2xR(x>1‘z’w<x)dx}P

j.kez RE :R{;
RCQ

1

< W) H{ / ST sl IR [w(R)] XR(x)W(x)dX}
JKEL ReRIE
RCQ

= [Islle@m < 1.

This shows that [|£[| » g~y < [|€]| and thus ¢ € ch(RN). Hence the proof of Theo-
rem 4.2 is concluded. ]
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In order to use Theorem 4.2 to show Theorem 1.7, we define the lifting operator
L(f) for f € 8'/P(RN) and the projection operator T(t) for a sequence t = {tz}
respectively by

L(f) = {|IRI*¢;x * f(xr)} = {sr}

and

T = > > [RIjalx — xp)tx,

i,kEZ jok
JRE€L Re R

where 1); x and xg are the same as in Definition 1.5.
To prove Theorem 1.7, we also need the following theorem.

Theorem 4.3 Let0 < p < landw € AL (RN). Then the lifting operator L is
bounded from H%yw(]R{N ) to sh(RN) and from CMO%W(]R{N ) to ch(RYN), the projection
operator T is bounded from sh,(RN) to HL, (RN) and from cl,(RY) to CMOL, | (RYN).
Moreover, T o L is the identity on H%’W(]R{N) and CMO%’W(RN). ’

Proof The boundedness of £ from HY,  (RY) to sh,(RY) and from CMOZ, | (RY) to
ch(RN) follows directly from Definition 4.1.

We next show that T is bounded from s (RN) to H%W(]R{N ). The proof is similar
to that of [Wu, Theorem 1.2]. Let ¢+ = {tg}. Applying the Calder6n reproducing
formula in Lemma 2.3, the almost orthogonality estimates with M > N[(q,/p —
1) V0] and L = 10M, Lemma 2.6 with M; = M, and the Lﬁ,/é(ﬁz/‘s) boundedness of
Me in Theorem 1.3, we have for some N/(N + M) < 6 < (1 A p/qu),

176 s,

- H{Z 2. ‘ IO /IR/|¢j,k*¢j’,k’(xR_xR/)tR’|R/|7% ZXR}%

. ; ' k'€l ik
FKEz g 1K €l R em)]

L

z—sMnj—j’uz—SMnk—k’n)
jkez 1K EL

1

x (3 2SI (v [ IR et )
jrier weR

Ly

<|{ £ et £ griwrai}

jrker  RERy

% ariw)

i’ k'€l jik
JLKELR eR

Lk

N

P
Sw

= Is
»

Finally, we prove that the operator T is bounded from cf,(RY) to CMO%AVW(]R{N ).
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Suppose t = {tz} € ch(RN). We have

S Y e TP s =

JkEL ReRI}
RCQ

2 1p2
2 2 (Z 2 Wf’k*wk/(x}e—an-rR/-|R'|z> %

— o\
JkELReRI} © JKEL ReRIE
RCQ
Using the same skills as in Theorem 1.6, we can obtain

| 3
e 2 e |

[w(€D)]?

~ ||t

P (RN)*

[Tl emor,  wvy S SUP{
0

The fact that T o £ is the identity on HZ, , (RN) and CMO(g (RY) follows directly
from the discrete Calderén reproducing formula in Lemma 2.3. This concludes the
proof of Theorem 4.3. ]

Now we are ready to give the proof of Theorem 1.7.

Proof of Theorem 1.7 We first prove the inclusion CMO%’W(]R{N ) C (H%YW(IR{N )*.

Letg € CMO%W(]R{N ). For f € 8 (RY), define the mapping £, = (f,¢). By Lemma
2.3 and Theorems 4.2 and 4.3,

DI =1F =1 D IRPw i faw)[RIZ) * g(x)]

JkEL RCRI%
=[(L(), L) <

< C”f”H{%VW(]R(N)”g”CMO‘%_W(RN)?

