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Abstract

We use Stein’s method to establish the rates of normal approximation in terms of the total
variation distance for a large class of sums of score functions of samples arising from
random events driven by a marked Poisson point process on R?. As in the study under
the weaker Kolmogorov distance, the score functions are assumed to satisfy stabilisation
and moment conditions. At the cost of an additional non-singularity condition, we show
that the rates are in line with those under the Kolmogorov distance. We demonstrate
the use of the theorems in four applications: Voronoi tessellations, k-nearest-neighbours
graphs, timber volume, and maximal layers.
Keywords: Total variation distance; non-singular distribution; Berry—Esseen bound;
Stein’s method
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1. Introduction

Limit theorems of functionals of Poisson point processes initiated by Avram and Bertsimas
[1] have been of considerable interest in the literature; see, e.g., [30, 31, 37, 41, 46, 47]
and references therein. To estimate the approximation errors, a number of tools have been
developed, including Stein’s method [3, 4], the Malliavin—Stein technique via the Wiener—It6
expansion [37] and the second-order Poincaré inequalities [31], and the stabilisation [38, 39].
The main feature of the stabilisation is that the insertion of a point into a Poisson point pro-
cess induces only a local effect, in some sense; hence there is little change in the functionals.
However, inserting an additional point into the Poisson point process results in the Palm pro-
cess of the Poisson point process at the point [26, Chapter 10], and it is shown in [13, 14]
that the magnitude of the difference between a point process and its Palm processes is directly
linked to the accuracy of Poisson and normal approximations of the point process. This is
also the fundamental reason why the limit theorems in the above-mentioned papers can be
established.
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Normal approximation in total variation 107

The normal approximation theory is generally quantified in terms of the Kolmogorov
distance dg: for two random variables X; and X, with distributions F; and F>,

dx(X1, X2) 1= dg(F1, F2) := sup |F1(x) — F2(x)].

xeR

The well-known Berry—Esseen theorem [7, 20] states the following. If X;, 1 <i <n, are inde-
pendent and identically distributed (i.i.d.) random variables with mean 0, variance 1, and a
finite third moment, define

n
X
yn_@’ Z~N(, 1),
Jn
where ~ denotes ‘is distributed as’. Then
CE[X|?

dK (Y ns Z) =< «/ﬁ
The Kolmogorov distance dk(F1, F>) measures the maximum difference between the dis-
tribution functions F; and F3, but it does not say much about the difference between the
probabilities P(X; € A) and P(X; € A) for a non-interval Borel subset A of the real space R, e.g.,
A = Ujez(2i, 2i 4 0.5], where Z denotes the set of all integers. Such information is reflected in
the total variation distance d7y(F1, F>), defined by

drv(X1, X2) == dyv(F1, F2):= sup [|F1(A) — F2(A)l,
AcAR)

where Z(R) stands for the Borel o -algebra on R. Vanishing bounds for normal approximation
under the total variation distance for statistics in geometric probability provide us with the
theoretical foundation for constructing density estimators of the distributions in a wide range
of applications documented in [15, Chapters 8—10] and bound the minimax probability of error
for making statistical inference [49, pp. 80-81]. Moreover, since dx (X1, X2) < drv(X1, X2),
vanishing bounds on the total variation distance imply a stronger qualitative result than just a
central limit theorem (CLT).

Although CLTs with errors measured in the total variation distance have been studied in
some special circumstances (see, e.g., [19, 36, 2]), it is generally believed that the total vari-
ation distance is too strong for quantifying the errors in normal approximation (see, e.g., [9,
12, 21]). For example, the total variation distance between any discrete distribution and any
normal distribution is always 1. To recover CLTs with errors measured in the total variation
distance, a common approach is to discretise the distribution of interest and approximate it with
a simple discrete distribution, e.g., a translated Poisson distribution [43, 44], a centred bino-
mial distribution [45], a discretised normal distribution [12, 21], or a family of polynomial-type
distributions [24]. The multivariate versions of these approximations are investigated by [6].

By discretising a distribution F of interest, we essentially group the probability of an area
and put it at one point in the area. Hence the information of F(A) for a general set A € B(R)
is completely lost. In this paper, we consider the normal approximation in terms of the total
variation distance to the sum of random variables under various circumstances.

A motivating example: [22, p. 146]. Let {X;:i>1} be a sequence of i.i.d. random
variables taking values 0 and 1 with equal probability; then X =Y 72, 27*X; has the uni-
form distribution on (0, 1). If we separate the even and odd terms into U = Z,fi 1 272kX5,
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and V = Z,fil 2~ @k=Dx,. |, then U and V are independent, ZUg V. Both U and V dif-
fer only by scale factors from the Cantor distribution, which is singular with respect to
the Lebesgue measure [22, p. 146]. Now, we can construct mutually independent random
variables {U;, V;:i> 1} such that U; L U—EU and V; L V —EV. Consider & = U + Vj,
& =—-V) — U, & =Uy+ Va,...;then {§;} is a sequence of 1-dependent and identically dis-
tributed random variables having the uniform distribution on (—0.5, 0.5). One can easily verify
that ) 7", & does not converge to normal as n — 0o; hence stronger conditions are needed to
ensure normal approximation for the sum of dependent random variables.

Under the Kolmogorov distance, user-friendly conditions are usually formulated to ensure
that the variance of the sum becomes large as n — oo. In the motivating example, the variance
of the partial sum ) 7, &; is bounded, which does not give sufficient offset in the &;s to warrant
a CLT. For the normal approximation of the sum of score functions, a typical condition for the
variance to converge to infinity sufficiently fast is non-degeneracy—that is, the conditional
variance of the sum given the information outside a local region is away from 0 (see [38, 51]).

The success of normal approximation with errors measured in terms of the total variation
distance without discretisation hinges on non-singularity; that is, the distribution contains an
absolutely continuous component with respect to the Lebesgue measure. More precisely, by
the Lebesgue decomposition theorem [25, p. 134], any distribution function F on R can be
represented as

F=(1 —ap)F, +apFy, (1.1)

where ar € [0, 1], and where F and F, are two distribution functions such that, with respect
to the Lebesgue measure on R, F, is absolutely continuous and Fj is singular [25, p. 126]; F'
is said to be non-singular if ar > 0. For convenience, we say that a random variable is non-
singular if its distribution function is non-singular. It is clear that non-singularity implies non-
degeneracy. Prohorov [40] proved that in one dimension, a necessary and sufficient condition
for the convergence of the standardised partial sum of i.i.d. random variables X; to the standard
normal distribution in terms of the total variation distance is that there exists an ng € N such
that Y/, X; is non-singular. The non-singularity is almost necessary because it is an essential
ingredient in the special case of the sum of i.i.d. random variables; see [2] for a brief review of
the development of the CLT in the total variation distance.

In the context of functionals of Poisson point processes, a prototypical example is the
sum W, = Zivzl X; of Poisson number N ~ Poisson(v) i.i.d. random variables {X;, i>1}
which are independent of N. If the distribution A X)) of X is discrete, then the distri-
bution of W, := (W, —EW,)//Var(W,) is also discrete, and hence dry(W;,,, Z) =1 for
all v, where Z ~ N(0, 1). However, if “AX1) is non-singular, the asymptotic behaviour of
drv(Ws,y, Z) in terms of large v is very similar to that of dg(W;,,, Z). For example, assume
that P(Y] =1)=9/10 and P(Y; € dx) =0.1dx for x € [0, 1). Then Figure 1 shows that when
v =50, the density function of the absolutely continuous part of W; , is very close to that of
N (0, 1) in the total variation distance, giving a very small value of d7v(W;,,, Z). Moreover,
as shown in Figure 2, the distance dry(Ws,,, Z) decreases very fast when v becomes large.
Briefly summarised, the main results of the paper state that, for the score functions of samples
arising from random events driven by a marked Poisson point process on R, if the conditional
distribution of the sum given the information outside a neighbourhood is non-singular, then,
with the cost of a logarithmic factor, the error of the normal approximation to the sum of such
score functions in terms of the total variation distance is similar to the error with respect to the
Kolmogorov distance established in, e.g., [38, 39, 30].
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FIGURE 1. v =50.
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FIGURE 2. v =100.

In Section 2, we give definitions of the concepts, state the conditions, and present the main
theorems. In Section 3, these theorems are applied to establish error bounds for the normal
approximation for statistics in Voronoi tessellations, k-nearest-neighbours graphs, timber vol-
ume, and maximal layers. The proofs of the main results in Section 2 rely on a number of
preliminaries and lemmas which are given in Section 4. For ease of reading, all proofs are
postponed to Section 5.

2. General results

We consider the functionals of a marked point process with a Poisson point process in RY as
its ground process, and each point carries a mark in a measurable space (T, .9) independently
of other marks, where Zis a o-algebra on T. More precisely, let § := R? x T be equipped with
the product o-field := %(R?) x .7, where Z(R?) is the Borel o -algebra of R?. We use Cg
to denote the space of all locally finite non-negative integer-valued measures &, often called
configurations, on S such that £({x} x T) <1 for all x € R?. The space Cs is endowed with
the o-field 65 generated by the vague topology [26, p. 169]. A marked point process B is a
measurable mapping from (2, .%, IP) to (Cs, %s) [27, p. 49]. The induced simple point process
E(-):= B(- x T)is called the ground process [16, p. 3] or projection [27, p. 17] of the marked
point process E on R¥. In this paper, we use D). ¢ to denote the law of a marked Poisson
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point process having a homogeneous Poisson point process on R? with intensity measure Adx
as its ground process and i.i.d. marks on (7, .9) with the law .£7.

For convenience, we write the restricted process of E on a measurable set A € %’(Rd) as
B4, ie., BA(B x D):= E((ANB) x D) for all D € T and B € #(R?). Statistics in geometric
probability are often affected by the point configuration; hence both the restricted and unre-
stricted point patterns are of interest in applications. The functionals we study in the paper are

d
definedon Iy, := [—%aé, %aé] and have the forms

W=D n((x m),E)

(x,m)EEr,

and

Wo:= Y n(@m),Br,Td= Y n(km),E, Ty,

(x,m)€Er, (x,m)EEr,

where E ~ &) ,. The function 7 is called a score function (resp. restricted score function),
i.e., a measurable function on (S x Cs, .’ x €s) to (R, Z(R)) (resp. a function mapping S x
Cg x %(Rd) to R which is measurable with respect to (N (I'y % T)) X Esnr, x1) = BR)
when the third coordinate is fixed), and it represents the interaction between a point and the
configuration. Because our interest is in the values of the score function of the points in a
configuration, for convenience, n((x, m), Z) (resp. n((x, m), Z, I'y) ) is understood as O for
all xe R? and 2" Cs such that (x, m) ¢ 2. We consider the score functions satisfying the
following four conditions:

stabilisation (Assumption 2.1)

translation-invariance (Assumption 2.2)
e a moment condition (Assumption 2.3)
e non-singularity (Assumption 2.4)
Assumption 2.1. Stabilisation

Unrestricted case. For a locally finite configuration 2 and z € (R¢ x T) U {#}}, write 2~ 1ef =
Zifz=0 and 2 = 2V {z} otherwise. We use 8, to denote the Dirac measure at v, and
B(x, r) to denote the ball with centre x and radius r. The notion of stabilisation is introduced in
[38], and we adapt it to our setup as follows.

Definition 2.1. (Unrestricted case.) A score function n on R? x T is range-bounded (resp.
exponentially stabilising, polynomially stabilising of order 8 > 0) with respect to intensity
A and a probability measure % on T if for all xeRY, ze (RY x T) U {#}}, and almost all
realisations 2 of the marked homogeneous Poisson point process & ~ &7, o, there exists an
R:= R(x):= R(x, my, X (&) ) € (0, 0o) (aradius of stabilisation) such that for all locally finite
' (RY\B(x, R)) x T, we have

R((x, my) . [3{115 N (B(x, R) x T)] u Q/) :R((x, my) ., 2 0 (Bx, R) x T)) ,
n((x, my) [3&”125 N (B(x, R) x T)] u % =n((x, my) , 2 0 (B, R) x T)) :
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and the tail probability

(1) = sup sup P(R(x, My, gl 4 Stemy)) = t)
xeRY, myesupp(Lr) ze(R4 x T)U{H}

satisfies
t(t)=0forsome r € Ry (resp. (< Cre (1) < Cir P forallr e R+)
for some positive constants Cy and C.

Here and in the following, we write R or R(x) (resp. R or R(x) in Definition 2.1) only if it
will not cause any confusion. The definition ensures that {R((x, m,), Z~ 53} ) <t} is determined
by 2.y forallxe RY and r e R

Restricted case. We have the following counterpart of stabilisation for the functionals with a
restricted marked Poisson point process input. Note that the score function for the restricted
input is not affected by points outside I',.

Definition 2.2. (Restricted case.) A score function 7 is range-bounded (resp. exponentially
stabilising, polynomially stabilising of order 8 > 0) with respect to intensity A and a prob-
ability measure %7 on T if for all « e Ry, xe 'y, and z € (', x T) U {@}, and almost all
realisations 2 of the marked homogeneous Poisson point process B ~ &2, ¢, there exists an

R:= R(x, @) := R(x, my, o, 25 € (0, 00) (a radius of stabilisation) such that for all locally
finite #C (', \B(x, R)) x T, we have

R(Cemo . [ 28 0 (B B x 1) U2 Ty ) =R(@.m) . 212 0 (B RY X T) . Ta )
n((x, m) . [%ﬁf N (B(x, R) x T)] U ra) = n((x, my), 250 (B R x T) ra) ,
@.1)

and the tail probability

T(1):= sup sup ]P’(R(x, e, &, EE 4 80 my) = f)
xeRY, myesupp(Lr),aeRy 26l xT)U{A}

satisfies
7()=0for some € Ry (resp. 7(t) < Cre™ ', T(1) < C1¢ P forall e Ry)
for some positive constants C; and C.

As in the unrestricted case, the definition ensures that {I_?((x, my), o, 2 (&) ) ft} is a
function of Zp(x,nnr, forall x € Reanda, t e Ry.

Assumption 2.2. Translation-invariance

We write d(x,A):= inf{d(x, y);y €A}, A+B:= {x+y;xcA, yeB} for xeR? and
A, B € #(R?), and define the shift operator as E*(- x D):= E((- +x) x D) for all x€ R,
De 7.

Unrestricted case. See also [38].

Definition 2.3. The score function 7 is translation-invariant if for all locally finite configura-
tions 2, x,ye R andm e T, n((x + y, m), Z) = n((x, m), Z7).
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Restricted case. A translation may send a configuration outside of I'y, resulting in a com-
pletely different configuration inside I'y,. For example, for a configuration 2'C I', x T and a
point x # 0 in R, the translation .2* may not be a configuration contained in Iy, x T'. To focus
on the part that affects the score function, we expect the score function to take the same value
for two configurations if the parts within their stabilising radii are completely inside I'y, and
one is a translation of the other. More precisely, we have the following definition.

