FOUR-DIMENSION EQUIVALENCES
J. R. GARD AND R. D. JOHNSON

The object of this paper is to establish the equivalence of four function-
related dimension concepts in arbitrary topological spaces. These concepts
involve stability of functions (3, p. 74), the modification of covering dimension
involving basic covers (1, p. 243) (which is equivalent to Yu. M. Smirnov’s
definition using normal covers), the definition involving essential mappings
(2, p. 496), and a modification of the closed set separation characterization of
dimension in (3, p. 33).

In the following, as convenience demands, I"*! will denote any of the sets
{x € B x| <1, {x € B —1<%,<1, ¢=1,...,n+ 1}, or the
unit (# + 1)-simplex in E**?, and S" will correspondingly be {x € E*1: [x| = 1},
{x € E™1: |x,| = 1, for some 4}, or the union of the n-faces of the unit (n + 1)-
simplex. The reader is referred to (1) for the terminology and the elementary
properties of zero and cozero sets.

Definition 1. For the topological space X, take d((X) to be the least integer
5 such that for each mapping f: X — "' and each y € I"*! y is an unstable
value of f (i.e. for each e > 0 there is a mapping g: X — I"*! such that
If — g <eandy ¢ g(X)).

Definition 2. Let d2(X) be the least integer # such that every basic cover
of X has a basic refinement of order <#.

Definition 3. Let d3(X) be the least integer # such that for each mapping
f: X — I"+! there is a mapping F: X — S"such that F(x) = f(x) forx € f~1(S").
Definition 4. Let d4(X) denote the least integer # such that given n + 1
disjoint pairs C;, €74, 2 = 1,..., 5 4 1, of zero sets of X there exist n 4+ 1
zero sets A, such that C,; and (', are separated in X — 4, and
AN .. .M Ay = 0.

The functions d; and ds are easily seen to be equivalent in normal spaces to
their associated dimension functions referred to in the first paragraph. The
equivalence of ds, ds, and d,4 in normal Hausdorff spaces is therefore a conse-
quence of results of Hemmingsen (2). The equivalence of d; and d; has been
established by Smirnov (4, p. 19) for completely regular spaces.

THEOREM. In a topological space X, d1(X) = do(X) = dz:(X) = d.(X).

Proof. d1(X) > ds(X). Let d1(X) = #, and let f be a mapping from X to "+,
and let C = f~1(S"). As d1(X) = # there is a mapping g: X — I**! such that
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[f(x) — g(x)] < %, x € X, and g(X) does not contain the origin. C; = {x € X:
lg@)| > 2} and C; = {x € X:|g(x)| < %} are disjoint zero sets of X and hence
are completely separated. Let 2: X — [0, 1] be a mapping which is 1 on C; and
0 on C,, and let f'(x) = k(x)f(x) + (1 — k{x))g(x), for x € X.f(X) does not
contain the origin and f* = f on C. If F(x) is taken as the radial projection
of f'(x) onto S*, then F: X — 5™ is continuous and agrees with f on C.

d3(X) > do(X). The proof is identical with that in Theorem 3.1b (2, p. 499),
as the refining cover obtained in that proof is basic.

d2(X) > di(X). Let do(X) = n and f be a mapping from X into I*¥! (the
unit (# + 1)-simplex). It is sufficient to show that, for ¢ > 0, there is an
e-approximation g to f such that g(X) does not contain the barycentre ¢ of
I+t

Let K be the complex consisting of the faces of I"*! and let m be an integer
sufficiently large to have the mesh of Sd"K < ¢/2. There is a homeomorphism
k defined on I"*' which is composed of a radial shrinking of I**! about ¢
followed by a translation, so that ¢ is not in A(s) for any n-simplex s € Sd”K,
so that the simplex A{I**1) C I"*!, and so that |h(x) — x| < ¢/2, for
x € I*1, Let L denote the complex composed of the faces of the simplex
h( I"+1), Then ¢ is in no n-simplex of Sd"L and mesh Sd™L < ¢/2. Let

p1, . . . s p; denote the vertices of Sd”L.

{Vi, ..., V;}, where V, = (hf)"!(star p,), is a basic cover of X and hence
has a basic refinement of order <#n. If W, is the union of the elements of this
refinement contained in Vi, and W, ¢ = 2,...,7, is the union of those
elements of the refinement in V; but not in any of Vi, ..., V,_;, then
{Whi, ..., W,} is a basic cover of order <#n with each W, C V,. There exist
mappings g;: X — [0, 1] such that g;/7'(0) = X — W, i=1,...,7, and

;
> gix) =1, forx € X.
=1

Let g: X — I"*! be defined by

(@) =X gwps  EX.

Then g is continuous. For x € X, g,(x) ## 0 for at most # + 1 subscripts ¢,
and g(x) is contained in some n-simplex of Sd”L having the corresponding
pi’s as vertices since kf(x) is common to the stars of these vertices. Thus
g(x) & g for any x € X and lg(x) — kf(x)| < ¢/2. Therefore

lg(x) — f(x)| < lg(x) — ()] + [Bf(x) — f(x)] < e
d3(X) > di(X). A minor modification of the proof by Hemmingsen of

Theorem 6.1 (2, pp. 502L.) yields this result since disjoint zero sets are com-
pletely separated.

https://doi.org/10.4153/CJM-1968-006-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-006-7

50 J. R. GARD AND R. D. JOHNSON

di(X) > d1(X). Assume that d,(X) = »n. Let f, a mapping from X to I"1,
and e > 0 be given.
Ci = f‘l{x < I+ xX; > 60} and C,i = f'l{x € I+ X; < '—60},

where ¢ = ¢/{2(n 4+ 1)}, are disjoint zero sets of X for 2 =1,...,n 4 1.
Hence there exist # + 1 zero sets 4, with

nt-1

m A’L = ﬁ,

=1

such that for each 7 there is a se[;ration X—A4,=U;J U, where C; C U,
and ¢'; C U,
As A; and

n+1

C:U ChU N 4y

il
are disjoint zero sets, for each 2 =1,...,n 4 1, there exists a mapping
h]c X — [0, 60] Wlth Ak = hk_l(()) and

n+1

Ck U C,k U OIA‘L = hk—l(E()).

ik
Let gi: X — [—e€o, €] be defined by: g,|Uy = b Uy, gi| U’ = —hi| Uy, and
g:l4, = 0. Since g is continuous on each of the closed sets U,\J A, and
U’ \U 4, it is continuous on X. Note that 4, = g,1(0) foreach £ =1, ...,
n+ 1.

For 2 =1,...,n+ 1, let f; denote the ith component of f and define
gaX—[-1,1]by

g%!(Ci O Cli) = le(Cz (o Cli)
and
gX — (C;U ) = glX — (C. U CY)).

Since f; and g; have the same value on the boundary of C;\J C’;, ¢’; is con-
tinuous. Then g: X — I"t1 having the g’; as components, is continuous and

since
n+1
n Ai = ﬂ,
q==1

g(X) does not contain the origin. Also

ntl

@) — @) <2 Ufil) = ¢4@)] < 0+ 1)(20) = ¢,  forallx € X.

i=1
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