£(g) ||c5(1R{N

b (RN)

where we have chosen ¥V (—x) = ¥V (x) and ¥ (—x) = @ (x). Since 8o (RN) is
dense in H%’W(IR{N ) (see [Wu, Corollary 3.1]), this implies that the mapping £,(f) =
(f,g) can be extended to a continuous linear functional on H%ﬂw(]R{N ) and ||4,]] <
C”gHCMoP L(RN)*

Conversely, let £ € (HY ,(RN))* and £, = £ o T. By Theorem 4.3,

()] = TN < - ITO Nz, gy < ClE-llsll g gy, fors € sP(RN),
which implies that ¢; € (sh(RN))*. Then by Theorem 4.2, there exists t = {tg} €
ch(RN) such that £, (s) = Y sglg forall s = {sg} € sh(RY) and [|]| o) S [11]] S

||4]|. Again by Theorem 4.2, ¢ = £ o T o L = ¢; o L. Hence,

U(f) = 6(L(f) = (L), 1) = (f,8),
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where

g = > Y [R]® tr jalxr — %),

jikez RefRZ“k

This implies that ¢ = £, and, by Theorem 4.2, ||g||CMOp @) S Clltllg gy < Clill
The proof of Theorem 1.7 is concluded. ]

5 Boundedness of Compositions of Singular Integrals on CMOY, ,

In this section, we give the proof of Theorem 1.8. As mentioned in Section 1, to show
the boundedness of T} o T, on CMO% o We first need to define T} o T, on CMO% w
To this end, we need the following weak density result.

Lemma 5.1 Let0 < p < landw € AZ (RN). Then L>(RN)NCMOZ, | (RN) is dense
in CMO%’W(]R{N) in the weak topology <H%,W(IR{N), CMO%_’W(RN)) More precisely, for
any f € CMO%‘W(]R{N ), there exists a sequence

{fu} € *(RY)nCMOL, | (RY)
such that || fullomor, vy < Cllifllemor, ) and for any g € HE, L (RY),

(fus8) = (f:8), asn— o0,
where the constant C is independent of n and f.

Proof Suppose f € CMO%}W(RN ). Set

fulx) = Z Z ikt in Vg s f (xp) (x — X)),

|j|<nRCB,
[k|<n

where 1);x is the same as in Lemma 2.3 and B, = {x: |x;| < n, ..., [x,] < n}.
It is easy to see that f, € L*(RY). Applying the same proof as Theorem 1.6 implies
that || fullemor, ey < Cllflomor, vy and thus f, € *(RY) N CMOZ, , (RY). For

any g € 8o (RY), by the discrete Calderén reproducing formula in Lemma 2.3,

A D D Y (COONEEE AN

|j|>nor [k|>n
or RGB,

— <f, Z 2j1vk1+.4.+jﬂ,vkm¢j,k * gOeR)Y (- — xR)>_
|j|>nor |k|>n
or RGB,
By a result in [Wu], the function
Z Zjl\/kl+"'+jm\/kmwj7k % g(xR)1; k(% — xg)

|j|>nor [k|>n
or RGB,
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belongs to H%’W(]R{N ) and its H%’W(]R{N ) norm tends to 0 as n goes to co. Therefore,
Theorem 1.7 yields that (f — f,, g) tends to zero as n gets to co. This concludes the
proof of Lemma 5.1 after a standard density argument (since S, (RY) is dense in
HE (RY)). |

Now let us show how the composition T; o T, acts on CMO%AW(]R{N ) func-
tions. Given f € CMOZL (RN), by Lemma 5.1, there is a sequence {f,} C
L*(RY) N CMOg, , (RY) such that || fullemor, vy < Cll fllemor, ) and for any

g € P(RN) N HL (RY), (f,,g) — (f,g) as n — oo. Thus, for f € CMOZ, (RN,
we define '

(5.1) (TioTy(f),g) = lim (T; o T»(f,),g), forany g € L*(RN) N HE,  (RM).
n—o00 )

To see that the limit exists, write (T o T2)(fi — fu), &) = {fi — fu, (T1 0 T2)*(2))
since both f; — f, and g belong to L*>(RY), and T; o T, is bounded on L*(RY). By a
result in [Wul, (T o T»)* is bounded on H, | (RN), thus (T} o T,)*(g) € L*(RN) N
H%ﬁW(IR{N). Therefore, by Lemma 5.1, (f; — f,, (T1 o T»)*(g)) tends to zero as I, n —
oo. It is also easy to verify that the definition of T} o T,(f) is independent of the
choice of the sequence f, satisfying the conditions in Lemma 5.1.