Definition 2.4. A stabilising score function is called translation-invariant if for any « > 0, x €
Iy, and 2 € Cpa 7 such that R(x, m, o, Z) <d(x, dT,), where dA stands for the boundary
of A, we have n((x, m), 2, Tq) =n((x',m), 2", Ty) and R, m, o/, ") =R(x, m, o, Z)
forall @’ > 0, x' € Ty, and 27 € Cpa,  such that R(x, m, a, Z) <d(x, 3Ty’) and

X x
! —
(%B(x’,l_?(x,m,a,%))> - (e%B(x,R(x,m,a,L%”))> ’

Note that there is a tacit assumption of consistency in Definition 2.4, which implies that if
n is translation-invariant under Definition 2.4, then there exists a g : Cra, 7 — R such that

lim 7((0, m), 2, To) = (2 '+ 80.m)
oa—> 00

for Zr-almost-sure m € T and almost all realisations 2 of the marked homogeneous Poisson
point process & ~ &, ¢,. Furthermore, we can see that for each score function 7 satisfying
the translation-invariance in Definition 2.4, there exists a score function for the unrestricted
case, obtained by setting

Qe m), 2) 1= JZ N eme s 22)

and using its corresponding radius of stabilisation in the sense of Definition 2.1 as R. From
the construction, 7 is range-bounded (resp. exponentially stabilising, polynomially stabilis-
ing of order 8 > 0) in the sense of Definition 2.1 if 5 is range-bounded (resp. exponentially
stabilising, polynomially stabilising of order g > 0) in the sense of Definition 2.2. Moreover,
if B(x, R(x)) C Ty, then R(x, @) = R(x), and if B(x, R(x)) ¢ Iy, then R(x, &) > d(x, 8Fa), but
there is no definite relationship between R and R.

Assumption 2.3. Moment condition

Unrestricted case. A score function 7 is said to satisfy the kth moment condition if
- k
E(|n(0, M3), & + @18, + @280, + 80.m0)| ) = € 2.3)

for some positive constant C for all a; € {0, 1}, distinct x; € ]Rd, ie{l, 2}, and i.i.d. random
elements My, My, M3 ~ £r that are independent of E.

Restricted case. A score function 7 is said to satisfy the kth moment condition if there exists
a positive constant C independent of o such that

- k
]E(’T)((x& M3), Br, + ai8, . my) + a28(x,.M5) + 83, u3)) | ) <C (2.4)
for all ay, ay € {0, 1}, distinct x1, x2, x3 € 'y, and i.i.d. random elements M, My, M3 ~ £r

that are independent of E. From the construction, if 7 is stabilising, then 7 satisfies the moment
condition of the same order in the sense of (2.3).
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Assumption 2.4. Non-singularity

Unrestricted case. The score function is said to be non-singular if

23 0 m), 8 Lawng <k | o (Eng) @.5)

(x,m)€B

has a positive probability of being non-singular for some bounded set Ny. That is, the sum of
the values of the score function affected by the points in Ny is non-singular.

Restricted case. We define non-singularity when the score function is stabilising and
translation-invariant. The score function 5 for restricted input is said to be non-singular if
it is stabilising, and the corresponding 1 defined in (2.2) satisfies that

<z Z n((x, m), E) La,Ng)<R(x) G(EN8> (2.6)

(x,m)eE

has a positive probability of being non-singular for some bounded set Ny.

The non-singularity assumptions above are stronger than the non-degeneracy conditions
(1.10) and (1.12) in [51] for Poisson input. The latter is comparable to the non-degeneracy
condition in [38, Theorem 2.1]; see the proof of Lemma 5.9.

The main result for W, (the unrestricted case) is summarised below.

Theorem 2.1. Let Z, ~ N(EW,, Var(W,)). Assume that the score function n is translation-
invariant as in Definition 2.2 and satisfies the non-singularity in Assumption 2.4.

(i) If n is range-bounded as in Definition 2.1 and satisfies the third moment condition (2.3),
then

drv (W, Zg) < o(a—%) .

(ii) If n is exponentially stabilising as in Definition 2.1 and satisfies the third moment
condition (2.3), then

1 3d
drv(We, Zo) =O(a F In@¥).

(iii) If n is polynomially stabilising as in Definition 2.1 with parameter B > % and

satisfies the k'th moment condition (2.3) with k' > k > 3, then

_ Bk=2)[B(k=2)—d(15k—14)]
drv(Wy, Zy) < O o~ ®B=2-dbak+285=38) | .

When approximation error is measured in terms of the Kolmogorov distance, the distribu-
tions of W, and W,, are often close for large . However, in terms of the total variation distance,
one cannot infer the accuracy of the normal approximation of W, by taking the limit of that of
W, . For this reason, we need to adapt the conditions accordingly and tackle W, separately. We
state the main result for W,, (the restricted case) in the following theorem.

Theorem 2.2. Let Z, ~ N(EW,, Var(W,,)). Assume that n is translation-invariant as in
Definition 2.4 and satisfies the non-singularity in Assumption 2.4.

(i) If n is range-bounded as in Definition 2.2 and satisfies the third moment condition (2.4),
then

dTV(Wa,Za)SO(a—%).
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(ii) If n is exponentially stabilising as in Definition 2.2 and satisfies the third moment
condition (2.4), then
— - 1 5d
drv(We, Zo) =O(a F In@¥).
(iii) If n is polynomially stabilising as in Definition 2.2 with parameter B > % and
satisfies the k'th moment condition (2.4) with k' > k > 3, then

- - _ BU=DIB(k=2)—d(15k=14)]
dTV(Wa, Za) < O o~ ®B=28-dGar+28k=3p) | |

Remark 2.1. It is unclear whether the logarithmic factors in Theorem 2.1(ii) and
Theorem 2.2(ii) are artefacts of the proofs.

3. Applications

Our main result can be applied to a wide range of geometric probability problems, includ-
ing the normal approximation of functionals of k-nearest-neighbours graphs, Voronoi graphs,
sphere-of-influence graphs, Delaunay triangulation graphs, Gabriel graphs, and relative neigh-
bourhood graphs. To keep our article to a reasonable length, we give details only for the
k-nearest-neighbours graph and the Voronoi graph. We can see that many functionals of the
graphs, such as the total edge length, satisfy the conditions of the main theorems naturally, and
the ideas for verifying these conditions are similar. For ease of reading, we briefly introduce
these graphs below; more details can be found in [17, 48].

Let 2°C R? be a locally finite point set.

(1) The k-nearest-neighbours graph. The k-nearest-neighbours graph NG(Z') is the graph
obtained by including {x, y} as an edge whenever y is one of the k points nearest to x or
x is one of the k points nearest to y. A variant of NG(Z") considered in the literature is
the directed graph NG’ (%), which is constructed by inserting a directed edge (x, y) if y
is one of the k nearest neighbours of x.

(ii) Voronoi tessellations. We enumerate the points in 2 as {x1, x2, ...}, and for eachi € N
we denote by C(x;) := C(x;, Z) the locus of points in R closer to x; than to any other
points in 2. We can see that C(x;) is the intersection of half-planes. In particular, when
the point set 2 has n < oo points, C(x;) is a convex polygonal region with at most n — 1
sides, 1 <i < n. The cells C(x;) form a partition of RY. The partition is called a Voronoi
tessellation, and the points in .2 are usually called Voronoi generators.

(iii)) The Delaunay triangulation graph. The Delaunay triangulation graph puts an edge
between two points in 2 if these points are centres of adjacent Voronoi cells; it is a
dual of a Voronoi tessellation.

(iv) The Gabriel graph. The Gabriel graph puts an edge between two points x and y in
Zif the ball centred at the middle point )% with radius H )% H does not contain any
other points in 2. We can see that the Gabriel graph is a subgraph of the Delaunay
triangulation graph.

(v) The relative neighbourhood graph. The relative neighbourhood graph puts an edge
between two points x and y in Z7if B(x, [|lx — y|) N B(y, [|[x —y|) N Z’=@. Whend =2,
this means that the vesica piscis between x and y does not contain any other points in
Z. This graph is a subgraph of Gabriel graph, so it is also a subgraph of Delaunay
triangulation graph.
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(vi) The sphere-of-influence graph. The sphere-of-influence graph of a locally finite point
set 2°C R? is the graph obtained by including {x, y} as an edge whenever x, y € 2 and
lx =yl <llx=Nx, )|+ lly—N@, Z)|l, where for z€ Z, N(z, ') is the nearest
point to z in 2. That is, for every point z € 2, we draw a circle with centre z whose
radius is the distance between z and the point nearest to it in %2 then two points x, y are
connected if the circles centred at x and y intersect.

Remark 3.1. Using [30, Corollary 2.2] or [13, Theorem 3.1], it is possible to consider normal
approximation to the statistics in Section 3.1 and Section 3.2 under the Kolmogorov distance

with convergence rate O(a’%) instead of O(a’% ln(oz)%)

3.1. The total edge length of the k-nearest-neighbours graph

Theorem 3.1. If E is a homogeneous Poisson point process, then the total edge length W,
(resp. W) of NG(Er,) (resp. NG’ (Er,) ) satisfies

dTV(V_Va, Za) < O(a_% ln(a)%) (resp. dTV(V_Vt;, Z&) < O(a_% ln(a)%)> ,

where Z, (resp. Z&) is a normal random variable with the same mean and variance as W,
(resp. W).

Proof. We adapt the idea of the proof in [38] to our setup. We only show the claim for the
total edge length of NG(Er, ) since NG’ (Er, ) can be handled with the same idea. The score
function in this case is

1
N0 Z0Ta) =5 ) =l ()
}’63{1"0,

which is clearly translation-invariant.

To apply Theorem 2.2, we need to check the moment condition (2.4), the non-singularity
in Assumption 2.4, and the stabilisation condition in Definition 2.2. For simplicity, we show
these conditions in two-dimensional cases; the argument can easily be extended to R¢ with
d >3 (resp. d = 1) by using cones (resp. intervals) instead of triangles in the proof.

We start with the exponential stabilisation, and fix & > 0 and x € I',,. Referring to Figure 3,
for each ¢ > 0, we construct six disjoint sectors of the same size Tj(f), 1 <j <6, with x as
the centre and angle 7. In consideration of edge effects near the boundary of I', the sectors
are rotated around x so that all straight edges of the sectors have angles at least /12 with
respect to the edges of I'y. It is clear that 7;(¢) C Tj(u) for all 0 <t < u. Set Tj(00) = U0 Tj(1)
for 1 <j < 6; then from the properties of the Poisson point process, there are infinitely many
points in & N Tj(oo) for all j, a.s. Let |A| denote the cardinality of the set A; define

tro =inf {1: |T{t)NTy N E| > k+1or Tj(t) N Ty =Tj(00) N Ty, 1 <j<6} (3.1)

and R(x, o) = 3ty . We show that R is a radius of stabilisation, and its tail distribution can be
bounded by an exponentially decaying function independent of « and x.

For the radius of stabilisation, there are two cases to consider. The first case is that none
of Tj(txo) NIy N E, 1 <j <6, contains at least k+ 1 points; then B(x, R(x, &)) D T, and
(2.1) is obvious. The second case is that at least one of Tj(t, o) NI'¢ N E, 1 <j<6, con-
tains at least k 4 1 points, which means that the k nearest neighbours {xi, ..., xx} of x are
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/12

FIGURE 4. k-nearest: A;.

in B(x, tx,o,). If a point y € [ \B(x, ty o), then y € I'y N (Tj(00)\Tj(ty,o)) for some j. Since
Co N (Tj(00)\Tj(tx,¢)) is non-empty, Tj(ty,o) contains at least k + 1 points {y1, ..., yx+1} and
d(x,y) > d(y;,y) for all i <k+ 1; hence y cannot have x as one of its k nearest neighbours.
This ensures that all points having x as one of their k nearest neighbours are in B(x, tx o).
Noting that the diameter of B(x, #y,¢) is 2ty and there are at least k + 1 points in B(x, tyq),
we can see that whether a point y in B(x, tx,a) has x as one of its k nearest neighbours is
entirely determined by E N B(y, 2t,«) C E N B(x, 3ty o). This guarantees that n(x, Z, Iy) is
0 (EB(x,31,4))-measurable, and R(x, ) is a radius of stabilisation. For the tail distribution of R,
referring to Figure 4, we consider the number of points of E falling into a triangle A; as a result
of a sector being chopped off by the edge of I'y. This is the worst situation for capturing the
number of points by one sector intersecting Iy, in the sense of volume. A routine trigonometry
calculation gives that the area of A; is at least 0.11672. Define 7 := inf{¢: |E NA,| > k+ 1};
then

k 2\{
P(R(x, a) > 1) < 6P(t > 1/3) < Ge—0-1162(1/3) Z M

i=0

' , t>0, (3.2)
i!

which implies the exponential stabilisation.

The non-singularity in Assumption 2.4 can be proved through the corresponding unre-
stricted score function 7(x, Z°) = % Zye 2 Ily = x' ., yenG(2))- Referring to Figure 5, we
take No := B(0, 0.5), observe that dB(0, 6) can be covered by finitely many B(x, 3) with
[lx|| = 5, and write the centres of these balls as xi, . . ., x, (in the two-dimensional case, n = 5).
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&

FIGURE 5. k-nearest: non-singularity.

Let E be the event that |B(x;, )N E|>k+ 1 for all 1 <i<n, | (B0, D\B(0,0.5)NE|=
k, and EN (B(0, 6)\ (Ui=uB(xi, 1) UB(0, 1))) is empty; then E is a(EN(c))-measurable and
IP(E) > 0. Conditional on E, we can see that E1 := {|E N B(0, 0.5)| = 1} satisfies P(E{|E) > 0,
and on Ej, all of the summands in (2.6) that are random are those involving the point of
EB(0,0.5); thus we now establish that these random score functions are entirely determined by
EB(0,1)- As a matter of fact, any point in EN (Ulfian(x,-, 1)) has k nearest points with dis-
tances no larger than 2, so points in E N B(0, 1) cannot be among the k nearest points to points
in E N B(x;, 1). For any pointy € E N B(0, 6)°, the line between 0 and y intersects dB(0, 6) at y/,
which is in B(x;,, 3) for some 1 < iy < n, so the distances between y and points in E N B(x;,, 3)
are at most ||y — || +4 = ||y|| — 2. The distances between y and points in & N B(0, 1) are at
least ||y|| — 1, which ensures that points of E N B(0, 6)° cannot have points in E N B(0, 1) as
their k nearest neighbours. On the other hand, on E N E1, there are k + 1 points in E N B(0, 1).
For any point x € B(0, 1), since the distances between x and other points in B (0, 1) are less
than 2, the points outside B(x, 2) C B(0, 3) will not be among the k nearest points to x:

|
n(x’ :‘): 5 Z ”x_y”
YE(ENB(0, )\ {x}

Hence, given E, all random score functions contributing to the sum of (2.6) are those
completely determined by Ep,2), giving

1g, E n(x, 8) Lae,ng)<rv) = 1E, E lx—=yl+X¢,
B x€ & such that yeENB(0,0.5),
7(x, 2) is random glvenEN(L)- xe(B(0,1)\B(0,0.5))NE

where X is o (E Ng)-measurable. Since this is a continuous function of y € E N B(0, 0.5), the

non-singularity in Assumption 2.4 follows.
For the moment condition (2.4), recalling the definition of ¢,  in (3.1), we replace x with x3
to get ty; . We now establish that

n(x3, Er, + a1y, + @28y, +8y;) < 3.5kty; o (3.3)

In fact, the k nearest neighbours to x3 have the contribution of the total edge length < %ktx“x.
On the other hand, for 1 <j <6, each point in (Erq + a6y, + a28x2) N Tj(tx_g,a) may take x3
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FIGURE 6. Voronoi tessellation.

as its k nearest neighbour, with the contribution to the total edge length < %tx_%a. As there are
SiX sectors (Era +aidy, + aQSXZ) N Tj(t,c},a), 1 <j <6, and each sector has no more than k
points, with x3 as one of their k nearest neighbours, the contribution to the total edge length
from this part is bounded by 3z, . By adding these two bounds, we obtain (3.3). Finally, we
combine (3.3) and (3.2) to get

E{n(x3, Er, +a18y, + azby, + 5x3)3] < 42.875k3E{t§3’a} <C<oo,
and the proof is completed by applying Theorem 2.2. (]

3.2. The total edge length of a Voronoi tessellation

Consider a finite point set Z°C I'y. The Voronoi tessellation in I'y, generated by Z"is the
partition formed by cells C(x;, 2) NT'y; see Figure 6. We write the graph of this tessellation
as V(Z, ) and the total edge length of V(Z, a) as U Z, ).

