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Summary

It is known that to every proper homogeneous Lorentz transformation
there corresponds a unique proper complex rotation in a three-dimensional
complex linear vector space, the elements of which are here called “rotors”.
Equivalently one has a one-one correspondence between rotors and self-
dual bi-vectors in space-time (w-space). Rotor calculus fully exploits this
correspondence, just as spinor calculus exploits the correspondence between
real world vectors and hermitian spinors; and its formal starting point is
the definition of certain covariant connecting quantities 7 ,4,, which trans-
form as vectors under transformations in rotor space (r-space) and as
tensors of valence 2 under transformations in w-space. In the present paper,
the first of two, w-space is taken to be flat. The general properties of the
T 4%; are established in detail, without recourse to any special representation.
Corresponding to any proper Lorentz transformation there exists an image
in r-space, i.e. an r-transformation such that the two transformations
carried out jointly leave the 7,,, numerically unchanged. Nevertheless, all
relations are written in such a way that they are invariant under arbitrary
w-transformations and arbitrary r-transformations, which may be carried
out independently of one another. For this reason the metric tensor a p
in r-space may be chosen arbitrarily, except that it shall be non-singular
and symmetric. A large number of identities involving the basic quan-
tities of the calculus is presented, including some which relate to com-
plex conjugated rotors 7j,,;, «s5. The properties of the tensor equiva-
lents of some simple irreducible rotors are investigated, after which the
r-image of improper Lorentz transformations is considered. Since sym-
metric spinors of valence 2 are also in one-one correspondence with self-
dual w-tensors one can also establish a direct correspondence between
simple rotors and symmetric spinors of valence 2 by means of appropriate
connecting quantities; and simple relations exist between the three kinds
of connecting quantities now in hand. Finally, a particular representation
is presented in detail. In a subsequent paper this work will be extended to
curved w-spaces.
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1. Introduction

The manifest covariance of physical laws is assured when they are
exhibited as equations between vectors and tensors in world-space, that
is to say in Minkowskian or Riemannian space-time, as the case may be.
In saying this the phenomenon of intrinsic spin has been disregarded.
If the latter are to be taken into account one has to introduce additionally
the vectors and tensors of a two-dimensional linear complex vector space,
those objects being collectively called ‘‘spinors”. One further requires cer-
tain connecting quantities between world-tensors and spin-tensors, namely
the Pauli matrices or their generalizations. These matrices transform in
a certain way under transformations in world-space on the one hand,
and in spin-space on the other; and when the world space* is flat the two
kinds of transformations may be so geared to each other as to ensure the
numerical invariance of the connecting matrices (e.g. Corson 1953). The
reason for this state of affairs is ultimately group-theoretical: it arises from
the homomorphism of the proper homogeneous Lorentz group and the two-
dimensional unimodular group. In curved w-space one cannot in general
find an s-image of any given w-transformation so as to maintain the func-

tional form of the ¢**”; not, at any rate, unless the w-space has some kind
of symmetry. This feature aside, spinor calculus in flat w-space extends
naturally to curved w-space; and this extension finds its most beautiful
expression in the work of Infeld and van der Waerden (1933).

Now, the proper homogeneous Lorentz group is isomorphic with the
three-dimensional proper complex orthogonal group (e.g. Jordan, Ehlers
and Kundt 1960); and just as there is a one-one correspondence between
hermitian s-tensors of valence two and real w-vectors, so self-dual w-
tensors can be brought into one-one correspondence with the vectors of a
three-dimensional complex linear vector space. Such a space I shall call
“rotor-space” or more often simply r-space; its vectors are “rotors’ or
r-vectors, its tensors r-tensors. (The name ‘‘rotor” is perhaps not very
attractive but one may think of a rotor as being naturally connected with
the “orbital rotation” of a particle, — i.e. it represents its relativistic
angular momentum, — just as a simple spinor is connected with intrinsic
spin, i.e. its “intrinsic rotation”. Again, a general infinitesimal rotation in
w-space is directly determined by a rotor; cf. the end of Section 4a). Then
the object of the present work is to develop a rotor-calculus which is closely

! For reasons which will become clear later world-space will hereafter generally be
referred to as w-space, and world vectors and tensors will be called w-vectors and w-tensors
respectively. Spin-space will similarly be referred to as s-space, so that spinors will be s-
vectors or s-tensors, as the case may be. The connecting matrices o%EY are thus at the same
time w-vectors and hermitian s-tensors of valence 2. Linear transformations in w-space and
s-space car aow be called w-transformations and s-transformations respectively.
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analogous to the two-spinor calculus though in principle quite independent
of it. The two main stages of this development are (i) rotor-calculus in flat
w-space, (ii) rotor-analysis in curved w-space.