To finish the proof of Theorem 1.8, we only need to show the boundedness of
Ty0T, on L*(RN) ﬂCMO%W(]R{N ). For this purpose, we establish a discrete Calder6n-

type identity on L*(RN).
Let ¢! be a Schwartz function supported in the unit ball in RY with

/ ¢V (x)x"dx = 0, for 0 < |a;| < My,
RN

where M is a large positive integer which will be determined later, and

Z@(Zj 01 6) =1, forall¢ € RM\{0}

jez

with ¢ satisfying similar conditions with o, replaced by o,. For j,k € Z, let
¢ (x) = 27N 0 x), g7 (x) = 276 (27K 0, x), and ju(x) =

o x 67 ().

Lemma 5.2 Suppose0 < p < landw € AZ (RN). Let ¢ be defined as above with
My > 10(N[g,/(1 A p) — 1]+ 1). Then for any f € L*(RN) N CMO%’W(IR{N), there
exists h € L*(RN) N CMOZ, , (RN) such that for a sufficiently large K € N,

F =" D [RIGjrlx—xR)bjx * hlxn),

JkEL ReRIZFIK

where xg denotes the minimal corner of R and the series converges in L>(RY). Moreover,

(5.2) I fllz2qmey ~ [[Bll 2wy
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and

(5.3) [ fllemor, gy ~ IPllemor, vy

W

Proof Applying Coifman’s decomposition of the identity operator, we have

fO =" > [RI$ja* flxr)julx — xp) + Sk (f)(x)

j,keZ RER%—K.k—K
= Tk(f)(x) + Sk ()(x),

where
SN
=D DI DI e O e RS e en Ly
R

7 j—K,k—K
jkez RERZK

= Z Z /[¢j-k(x —x) - Pjxlx— xR)] (Pjx* £x")dx'
R

i kel j—Kk—K
JKEL Re R

Y /R bixx —x) [ (D% ) — (D% )] e’

i ke j—Kk—K
JKEZ Re R

= Si()(x) + SE () ().
Now we claim that for [ = 1, 2,
(5.4) IRk (N 2y < C275 fllz2mv
and
(5.5) IR (D llemor, ey < C2_K||f||CMO{%’W(]R{N)7

where C is a constant independent of f and K.

Assume the claim for the moment, then, by choosing sufficiently large K, Ty ' =
32 (Sk)™ is bounded on both L*(RY) and CMO%W(IR(N). For any f € L*(RN) N
CMO%}W(RN), seth = TEI (f), then the estimates in (5.4) and (5.5) imply (5.2) and
(5.3), respectively. Moreover,

FO =Te(T M@ = 3 Y [RIGjale — x0) (i * ) (xe).

k 7 j—K.k—K
JREL ReRL

where the series converges in L*(RN).

Thus, to finish the proof of Theorem 5.2, it suffices to verify the claim. We only
prove (5.5), since (5.4) has been established in [Wu]. Since the proofs for Sk and
S% are similar, we only give the proof for Sk. Roughly speaking, the proof is similar

https://doi.org/10.4153/CJM-2013-021-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-021-1

Weighted Carleson Measure Spaces 1407

to Theorem 1.6. To see this, let f € L*(RN) N CMO%W(]R{N ). Applying Calderén’s
discrete reproducing formula in Lemma 2.3 yields

(5.6)
bjr ke * S ()

=> > /"/’j’,k/ # [Dja(- = x") — @l — xp)1(x) (k% f)(x")dx’
R

ikez j—Kk—K
JHRELReR]

=> > /R?/’jhk' # [jx(- — x') — ¢ju(- — xr)](x)

ikez j—Kk—K
JKEL ReRI

x( >y R”|-wjn,ku*f(xR//wj,kwjn,ku(x'xRu>)dx'7

it ke, j—Kk—K
JRLKNIEL R eRE

where xg/» = (x//, ..., xy;/) is the minimal corner of R"’.