Theorem 3.2. If E is a homogeneous Poisson point process, then
- 1 5d
drv(MEr,. @), Z) <O(« 2 @),

where Zy is a normal random variable with the same mean and variance as A Z, a).

Proof. The stabilising part of the proof is inspired by [38], and the idea can also be used to
show the stabilisation property for Laguerre tessellations, which are a generalisation of Voronoi
tessellations, as in [23].

Before going into details, we observe that

V(Br,.e)= Y. I(3C(x, Er,) NIC(y, Er,))
(x.)}C Brg a7y
+1(0l),
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FIGURE 7. Voronoi: stabilisation.

where I(-) is the volume of a set in dimension d — 1. We restrict our attention to Voronoi
tessellations of random point sets in R?; with greater notational complexity, the approach
also works in RY with d > 3, using cones instead of triangles. Because l(BFa)=4a%
is a constant, by removing this constant, we have *'(Er,, «) := ¥(Er,, @) —4a? and
drv(V(8r,. @), Zy) =drv(?'(Er,. @) , Z,,), where Z], is a normal random variable having
the same mean and variance as ¥’ (Era, oc). We can set the score function corresponding to
¥ as

nx, Z,Ty)= % Z [(0C(x, Z)NaC(y, X)) = %l(a(C(x, Z)NTH\(9))
yeX, y#x

for all xe Z'C Ty, ie., nx, Z, ) is half of the total length of edges of C(x, Z)N Ty,
excluding the boundary of I',. The score function 7 is clearly translation-invariant. Thus, to
apply Theorem 2.2, we need to verify the stabilisation in Definition 2.2, the moment condition
(2.4), and the non-singularity in Assumption 2.4.

We start by showing that the score function is exponentially stabilising. Referring to
Figure 7, similarly to Section 3.1, we construct six disjoint equilateral triangles 7;(z), 1 <j <6,
such that x is a vertex of these triangles, and the triangles are rotated so that all edges with x as a
vertex have angles at least 77 /12 relative to the edges of I'y. Let T;j(00) = U= 0Tj(1), 1 <j < 6;
then Uj<j<6Txj(00) = R2. Define

Ryj:= Ryj(x, @, Er,) = inf{r: Tyj(1) N Er, # ¥ or Tyj(1) N T = Tyj(00) N Ty}

and

Ry := Rxo(x, o, Era) = 1??5)(6&"/()(’ o, Era) .

We note that there is a minor issue with _the counterpart of R, defined in [34] when x is close
to the corners of I'y,. We now show that R(x, @) := 3R,o (x, o, Era) is a radius of stabilisation.
In fact, for any point x" in Fa\(U15j§6T xj(RXO))» X' is contained in a triangle Tjy (00)\ Tj (Rx0)-
This implies that T;,(Ry0) N Er, # ¥, i.e., we can find a point y € Ty;,(Ry9) N Er, and the
point y satisfies d(x’, y) < d(x, x’); hence x’ ¢ C(x, Er,) N 'y, which ensures that C(x, Er,) C
(U13§6ij(Ro)). Consequently, if a point y in Er, generates an edge of C(X)N Ty, then
d(x,y) <2Rgp, and R(x, ) satisfies Definition 2.2. As in Section 3.1, we use A, in Figure 4
again to define t := inf{r: |E N A;| > 1}; then

P(R(x) > £) < 6P(x > t/3) < 6¢ O11OH/D* 4 ¢ (3.4)
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This completes the proof of the exponential stabilisation of 7.

The non-singularity in Assumption 2.4 can be examined by using a non-restricted coun-
terpart 1 of 5, taking No = B(0, 1), and filling the moat B(0, 4)\B(0, 3) with sufficiently dense
points of & such that, when E NG is fixed, the random score functions contributing to the sum of
(2.6) are purely determined by a point in E N Ny. More precisely, we cover the circle 0B(0, 3)
with disjoint squares having side length +/2/4, and enumerate the squares as S;, 1 <i<k.
Note that all the squares are contained in B(0, 4)\B(0, 2). Let E =N << {|{EN(S)| > 1}, E1 =
{IENNg|=1};then Eis o (ENé)-measurable, P(E) > 0, and P(E1 |E) > 0. Since the points in

EN (UleS,-) have neighbours within distance 1, for any x € Ny, Tj(6) contains at least one
point from E N (B(0, 4)\B(0, 2)). As argued in the stabilisation, points in & N (B(0, 12)€) do
not affect the cell centred at x € Ny, and by symmetry, x € Np does not affect the Voronoi cells
centred at points in E N (B(0, 12)°). This ensures that, conditional on E, all random score
functions contributing to the sum of (2.6) are those completely determined by Ey,, giving

1 Z n(x, 8) La(x,No)<R(x)

_ Xx€ & such that
7(x, 8) is random given EN(‘)'

=1g{ > il ) Liwng<re +X ¢
x€ENB(0,12)

where X is a(EN(c)')-measurable. As 1g,7(x, ) is an almost surely (a.s.) (in terms of the

volume measure in R?) continuous function of x € E N Ny, the proof of the non-singularity
in Assumption 2.4 is completed.

It remains to show the moment condition (2.4). In fact, as shown in the stabilisation
property, we can see that R(x, a) will not increase when points are added, so C (X3, Er, +
a8y, +axdy, + 8x3) N T, C B(x, R(x, «)); then the number of edges of C(X3, Er, +ai1éy +
axdy, + 6x3) NIy excluding those in the edge of Iy is less than or equal to (Er, +
a1y, +axdy,) (B(x, R(x, a))) <E&r, (B(x, R(x, oz))) + 2, and each of them has length less
than 2R(x, o). We observe that Z restricted to outside of Ule Tj(R,;) is independent of R(x, a);
hence

ST
where < stands for ‘stochastically less than or equal to’, and E’ is an independent copy of E.
Therefore, using (3.4), we obtain

- 3
E(’l(x3, STy +a18x1 +a26x2 +6x3) )

<E((&' (B(xs, Rtv, @) +8)° (2Res, @)*)

oo X e_’\’”2 AT r? i
< / § :(i+8)3(2r)3#6e_0‘“6“’/3)2 % (0.1161/9) 2rdr
0 S i!

<C< oo,

which ensures (2.4). The proof of Theorem 3.2 is completed by using Theorem 2.2. ]
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3.3. Timber volume estimation

Timber volume estimation is an essential research topic in forest science and forest man-
agement [8, 32]. This example demonstrates that, with the marks, our theorem can be used
to provide an error estimate for the normal approximation of the timber volume distribu-
tion. To this end, it is reasonable to assume that in a given range I', of a natural forest, the
locations of trees form a Poisson point process . For x € 2, we can use a random mark
M, eT:= {l1,...,n}todenote the species of the tree at position x; then E := eré S(x, M) 18
a marked Poisson point process with independent marks. The timber volume of a tree at x is
a combined result of the location, the species of the tree, the configuration of species of trees
in a finite range around x, and some other random factors that cannot be explained by the con-
figuration of trees in the range. We write n( (x, m), Er,, I'y) as the timber volume determined
by the location x, the species m, and the configuration of trees, and €, as the adjusted timber
volume at location x due to unexplained random factors.

Theorem 3.3. Assume that 1 is a non-negative bounded score function such that

n((x, m), Br,, Te) =n( (x, m), ErynBen, La)

for some positive constant r,

r’( (x7 m)a EB(X,Y)’ FD(I) = 77( (xa m)5 EB()C,I‘)v FOZZ)

for all ay and ap with B(x, r) C U'g aay, 1 IS translation-invariant as in Definition 2.4, the €,
are i.i.d. random variables with a finite third moment, the positive part €;” = max(ey, 0) is
non-singular, and the €, are independent of the configuration E. Then the timber volume of the
range Ty can be represented as

Wo:= Y [(n((x.m), Er,. Ta)+e) VO],
xXe éra
and it satisfies
dTV(V_Vom Za) = O<Ol_%) >
where Zg, is a normal random variable with the same mean and variance as W.

Proof. Before going into details, we first construct a new marked Poisson point process
"= ) 1eE 8(n.(My.ep)) With ii.d. marks (M, €;) € T x R independent of the ground process
= E, and incorporate ¢, into a new score function on &’ as

<~

[ o]

n/((xv (ms 6))5 E/a FD() = U/((x, (mv 6))7 Ei"av FO[)
= [(}’]( ()C, m), E]“a , Fa) + 6) \ O] l(x,(m,e))eEi-a .
We can see that

We=Y n’((x, (M, €), E}Q,Fa).

=/
xXe Ty

The score function 1’ is clearly translation-invariant. Thus, to apply Theorem 2.2, it is sufficient
to verify that n’ is range-bounded as in Definition 2.2 and satisfies the moment condition (2.4)
and the non-singularity in Assumption 2.4.
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The range-bounded property of the score function 7’ is inherited from the range-bounded
property of 1 with the same radius of stabilisation R(x, &) := r. The moment condition (2.4) is
a direct consequence of the boundedness of 7, the finite third moment of ¢,, and the Minkowski
inequality. Hence it remains to show the non-singularity. To this end, we observe that the
corresponding unrestricted counterpart 7 of 1’ is defined by

ﬁ((x, (mx’ ex))’ ‘%—/) = all?;o n/((x7 (mx’ 6)())7 %/v FD{)
= n/((-xa (m)n EX))9 %/1 Fotx) = (U((M mx)s f%; Fotx) + ex) Vv O,
where o, = 4(||x|| + )%, and 2 is the projection of 2" on RZ x T. Let Ny = B(0, 1), and let

=0}, E={lgy[=1};

—l|=
E= H“B(No,n\No

then E is o <E;Vc)-measurable, P(E) > 0, and P(E| |E) > 0. Writing ¢, = — min(ey, 0), &}, =
0

{xo} in E1, given E we have

1E, Z (. (my, €0), ') LageNgy<r

x€E’

=1g, (n((xo, mxo)s S(XO)mXO), F4(,+1)2) + 6x0> v O
= 1EI |:1€x0>0 (’7(()50, m.X())v 8(x07mx0)’ F4(r+1)2) + 6;%)

+ 1%50 <77((x0, me), S(Xo,mxo)’ F4(r—H)2) - E)Z)):| v 0.

On {ey >0}, € is independent of n((xo,mxo),é(x()m ),F4(r+1)z> and has a posi-
k) XO

tive non-singular component; hence n((xo,mxo), 8(x ” ), F4(, +1)2) +e;(r) is also non-
0,Mx,

singular. Together with the fact that {e,, > 0} and {€,, <0} are disjoint, this implies the
non-singularity. t

Remark 3.2. If the timber volume of a tree is determined by its nearest neighbouring trees,
then we can set the score function 7 as a function of weighted Voronoi cells. Using the idea of
the proof of Theorem 3.2, we can establish the bound of the error of the normal approximation
to the distribution of the timber volume Wy as drv(We, Zo) < O(a’% ln(a)%). Furthermore,
by setting n((x, my), E, I'y) as a function of the k,_ nearest neighbourhoods of x instead of
the configuration of species of trees in a bounded neighbourhood, we gain an example with
stabilising radius R depending not only on x but also on m,.

3.4. Maximal layers

Maximal layers of points have been of considerable interest since [42, 29], and have a wide
range of applications; see [11] for a brief review of their applications. One of the applications is
the smallest colour-spanning interval [28], which is a linear function of the distances between
maximal points and the edge. In this subsection, we demonstrate that Theorem 2.2 with marks
can easily be applied to estimate the error of the normal approximation to the distribution of
the sum of distances between different maximal layers if the points are from a Poisson point
process.
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h’(:L')dyy As

Maximal point singularity

FIGURE 8. Maximal layers.

For x € R?, we define A, = ([0, oo)d 4+ x) N Ty. Given a locally finite point set 2 C R4, a
point x is called maximal in Z'if x € 2 and there is no other point (yi, . . ., yg) € Z satisfying
y; > x; for all 1 <i <d (see Figure 8(a)). Mathematically, x is maximal in Z"if Z NA, = {x}.
This enables us to write different maximal layers as follows: the kth maximal layer of points
can be recursively defined as

Zi= ) axl[AXﬂ(%\(Uf.‘;ll%))={x}]’ k=1,
xeZ

with the convention U?_, 2; = ¢.

For simplicity, we consider the restriction of the Poisson point process to a region in
R¢ between two parallel (d — 1)-dimensional planes for d > 2. More precisely, the region of
interest is

1 d—1
Lo r= {(xl,xz, o xix €0, 0T i<d =1, x4+ Y xicot(®;) € [0, r]}
i=1
for fixed 6; € (O, %), 1<i<d-1, and 8Ty, is a homogeneous Poisson point process with

rate A on [y ;. Define E o as the kth maximal layer of Er, ,; then the total distance between
the points in Ef ,  and the upper plane

d-1
P:= {(xl,xg, L XQ)iX € [O,aﬁ], i<d- l,xd=—2xi00t(9i)+r}
i=1

can be represented as V_Vk,r,a = er Sk ra d(x, P).

Theorem 3.4. With the above setup, when r € Ry and k € N is fixed,
= 5 _1
dTV(Wk,r,av Zk,r,a) =< O(“ 2) 5

where Zirq ~ N(E(Wi.ra). Var(Wi. ).
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Remark 3.3. It remains a challenge to consider maximal layers induced by a homogeneous
Poisson point process on

1021 € [0, D] ! 0 <0, < F)

where F: [0, a!/(@=1D19=1 _ [0, 00) has continuous negative partial derivatives in all coordi-
nates, the partial derivatives are bounded away from 0 and —oo, and |F| < O(ocl/ (d_l)). We
conjecture that the normal approximation in total variation for the total distance between the
points in a maximal layer and the upper edge surface is still valid. The convergence rate of
the total number of points in the kth maximal layer under the Kolmogorov distance can be
found in [30, Theorem 3.3], but because the number of points is a discrete random variable,
the convergence rate under the total variation distance is always 1.