Considerations involving 7-space have in recent years played an
important part in the local classification of gravitational fields (e.g. Petrov
1962). Moreover, rotors have, in one guise or another, been considered
previously by many authors. Thus Peres (1962), who quotes earlier refer-
ences, calls them “three-component spinors”. Andrews (1964) introduces
three skew-symmetric 4 X 4 matrices for the purpose of writing Maxwell’s
equations as a single matrix equation in which the electromagnetic field
tensor is replaced by a rotor. Using a special representation for these matrices
he derives commutation relations for them by explicit numerical calculation.
To go over to curved w-space he introduces orthonormal tetrads: a procedure
which has a historical precedent in the context of spinor equations. Kur-
sunoglu (1961) discusses rotors with a view to introducing them explicitly
into the theory of elementary particles. Synge (1964) has recently reviewed
some aspects of the theory of euclidean complex three-spaces, whilst two
complex 3 X 3 matrices are introduced by Rastall (1964) in a paper dealing
with a characterization of space-time. At any rate, as far as I am aware,
the theory of r-spaces appears to have been dealt with in a somewhat
piecemeal and often ad hoc manner, a situation which the present work is
intended to remedy.

With regard to notation and terminology, in as far as it concerns
tensor calculus in general, I shall usually follow Schouten (1954); whilst
in the context of spinor calculus I shall closely follow Infeld and van der
Waerden (1933). In particular w-indices will be in small Roman type
(range 1, ---, 4), and s-indices in small Greek type (ranges 1,2 and i,2
respectively. As for r-indices, these will be denoted by capital Roman type
(ranges 1, 2,3 and 1, 2, 3 respectively).

In rough outline the plan of this paper is as follows. The basic ““tensor-
rotors”’, or connecting matrices, T4z are defined in Section 2, and an ar-
bitrary symmetric non-singular metric tensor a4 p in 7-space is introduced.
Then r-indices as well as w-indices can be juggled freely and a preliminary
set of relations obeyed by r4z; is derived. Finite and infinitesimal proper
Lorentz transformations and their 7-images are the subject of Section 3.
After this, the integrability conditions on the Lorentz group are used in
Section 4 to obtain more general relations, obeyed by the basic rotors,
in particular their commutation relations. Given some linear (homogeneous)
transformation A4 4., in 7-space one can consider also quantities which
transform under the transformation A4 4/, complex conjugate to this, and
so one is naturally led to complex conjugated rotors (Section 5). A sizeable
collection of miscellaneous identities involving the 74z and 744 is presented

https://doi.org/10.1017/51446788700004882 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004882

(4] . On rotor calculus, I 405

in Section 6. All these, like those of Sections 2, 4 and 5 are covariant under
arbitrary transformations in w-space and r-space: where these transforma-
tions can be carried out independently of one another, i.e. the transformation
in w-space need nof be accompanied by its image in r-space. There is often
a certain formal resemblance between the general relations of the rotor
calculus on the one hand, and of the spinor calculus on the other. The
spinor identities in question may be found in an earlier paper (Buchdahl
1962), which will hereafter be referred to by the letter S. Section 7 revolves
about the question of the character of the w-tensor equivalents of some
irreducible r-tensors. Improper Lorentz transformations are considered
in Section 8. Spinors appear for the first time in Section 9, where basic
“spinor-rotors’”’ A4,y are introduced to establish a direct link between
simple rotors and symmetric spinors of valence 2; and a number of formal
relations involving the 44,y are obtained. In Section 10 a specific represen-
tation (‘‘standard representation’’) is chosen for the first time, and the
standard representatives of various quantities are exhibited in explicit
form, i.e. as matrices with specific numerical elements. This section ends
with some brief comments on the relation between the forms of certain
specific representations and the canonical forms of the electromagnetic
field tensor.

2, The connecting matrices 744

(a) Let £™" be the contravariant numerical 4-density of Levi-Civita,
and define the tensor

(2.1) gkimn — (—g)‘*s""’"‘,

where g is the determinant of the metric tensor (of signature —2). Strictly
speaking e*™" is a w-tensor rather than a true tensor on account of the
fact that one agrees always to take the positive square root of —g. However,
for the time being only proper transformations will be considered, so that
the distinction just drawn is irrelevant. If f,, is a skew-symmetric tensor,
let its dual 'f,, be defined by

(2'2) tfkl = —'yeum"fmn'

Note that the dual is more often defined without the factor —7 on the
right of (2.2). Then if

(2.3) peimn — ghlmgnlt__ Ljpkimn,
the tensor

(2.4) F¥ — gpimng . feiy bkl
is self-dual, i.e.
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YFrl — FRL

The definition (2.2) evidently entails the involutory nature of the operation
of forming the dual. Now

(25) ﬁkl"mnﬂmml = 0’

where a bar denotes complex conjugation. The self-duality of F* may
therefore be expressed in the form

(2.6) FmF, = 0.

The correspondence between self-dual tensors and rotors will now be
exhibited in the form

(2.7) Fr = %tAkl ¢4,

where ¢4 is contravariant rotor, and the three connecting matrices are
skew-symmetric,

(28) Ta(k) = 0.

