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Abstract

In this paper, we prove a series of identities of the quasi-map K-theoretical /-functions with level structure between
the Grassmannian and its dual Grassmannian. Those identities prove the quantum K-theory version mutation
conjecture stated in [13]. Here we find an interval of levels within which two /-functions are the same, and on
the boundary of that interval, two /-functions intertwine. We call this phenomenon the level correspondence in
Grassmann duality.
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1. Introduction

The quantum K-theory was introduced by Givental [6] and Lee [9] decades ago. Recently, Givental
shows that g-hypergeometric solutions represent K-theoretic Gromov-Witten invariants in the toric case
[5] and Ruan-Zhang [14] introduce the level structures in quantum K-theory. There is a serendipitous
discovery that some special toric spaces with certain level structures result in Mock theta functions.
Nevertheless, beyond the toric case, much less is known.

The recent explosion of study of the quantum K-theory was from a fundamental relation between
3d supersymmetric gauge theories and quantum K-theory of the so-called Higgs branch discovered by
the works of Nekrasov [12], and Nekrasov and Shatashvili [10] [11], amongst many others. For the
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concrete case of massless theories with a nontrivial UV-IR flow, Jockers and Mayr [7] show a 3d gauge
theory/quantum K-theory correspondence, connecting the BPS partition functions of specific V' = 2
supersymmetric gauge theories to Givental’s permutation equivariant K-theory. In addition, Jockers
et al. [8] and Ueda-Yoshida [ 18] establish the correspondence between 3d gauge theory and the quantum
K-theory of Gr(r,n) independently. Now it is well-understood that the level structures introduced by
Ruan-Zhang [14] are the key new feature for the so-called 3d N = 2 theory (Chern-Simons term).

One of the key features of gauge theory is Seiberg-duality, which has been studied in 2d by Bonelli
et al. [1] and the first author. The 2d Seiberg-duality has a mathematical version known as mutation
conjecture [13]. As far as the authors know very little is known in the 3d A = 2 case. The results of
this article hopefully will contribute some clarity. The simplest example of the mutation conjecture
is the Grassmannian Gr(r,V) versus dual Grassmannian Gr(n — r, V*). However, it is unknown how
to match the level structure. Without misunderstanding, we will use Gr(r,n) and Gr(n — r,n) to
denote the Grassmannian and its dual, respectively. They are geometrically isomorphic. However, they
encode very different combinatorial data. A long-standing problem is matching their combinatorial
data directly. For example, the presentations of K-theoretic /-functions depend on their gauge theory
representation/combinatorial data, and it is tough to see why the /-function of the Grassmannian equals
the I-function of the dual Grassmannian. In this paper, we give the explicit formula of K-theoretic
I-function of the Grassmannian with level structure by using abelian/nonabelian correspondence [20]
as follows:

k -1 d; dildi-h)
IGr(r,n),Er,l _ Z Qd 1—[ Hk I(l LzLj ) lL[ (Ll 2 )l

d - _ : N
! Mmoo (1= G*LiL7") i T Ty (1= g LiA3)

dy+dy+--+dr=d i,j=1
and
—r 7% i1 _ kT F-1) n- sd, didiz)
[T (n=ron) Bl Z 0 1 (1= LiL; )ﬁ (Li'q™27)
T.d a 0 Fr-1 ; P :
di+dy+++dp-r=d i,j=1 [Ti-—o (1 _quiLj ) i=1 Hk:] ;l”:l(l - qu[Am)

We want to remark here that the isomorphism between the Grassmannian and its dual would imply
the equivalence of J-function when level [ is 0. In fact, the /-function is known to be different from the
J-function with negative levels.

In this paper, we use Theorem 1.2 to show the relations of the equivariant /-function between the
Grassmannian Gr(r,n) and that of the dual Grassmannian Gr(n — r, n) with level structures; here we
find an interval of levels within which two /-functions with levels are the same. On the boundary of that
interval, two I-functions with levels are intertwining with each other. We call this phenomenon the level
correspondence in Grassmann duality. The existence of a specific interval of level is very mysterious to
us. We hope that our result will give some hints on formulating Seiberg-duality for a general target.

Theorem 1.1 (Level correspondence). For the Grassmannian Gr(r,n) and its dual Grassmannian
Gr(n — r,n) with standard T = (C*)" torus action, let E,, E,_, be the standard representation of
GL(r,C) and GL(n — r, C), respectively. Consider the following equivariant I-function:

Gr(rn)El 1_i_ZIGr(rn)El d’

Gr(n—r,n),E,f,r,—l _ Gr(n—r,n),E,Y,r,—l d
I =1+ Z I 0.

Then we have the following relations between Igrd(r’")’E“l and ITGr(n_r’n)’E’Y"’_l in Ki9¢(Gr(r,n)) ®
C(q) = K[*°(Gr(n—r,n)) ® C(q)-
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o Forl—r<l<n-r-1, we have

IGr(r,n),Er Gr(n r.n),E)_,.,—l
T.,d T d .

o Forl =n-r, we have

Gr(r n),E, .l Z C (I’l r d) 7?;;1(11Y r, n),En,r,—l’

where C(k, d) is defined as
(-1
(q; q)sqs(d‘”k) (/\top Sn_r)“’

and S,,—, is the tautological bundle of Gr(n — r,n).
o Forl = —r, we have

Cs(k,d) =

Gr(n-r,n),E)_,. ,— Gr(r,n),E, l
Il ZD (r.d)Ig"\"
where
_1 rs
DS(r7 d) = ( )

(q; q)sqs(d—s) (/\IOP Sr)s ’
and S, is the tautological bundle of Gr(r, n).
Here we use g-Pochhammer symbol notation:
(1-a)(1=ga)---(1-qg%'a) d >0
(a;q)a = ! d=0.
- 7a) d<0

A key step in our proof is the following series of nontrivial g-Pochhammer symbol identities, which
are of independent interest.