Proof of Theorem 3.4. As the score function d(-, P) is not translation-invariant in the sense
of Definition 2.4, we first turn the problem into that of a marked Poisson point process with
independent marks. The idea is to project the points of Er,, , on their first d — 1 coordinates to
obtain the ground Poisson point process, and send the last coordinate to marks with T = [0, r].
To this end, define a mapping /' : Too r := Ugs0la, — [0, oo)d_l x [0, r] such that

d—1
Wy, .o, xg) =1, .., xg) + (o,...,o, incot(é?i))

i=1

and W(Z) := {W(x):x€ Z}. Then K’ is a one-to-one mapping, and &' := h(EFoo,r) can be
regarded as a marked Poisson point process on [0, 00)4~1 x [0, r] with rate rA and independent
marks following the uniform distribution on [0, r]. Write the mark of x € E' as m,; then

Wera=CO1,....001) Y, (r—my), (3.5)
xeh(ak,r.oz)
where C(01, ..., 04-1) is a constant determined by 6, ..., 04_;. Let I, := [0, ozd%l]d_l;

then h(ErW) = Ei_, . For a point (x, m) € [0, oo)d_l x [0, r], we write

Al =1 (W)~ (x, m) + [0, 00))) N Ty)

X,m,r,o

(see Figure 8(b)) and

Xi, o= hErra)= Y Swmol, (3.6)

=/ k—1 =/ _ .
xJ;u.nmm(c‘r& \Ul‘:1 ‘:‘i,r_u)*{(xvmx)}

&
xeo
Ty

Combining (3.5) and (3.6), we can represent V_Vk, r. as the sum of values of the score function

n((xv mx), E/9 F(/x) = C(elv e ed—l)(r - mx)l(x,mx)eE;{_a

over the range I'},. To apply Theorem 2.2, we need to check that 5 is range-bounded as in
Definition 2.2, and that it satisfies the moment condition (2.4) and the non-singularity in
Assumption 2.4.

For simplicity, we only show the claim in the two-dimensional case; the argument for
d > 2 is the same except for notational complexity. When d =2, I'y, is a parallelogram
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with angle 6 as in Figure 8(a), and P and C(6y, ..., 64—1) reduce to an edge in R? and

sin(f), respectively. Since sin(0;)(r — m,) is given by the mark of x, to show n is range-

bounded, it is sufficient to show that 1 {cemoez], ) is completely determined by &’ N A’
My Hkrot

X,y 7,00 °
In fact, we can accomplish this by observing that (x, my) € uk ro if and only if there is

a sequence {(xj, my), 1 <j<k}CE'NA] (wh1ch ensures A’ CcA ) such

X, My, r, o X mX r,o X, My, r, o
that (xi, my, ) = (x, m) and

/ 7'1/ —~/
Ay ra 0 BNV Bl ) ={ (57
for 1 <j <k. Since
r—w/ / —~/
mAx My, o - C"[x,x+rtan((91 K

we can see that 5 is range-bounded as in Definition 2.2 with R(x, «) := rtan(f;)+1. The
moment condition follows from the fact that n is bounded above by r. For the non-singularity,
we extend 2’ to R4~ x [0, r], write

rgo,, = {xe R : there exists yePsuchthaty —r(0,...,0,1)<x <y},

and let (Erg ,); be the jth maximal layer of Ergo,r and Ej/ = h((Erg,,);)- We can see that
the corresponding unrestricted score function is 7(x, &) = sin(d;)(r — mx)l(x mEE, with the

stabilising radius R(x) = rtan(0;)+1. Referring to Figure 8(b), we set Ny := (O, ”%(01)),
By = {(x, m); x € N9, 0 <m < xcot(f1)}, B; as the triangle region with vertices

i—1 1 2i—1
Gm@% 4&1»”G+M—Q>

i 1 2i—1
<meo< «k—b) < +4w—n>>’

i 1 2i
Q*m“&)< 4@—-n) <5'F4w—-n>>

forl <i<k-—1,and

D= (([—rtan(@l)—l, W—H] \No) % [0, r]) \ (u{.‘;}Bi) .

Define E := {m —1} and Ejy:= {’E;V 2’3/030’21}.
ThenEea(uNc),]P’(E) > 0, and ]P’(E0|E) > 0. We can see that given E, the point in &’ N B; is

in uk ; forall 1 <i <k — 1. Moreover, on E N Ey, the point (xg, 71y,) in “EV is in uk Hence,
given E

1g, > ii(x. B) Lae.Noy<re) = 15, sin@)(r — my,)
xe&

is non-singular. U

As a final remark of the section, we mention that unrestricted versions of all the examples
considered here can be proved, because it is trivial to show that the unrestricted version of the
score function 7 satisfies the stabilisation condition in Definition 2.1 and the moment condition
(2.3) using the same method, and the non-singularity in Assumption 2.4 for the restricted case
is the same as that in the unrestricted case with the score function 7.
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4. Preliminaries and auxiliary results

We start with a few technical lemmas.

Lemma 4.1. Assume &1, ..., &, are i.i.d. random variables having the triangular density
function
1 le)
LA <
Ka(x)=1{ @ ( a Jfor ki =a. 4.1
0 for |x| > a,

where a > 0. Let T, =Y i, &. Then for any y > 0,

dry(T,, Tn+)/)SZ!,/i+;}. 42)
alVrmon @n—1n2n

The following lemma says that if the distribution of a random variable is non-singular, then
the distributions of random variables which are not far away from it are also non-singular.

Lemma 4.2. Let F be a non-singular distribution on R with ag > 0 in the decomposition (1.1).
If G is a distribution satisfying dry(F, G) < aF, then the weight of the absolutely continuous
component, ag, in the Lebesgue decomposition of G,

G =1 —ag)Gs +agGq,
satisfies ag > ar — dry(F, G).
We denote the convolution by .

Lemma 4.3. For any two non-singular distributions F and F», there exist positive constants
a>0,ueR, 0 €0, 1] and a distribution function H such that

Fi«F,=(1—-60)H4+ 60K, *6,, 4.3)

where K, is the distribution of the triangle density k, in (4.1), and §, is the Dirac measure
at u.

Lemma 4.3 says that F| % F7 is the distribution function of (X7 + u)X3 4+ X2(1 — X3), where
X1~ Kq4, Xo ~ H, X3 ~ Bernoulli(f) are independent random variables.

Remark 4.1. From the definition of the triangular density function, if a, u, 6 satisfy (4.3) with
a distribution H, then for arbitrary p, ¢ such that 0 < g <p < 1, we can find an H’ satisfying
the equation with @’ = pa, u' = u, and 8’ = g6.

Using the properties of the triangular distributions, we can derive that the sum of the score
functions restricted by their radii of stabilisation has a similar property in Lemma 4.1 when the
score function is range-bounded, exponentially stabilising, or polynomially stabilising with
suitable 8.

Lemma 4.4. Let 2 be a marked homogeneous Poisson point process on (R4 x T, %’(Rd) x 9)
with intensity A and i.i.d. marks in (T, 9) following Zr.

(a) (Unrestricted case.) Assume that the score function n satisfies the non-singularity in
Assumption 2.4. If n is polynomially stabilising as in Definition 2.1 with order >
d+ 1, then

dry W, War +7) = C(lyI v 1) (a731%) (44)
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forany y € R and r > Ro, where C and R are positive constants independent of y. If n
is range-bounded as in Definition 2.1, then

1
dry(We, Wo +v) < C(ly| v Da™2 (4.5)

for some positive constant C independent of y .

(b) (Restricted case.) Assume that the score function n satisfies the non-singularity in
Assumption 2.4. If n is polynomially stabilising as in Definition 2.2 with order f >
d+1, then

- - 1 d
drvWar, Weor + 1) = Clyl v 1) (07202 (4.6)

forany y € R and r > Ry, where C and Ry are positive constants independent of y. If n
is range-bounded as in Definition 2.2, then

— — 1
dry(We, W +y) < C(ly |V D2 4.7)

for some positive constant C independent of y.

Remark 4.2. Since exponential stabilisation implies polynomial stabilisation, the statements
(4.4) and (4.6) also hold under the corresponding exponential stabilisation conditions.

We can generalise Lemma 4.4 by replacing y with a function of Ey for some Borel set N
and the expectation with a conditional expectation.

Corollary 4.1. For o, r > 0, let {Né’f),}ke{l 23} C %’(Rd) be such that
(N UNE UNE) B, qut)

for a point xR and a positive constant q € (O, %), let Zo4.r be a sub-o-algebra of
o (E D ) and let hy,, be a measurable function mapping configurations on N,S,Z; X T to the
real space.

(a) (Unrestricted case.) Define

Wo,= > n(Gm), B)lgwsr.

X,mEE
(x,m) Fa W)

If the conditions of Lemma 4.4(a) hold, then
dry (W&,r, We ,+ ha.r (EN@) ‘fo,a,r)
<5 (| (2,0)

1 d
for r> Ry, where Ry >0 is a constant, and O(a‘§r7> is independent of the sets

(k
{ a’)r}a,reR+,ke{l,2,3}’

v 1‘320,W) o(a—%r%’) as. 4.8)
functions {hy ;) rer, and o-algebras {70 o r}a,reRr, -

https://doi.org/10.1017/apr.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.15

128 T. CONG AND A. XIA

(b) (Restricted case.) Define

Wori= D (@ m), B Tl ayer

x,m)eld
CemeE L We)

If the conditions of Lemma 4.4(b) hold, then
dry (Wl;,,, Wy, + ha,r (EN[(;;) ‘fo,a,r)
= E( hawr (Efol)

1 d
for r > Ry, where Ry >0 is a constant, and O(a_§r7> is independent of the sets
k
NG

v 1‘%,(1,,) o(a—%r%) as. 4.9)

a,reR+,ke{1,2,3}’f”nCtiO”S {ha,r}a.rer, and o-algebras {fo,a,r}a,,dM.

As discussed in the motivating example, the orders of Var(W,,) and VaI(V_VO,) play a pivotal
role in the accuracy of the normal approximation. The next lemma says that the optimal order
of the variance can be achieved under exponential stabilisation.

Lemma 4.5.

(a) (Unrestricted case.) If the score function n satisfies the third moment condition (2.3), the
non-singularity in Assumption 2.4, and the exponential stabilisation in Definition 2.1,
then Var(Wy) = Q().

(b) (Restricted case.) If the score function n satisfies the third moment condition (2.4), the
non-singularity in Assumption 2.4, and the exponential stabilisation in Definition 2.2,
then Var(Wy) = Q(a).

We cannot obtain the optimal order of the variances in the polynomially stabilising case,
but the following lower bound can be established.

Lemma 4.6.

(a) (Unrestricted case.) If the score function n satisfies the k'th moment condition (2.3) with
k' > k > 3 and the non-singularity in Assumption 2.4, and is polynomially stabilising as
in Definition 2.1 with parameter B > (3k — 2)d/(k — 2), then

kB—2B—3dk+2d
Var(Wy) > Ol o kp-25-dk

(b) (Restricted case.) If the score function n satisfies the k'th moment condition (2.4) with
k' > k > 3 and the non-singularity in Assumption 2.4, and is polynomially stabilising as
in Definition 2.2 with parameter B > (3k — 2)d/(k — 2), then

_ kB—28—3dk+2d
Var(Wa) > O(a kp—2p—dk >
5. The proofs of the auxiliary and main results

We need Palm processes and reduced Palm processes in our proofs, and for ease of reading,
we briefly recall their definitions. Let E be a Polish space with Borel o-algebra & and configu-
ration space (Cg, 6g), let ¥ be a point process on (E, &), and write the mean measure of W as
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¥ (dx) := EW(dx). The family of point processes {W, : x € E} are said to be the Palm processes
associated with W if for any measurable function f : E x Cg — [0, 00),

]E[/f(x, ‘I’)‘If(dx)] =/ Ef(x, W)y (dx); (5.1
E E

see [26, Section 10.1]. A Palm process W, contains a point at x, and it is often more conve-
nient to consider the reduced Palm process WV, — §, at x by removing the point x from W,.
Furthermore, suppose that the factorial moments

Y2 (dx, dy) := E[W(dx)(¥ — 8,)(d)],
BN dx, dy, dz) .= E[W(dx)(W — 8,)(dy)(¥ — 8, — 8,)(dz)]

are locally finite; then we can respectively define the second-order Palm processes {Wyy : x,y €
E} and third-order Palm processes {Wyy; : x, y, z € E} associated with ¥ by

E / / FOx, y; W)W (D)W — 8)(dy) | = f / Ef (x, y; W)y 2 (dx, dy), (5.2)
2 2

E // SO, y, 2 W () (W — 8:)(dy)(V — 8x — 8y)(dz)

/ / / Ef(x, v, 23 W)W (dx, dy, dz), (5.3)

for all measurable functions f : E2 x Cg — [0, 00) in (5.2) and f:E3 x Cg — [0, 00) in (5.3)
[26, Section 12.3]. Using reduced Palm processes, the Slivnyak—Mecke theorem [35] states
that the distributions of the reduced Palm processes of a point process are the same as that of
the point process if and only if the point process is a Poisson point process. Then we can see
that for a homogeneous Poisson point process with rate A, its mean measure can be written
as A(dx) = Adx; its Palm processes satisfy W, Ly + 8y, Wy Ly + 8y + 8y, and Wy, Ly +
8 + 8y + 8,; and the factorial moments ¥[21(dx, dy) = A2dxdy and ¥/ B3(dx, dy, dz) = A3dxdydz
for all distinct x, y, z€ E = R4,

We can adapt (5.1), (5.2), and (5.3) to the marked point process E. To this end, we assume
that the rate of Z is A, and that {M;}1<i<3 are i.i.d. random elements on (7, .9) following the
distribution %7, which are independent of Z. We use M, to denote the mark of x if x € o)
Because of the independence of the marks, we can obtain the following corollaries of the
Campbell-Mecke theorem (also known as the Mecke equation) and the multivariate Mecke
equation [15, p. 130]:

E / J(Cx, M), E)@(dX)} =/ Ef (Cx, M1), B 4 8(x,m))Adx, (5.4)
LJRd R

E / F(x, My), (y, My); E)E(dx)(E — 8,)(dy)

_(Rd)2

= // Ef((xa Ml)a (yﬂ MZ), E + 8(X,M|) + 5(y,M2)))\2dXdy’ (55)
(R)?
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E / / F(Ce, M), (v, My), (z, M) E)E(dX)(E — 8)(dy)(E — 8x — 8,)(d2)
(RY)’
= /// Ef ((x, M1), v, M2), (z, M3); E + Sxe,my) + 8(y,00) + 5(2,M3)))~3dxdydz, (5.6)
(m)?
for all measurable functions f : S x Cg — [0, 00) in (5.4), f*: S? x Cs — [0, 00) in (5.5), and
f:8% x Cs— [0, 00) in (5.6).
Recalling the shift operator defined in Section 2, we can write g(2Z%):= n( (x, m), Z")

(resp. go(x, ) := n((x, m), E, Z,y)) for every configuration 2, (x, m) € Z, and « > 0,
so that the notation can be simplified significantly; e.g.,

Wo= Y n((x,m), €)= fr g(ENE(d) =) g(EY,

[1]

(x,m)EEr, xe&
Wom 30 n(teom. T = [ gatr DE@,
(x,m)EEr, o

—~
'~

where Z is the projection of & on R?, and R and R(x, &) are the corresponding radii of
stabilisation. Here, g(Z") (resp. go(x, Z)) is not affected by m since n((x, m), Z) (resp.
n((x, m), 8, Z, I'y)) is understood as 0 if (x, m) ¢ Z.

Since the mean and variance of W, are generally different from those of W, ,, in the proof
of Theorem 2.2, we will need the bound of the total variation distance between two normal
distributions.

Lemma 5.1. ([18, Theorem 1.3].) Let F, » be the distribution of N(u, 2); then

3‘012—022’ [1 — pal
drv(Fuy.o0 Fls.o) < 2max {02, 07} 2max(oy, 02)’

To find suitable normal approximations for W, and Wa-f (resp_). W, and Wa,r), we need to
analyse the first two moments of W, and W, , (resp. W, and W, ). Before doing this, we
establish a few lemmas needed in the proofs.