An explicit distinction is being drawn between covariant and contravariant
r-indices since it is not necessary that the metric of r-space should have
the form diag (+1, +1, 4+1).

The right hand member of (2.7) is self-dual for every ¢4, so that,
recalling (2.6),

(29) ﬁk“.”"TAmn = O’

i.e. each 74,, is self-dual. Explicitly

— 1,
(210) T = _'EieklmnTAm":
whence
im imst e
@11) TAkmTB " = —i‘ekmpqe T 4P T gy
‘ — %61“ ey
- kquA Bst*

The generalized Kronecker delta in the right is a determinant of simple
Kronecker deltas and so one arrives at

(2.12) T Tym = 20574 T Bmn-

On account of its self-duality F,, gives rise to only one quadratic invariant
F,, F*. Likewise, if one introduces a non-singular but otherwise arbitrary
symmetric tensor a4p into r-space, ¢4 gives rise to just one quadratic in-
variant ¢,¢4. These two invariants are now to be identified, so that

(2.13) %4 = }TanTE"
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The contravariant metric 7-tensor is defined in the usual way by
(2.14) a paBC = 6,C.
(2.12) now reads . |
(2.15) T ™ Th)m = 010 4p.
Transvection of (2.7) with vB% then inverts this relation, i.e.
(2.16) ¢4 = A% Fy,.
Now insert (2.16) in (2.7) and use (2.4). One sees that
(Frama ' — 05 0') st

must vanish for arbitrary f*. It follows that

(2.17) TanT4mn = 2777:1".7.\,
since, by (2.10),
(2'18) nklmnrAu = 27Amn°

(b) Contemplate now the 7-tensor
(2.19) ‘ fABC — gAKIgB  Om,
Then, m view of (2.15),
fBAC — (—qAkigB, | 9qAB§l )yCm — _ fABC,
In the same way one shows easily that f42€ is skew-symmetric in its second

pair of indices also. In other words, f4BC is completely skew-symmetric
and must therefore be a scalar multiple of the e-tensor in r-space, i.e. of

(2.20) ¢ABC — 4} ABC,
where
oL = det L ¥%.2

Thus now
fABC — §,4BC,

where f is a scalar. To determine it, form the invariant

(221) fABCfABC = sz = Snklpq ﬂkm”’?zm"u
n view of (2.17). One easily confirms that
(2'22) nklmnkmm = % *a 6lm+77lmas'

[he right hand member of (2.21) then reduces to
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Snlm“"]lmaa = 96,
whence
f2 = 16.

The sign of f may at this stage be chosen freely and I take
(2.23) f= —4

Thus one now has the relation

(2.24) TAklgB, O™ — —4¢4BC,

and by transvecting this throughout with .,, one obtains

(225) nklmnTmnAB = - 2eABCTCkl»
where
(2.26) Tm"AB = TA(m’TB"]..

3. Lorentz transformations

(a) Let w-vectors and r-vectors undergo the transformations
(3.1) ‘wy = Ly, ‘¢4 = A%,14p.

(Exceptionally the kernel-index notation is not being used here in order
to avoid the appearance of a large number of mixed Kronecker deltas of
the type &%, and 84,..) The transformations inverse to those which appear
in (3.1) will be denoted by the corresponding lower case kernel symbols.
Then

(32) ,TAkl = ABALkaanan'

Now if L', is a Lorentz transformation then A8, is its “7-image” if

(3.3) "Tart = Tamp-
From (3.2) and (3.3) one then has
(3.4) . ABA = %lkmll”TAleBm".

Hence under these joint w- and r-transformations
(3'5) ’“AB = ACAADB %cp = %ﬂmmtlkmllnlpalqtrAleBW'

where (2.17) has been used. Now recall that /*,, is a Lorentz transformation,
so that the g, (= diag (—1, —1, —1, +1)) are numerically invariant, i.e.

(3.6) e 1t gmn = gt

(8.5) therefore becomes
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(3.7) ‘ayp = {5(28*7 g —ie™ M E, 112, 19) T any Thge-
Since (—g)t =1 here, one has
e’“""lkml‘”l”;l% = geki9e Jet lc‘ — ie““’“l,

say. However, a proper Lorentz transformation is characterized by the
condition I =1, and so (3.7) becomes

(3.8) ‘a4p = 1T 40 TBre = Aum,
by (2.17) and (2.13). The a,p thus remain numerically invariant, which
shows explicitly that A3 ,, as given by (3.4) is indeed an orthogonal trans-
formation in r-space; and it is not difficult to see that it must be proper,
i.e. a rotation.

(b) When the Lorentz transformation is infinitesimal write

(3-9) Lkz = ‘skz'“wku ABA = 6BA+7BA: way = 0.
Then (3.4) at once yields
(3'10) yBA = %wmnT"mAB:

so that, of course, yp = 0; (see also eq. (4.11)).