Set (Ej,k(u) = ¢jx(u — x') — ¢j(u — xg). Applying Lemma 2.4 (particularly
Remark 2.5) with M = N{g,,/(1Ap) — 1]+ 1 and L = 10M, we obtain that for some
constant C (depending only on M, v and ¢, but independent of K),

2V ji VKVk)M

~ P ’ m

Sk do(x)| < G2~ Ko~ 10M[lj=j |l o —10M||k—L"|| _

i+ Bia0)] < 1 Gy
2(j1,\/ki/)M

(zji/ka-’ + |xi _ xi/‘)n,‘-*—M7

< G2 KMl Il =Mk Il T

i=1

where the last inequality follows from 27V VkVE < 2lli=i"ll2Ik=K"2i/ VK Similarly,

|Djk * g (x' — )| <
20! VK )M

m
. I 1’

2~ Kp—=3Mlli—j" Iy —3M|[k—k""]| H Fave - —.
i1 1TVET 4 |x] — x|

Inserting these estimates into the last term in (5.6) yields
[k S (f)(x)]

< D0 > R|jerser x flaer)]

ik ey j—Kk—K
JhhkNTE R7ERL,

Z(jil\/k,’/ M

m
<Y /2—KH2—||j—j'\|sM2—nk—k’usM _
R P (2]" vkl 4 |xi _ xi/|)n,'+M

JKEL ReRi=KI—k =1

20U VK )M

m
% Z—HJ—}”H3M2—Hk—k””3M H —
=1 (20 VKT 4 lel — X[,”‘)ni+M
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<2k Y SO gl Ik o

i kel j—Kk—K
7" S R//efR(g

m 2GIV VK VK M
X H N TN K VK
=1 (2IVITVEVET 4 X — xp/|
1

e } [Wjer g x fxrer)].

Taking x = xg/, adding up all the terms, and multiplying by |R’|? /w(R’) over j', k' €
7Z,R' € fRZg_K’k _K, R’ C Q) and applying Lemma 2.2, we obtain

Sup{ ) 771 Z Z ‘R/|2W(R/)7l|¢j/vk/ *Sk(f)(x”z} S
Q7 [W(Q i’ kIEZR ERJ e x
RCQ’
27K Sup{ / 7_1 Z Z Z
7 W(Q ] /k/EZR :RJ Kk’ —K Jl'k"GZ
R CQ’
2 R, PR, R T }
(R”) 9 s R ,
R”GR’”’K"” e
where
r(R/7R”) = 2_L(Hj/_j”H+Hk’_k//H)
and

2GLV VK VK M

P(R/,RN) — ﬁ

i (Zji,vji”\/ki/\/ki” + ‘xl/ — in//|)ni+M.

Repeating the same proof as in Theorem 1.6, we can get (5.5). Thus the claim is
concluded, and Theorem 5.2 follows. |

We point out that in the discrete Calder6én reproducing formula of Lemma 2.3 the
series converges in L?, 8 ., and 8’ /P, while in the above Calderén-type identity, the
series only converges in L*. However, the ¢; x in Lemma 5.2 have compact supports,
but 1);; in Lemma 2.3 do not. The fact that the ¢; x have compact supports enables
us to derive the key estimates of the kernels (see Lemma 5.4).

Repeating the same argument as in Lemma 5.2, we have the following corollary.

Corollary 53 Let0 < p < landw € AZ (RN). Suppose that ¢jx satisfy the
same conditions as in Lemma 5.2. Then for a large integer K as in Lemma 5.2 and
f € A(RN) N CMOL,  (RN),

> X I IRPIwRIT

JkE]REIRJ Kk—K
RCQ

I llemor, vy = S“.P{ [w()]7 7!

where xg denotes the minimal corner of R and the implicit constants are independent

of f.
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The following lemma provides key estimates for the kernels.

Lemma 5.4 Let gbgl), qbg-l,), ;{2), (;5,((2,) satisfy the same conditions as in Lemma 5.2 with
My > 10M. Then

(5.7) M)('l) * Ky * ¢(‘1/)(x)‘ < szl()MHj*j/” ﬁ : z'f]i\/]i M
] J - i1 (2,]"\/]l + |xi|)n,+M}
and
,om 2 (ki VK )M}
(5.8) |6 % 3¢ # ¢ ()] < C27 MK

b (zk,-vk,.’ + |xi|)n,-+M;’

where M = Mn; /Ny fori =1,...,mand k = 1,2.