Lemma 5.2. (Conditional total variance formula.) Let X be a random variable on the proba-
bility space (2, 9, P) with a finite second moment, and let 4, and 4%, be two sub-o-algebras
of 9 such that 9, C 4. Then

Var(X|¥)) = E(Var(X|4,)|¥)) + Var(E(X|4,)|4)) .
Proof. From the definition of the conditional variance, we can see that
Var(X|%) = ]E(Xz‘%> — E(X|9))>
=E(E(X’[) %) - EEXI%) %)
_ ]E(]E(x2 ‘%) (%) . E(]E(Xl%)z‘%) + E(E(X|%)2 \%)
— E(E(X|%)|%))

=E(Var(X|%)|1%) + Var(E(X|4)|4) .
so the statement holds. O

https://doi.org/10.1017/apr.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.15

Normal approximation in total variation 131

Also, given the value of a random variable in a certain event, we can find a lower bound for
the conditional variance.

Lemma 5.3. Let X be a random variable on the probability space (2, 9, P) with a finite second
moment. For any event A and o -algebra such that % C ¥,

E(X14].%)
Var(X|.%) > Var( X1 — 1y
ar(X|.7) > ar( A+ PALT) A

y) , (5.7)

where 8 = 0 by convention.

Proof of Lemma 5.3. The statement is trivially true if P(A) =0, so we focus on the case
that P(A) > 0. Let AN .% = {BNA; B € .%}, which is a o-algebra on A, and let P4 be a prob-
ability measure on (A, A N .%) such that P4 (BN A) =P(B|A) for all B € .%. Then we have the
corresponding conditional expectation

EA(XJAN.F) =Es(XI4)A N F) = 1LEA(X|A N F)

which equals 0 on 14¢. The proof relies on the following observations.

Lemma 5.4. For any random variable Y with E|Y| < oo and A € ¢ such that P(A) > 0,
E(Es(YIANZF)|.F)=EA,Y|.%).
Proof. Both sides are .#-measurable, and for any B € .%,

EEEA(YIANF)|F) 1p) =EEA(YIANF) 1p)
=EEA(YIAN.F) 1pna)
=EEs(1graYIANF))
=PA)EA(Ea(1praY|AN.F))
=PA)EA(1praY) =E(1pnaY) =EE1AY|.F) 1) ,

as claimed. O

Lemma 5.5. For any random variable Y with E|Y| < oo and A € 4 such that P(A) > 0,

E(14Y|F),

Proof. Both sides equal 0 on A€ and are measurable on A N .% when restricted to A. From
the construction of AN %, any set B € AN .Z is of the form BN A for some B € %. Hence
(5.8) is equivalent to

EA(IE(IAYL?)

PALZ) 1A1AmB> =EA(Ea(Y|F) 1anB)
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for all B € .%. Now we have

E(1,Y].%) 1 E(14Y|.%)
]EA( E(1,7) IA”B) P(A)E< E(1,7) 1A13>

_ 1 E(14Y].7) P
- JP(A)E(]E< By 7) A8 J))
1 1
= —FEEALY|F) 1p) = —EEA41BY|.F
]P(A)((A|)B) ()((AB|))
1
= iy A 15Y) = EAEa (Y14 151.7) = By Ea (V) ) Lac),
completing the proof. O

Proof of Lemma 5.3 (continued). We start from the left-hand side of (5.7):

—EX|.Z)?

Il
=
——~
e

[\
\/

(E(X14].7) + E(X1c|.7))?

)
2|7 )~ E(Bs (X144 N F) + Epe (X]A°N 7 )|ﬁ)2
) ( Es(X14|A N F) + Eae (X[|A° N .7 ‘J)

IE(X (4 + 140)| .2

) - IE(EA(XIA AN.Z)2 + e (XA N 9‘)2‘34’)

0 7))
—E(EA(XlAlAﬂ F)2 + B (X|AC N )Z)y)
=E(Vary (X|ANZ) + Varae (X|A°NF)|.F), (5.9)

IE(EA (X2’A n.7 ) + Eue <X2

where the inequality follows from Jensen’s inequality, and the third equality and the second-
to-last equality are from Lemma 5.4. On the other hand, the right-hand side of (5.7) can be

written as
2
y) - (mort) v (BMiDy, |5))

2 (BEXLIF)N
E(X 1A+( PA17) ) W P(AL7)

2
:E(XZIA’9’> + (w) P(A|F) — B(X14|.7)?
g\ 2
E(]EA(XZ(Amﬁ) = <%) 14

PAZ)
E(X1|7) - (M)zww
’)
- E(]EA (XZ}A N 9) —EA(XIAN y)z‘y‘)
— E(Vary (X|A N .F)|.F), (5.10)

PA|F)?

P(A|.%)

where the third equality follows from Lemma 5.4, and the second-to-last equality is from
Lemma 5.5. Combining (5.9), (5.10), and Lemma 5.2 completes the proof. O
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Before going to the proof of Lemma 4.4, we need a lemma to show that under the stabil-
isation conditions, the cost of throwing away the terms with a large radius of stabilisation is
negligible.

Lemma 5.6.

(a) (Unrestricted case.) If the score function is exponentially stabilising as in Definition 2.1,
then we have

dTV(WDla Wa,r) = Clae_cﬂ

for some positive constants C1, Ca. If the score function is polynomially stabilising with
parameter B in Definition 2.1, then we have

dTV(Wa, Wo,,r) < Car™P

for some positive constant C.

(b) (Restricted case.) If the score function is exponentially stabilising as in Definition 2.2,
then we have

dTV(V_Va, V_Va,r) < Ciae™ €

for some positive constants C1, Ca. If the score function is polynomially stabilising with
parameter 3 in Definition 2.2, then we have

dTV(Wa, Wa,r) < Car™P

for some positive constant C.

Proof. We first show that the statement is true for W, and Wa,r. Recall_that we_deﬁned
My ~ %5 as a random ele_tment _independent of 2. From _the construc_tion of Wy and Wy ,, we
can see that the event {Wy #= W, ,} C {at least one x € E N 'y with R(x, «) > r}. From (5.4),

we have
dTV(V_Vou V_Vot,r) = P({Wo{ # Wa,r})
< IP’({at least one x € & N T, such that R(x, o) > r})
<E

/F 1R(x,a)>ré(dx)

\/l;a E(lR(x,Ml,a,E+5(X_M1))>r) Adx

f P(R(x, My, o, E + 8(x.my)) > 1) Mdx

a

<aAit(r),

which, together with the stabilisation conditions, gives the claim for W,.

The statement is also true for W,, which can be proved by replacing W, with the corre-
sponding Wy, Wy, with Wy, R(x, o) with R(x), R(x, M1, &, E + 8(x.a,)) With R(x, My, E +
8, Mmy)), and T with 7. D
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Proof of Lemma 4.1. For convenience, we write Gy, g,, and ¥, for the distribution, density,
and characteristic functions, respectively, of T;,. It is well known that the triangular density «,
has the characteristic function

_2(1 — cos(as))
Yi(s) = W,
which gives
(201 —cos(as)) "
Yn(s) = (—(as)2 ) .

Using the fact that the convolution of two symmetric unimodal distributions on R is unimodal
[50], we can conclude that the distribution of 7}, is unimodal and symmetric. This ensures that

v/2
drv(Tn, Tn +y) = sup |Gp(x) — Gu(x — )| =/ gn(x)dx. (5.11)
xeR —y/2

Applying the inversion formula, we have

gn<x)=i / e‘fswa,(s)ds:i / cos(sx) Yy (s)ds
2 R 2w R

= L /00 cos(sx/a) <—2(1 —2cos S)> ds,
amr Jo N

where i = +/—1, and the second equality is due to the fact that sin(sx),(s) is an odd function.
Obviously, g,(x) < g,(0), so we need to establish an upper bound for g,(0). A direct verification

gives
2(1 — 52
05(—200“)5(ﬁ for 0 < s <2,
s
which implies
1 a2 % (4\"
wO =t [" e Fay [ (—2> s
aim 0 2 S
1 g2 2
< —12d -
Tann /0 ¢ St a2n — Dg2n
_L/3 + 2 (5.12)
“aVan  a@n-— D2’ '
Now, combining (5.11) with (5.12) gives (4.2). O

Proof of Lemma 4.2. We construct a maximal coupling [5, p. 254] (X, Y) such that X ~
F,Y~G, and dry(F, G) =P(X #Y). The Lebesgue decomposition (1.1) ensures that there
exists an A € Z(R) such that F,(A) = 1 and F((A) = 0. Define ug(B) =P(X e BNA,X=Y) <
arpF,(B) for Be B(R), so ¢ is absolutely continuous with respect to the Lebesgue measure.
On the other hand,

GB)>GBNA)>P(YeBNA,X=Y)=pucg(B), for Be BR);

hence ag > ugR)=ar —PX #Y) =ar —dry(F, G) > 0. O
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fi* fa
A

—
v v

FIGURE 9. Existence of u and v.

Proof of Lemma 4.3. Since F; is non-singular, there exists a non-zero sub-probability
measure p; with a density f; such that p;(dx) =fi(x)dx < dF;(x) for x € R. Without loss of gen-
erality, we can assume that both f] and f> are bounded with bounded support, which ensures
that f] * f> is continuous (for the case of fi =f>, see [33, p. 79]). In fact, as f; is a density, one
can find a sequence of continuous functions {fi, : n > 1} satisfying |f1, —f1|1 — 0 as n — oo,
where |- |1 is the L1 norm. Now, with |- | denoting the supremum norm, |f, *f> — f] *
Floo < faloolfin —fil1 = 0 as n — oo. However, since the continuity is preserved under the
supremum norm, the continuity of f * f> follows.

Referring to Figure 9, since f] * f> # 0, we can find u € R and v > 0 such that fi * f>(x) > 0
and

min fi o002 3fi %00 = b,

xe€lu—v,u+v]

Let 6 =vb and a =v; then H = ﬁ(Fl * Fy) — 0K, x§,) is a distribution function, and the
claim follows. O

Proof of Lemma 4.4. The idea of the proof is to use the radius of stabilisation to limit
the effect of dependence, pass the non-singularity property to the truncated score function
n( (x, m), E)lge<r (resp.n( (x,m), E, Fa)li?(x,a)gr)’ and dig out the maximum number of
cubes in the carrier space I'y, such that the truncated score functions on these cubes are inde-
pendent. Then we can apply Lemmas 4.2 and 4.3 to find the component with the form of a
convolution of triangular distributions, which, together with the property of the triangular dis-
tributions in Lemma 4.1, implies the conclusion. The order of the bound is then determined by
the reciprocal of the number of the cubes, as in the Berry—Esseen bound. Except for notational
complexity, the proof of the restricted case is the same, so we first focus on the unrestricted
case.

From Assumption 2.2, for the restricted case, we can find g, 1, and R corresponding to n
such that the stabilisation radius R of 7 satisfies the same stabilisation property as 7 in the sense
of Definition 2.1. Because Ny is a bounded set, there exists an r; € R such that Ng C B(0, ry).
For convenience, we write the random variables

Y= Z 2(EN g Ng)<R()» Y, = Z 8(EM) Laee.Ng)<R(x)<r»

xe& xe&
and write the event {Y # Y,} as E, for r € R;. We can see that

]P’(E,) < ]P’({there is at least one point x € E such that d(x, No) V r < R(x)}) =: IP’(E;)
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and the right-hand side is a decreasing function of r. Under any stabilisation condition in
Lemma 4.4, we can show that P(E,) — 0 as r — oo, that is, Y, converges to Y a.s. In fact,

B(£))
< ]P’({there is at least one point x € E N B0, ri + r) such that r < R(x)}) (5.13)
+ P({there is at least one point x € E N B(0, ry + r)° such that [x| — rj < R(x)}).
Using the property of the Palm process (5.4), we can see that the first term of (5.13) satisfies
]P’({there is at least one point x € E N B(0, r; + r) such that r < R(x)})

<E / 1R, E(dx) = f E1 Adx
B(0,r1+7) B(0,r1+7) R(X,M1,5+5( ” ))ZV
XMy

= P R(x,Ml,E—i—b‘ )zr>mx
-[B(o,rl +7) ( (.01)

A d_d/2
5/ (hdr = (r1 +ra%“t(r)
B(0,r1+r)

r(g+1)
and the second term is bounded by

, (5.14)

]P’({there is at least one point x € E N B(0, r; + r)° such that |x| — r| < R(x)})

f]E/ 1R()> x| -1y é(dx):f E1 Adx
B(0,r+r)¢ B(0,r+1)¢ R(X,M1,E+5( y ))Z|X|*r1
X, 1

= PR(X,M],E+8 >Z|x|_rl>)\dx
/B(o,r. 41y ( (1)

0 A 1gd 20 (t — 1)
< (x| — rp)idx = i dt. (5.15)
B(0,r1+r)¢ ri+r F(E + 1)

When the score function satisfies one of the stabilisation conditions, both bounds in (5.14) and
(5.15) converge to 0 as r — 00, SO ]P’(Er) < IP’(E;) — 0asr— oo.

For two measures (1, ta, we write 1 < up if £1(A) < uz(A) for all measurable sets A. The
non-singularity in Assumption 2.4 ensures that, with positive probability, the conditional distri-

bution f(Y‘O’ (E N(c))) is non-singular. So we can finda o ( B NS)—measurable random measure

& on R such that & < f(Y‘O'(ENé)) a.s., P(¢(R) > 0) >0, and & is absolutely continuous
[26, Lemma 2.1]. Since

hfol PEMR) >u)=PER) >0) >0,

we can find a p > 0 such that P(§(R) > p) > 4p. Because E| is decreasing in the sense of
inclusion in r, and P(E.) — 0 as r — oo, we can find an Ry € R such that IP’(E}QO) <p?

which ensures
IE”(IP’(E}QO a(st)) > %’) <. (5.16)

If we write ¥ := YIE/ROc, Al = {dTV (Y, I?| G(EN5>) >p/2}, A := {£(R) > p}, then Ay

and A, are both o (E N(c))—measurable, and

p(2(arv (v.7]0(2x))) = 2) <P(P(5,

o(50))=9) =2
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giving P(A; N AS) > 2p. For o € AS N Ay, dTV(Y, 7| o(aNS)) () < p/2 and &(@)R) > p.
By Lemma 4.2 and (5.16), there exists an absolutely continuous o ENg -measurable ran-
dom measure & such that & < f(l?‘a(EN(rj)) a.s. and IP((;;(R) > g) > 2p. We write E' as
an independent copy of E, and the corresponding Y, and & as Y, and &', respectively. Using

Lemma 4.3, we can find O’(EN(C), E;\,C>—measurable random variables ®; >0, ®, >0 and
0
U € R such that P(©; > 0, ®, > 0) = 4p?, and

Ex&'>=0 Ko, *Su.