4. Commutation relations and defining relation for 74,

(@) In any representation of the Lorentz group the infinitesimal
transformation
is represented by (Cf. Corson 1953, p. 11)

(41) 1'{'%(0“ T:t!
where T,, are the representative matrices of the six infinitesimal trans-
formations. They must satisfy the integrability conditions on the Lorentz

group

(4.2) [Te, Tonl = 48(ape Tiym -

Comparison of (4.1) with (3.10) shows that

(4.3) T.= TszB-

For the time being it suffices to use the contracted form

(4.4) T, Ty, = —Ty

of (4.2), obtained from it by transvection with g'*. In view of (4.3) this
becomes 2

* Symmetrizing and anti-symmetrizing brackets always act on only one kind of indices
the character of which is determined by that of the indices next to the brackets and within
them.
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(4-5) T[k"AB Tl]nBc = *’Tmc-

On the left there appears the sum of products of r-matrices, four at a time,
and in each such product the index B is repated, so that (2.17) may be
used. Thus, for instance

B c__1 Ct tn_C
Ty BT 18° = $MeminTar™t""" +14m knTA i 2

(4.5)
_nkmlnTA 1ad _iTAk T ln)
But
(46) ntmlntcm = _%Tclm’
on account of (2.10), and
(4.7) nkmlntAtmTc "= %gkl 640—77kzmnTm"Ac+TktAc—%TA‘ﬂcm,

where (2.13) alone has been used. Inserting (4.6) and (4.7) in (4.5) that
part of the latter which is skew-symmetric in # and / reduces to
—2T 4+ dima T™" 4C. (4.4) therefore finally gives rise to

(48) ﬁklmnT"mAB = 0.

Tmn4B is thus also self-dual. This may now be combined with (2.25) to
give ‘the explicit commutation relation for the r-matrices

(4.9) T2 = —e4BCrsy,.
One may further combine this with (2.15):
(4.10) T 4™ Thim = % 4B—€4B0T k-

(4.10) may be looked upon as a defining relation for the r-matrices.
It is of interest to note that (3.10) and (4.9) together give

(4.11) Y4B = %EABCTC"'"‘”mn = e4pc0,

say; so that the image of an infinitesimal Lorentz transformation is a
rotation in r-space, characterized by the infinitesimal rotor €.

(b) So far only the contracted concomitant (4.3) of (4.2) has been
used. One may now insert (4.9) into the full integrability conditions (4.2), i.e.

(4.12) T248T pe— T i Trupe = 4g[n[le]m]AC"
The first term on the left becomes

4Bl e pepTpr ™y = 62?‘701:171‘"." = Tou T mn—2Miama e
There follows the relation

(4.13) T[AszB]mn = 26ABcg[n[kTCt]m]-
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5. Complex conjugate rotors

If ¢ 4 is any rotor then the rotor complex conjugate to it will be denoted
by ¢4; and if ¢4 transforms according to

$par=A4¢4
then ¢4 transforms according to
(5.1) ¢4 = A4 444,
where
(5.2) Ad g = A4 .

More generally there will be 7-tensors with any number of dotted and
undotted indices. In particular one has r-tensors of valence 2, 4B say;
and I'B is hermitian if

(5.3) I'4B — B4,

Given any relation between .r-tensors, the complex conjugate relation is
obtained by dotting all undotted indices and omitting the dot from all

previously dotted indices. (All this is quite familiar from spinor calculus.)
To begin with, consider the hermitian r-tensor

(5.4) PAB — ¢AkiyB,,
On account of (2.10)
TAB — _%ieklmnTAklthn = —4,,, 1B — _PAB,
Hence
(5.5) T4B — 0.
A tensor which frequently occurs is the following:
(5.6) PrHAB — AkmyBl -

and according to (5.5) it is trace-free. Moreover, using (2.10),
% LT — —%61‘,,’;‘,’;, qrAsﬂqu_

Writing the Kronecker delta as a determinant of simple Kronecker deltas
1s usual, there follows

(5.7) TARTBmn+TAdmnTBR = 4§ [k[mT #)]4B-
[n particular, transvecting throughout with g,
'5.8) Tiands =0,

j0 that P44 5 is not only trace-free but is also symmetric in w-space, or
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hermitian in 7-space, (cf. Section 10d). The relation (5.7) may now be
used to exhibit the outer product (no indices paired) of an undotted and
a-dotted r-matrix in terms of such products once contracted, i.e. in terms
of Tr4p. For this purpose transvect (5.7) throughout with }ie#s; and use
(2.10). One gets at once

TApgTBmn—TAmnTBpg = 248 (him Tn]l 1A B ek’pq .

If this be combined by (5.7) one obtains the desired relation at once, viz.