Proof We borrow an idea from [FS1]. We only show (5.7), as (5.8) can be proved
similarly. By the classical almost orthogonality estimate,

(25;1) * gbg»l/)(u) = C27 M= g 50 (u),

where @y /(1) = 2-UVIONi(2=iVi" o) u) and ¢ is a Schwartz function in RN
supported in {|u|; < 2} with the same moment conditions as ¢!, If we can show

1

< -
69 Hax oS T g

then a dilation argument would yield

1
(14 273Vi'|x|p)Ni+M

s s et m 1
< 2~ 10M[[j=i"l ) =(iViON _ v
1131 (1 + 2773 [ )My

|¢§1) * K * (bgll)(x” 5 2—10M|U—j Hz—(f\/j IN1

20Vl M|

m
= 2—10M|\j_j/“ 2 |

which gives (5.7). Thus, to finish the proof it suffices to verify (5.9).
We consider two cases. If |x|; > 4, then applying the cancellation condition of ¢
and smoothness condition of K (via the stratified Taylor inequality in [FS2, (1.44)]),

M
1Ky * p(x)| = ’/[Kl(x— u) — Py ()] p(u)du| < Jlﬂ]ﬂle(u)du
1

1
S 1+ )N

where Py, denote the (M — 1)-th order Taylor’s polynomial of XK, at x.
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If |x|; < 4, then write

1K1 * p(x)| = ‘/II Ky (u)[p(x — u) — o(x)]du
u|;<6

+ ()| - ‘/ XKy (u)du
[ul;<6

The estimate for the first term can be derived by the use of the size condition of
X, and the smoothness condition of . The second term can be handled by using
the cancellation condition of K;. This concludes the proof of (5.9), and Lemma 5.4
follows. ]

Remark 5.5 LetM = '71{1in {M.}. Then by Lemma 5.4,
iz

) ) oty 20
|¢j *iKl*d)j, (x)| <C2 I[1—— —
i=1 (IVIE + | )mitM
and

@ @ —10M|[k—K'|| 13 2k VKM
| * Ko * ¢ ()| < C2 N—-
>~ i (zki\/ki + |xi|)ni+M

Moreover, the above inequalities indeed hold for arbitrary M > 0, since My can be
chosen arbitrarily large.

We are now ready to prove Theorem 1.8.
Proof of Theorem 1.8 We first show that for f € L>(RY) N CMO%‘W(RN ),

T2 0 T2(Nllemor, avy < Clifllemor, )

where the constant C is independent of f. In view of Corollary 5.3, this would follow
if we show that for any open set €2,

RI? 3
(5.10) Z Z |¢j,k*(T10TZ)(f)(xR)|2v|V(1|2)}

i ke —Kk—K
JkELReR
RCO

{;
[w(Q)]7 "
S I llemor, v

w

where ¢; x and K are the same as in Theorem 5.2, and the constant C is independent

of f.
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By the discrete Calder6n-type identity given in Theorem 5.2, we write

SN Igiax (Th o T)(H)xr) PR [w(R)] -

ikeZ j—Kk—K
JREL ReR

RCQ
=X XX X ww
JKEL ReRI—K—K /K€L gy g’ KK —K
RCO v
2
X g x (Ki# I) * (¢ pr)(xr — xp/) | [RIP[W(R)]™
where tr: = ¢jr i * h(xg/)|R’ \z and HhHCMOP Y R ||f||CMOp (v)- Noticing

that by Lemma 5.4 (particularly Remark 5.5), qSJ ek (K * XKy) = <f§]/ ko satisfy the
same almost orthogonality estimates as v; * ;s ;- in Lemma 2.4. Repeating the

same argument as in the proof of Theorem 1.6, we conclude that for f € L*(RN) N
CMOL | (RN),

1

{ — > Z |¢jvk*<T1oTz)(f)(xR>|2|R|2[w<R>]—l}Z
O =
RCQ

§C||thMoP L(RN) <C||f||CMoP L(RN))

which is just (5.10).

For f € CMO‘%‘W(]R{N ) let {f,} C L2(RN) N CMO%VW(]R{N ) be the sequence as in
(5.1). By the definition of T} o T5(f) and the boundedness of T} o T; on L2(RN) N
CMO?Z | (RY),

”Tl © TZ(f)”CMOfKW(IR{N) < linrggngTl © TZ(fn)”CMOngW(RN)
< Climinf | fullcmor,  wv) < Cllfllemor, v

This concludes the proof of Theorem 1.8. ]
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