However,
1iﬁ)1]P’{®1/®2 >¢,0,>¢}=P{O; >0,0, >0},
€

and from Remark 4.1, we can find an € > 0 such that

P{é “E'=eK, % 5U} >2p?

forao (E NS> E;\,c)—measurable U. From the fact that we can write Y, = ¥ + ¥,1 E, »We have,
0 0
for any B € B(R\{0}),

Hence

Av|o(2x;)) O = AT|o(Bx5)) \lOD

> E(\{0}) = &(-) a.s. for all r > Ry. (5.17)

Therefore, using U € &7to stand for U being «#“measurable, we have

P [ﬂYr}U(EB(Nolr)\No)) *-g(Y; U(E;B(NU,Zr)\NO))

zezK6 *5(]}

sup

v Eff( BNy, 20\No EBvg. 2\ )

= sup P{X(Yrb(EB(No,Zr)\No)) *f<y;

- sup IP’{X(Y, a(EN(c)-))*f(Y;

= 2
U(QE(NO,Zr)\N0)> =€ KG *8(]]

o (E;V(§>> ~e%K, * (SU}
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which ensures that, for any r > Rg, we can find a o (E B(No,2r)\No s E%(No 2r)\NO)—measurable U
such that

P{g(yr|U(EB(NO,2r)\NO)) *f(Y; U(EQS(NO,Zr)\NO)> zézKe *Bu} ZpZ. (5.18)

If @ < (2(4r 4+ 2r1))?, (4.4) is trivial with

2r d/2
C=32(4+— ,
{ ( - Ro >}
so we now assume o > {2(4r + 2r1)}d. From the structure of E, we can see that E(A, D) 4
E(x+ A, D), and E(A, D) is independent of E(B, D) for all disjoint A, B € %’(Rd), De 7,
and x € R?. For a fixed r > Ry, we can divide T, into disjoint cubes Cy, - - - , Gy, , with edge

length 4r + 2r| and centres cy, - - -, ¢, ., 2iming to maximise the number of cubes, so ng, ~

a(4r+2r1)~9, which has order O(ar~¢). Without loss of generality, we can assume that mg,
is even or simply delete one of them, and the above properties still hold. For i <my ., we

define
Aij=c;+ Np, Bi =B(A;, r), Ci=B(Bi, r), D; = Ci\A;,
Noa,r = Ul<i<m, ,Ais NMa,r := Ul<i<m,,Bi, N o.r := Ul<i<m, ,Di.
Flar= U(ER"\NO‘O,J)’ Foar = U(ENZ,a.r)’

Wg,r = / &( Ex)lR(x)<r E(dx), Wolé’r =Wy, — Wg,,-
1a,r

Note that for all x such that d(x, 0T'y) > r,

77(()5, m)v Es Fa)]-]_?(x,o()<r = ﬁ((xv m)s E)IR(X)<V
for all (x, m) € E a.s. From the definition of total variation distance,

dTV(Wa,,, Wa.r + y) = sup (P(Wa,, EA) — IP’(WO,,, €A — y));
AeB(R)

hence the tower property ensures that

dTV(Wa,ra Wa,r + J/)

= sup E(lw,,ea — lw,,ca—y)

AcA(R)
= sup E(E(lw,,ea — lw,,ca—y|F1ar))
AcA(R)
= sup ]E(]E(lwg,eAfwg”._lwg,eAfyfwgJyl,a,r))
AeBR) ’ ’ ’ ’
< E( sup [E<1W3 eA ~ IWB,EA—y|j1’Ol»r>]>
AcA(R) ‘ '
=E< sup [ E(1yg, e —lwg,eA_y%,a,r)]), (5.19)
AcB(R) ’ ‘

where the last equality follows from the fact that Wg,, depends on %, o , in .F 4 .
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From (5.19), to show (4.4), it is sufficient to show that

€A 1 1 d
( i [ ( War WgrEAyl’g.la,r)]) =(ylv l)O( 77}3) .
AcABR) ’ , o

Using the fact that '/Bi g(E")lR(x)<r§(dx) depends only on 6(Ep,) in %, o, for i <my ,, and
from the independence of o (Ep,) for different i, we can see that

j(Wg,AyZa,r) = g( gzZ,c{,r)

M, r
=$<Z/ 8(E)1g()<r E(d¥) O’(ED[,, ifma’r)> . (5.20)
i=1 /B

My, r

> / Z(E")1p(y <, E(dy)
i=1 7B

Using (5.18), we obtain

%
Z E / 8( E)C)IR()C)<r B(dx) U(EDiv i< ma,r)
i=2j—1°""1

=X (1= J1j) + Xed1 (1 = o) + Xz + UDJ1,jJ2,] 0 (Epy . Epy)) .
where J j, J2 j and U; are o(EDzj_l, EDzj)-measurable withP(J1j=1)=1-P(J;;=0) :pz,
P(Jzﬁj =1)=1- ]P’(Jz,j =0)= 62, JijdLJa;, X1 and X5 ; are J(EBZj—l , EBz_j)-measurable,

and X3 ; ~ K¢, 1 <j<my,/2, are ii.d. and independent of & (EDi, i< ma,,). Define

moc,r/2
re= Y (X (L=J1g) + Xa 1y (1= Tog) + (X3, + Uj)J1 o).
=1
Mg, r/2

Yh = Z X3,J1,j02,5,
=1

!
X3,0= ZX3,,',
=1
and let  ~ Binomial(my,,/2, €2p?) be independent of {X3;:j <mq,/2}. It follows from
(5.19) and (5.20) that

dTV(Wa,r’ Wa,r + V)

< ]E( sup [E(1g,ea —1x,ea—ylo(Ep;. i < mar))])
AcABR)

=< ]E< Sup [E(IZZEA - 122€A7V|O—(ED5’ lE ma,r))])
AcAB(R)

=]E< sup [E(1s;,ea —lzs,zeA—VV)])
AcAB(R)
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<PU<E@D2)+ Y sup [E(lnen —Inyensy) | PU=))
(ED)/2<j<mq,r/2 AP ®)
=< O(a—lrd) + o(a—%r%) lyl=(y| V1) O(a—%r%) ’ 5a1)

where the first term of (5.21) is from Chebyshev’s inequality, and the second term is due to
Lemma 4.1. This completes the proof of (4.4).

In terms of (4.5), since range-boundedness implies polynomial stabilisation with arbitrary
order 8, (4.4) still holds for all » > Ry. On the other hand, W, = Wa,r a.s. when r > ¢ for some
positive constant #; (4.5) follows by taking r =Ro VvVt + 1.

The claim (4.6) can be proved by replacing W, with W,, W, , with W, ,, g with g,
W0, with W0, Wi, with W, ., 8 by ', R(x) with R(x, @), and R(x, M1, E + 8(x.m,))

o,r
with R(x, M1, &, E + 8(x.m,)), and redefining .7 o, := O'(El"a\_/\/b‘a,r). The bound (4.7) can
be argued in the same way as that for (4.5). O

Proof of Corollary 4.1. The proof can easily be adapted from the second half of the proof of
Lemma 4.4, and we start with (4.9). If offll (1 —2¢)"'4r+2r) > %, (4.9) is obvious because

the total variation distance is bounded above by 1. Now we assume ofé(l —2¢)" Y@r+2r) <
%. Similarly to the proof of Lemma 4.4, we embed disjoint cubes with edge length 47 4 2r|

into 'y \ (Néli U N&z)r U Ns)r), aiming to maximise the number m, , of cubes. Without loss of
generality, we assume that my, , is even. Then we have

a(l = 29)%(12r 4+ 6r) =1 < mg, < a(1 — 2¢)%(4r 4+ 2r)) ™7,

giving mg, , = O(ar™9).
We use the same notation as in the proof of Lemma 4.4 but with I';, replaced by Fa\(Ng,I; U
Nélzl U N,g;’;) , and define

a7 R =)
P = U( wz.a,,wszz) :

Bearing in mind that N((x]; UNS,Z} UNS} is excluded from the myq , cubes, we have % 4, C
Z1 a.r» giving the following result analogous to (5.19):

dTV(W&’r, Wi+ ha,r (EN@) ‘90,a,r>

= sup Elly -1, _ Fo.a.r
AcBR) ' Wor€A~har| E )
a,r
= sup E|E IV_VO,JEA -1 _ yl,a,r yo,a,r
AcBR) Wy, r€A—hg,r QNéZL
= sup ElE IV_V2,6A_1—0 _ yl,a,r ng0,0(,)’
AcBR) : Wa.r€A=har| Eyo)
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) yl,a,r yO,a,r

<E| sup |E|1y0 c4—1.
AcH(R) ar WB,rGA—ha.r<3N<2>

ao,r

=E| sup [E{1yo 4 —1_
AcA(R) o« WS.rGA—ha,r(E Q) )

The rest is a line-by-line repetition of the proof of Lemma 4.4 with y replaced by A, (E N ),
and the expectations replaced by the conditional expectations given .% ., leading to .

drv (V_V(/x,r’ V_Vé” + ha,r (ENS,Z)) ‘90,()“)

<E[| sup [E|1y0 4—1_ F, Z0
ACB®) WY e WS_,EAfha,r<ENSX2;> 2,a,r a,r
<E[E| sup [1z,c—1 I a(aN@) Foar (5.22)
AcBR) - ):3’1€A7h,1_r<ENé2)r) a,r

< PU=HE|E| sup [1g,.eq—1 a(a ) F
< Y Pu=) P |1s;en 23JeA—ha,,<a (2)) NO) 0.,

El<2j<me., AcHAR) o
+ P <(ED/2)
< O(ot_lrd> n o(a—%r%) IE( he r (EN@) ‘%,a,r) (5.23)
(s (2i) 1) o).
where (5.22) follows from the fact that

is a function of / and E N the first term of (5.23) is from Chebyshev’s inequality, and the

second term is due to Lemma 4.1. This completes the proof for the statement of Wa,rl
The claim (4.8) can be proved by replacing W, , with Wy », W, with W, ., and Wg, with
wo,. O
The moments of Wy, and W,, (resp. Wa,r and W,,) are established in the following lemmas
1
using the ideas in [51, Section 4]. Let || X, := E(]X|")” be the L, norm of X, provided it is
finite.

Lemma 5.7.

(a) (Unrestricted case.) If the score function n satisfies the k'th moment condition 2.3 with
K > k> 1, then maxo<i<t {|Wallr. |Wa.rll1} < Ca.

(b) (Restricted case.) If the score function n satisfies the k' th moment condition (2.4) with
K > k> 1, then maxo<i< {|Welli, [Warlli} < Ca.
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Proof. The proof is adapted from that of [51, Lemma 4.1]. We use the same notation as
in the proof of Lemma 4.4, and start with the restricted case. To this end, it suffices to show

[ WelliV | We, rllk < Car, and the claim follows from Holder’s inequality. Let No := |Er,,

; then

N, follows the Poisson distribution with parameter oA. Using Minkowski’s inequality, we

obtain

Walle < || D Igalx. B

X€Erg P
o0
=1 D gt B | Wnpzan + D Lasoion, <asisl
xeéra Jj=0
o0
< D0 Iga ) Ing=an | + D[ D Igal B Ay <arait| - (5:24)
xeéra k j=0 xeéru k

Let s= % > 1 and let ¢ be its conjugate, i.e., %—i— % = 1. Using Holder’s inequality and

Minkowski’s inequality, for any j € N we have

Z 18a (X, E)l 1gp2j <, <2t
xeéra

= Z |8 (x, B INQSO()LZJ‘*" laXZj<Na

1

=1 Y 1ga B) 1y, cgroiv | P(No —ah>ar(2 —1))7. (5.25)

xe@ra k
oy L
<| Y I8 B Ly, izt | (P(Na > @n2)))®
xeér‘a K
xeéra k'

For the term || - || in (5.25), we have

> 1galx. B)| Iy, <n

XE&ry 1%

n

=1E[ [ D] D lealr E)l 1y,

j=1 XEE[‘Q

n
=Y B D lgulx. 8) 1y,
j=1

xe E[‘a
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where the first equality holds because

D leelx. E)|k/1Na:0 =0,

xeér‘a

and the last equality follows from the fact that {N, =}, 1 <j <n, are disjoint events. On
{Ny =j} for some fixed j € N, if we write j points in E NIy as {(x1, m1), ..., (xj, m;)}, and
let {(Ua, i Mi)}ieN be a sequence of i.i.d. random elements that have distribution U(T'y) X Zr
and are independent of E, where U(I'y) is the uniform distribution on I'y, then

k/
El [ Y lgalr. 8)l 1y,
xeér‘u
. k/
! 3
> E[lga i m), B 1]
i=1
k/
:jk,E 8o Uastz ZS(UazM) 1y,— |, 5.27)

where the inequality follows from Minkowski’s inequality, and the equality follows from the
fact that when ’E N Fa’ is fixed, points in E NI, are independent and follow the uniform
distribution on I'y,. Combining (5.26) and (5.27), we have

Y lgalr B Iy,
xeérm k'
v v
n
= Z] Ef |8« | (Ua1, Ml ZS(UO,,M) In,=j
j=1
1
K K
n
= Z)»OljkilE 8o alle Zg(Ua,M) lNa=j_1
/ ] l/
, n—1 J+1 ¢ ‘
1 k=1
<Qa)¥n ¥ E 8o (Ua,l,Ml), ZS(U%;,M,') In,=j
Jj=0 /
- k/ - L/
R 00 J+1 ¢
<Aa)¥n ¥ {E Z 8u (Ua,l,Ml), 25(Ua,,-,M,-) Ly, =
j=0 i=1
— 1 -
1 K-l _ ¥ 1 ¥
=) n ¥ E| [ge (G, M), Er, +8ccmn) | —dx
Co

<Ge)¥n'v Cl (5.28)
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where the first equality follows from the fact that N, is independent of {(Ua, i M i) tien, P(Ng =
D= Aj—."‘IP’(Na =j — 1), and the last equality follows from the construction of the marked Poisson
point process.

Combining (5.25) and (5.28), we have

*— 1)o+1> 1

S w8 Mooy conet | <@r2 L CE BNy — it > k(2 — 1)F . (5.29)

xeura k

Using (5.28) and Holder’s inequality, we have

1
3 Jgelr B)Inpzar | | D lalr D lyyzan| <arCl.  (530)

Xe&r, k XE&r, 1%

Combining (5.29) and (5.30), together with the fact that P(N, — oA > aAk) decreases expo-
nentially fast with respect to k, we have from (5.24) that

Wallk < || D Igalx, B)I| <Ca.

XEEr, k

The proof of (b) is completed by observing that, for arbitrary r € R,

Warlle =] > galx. B) Igozr| <[ D Igalx. B)| < Ca.
x€8rg i llxeBr,
The claim in (a) can be established by replacing W, with Wy, Wa » with Wy, go(x, Z°)
with g(Z¥), and Zl 18Uy pay) With Zl 1 8(Ugs.M;) + Brg- O

Remark 5.1. The proof of Lemma 5.7 does not depend on the shape of I'y, so the claims still
hold if we replace ', with aset A € %’(Rd) and « in the upper bound with the volume of A.

With these preparations, we are ready to bound the differences ‘Var(Wa) - Var(WW)| and
|Var(Wy) — Var(W,,,)|.
Lemma 5.8.