(5.9) TAKTBmn = —2ijkipim TmP AB-

6. Miscellaneous identities

(@) In this section some identities are derived which are useful in
reducing expressions containing products of a large number of r-matrices
to tractable form. Consider therefore first the product of three such matrices
with all but two w-indices paired. Thus when all 7-indices are undotted
one gets, on repeatedly using (4.10),

TAMTB™ TCmn = (™14 B—€4BDTPE™)TCmn
(6.1) = «4BTCkn+€4BD(ErndPc—acEEPCFtrLy)
= 04 BTCkn+%BCTAkn—%CATBkn+ €4 BCEkn-
Now let one of the 7r-indices be dotted. Then

TAMTB™TCmn = TAr(0napc—eBcpTPM)

(6.2)
= «BCTAdin—eBCD Thnd®,

and that is as far as one can go. Note, however, that

(6.3) " TATB™ tem® =
If on the left the second 7-index had been dotted instead of the first one
can still proceed in this way, first using (5.8). The cases of two or three
dotted r-indices are covered by the identities complex conjugate to (6.2)
and (6.1) respectively.

Next consider products of four r-matrices. When all r-indices are
undotted one may simply transvect (6.1) throughout with zps*. Once
again using (4.10) one obtains

TARTB™ TCmnTDs® = (*4BACD—XACXBD+%4DXBC)Esk

(6.4)
+(xaBecDE+aBCeADE+®4ceDBE+aDEEABC)TEsk

In particular

(6.5) TARTB™ T CmnTD*" = 4(0aBacD—24c2BD+24D2BC)-
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When one r-index is dotted nothing much can be achieved: in effect all
one can do is to transvect (6.1) with zps*. Note, however, that

(6.6) TARTB™TCmnTD* = 0.
When two r-indices are dotted one gets

TAMTE™ tCmnTDs"® = TrmdcT™s8D

(6.7)

= adpoacpgrs—xCcDeABETERs—adpecDETERs—edBEECDFTRET.
In particular
(8.8) TAMTE™ TCmaTD" = dadpoch.

(b) Different kinds of identities arise when one considers transvection
of products of r-matrices with the e-tensors. Thus consider

ehimn gpgsty 40 pTBIg = —6?,;",:: g gtv tarPTBH.

As a next step write 5’;{,’:"’; as a determinant of simple Kronecker deltas.
One is left with fourteen separate terms involving the product of two
v-matrices. Two of these terms may be reduced by means of (2.13), and
another eight by means of (4.10). The end result of all this-is

(6.9) ehimn gpgst TAkpTBIg = 414 [s[m -,;'B”]t] +8¢4BC Clslm g”]t] .
In much the same way one obtains
(6 10) ghimn epq“‘z'Akaqu = 4g[m[3 Tt]”]AB .

Now replace the dummy index C on the right of (6.9) by some other symbol
and transvect throughout with tcmsTpne. After some reduction one obtains
the result

(6.11) ekmn ePaSt T 4k p T BIGTCms TDnt = — 240 4(BXCD).

Suppose now that the four r-indices all have the same fixed value J. Then,
bearing (2.1) in mind, the left hand member of (6.11) is simply
—24g1 det 7jp. Thus

(6.12) det 77p = g(ay)2

(c) An argument analogous to that used at the beginning of Section
2b may also be used in w-space. Thus the expression t4[47vBmn) is com-
pletely skew-symmetric in its w-indices so that one has

4078 pn) = erimnf4B,
where f4B is an r-tensor. By transvection with e#mn it follows that

(6-13) 7A[kITan] = —‘%‘i“ABeklmn-
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If one writes this out in full one easily convinces oneself that it may be
written in the equivalent form

(6.14) Ay tB)yn) = — e Begimn.

7. Tensor equivalents

The correspondence, or equivalence, of rotors ¢, on the one hand and
self-dual w-tensors F,; on the other is basic to the present calculus. Both
¢4 and F,,; are irreducible, and likewise there will correspond to any ir-
reducible r-tensor an irreducible w-tensor. A general 7-tensor 6 45 of valence
2 (both indices undotted) gives rise to the irreducible tensors 6 (= 6,°),
0.45), 0 43 —3*480, with 1, 3 and 5 distinct (complex) components respec-
tively. The scalar @ is of no interest here, and this is true also of the skew
tensor 0 4p, since this is not essentially distinct from the vector ¢48¢6 5.
This leaves only the symmetric trace-free tensor

(7-1) O4p = G(AB)_%“ABO

to be contemplated. It defines a w-tensor of valence 4:

(7.2) Leimn = %TAkITan@AB-

This relation is reversible, and one has

(7.3) 045 = 115 timn-

From (7.2):

.4) tagmn = 0, tetimm = 00 taimn = bmarss

Litimny = 0, g™ thimn = 0.
The first and second of these follow from (2.8), the third from the symmetry
of @45, the fourth and fifth from (7.14) and (2.15) respectively, bearing
in mind in each case that @ 4z is both symmetric and trace-free. Accordingly
tuimn has all the algebraic properties of the conformal curvature tensor of
Riemannian geometry.

Let sy;,,, be any tensor of valence 4 of which it is required only that it
be skew-symmetric in the first and in the second pair of indices. Then one
defines its right dual and left dual as

(75) sTklm'n = —%1‘emnpqsklpq, tsklmn = ——%18,“’«8?01"”.
Its “double dual” is then
— t
1’s‘rklmn - _ieklm’emn8 sm‘ut'

Manipulating as usual on the right (as after eq. (6.10) for instance) one
gets
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(76) fs‘,'klmn = sklmn+4g[k[m§ﬂ’ll
where
(7.7) Sy = sm—igklsnm Skt = S"kin-

It follows incidentally that s,,,,, is self-double dual if and only if the con-
traction §,; vanishes. In the case of the tensor of eq. (7.2) one has at once

(7'8) ttklmn = 1rtlclmn = teimns
because of (2.10). This is consistent with (7.6) since ¢,,,, is entirely trace-
free.

Amongst rotors of valence 2 it remains to consider those with just
one dotted index 64p say, and it suffices to take 84 p as hermitian. Then,
since according to (5.8) T'44p is hermitian, symmetric and trace-free, the
w-tensor

(7.9) tw = Trap 048

is real, symmetric and trace-free. The inverse relation is
(7.10) 048 = LTHdBy,

on account of (6.8). It may be noted that the tensor
(7.11) thimn = FTARTBmn04B

is only superficially more general that the tensor #;, in the sense that it
:xpresses itself in terms of ¢,; and the metric tensor alone. This follows at
mce from (5.9), because of which (7.11) becomes

(7-12) Liimn = —ﬁklp[mtn]p'

One may contemplate r-tensors of valence greater than 2, for example
1 completely symmetric trace-free tensor of valence 3. This has in general
10—3 = 7 distinct components. The w-tensor equivalent, defined in
inalogy with (7.2), is of valence 6, and it has rather complicated symmetries.
However, this is not the place to go further with these questions.

8. Improper Lorentz transformations

An improper Lorentz transformation (I = —1) cannot have as its
mage a linear transformation in r-space. It is instructive to see what
would be the formal consequences in Section 3a if one inadvertently ignored
he condition I =1 there. It suffices to consider inversions:

:8.1) lkm = ema"m, (81 =€y = €3 = —1, Eq = l),
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where m is fixed on the right. Then (3.4) becomes
A8, =13 ere7 g0t
k1

(8.2) = ﬂ"Akz"B“—Z(l_ekez)TAuTB“]
= MA_TAMTBu == 0,

in view of (2.13) and (4.10); and this is absurd.

The appropriate r-transformation associated with an improper Lorentz
transformation is antilinear, i.e. in place of the second member of (3.1)
the associated transformation of a rotor ¢, is

(8.3) ‘¢4 = AB, $p.

On the right there appears the rotor ¢z whose components are the complex
conjugates of those of ¢5; but the index B remains undotted. Any other
barred rotor is defined analogously. Then one has in place of (3.4)

(8.4) ABA = ilkml'nTAk,‘T’Bm”,

and this is the explicit form of the r-image of the improper Lorentz trans-
formation. As for a,g, one gets an equation just like (3.7) except that
the sign of the second term in the brackets is reversed. This just makes
up for the change in sign of I and therefore

(8-5) ‘@gp = A p

again.

9. Rotor-spinors

In the spinor calculus one is familiar with so-called tensor-spinors,
i.e. covariant quantities which possess both s-indices and w-indices and
so transform as tensors under transformations in s-space and transformations
in w-space, whether these be complex or not. The analogous quantities
in the rotor ‘calculus are those which have both r-indices and w-indices.
The most important of these are of course the basic matrices 7,,;, which
are the analogues of the Pauli matrices oy;,.

Now on the one hand the preceding work arises out of the one-one
correspondence between self-dual w-tensors and rotors, whilst on the other
hand there is a one-one correspondence between self-dual w-tensors and
symmetric s-tensors of valence 2. Thus one may also contemplate the
formal consequences of the one-one correspondence between rotors ¢, and
symmetric spinors f,,, — thus closing the circle, as it were. (See also the
remarks following eq. (9.13).) The basic rotor-spinors (connecting matrices)
will be denoted by 4,,,, so that
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(9.1) b4 = Yhawt*,
with
(9.2) AA“"] = 0.

Together with (9.1) one has (2.7) or its inverse (2.16), and the connecting
equation between f,, and Fy,, ie.

(93) Fkl = %Sklpvf,w
or its inverse
(9.4) fur = S Fy,,

(cf. S, Section 2). Insert (9.3) in (2.16) and compare with (9.1). Then,
since A4,, and S,;,, are symmetric, it follows that

(9'5) . }'Apv = %rAm"Smnpw

Each of the connecting matrices may thus be exhibited as a transvection
of those of the other two types, i.e.