(a) (Unrestricted case.) Assume that the score function n satisfies the k'th moment condition

(2.3) for some k' > 2. If ny is exponentially stabilising as in Definition 2.1, then there exist
positive constants o and C such that

1
|Var(W,) — Var(We,,)| < — (5.31)
o
forall « > ag and r > CIn («). If n is polynomially stabilising as in Definition 2.1 with
parameter B, then for any k € (2, k'), there exists a positive constant C such that
k-2 _pk2 31 gkl
|Var(W,1) — Var(Wa r)| < C(a kP ) \Y (oz P ) (5.32)

forallrfoz%.
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(b) (Restricted case.) Assume that the score function n satisfies the k'th moment condition
(2.4) for some k' > 2. If n is exponentially stabilising as in Definition 2.2, then there
exist positive constants ag and C such that

[Var(We) — Var(We, )| =~ (5.33)

forall a > ag and r > ClIn («). If n is polynomially stabilising as in Definition 2.2, with
parameter B, then for any k € (2, k'), there exists a positive constant C such that

|Var(V_Va) — Var(V_Va,,) | < C(a%fﬁ%) \% <a%r_’3%) (5.34)
forall r < a%.
Proof. We start with (5.33). From Lemma 5.7(b), for fixed k € (2, k'), we have
Jnax {IWelli, Werll1} < Coa (5.35)
for some positive constant Cp. Without loss of generality, we assume o > 1. Since

[Var(We) — Var(We,,)| < |[B(W2 = W2, )| +|(EW)” - (BW.)?|, (5.36)

assuming that the score function is exponentially stabilising as in Definition 2.2, we show that
each of the terms in the right-hand side of (5.36) is bounded by % for o and r sufficiently
large. Clearly, the definition of W, , implies that Wozl - Wozl’ ,=0if R(x,a) <rforallxe E]"a;
hence it remains to tackle E, o 1= {R(x,x) <r forall x e Era}". As shown in the proof of
Lemma 5.6, IP’(EW) < ozCle’CZr, which, together with Holder’s inequality, ensures that

=B[(W2 - W2,) 15, ]

2 12
< IW2 = W2, eI, |

(% - 52.)

72 72 2
= (W21 + W2, 1) PCEr) T

k=2

- - k=2 _ T
= (W2 + 1Wer, ) PO o) T = 2(Coo)? (wCre™@") © . (537)

For the remaining term of (5.36), we have
— 2 — 2 — — — —
|(EWe)? — (EW,)?| = [EW, — W, /| [EW, + BV,
The bound (5.35) implies |EWa +EW,, r| <2Coa. However, using Holder’s inequality,
Minkowski’s inequality, and (5.35) again, we have
[EWy — EWe.r| = |E[(Wo — Wer) 1E,.. ||
< IWo = Warllkll1E, , s

= = k=1
= (”Wa”k + ”Wot,r”k) H:D(Er,oz) k

k=1

k

<2C (acle—cﬂ) , (5.38)
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giving
k=1
k

|(BW)? — (BWe,)?] <4 (Com? («Cre™) (5.39)

We set r = C In(«) in the upper bounds of (5.37) and (5.39), and find C such that both bounds
are bounded by 1/(2«), completing the proof of (5.33).

The same proof can be adapted for (5.34). With (5.36) in mind, recalling the fact established
in the proof of Lemma 5.6 that P(E, o) < Crar B, we replace the last inequalities of (5.37),
(5.38), and (5.39) with the corresponding bound of P(E, ) to obtain

k=2

B(W2 - W2,)| = 2(Cow? (Crar#) T, (5.40)
|[EW, — EW,,,| <2Coa (clafﬂ)% : (5.41)
|(EW.) = (EW.,,)?| =4(Coa)? (Crar?)' T (5.42)

The claim (5.34) follows from combining (5.40) and (5.42), extracting « and r, and then taking
C as the sum of the remaining constants. ) .
A line-by-line repetition of the above proof with W, and W, , replaced by W, and Wy ,

gives (5.31) and (5.32) respectively. U
Next, we apply Lemma 5.2 and Lemma 5.3 to establish lower bounds for Var(Wa, ,) and

Var(I/_Va, r).

Lemma 5.9.

(a) (Unrestricted case.) If the score function n satisfies the polynomial stabilisation in
Definition 2.1 with order B > d+ 1 and the non-singularity in Assumption 2.4, then
Var(Wo,’,) > Car’dfor Ry<r< a]/d/6, where C, Rg > 0 are independent of «.

(b) (Restricted case.) If the score function n satisfies the polynomial stabilisation in
Definition 2.2 with order p > d+ 1 and the non-singularity in Assumption 2.4, then
Var(Wa,,) > Cotr_dfor Ro<r< otl/d/6, where C, Rg > 0 are independent of .

Proof. For (b), recalling the notation in the paragraph after (5.19), we obtain from the total
variance formula that

Var(W,,,) = E(Var

EN;;)) : (5.43)

where m, , is the number of disjoint cubes with length 4r + 2r; embedded into I',.
Using (5.17), there exists an Ry > r1 > 0 such that for all r > Ry,

ENé) >£ as.,

& Y,l( / ) En =,$(f/

ER0
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where & is an absolutely continuous U(E NS)-measurable random measure satisfying
= c
}P’(S(R) > %’) > 2p. Hence, for r > Ry, we apply Lemma 5.3 with X := Y,, A:= (E;eo) , and

use the fact that Y,l( )C =Y forallr> R to obtain

£,
_ E(f’ ENS)
EVar(Yr ENS)EEVar Vb — 1y (Exe | =b>0. (5.44)
P((Er) |23)

The proof of the claim (b) is completed by combining (5.43) and (5.44), and observing that
Ry<r< a]/d/6 ensures that mg > 12’dotr’_d.
The claim (a) can be proved by replacing W, , with W, , and g with g throughout the above

argument. U

Finally, we make use of [51, Lemma 4.6], Lemma 5.8, and Lemma 5.9 to establish
Lemma 4.5.

Proof of Lemma 4.5. To begin with, we combine (5.31), (5.33), and Lemma 5.9(a) to find
an r:= Cj In(«) such that

|Var(W,) — Var(We,,)| < é (5.45)

[Var(Wy) — Var(Wa)| < . (5.46)
o

Var(Wy,,) > Coa In(a) ™, (5.47)

for positive constants Cj, C;. The inequalities (5.45) and (5.47) imply Var(W,) >

O(oz ln(oz)_d); hence the claim (a) follows from the dichotomy established in [51, Lemma
d—1

4.6] saying either Var(W,) = Q(«) or Var(W,) = O(aT).

For (b), it suffices to show that Var(V_Va) — Var(Wy,) = o() if we take 7 as the score function
in the unrestricted_ case. To this end, noting that (5.45) and (5.46), it remains to show that
Var(Wa,r) - Var(Wa, r) = o(«). However, by the Cauchy—Schwarz inequality, we have

|Var(W,”) — Var(V_Va,r)|
= |Var(W,“ — V_Va,r) — ZCOV(WO,,, — Wa,r, Wa,r)|

<Var(Wes — Wasr) + 2/ Var (Was — Wer) Var(Wa).

and it follows from Var(Wy) = Q(a), Var(Wy,,) = O(a), and (5.45) that Var(We,,) = Q(a);
hence the proof is reduced to showing Var(We,, — Wa,,) = o(a).

Since go (x, E)1g q)<r =8 (E%) 1g)<r if d(x, dT'y) > r, we have Wy, — Wy , = Wi o, —
W2.o.r where

Wl,oz,r = Z é (Ex) 1R(x)<ra W2,ot,r = Z 8o (x, 8) 1R(x,ot)<r'

XEERATy. 1)y XEERITy . Ny
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As the summands of Wi 4, and W o , are in the moat within distance r from the boundary of
Ty, both Var(Wy 4, ) and Var(Wa, 4 ,- ) are of order o(a), as detailed below. In fact, it follows
from (5.4) that

E(ga (x, B) 1.0, E(dX))

:E(ga (.x, E +8(X,M1)> IR()C,MI,&,E"FS( " ))<r> )\.dx
XMy

=: Py o.,dx; (5.48)
if we set . }
By (dx) i= ga(x, E)py gy <, E(dX) — Py g, rdx, (5.49)
then E(E%(dx)E%(dy)) = E(E}(dv)) E(E%(dy)) =0 if d(x, y) > 2r. Therefore,
Var(Wz,a,r)

f E(E%(dx)EL(dy))
x,yeB0Ty,r)Nly

= f E(E}(dx)E}(dy))
x,yeBOT o, r)NTy,d(x,y)<2r

f (B g0 (. ) 1p0 <8 0 ) g0, E@DE ()]
x,yeBOT o, r)NTy,d(x,y)<2r -

_Px,oz,rpy,oz,rdxd)’} . (5.50)

Recalling the second-order Palm distribution in (5.5), we can use the moment condition (2.4)
together with Holder’s inequality to obtain

E[|ga @ B Mgy )<y 18 (s B IR(y’a)qé(dx)E(dy)] < C*(\2dxdy +rdy),  (5.51)
|Pr.cor| |Py.a,r| dxdy < C*2*dxdy, (5.52)
where C > 1. Combining these estimates with (5.50) gives
Var(Wa,q,,) = O(ad%] rd+l) = o(a).
The proof of Var(Wl,a,r) = o(w) is similar, except we replace (2.4) with (2.3). Consequently,
Var(Wy,, — Wy,r) = Var (Wi o,r — Wa,a,r) <2(Var(Wi a,r) + Var(Waa,r)) = o(a),

and the statement follows. O

As the lower bounds in Lemma 4.6 are very conservative, their proofs are less demanding,
as demonstrated below.

Proof of Lemma 4.5. We start with (b). The bound (5.34) ensures that

3k—2 ko—2 k-1 ko—1
|Var(W,) — Var(Wa,)| < Cy (a G rﬂ(’)‘0> v <a G rﬁoko> (5.53)

forall r < aé and k' > ko > k > 3. On the other hand, Lemma 5.9(b) says
Var(W,,,) > Crar™
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forO0<Ry<r< al/d/6 Let ry := a®F-28—dk Zﬁ —d  The assumption § > (3k 2)d/(k — 2) ensures
that r, < al/d/é for large o, and ko > k guarantees |Var(W ) Var( o ,a)| < Var(Wa,,a) for

large . Hence

d kB—2B—3dk+2d
Var( )>C1ar =0|a K-28-dk

completing the proof. ) )
For the proof of (a), we can proceed as in the proof of (b), replacing W,, with W, and W, ,

with W, ,. O
The proof of Lemma 4.6 enables us to get slightly better bounds for Var(WW) and

Var(V_Va,r).

Lemma 5.10.

(a) (Unrestricted case.) If the score function n satisfies the conditions of Lemma 4.6(a), then

Var(Wy.,) > C(ar=) v (QW>

for Ry <r<a'/?/6, where C, Ry > 0 are independent of a.
(b) (Restricted case.) If the score function n satisfies the conditions of Lemma 4.6(b), then
kﬁ2ﬂ3dk+2d>

Var(We,,) > C(ar™) v (a Tp—2p—dk

forRy <r< al/d/6, where C, Ry > 0 are independent of a.

Proof of Theorem 2.2. Let 0 = Var(Wa), O r'= Var(Wa ,) and Zx’, ~N(]EV_V0,,,, O’O%’r);

then it follows from the triangle 1nequa11ty that
dTV(V-Vav Za) <drvy (V_Von V-Vot,r) +drv (Zou Za,r) +drv (Wa,rs Za,r) . (5.54)

We take Rp as the maximum of the quantities Ry in Lemma 4.4(b), Corollary 4.1(b), and
Lemma 5.9(b). We start with the exponentially stabilising case (ii).
(i1) The first term of (5.54) can be bounded using Lemma 5.6(b), giving

o 1
dry (W, Wa,r) < Crae™ 1" < —, (5.55)
o
for r > C3 In().
We can establish an upper bound for the second term dTV( Zy, r) of (5.54) using
Lemma 5.1. To this end, (5.33) gives

1
0F—0a,| < - (5.56)
which, together with Lemma 4.5(b), implies
0f,=Qa), of=Qa), (5.57)
for r > C4 In(a). We combine (5.57) and (5.38) to obtain
max(oy, O'ot,r) max(oy, Ua,r) - -
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for r > Cs In(a). Therefore, it follows from (5.56), (5.57), (5.58), and Lemma 5.1 that
|E(Ze) = E(Zar)| | 3[Var(We) — Var(Wa,)|

2 max(og, 0q,r) 2 max(Var(Wa) , Var(Wayr))
<0(a™?) (5.60)

drv(Za, Zor) < (5.59)

for r > Cg In(v).
For the last term of (5.54), as a linear transformation does not change the total variation
distance, we can rewrite it as

dry (V_Va,ra Za,r) =drv (Va,ra Z) >

where Ve, := (We,r — EWq,r) /0q,r and Z~N(0, 1). We now appeal to Stein’s method to
tackle the problem. Briefly speaking, Stein’s method for normal approximation hinges on a
Stein equation (see [10, p. 15])

f'(w) — wf(w) = h(w) — Nh, (5.61)
where Nh := Eh(Z). The solution of (5.61) satisfies (see [10, p. 16])
/7l := sup |f;(w)| <2|IA(:) — Nh|.

Hence, for h =14 with A € Z(R), the solution f, =: f satisfies
Ifall < 2. (5.62)

The Stein equation (5.61) enables us to bound dry (Va, s Z) through a functional form of V ,
only, giving

drv (Va,ry Z) =< sup E[f ( [ r) - Va,rf(va,r)] . (5.63)
{f: IF11<2}
Recalling (5.48) and (5.49), we can represent V,, , through V(dx) := E »(dx), giving Vo , =
fr V(dx). Let Ny , , =B(x,2r) NIy and NY , . = B(x, 4r) N T,. Deﬁne
S;a - /, V(dy), S;’a P = /” V(dy).

Since V(dx) is independent of V(dy) if |x —y| > 2r, V(dx) is independent of Vo, — S,

X, 0,1

8% .- V(dx) is independent of Vy , — SY, .. 1= Var(Vy,,) =E fr a.rV(dx), and
E[f (Var) = Vauof (Veur)]
= (Ver) = E [ (V)= Vi = S)) Vi
=Ef ( / / I (Var —uS, 4 ) Sy o duV(dx)

=E/ Elf (Var)] St Vidx) — //f = S} o) Sk o yduV(d)
Co

=IE/F Elf' (Va.r) = (Var — St .r) ] StV (dx)

1
-E / / (F' (Varr — Sy o)) —f (Varr = S g.1)) Sk yduV(dx). (5.64)
Iy vO
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By the definition of the total variation distance, we have

drv (Var, Var +v) =drv (Wa,r, Wa,r + 0a,r¥) (5.65)
for any y € R. Using Corollary 4.1(b) with Néli =N¢§23 := {J and Nétz)r = B(N)/C’)a’r, r), forr <
C7a$, the non-singularity in Assumption 2.4 ensures that

e (B W s (33) 25 s ()| v 1) o).
which, together with (5.65), implies
B (Vaur) =F (Veur = Sta)]| <211 0(7 2 ) Ef 0 S{ g, [ V1] (5.66)

Recalling (5.49), we have

Using the first-order Palm distribution (5.4), the third-order Palm distribution (5.6), and the
moment condition (2.4), we obtain

E[ 1202 B)1 1)< B 180 0 )| Ty B 186 . B T, E @) |
<Gy <A3dzdydx + 2 2dzdx + 2 2dydx + ,\dx) ,

E[l8 0, Bl 100, E@)] < Ciidy,
‘Py,oz,r’ <CiA,

which, together with (5.51) and (5.52), yields

E|E(dy)| < C11Ady, (5.67)
E| 85 &} (@] < €12 (W2dydx + adx) (5.68)
E| &7 (d2) & (dy) Ex ()| < €13 (ﬁdzdydx + 32dzdx + 22dydx + kdx) . (5.69)

Since N/ . C B(x, 4r), the volume of N/

X0, 1 X, o, r

E/ |@2(dy)|§E/
N/ wr N

X, X,

is of order O(+%). Then
|&%(dy)| <O(r),
E[|oa,rSyq, | V1] <1 ~|—]E/NN |Ex(dy)| < O(r). (5.70)

Combining (5.66), (5.70), and (5.62), we have

L (Veor) = (Veur = St )] <O(o7 2 ¥ ).
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Hence the first term of (5.64) can be bounded as

'IE/F Elf (Var) =F (Var = Sta.r) ] St V()
50(05—%%) a(;f]Ef f | &2 (dy)| | & ()|
ra N)/(,ot,r
<O<a zrz)%j/ </ kdy+1) xm:o(q%ﬁr%), (5.71)
FOZ N)/c,at.r

where the last inequality is from (5.68), and the last equality follows from the fact that
Vol(Ny , ;) < Vol (B(x, 2r)) = o@r?).