(9'6) Skl;w = %ﬁkll‘ipw
and
(9.7) Tars = 24" Siipy-

Various identities obeyed by the 1,,, may now be obtained by using those
obeyed by the other two kinds of connecting matrices. Thus, using (2.17)
and the identity

(9.8) SEP S 1ap = 20%,0%,)

it follows from (9.5) that

(9.9) Aguptiol = 26%, 06, .

By means of this (9.1) may be inverted, viz.

(9.10) Fav = Aapwd?.

Again, inserting (9.7) in (4.10) it follows without much difficulty that
(9.11) AapAp® = ¥ % ap+€apcApu,

if use be made of the identity S (2.18), i.e.

(9.12) SEIS g = 0AB G5, 8p7.
The identity
(9.13) A4 ABlaf — pABC) e o)
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follows similarly from (4.13). These examples will suffice to illustrate the
general procedure.

Despite the many formal analogies between the identities of this section
and those derived earlier it is apparent that the 1,,, are intrinsically less
interesting that the gy, and the 7 4;. Thus there can be no relations analogous
to those of Section 5 since no transvections can be formed of 1,,, with a
conjugated quantity ABeo, Furthermore, given an infinitesimal Lorentz
transformation, the infinitesimal operators acting on the indices of 1,
are already known, so that no new infinitesimal operators arise: at best
one might define

(9.14) Auvan = Aau*ABva
in analogy with Ty, p and Sy;,,. With (9.11) and (4.9) one has at once
(915) A[JVAB = %SmnvamnAB:

which on inversion gives
(9.16) Tria8= St A uyaps

so that 4,, 45 is the direct connecting link between the infinitesimal spinor
and rotor operators.

10. Standard representation

(a) All relations hitherto considered have been arrived at without
the aid of any particular representation of the various matrices involved.
However, for purposes of calculation or for other reasons it is sometimes
convenient to have the explicit form of these available in some particular
representation. One such representation, hereafter called ‘‘standard
representation’’, will now be examined, the metric tensors being taken as

(10.1) gy = myy = diag (—1, =1, —1, +1), azs = diag (1, 1, 1).

(See also Subsection (d) below). Evidently one need not distinguish now
between covariant and contravariant r-indices, and they will therefore all
be written as subscripts, though the summation convention will be retained
for them. Furthermore, in this section indices #, v, w shall take values
1, 2, 3 only: and since only a particular representation is under consideration
one can contemplate the formal appearance of a quantity such as e 4,
for instance, in which the fact that indices are apparently associated with
different vector spaces is to be regarded as irrelevant. In other words,
though in a general context, 4 would strictly speaking go over the range
I, II, IIT and % over 1,---, 4, I, II, III are here not to be distinguished
from 1, 2, 3.
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The infinitesimal transformations of the 3-dimensional group of spatial
rotations in the representation of the group by itself (eq. Corson 1953,
. p. 43) give a particular choice of T, 5, viz.

TuvAB = —‘2‘5"[46"3],
bearing (4.3) in mind. Then, because of (4.9),
(10.2) Taw = — 36480 TuoBe = Eduo-
Now in view of (2.9) one can always write

(10.3) Taxt = NeimnPa™

where p ™" is skew-symmetric in the superscripts but otherwise arbitrary.
In particular

Tauy = PAuv+%i8uvmnPAm”
= PAur—EuowaPaws-
In the present instance, comparing this with (10.2) it follows that
Paus = Eduor Paus =0,
and these may be combined into
(10.4) Part = Earus-

Standard representation (SR) is then that representation in which (granted
(10.1)) the 74, are given by (10.3), (10.4). Explicitly,

(105) Taur = €4uvr TAua = Z'(SA,‘.

. Writing these out fully in matrix form, (cf. Corson 1953, p. 99)

(10.6)
0 000 00 —1 0 0100
0 010 00 00 —1 000
Pe=1o _100)]" PP2=|10 o0 P~ 0o000])
0 000 00 00 0000
0 00+ 0 0 —10 01 00
oo 0 oo} _fo o o [-10 oo}
W= 0 100 T1 o oo) Ty 00 o]
— 000 0 —i 00 00 —¢ 0/

A special Lorentz transformation

y 0 0 yu
01 0 0

(10.7) I*, = o010 I y = (1—u?)~}
yu 0 0 y
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then has the image

1 0 0
(10.8) AB, = (0 y iuy) ,

0 —iuy y
whereas a spatial rotation through the angle @ about the z®-axis has th
image

cosf sinf 0
(10.9) AB, = (—sin 6 cos 0) .