For the second term of (5.64), we have from Corollary 4.1 with N(l) = B(N)/C s ) Nézz =
B( 7 ) Né3)r N

. o forr < Cida d, and the non-singularity in Assumption 2.4 that

ulx x,a,re )}

1
<z/ IEdTV wr =S Verr = St s B, ) )du
0

O(atrf) B ( f , EB(N;,Q,WA) ;

1
E/F /O (' (Vayr =Sy o) =" (Vaurr = St ) Sar.rduV(d)

1
]E|:/ (f/ (Va,r - MS;(,ot,r) _f/ (Va,r Sx a, r)) du
0

IA

|E%(d2)| +1

hence

udN/ )} xarV(dx)

1
=g [ ]E|: (' (Ve — Sy0) — ' (Vorr = Sl,)) d
Cy

1L d =
<0 a—zrz)lE/ E(/ |E5(do)| +1
o Nfc/ou

EB(N)’Q ) | x,0, r| [V(dx)l

so(a‘%r%)g‘;fl}i/r [/ / |52 ()3 (dy)}+/, |é§(dy)|:|\éz(dx)|
oty [ ([ f, o] e ] o)
<Ola™2r2)o,; A~dzdy + Adz + Ady + 1) Adx

Niar INear rar Niear
< O(a_%rg) aa_f O(arzd)
= O(o‘ozga% r%) , (572)

where the second-to-last inequality follows from (5.67), (5.68), and (5.69), and the last inequal-
ity is due to the fact that the volumes of N , . and Ny, , are of order O(rd). Recalling (5.63)

X,o,r

and (5.64), we add up the bounds of (5.71) and (5.72) to obtain

1 5d

drv (Waur. Zas) = drv (Va,r. 7) <O(og fa?r? ). (5.73)
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The proof of (ii) is completed by using (5.54), taking r = max(Cs, C4, Cs) In(x) for large o,
and collecting the bounds in (5.55), (5.60), and (5.73) and substituting air = Q(«), as shown
in (5.57).

(i) There exists an 1 > 0 such that W, ,, = W, a.s. for all o, which implies EW, ,, = EW,,
Var(Wy,,, ) = Var(Wy); hence dry(Wy, Zy) = drv(Wa,ry» Za,r, ). On the other hand, range-
boundedness implies exponential stabilisation; with ri in place of r, (5.57) and (5.73) still
hold. However, r| is a constant independent of «; the conclusion follows.

Sk—4
(iii) We take r = ry := Rg V o 5%+28t-46 L emma 5.6(b) gives

o _ Bk=2)[(k=2)—d(15k—14)]
drv (Wa, Wa,r) < o(ozr**3 ) < o<a *kB—2p~dOdk-+2Pk—4p) ) ) (5.74)
Next, applying Lemma 4.6(b) and Lemma 5.10(b), we have
- _ kB—2p—3dk+2d
Var(Wq,,) A Var(Wy) > o(a T RpdE ) (5.75)
which, together with (5.34), (5.41), and (5.59), yields
_ _ O(Lkilrfﬂ% a#riﬂk%z a%riﬂ%
dTV(Z“’ Zav’) =0 1 kB—2p—3dk+2d v kB—2B—3dk+2d v kB—28—3dk+2d (5'76)
o2 kp-2p—dk o kB-2p—dk o KkB-2p—dk
1 . (15k—14)d o .
for Ry < r < Ci5ad. Recalling that 8 > *~——-=, the dominating term of (5.76) is
o %kkii2 riﬁ %
kB—2p—3dk+2d °
o FB-2B—dt
giving
3k=2 _ﬁk—J
— - o k r k _ B=2)[B(k—=2)—d(15k—14)]
dTV(Za, Za,r) <0 — T | = O(ot (kﬁZ/Sdk)(Sdk+2/Sk4/3)) . (5.77)
o KB-2B—dk

For dTV(V_Va,,, Za’,), we make use of (5.73) and (5.75), and replace r with r, to obtain

_ _ | s5d _ kB—2B—3dk+2d _ Bk=2)[Bk—2)—d(15k—14)]
dTV(Wa,,, Za,r) < O(oﬂrT) Ola k2B =0 a ®-2B-dCA+28k=4p) |, (5.78)

Finally, the proof is completed by combining (5.54), (5.74), (5.77), and (5.78). [l

_ Proof of Theorem 2.1. One can repeat the proof of Theorem 2.2 by replacing Wes Wers Zegs
Zo.r, 8a(x, E), and R(x, o) with Wy, Wy 1, Zy, Zy r, 8(EY), and R(x). O

Remark 5.2. If we aim to find the order of the total variation distance between W, and a
normal distribution instead of a normal distribution with the same mean and variance in the
polynomially stabilising case, we can get a better upper-bound approximation error with a
weaker condition. When

Sdk — 7d + ~/20d2k? — 60d2k + 4942
B> ,
k—2
combining (5.73) and the fact that dTV(Wa, V_Vo,,r) < Carr~#, and taking

3Bk—Tdk-+4d—68
Fo = o P—dE=2PICdT2P) |
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we have

dTV(st Za,ra) = dTV(WDH V_Va,ra) + dTV(Wa,ra» Za,ra)

—B2(k=2)+10Bdk—14Bd—5d*k
<O|a~  B&F=—2p)50+26) )

Acknowledgements

We wish to thank the referees for their suggestions, which led to an improved version of the
paper. We also thank Vlad Bally for bringing to our attention his work with Lucia Caramellino.

Funding information

T. Cong is supported by a Research Training Program Scholarship and a Xing Lei Cross-
Disciplinary PhD Scholarship in Mathematics and Statistics at the University of Melbourne,
and by the Singapore Ministry of Education Academic Research Fund Tier 2 grant MOE2018-
T2-2-076 at the National University of Singapore. A. Xia is supported by the Australian
Research Council grants DP150101459 and DP190100613.

Competing interests

There were no competing interests to declare which arose during the preparation or
publication process of this article.

[1

—

[2

—

(3]
[4]

(5]
(6]

[7

—

[8

[t}

[9]
[10]

[11]

[12]
[13]

[14]
[15]
[16]

[17]

References

AVRAM, F. AND BERTSIMAS, D. (1993). On central limit theorems in geometrical probability. Ann. Appl.
Prob. 3, 1033-1046.

BALLY, V. AND CARAMELLINO, L. (2016). Asymptotic development for the CLT in total variation distance.
Bernoulli 22, 2442-2485.

BARBOUR, A. D. (1988). Stein’s method and Poisson process convergence. J. Appl. Prob. 25, 175-184.
BARBOUR, A. D. AND BROWN, T. C. (1992). Stein’s method and point process approximation. Stoch. Process.
Appl. 43, 9-31.

BARBOUR, A. D., HOLST, L. AND JANSON, S. (1992). Poisson Approximation. Oxford University Press.
BARBOUR, A. D., LuczAk, M. J. AND XIA, A. (2018). Multivariate approximation in total variation, I:
equilibrium distributions of Markov jump processes. Ann. Prob. 46, 1351-1404.

BERRY, A. C. (1941). The accuracy of the Gaussian approximation to the sum of independent variates. Trans.
Amer. Math. Soc. 49, 122-136.

CAILLIEZ, F. (1980). Forest Volume Estimation and Yield Prediction. Food and Agriculture Organization of
the United Nations, Rome.

CEKANAVICIUS, V. (2000). Remarks on estimates in the total-variation metric. Lithuanian Math. J. 40, 1-13.
CHEN, L. H. Y., GOLDSTEIN, L. AND SHAO, Q.-M. (2011). Normal Approximation by Stein’s Method.
Springer, Berlin, Heidelberg.

CHEN, W. M., HWANG, H. K. AND TsaAl, T. H. (2003). Efficient maxima-finding algorithms for random
planar samples. Discrete Math. Theoret. Comput. Sci. 6, 107-122.

CHEN, L. H. Y. AND LEONG, Y. K. (2010). From zero-bias to discretized normal approximation. Preprint.
CHEN, L. H. Y., ROLLIN, A. AND XIA, A. (2021). Palm theory, random measures and Stein couplings. Ann.
Appl. Prob. 31, 2881-2923.

CHEN, L. H. Y. AND XIA, A. (2004). Stein’s method, Palm theory and Poisson process approximation. Ann.
Prob. 32, 2545-2569.

CHIU, S. N., STOYAN, D., KENDALL, W. S. AND MECKE, J. (2013). Stochastic Geometry and Its
Applications. John Wiley, New York.

DALEY, D. J. AND VERE-JONES, D. (2008). An Introduction to the Theory of Point Processes, Vol. 2. Springer,
New York.

DEVROYE, L. (1988) The expected size of some graphs in computational geometry. Comput. Math. Appl. 15,
53-64.

https://doi.org/10.1017/apr.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.15

Normal approximation in total variation 155

[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]

[33]
[34]

[35]
[36]
(371
[38]
[39]

[40]
[41]

[42]
[43]
[44]
[45]
[46]
[47]
[48]
[49]
[50]
[51]

[52]

DEVROYE, L., MEHRABIAN, A. AND REDDED, T. (2020). The total variation distance between high-
dimensional Gaussians. Preprint. Available at https://arxiv.org/abs/1810.08693v5.

DIACONIS, P. AND FREEDMAN, D. (1987). A dozen de Finetti-style results in search of a theory. Ann. Inst. H.
Poincaré Prob. Statist. 23, 397-423.

ESSEEN, C.-G. (1942). On the Liapounoff limit of error in the theory of probability. Ark. Mat. Astr. Fys. 28A,
1-19.

FANG, X. (2014). Discretized normal approximation by Stein’s method. Bernoulli 20, 1404—1431.

FELLER, W. (1971). An Introduction to Probability Theory and Its Applications, Vol. 2. John Wiley, New York.
FLIMMEL, D., PAWLAS, Z. AND YUKICH, J. E. (2020). Limit theory for unbiased and consistent estimators
of statistics of random tessellations. J. Appl. Prob. 57, 679-702.

GOLDSTEIN, L. AND XIA, A. (2006). Zero biasing and a discrete central limit theorem. Ann. Prob. 34, 1782—
1806.

HALMOS, P. R. (1974). Measure Theory. Springer, New York.

KALLENBERG, O. (1983). Random Measures. Academic Press, London.

KALLENBERG, O. (2017). Random Measures, Theory and Applications. Springer.

KHANTEIMOURL P. et al. (2017). Efficiently computing the smallest axis-parallel squares spanning all colors.
Sci. Iranica D 24, 1325-1334.

KUNG, H. T., Lucclo, F. AND PREPARATA, F. P. (1975). On finding the maxima of a set of vectors. J. Assoc.
Comput. Mach. 22, 469-476.

LACHIEZE-REY, R., SCHULTE, M. AND YUKICH, J. E. (2019). Normal approximation for stabilizing
functionals. Ann. Appl. Prob. 29, 931-993.

LAST, G., PECCATI, G. AND SCHULTE, M. (2016). Normal approximation on Poisson spaces: Mehler’s
formula, second order Poincaré inequalities and stabilization. Prob. Theory Relat. Fields 165, 667-723.

L1, C., BARCLAY, H., HANS, H. AND SIDDERS, D. (2015). Estimation of log volumes: a comparative study.
Tech. Rep., Canadian Wood Fibre Centre, Edmonton.

LINDVALL, T. (1992). Lectures on the Coupling Method. John Wiley, New York.

MCGIVNEY, K. AND YUKICH, J. E. (1999). Asymptotics for Voronoi tessellations on random samples. Stoch.
Process. Appl. 83, 273-288.

MECKE, J. (1967). Zum Problem der Zerlegbarkeit stationirer rekurrenter zufilliger Punktfolgen. Math. Nachr.
35,311-321.

MECKES, E. S. AND MECKES, M. W. (2007). The central limit problem for random vectors with symmetries.
J. Theoret. Prob. 20, 697-720.

PECCATI, G., SOLE, J. L., TAQQU, M. S. AND UTZET, F. (2010). Stein’s method and normal approximation
of Poisson functionals. Ann. Prob. 38, 443-478.

PENROSE, M. D. AND YUKICH, J. E. (2001). Central limit theorems for some graphs in computational
geometry. Ann. Appl. Prob. 11, 1005-1041.

PENROSE, M. D. AND YUKICH, J. E. (2005). Normal approximation in geometric probability. In Stein’s
Method and Applications, eds A. D. Barbour and L. H. Y. Chen, World Scientific, Singapore, pp. 37-58.
PROHOROV, Y. V. (1952). A local theorem for densities. Dokl. Akad. Nauk SSSR 83, 797-800.

REITZNER, M. AND SCHULTE, M. (2013). Central limit theorems for U-statistics of Poisson point processes.
Ann. Prob. 41, 3879-3909.

RENYI, A. (1962). Théorie des éléments saillants d’une suite d’observations. Ann. Sci. Univ. Clermont Math.
8, 7-13.

ROLLIN, A. (2005). Approximation of sums of conditionally independent variables by the translated Poisson
distribution. Bernoulli 11, 1115-1128.

ROLLIN, A. (2007). Translated Poisson approximation using exchangeable pair couplings. Ann. Appl. Prob.
17, 1596-1614.

ROLLIN, A. (2008). Symmetric and centered binomial approximation of sums of locally dependent random
variables. Electron. J. Prob. 13, 7156-776.

SCHULTE, M. (2012). Normal approximation of Poisson functionals in Kolmogorov distance. J. Theoret. Prob.
29, 96-117.

SCHULTE, M. (2016). A central limit theorem for the Poisson—Voronoi approximation. Adv. Appl. Math. 49,
285-306.

TOUSSAINT, G.T. (1982). Computational geometric problems in pattern recognition. In Pattern Recognition
Theory and Applications, eds J. Kittler, K. S. Fu and L. F. Pau, Springer, Dordrecht, pp. 73-91.

TSYBAKOV, A. B. (2009). Introduction to Nonparametric Estimation. Springer, New York.

WINTNER, A. (1938). Asymptotic Distributions and Infinite Convolutions. Edwards Brothers, Ann Arbor.
XIA, A. AND YUKICH, J. (2015). Normal approximation for statistics of Gibbsian input in geometric
probability. Adv. Appl. Prob. 47, 934-972.

YUKICH, J. E. (2015). Surface order scaling in stochastic geometry. Ann. Appl. Prob. 25, 177-210.

https://doi.org/10.1017/apr.2023.15 Published online by Cambridge University Press


https://arxiv.org/abs/1810.08693v5
https://doi.org/10.1017/apr.2023.15

	Introduction
	General results
	Applications
	The total edge length of the k-nearest-neighbours graph
	The total edge length of a Voronoi tessellation
	Timber volume estimation
	Maximal layers

	Preliminaries and auxiliary results
	The proofs of the auxiliary and main results
	Acknowledgements
	Funding information
	Competing interests
	References