0 0 1

The T,,4p are effectively given by (10.6), on account of (4.9). Th
P,.ip on the other hand remain to be evaluated. They may be exhibite
either as symmetric 4xX4 matrices or hermitian 3X3 matrices (cf. th
remark following eq. (5.8).) The first choice gives

(10.10)
1 0 0 0 01 0 0 0 010
0-1 0 O 1 0 0 O 0 0 0 ¢
Ta=1o 0-1 o) Ti=|o 0 o—i| Ts=|1 0 0 o
0 0 0-1 0 00— O 07z 00
-10 0 O 00 0-—: -1 00 O
01 0 0 001 O 0-10 0O
Ta=\ 00-1 0| Ts=| 010 o) T8=| 0 01 o
00 0-1 -2 00 O 0 0 0-1
whilst P,, T5,, T, follow from the second, third and fifth of these b:

complex conjugation.

(b) It may be noted that the introduction of p,, through (10.3) i
hardly useful in the general case. Thus, even in a representation other tha
SR the p,;, might be real. Then if a,p is also real one easily infers fron

(4.10) that

(10.11) PariPE" = 204p, 3”'""PAkzPan =0,
and

(10.12) Prar™PByim = —%¢4cPh-

Yet one can easily convince oneself that in general the reality of the py,
will be destroyed under a coordinate transformation. Thus under th
coupled infinitesimal transformations (3.9), (3.10) one finds (if pgp 1
real) that

(1013) Im (’PAkl) = %wm"emnpquBcPBklPCpq’

which will in general fail to vanish. In particular, if; for example, on
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ﬁkes SR on the right, one sees that the p,,; will remain real only if the
:Lorentz transformation is simply a spatial rotation.
It may be mentioned in passing that the p,,, define a symmetric

~tensor

(10.14) S P

FIn SR it has the components

(10.15) Cur = 2naynyyq = diag (—1, —1, —1,0),
“which under an arbitrary Lorentz transformation L™, becomes
(10.16) Tt = L4 LA,

(c) The term SR may be extended to cover some standard form of
the basic s-tensors. The following will be adopted:

01 0 7
olﬁv = '\/% (1 0)' G2;w = '\/%(__z O)’

1 0 1 0
i=vi(y_1)  ww=vilo 1)

which are exactly those of Infeld and van der Waerden (1933). Then the

(10.17)

S¥,, are

(10.18) Sn:é( :) (:), 5312%(. (1)__(1)) Slz:%(? é),
#=io ) i) =)

-which satisfy the conditions of self-duality

(10.19) Tkimad™" = 0.

In view of (10.19) and (10.3), (9.5) becomes

(10.20) Aapy = PamnS™" uy-

‘Because of (10.4) one therefore has at once

—7 0 —1 0 0 ¢
(10.21) A:(Oiy b:(O_J, 4:@0)

(d) Since, for any (fixed) A 7, is a skew-symmetric tensor, the
problem of choosing some standard representation is formally equivalent
to investigating canonical forms of the electromagnetic field tensor, as
set out at length by Synge (1958) for instance. It is hardly necessary to
go into detail here. It suffices to remark that the analogue of the energy
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momentum tensor is T, ;4 (any A4), whilst the invariants of the field are
combined into «,4. The eigenvalues of 74, are 4 (—a4 )}, each of these
appearing twice, and the “null field” corresponds to a,, = 0.

It will be observed that if the canonical tensors F,,, F,* given by
Synge (eq. (98), p. 336) be combined into the self-dual tensor F,,+iF,*
(Synge’s notation), and due allowance is made for the use of an imaginary
time coordinate one gets the consistent result that

(10.22) Fp+iF,* < 7y,

provided one formally sets H,+4¢E; = 1. The metric of r-space chosen above
of course implies the absence of null z,,,. With a choice of the 7-metric
in which one or more of the a,, are zero, one would of course have to
adopt some alternative SR. Suppose, for the sake of illustration, that
one took as a new SR that obtained from the one above by the transfor-

mation
1 0 0
(10.23) AB, = (O i —z'),
0 1 1
so that then
1 0 0
(10.24) "aup = (0 0 2).
0 2 0
Then, in particular
0 1—2 O
'ty = 11,13 = ! g g zl
0 1—: 0

Taking E, = 1 in Synge’s canonical tensors in the null case (eq. (97) p.
336), one arrives at the harmonious correspondence
(10'25) Frs+iFrs* «> ’Tzn'

In this sort of way a variety of results established by Synge can be tran-
scribed into the present context.

11. Concluding remarks

At this point the development of the rotor calculus in flat w-space
may be broken off since the stage is adequately set for its generalization
to curved w-spaces, i.e. Riemann or Weyl spaces, a task to be undertaken
in a second paper (Buchdahl 1966). Once this generalization has been

achieved various special topics which might already have been treated
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above can be dealt with more generally, or more conveniently; and here
duality rotations may serve as a suitable example.

Finally, I should like to express my warmest thanks to Dr. Mark
Andrews for a number of stimulating and informative discussions, without
which this work would most likely never have been done.

Note added in proof: Since the manuscript of this paper was completed
Professors Debever and Cahen have kindly drawn my attention to their
work involving r-space; see, for example, Debever, R., Cahier de Phys.,
168-169, 303.
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