Theorem 1.2. Denoted by [n], the set of elements {1, ...,n}, let 0 # I C [n] be a subset of [n], |I| be
its cardinality and denoted by 1 C, the complementary set of I in [n]. For constant positive integers d, n
and lsuchthat 1 —|I| <1 <n—|I|-1,let Ay(X,1,1) and By4(X, 1,1) be two rational functions in X and
q with an extra data |

d;  ditdizh) l
(niel X, q 2 )
|dr |=d Hi,jel (qdij+1xij;q)dj HiEI ng]C(qxij;CI)di

—d;  di(di+D) 1
( ) Z (nlelx q 2 )
Ba(F.1.1) = _ :
\dy =d Hi,jel (qd”iji;CI)dj l_[iel H{ieIC(qxji;CI)di

AgF 1) =

where dy is |I|-tuple of non negative integers and |dy| := Y,;c; di. Xi,i = 1,...,n are parameters. For
convenience, we use the notation x;; := x; [xj and d;; := d; — d;. Then we have

Ay 11 = By (2 1C, —1).
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Plan of the paper

This paper is arranged as follows. In Subsection 2.1, we prove Theorem 1.2 by constructing the rational
function in equation (2.3) and then using the iterated residue method, which is useful in Nekrasov
partition function [4]. In the following Subsection 2.2, we provide two explicit examples to explain the
proof and also provide a nontrivial identity by using Theorem 1.2. In Subsection 2.3, we expand the
restriction to the boundary: that is, / = —|I| and / = n — |I|. In Section 3, we first revisit the K-theoretic
quasi-map theory in which we review some basic definitions and theorems, especially the formula of
equivariant /-function of the Grassmannian Gr(r, n). Finally, we apply Theorem 1.2 to obtain the level
correspondence of the /-function in Grassmann duality.

2. The class of g-Pochhammer symbol identities
2.1. The proof of identities

Now we prove Theorem 1.2 for one case I = {1,---,r} by constructing the following symmetric
complex rational function f(wy,---,wq) with parameters ¢ and x1, - -- ,x,,. We made the following
assumptions for parameters:

lgl <1,
xix;'#4% Vit je[n.VkeZ 2.1)

Furthermore, there exists some p > 0 such that

max x;| < o < min g1~ il 22
where [n] := {1,---,n} and general situations follow from analytic continuation. Let f(wy, -+ ,wg)
be as follows:

1 wl 1
S = G50 ]:[ vy ]_[ I a—mwo i n(—awiiy &Y
= g(wi, - wd)ﬁ [T%5 [_] — )" 24
B VLS wi-u (w; —qwj)(qwl—wj) ’ '
where U is a set of complex numbers all contained in open disk |w| < p, atthe momentU = {x1,--- ,x,},

and g is a symmetric function of the form

w§+r—1

L1
S = G 1_1[ Ty v — ¢ 3 ) T (- qwi/ay)

From the condition in inequality (2.2) and the restriction of /, we know g(w) is analytical in the polydiscs

{w1,--+,wy) : |lwi| < p,Vi € [n]} and g can only have possible zeros for some w; = 0.
We consider the following integration
dwd dW1
Ea:= / O a), @5)
2nV - C, 2nV-1
where (Wi,---,Wg) is any arrangement of {wy,---,wy} and the integration contour C, for each

variable w; is the circle centred at origin with radius p and takes a counterclockwise direction. The
condition in inequality (2.2) ensures that there isn’t a pole on the integration contour. By Fubini’s
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theorem, we could permute the order of integration variables; and since f(wj,---,wy) is a symmetric
function, we can change (wy, - -- , wg) to another order, such as (W, -, Wg).
Suppose we have the following evaluating sequence for some S; < d by induction,

Wi = qWwa, Wy = gW3, -+ ,Ws,—1 = gWs,,

which are all simple poles inside |w| < p. Then we have

Res --- Res Res f
MA’Srl:‘]WSl Wr=gW3W1=g W2
d Y
_ l—[ l_[ Wi —q~ Ty l_[ W
i=S1+1 \uelU O _CIWJ)(qu - Wy)
S;-1 . . R L A
AS[ 1 l]—[ 1—[ quSl 1—[ (s, = W) (g5 s, —W))
k=0 ueU q wS —u Si<j (W51 qwj)(qslwsl —Wj)
(61—1) ~(S11)(d— . . o A
R A (Si-1)(d S])g(q51 1wsl’q51 2WSI"" WS, WSy tls ’Wd)- (2.6)

P

Now, integrating variable Ws,, we pick up the residue as Wws, = ¢ %1u; for some 0 < k; < S and
uy € U = {x1,---,x,} because the condition in equation (2.2), [Ws,| < p, implies that k; = 0.
Evaluating wg, = u;, we obtain

Res Res .- Res Res f
Ws, =1 Ws -1=qWs, Wa=g W3 Wi=gWw,
d N _
B I_[ wi—qS‘ Ly, H -q- ul—l wj)
- TN — Sy, -
i=S1+1 Wi =g i ueU\{u } Wi —u i<j (Wl qw/)(qwl WJ)
i q“ui—q'u
x Mfl l_[ l_[ 1279 7 (g-1)SgSisi-1-d)
q*u; —u
k=0 ueU\{u,}
x g(q uy, ¢S U, quiun Wy, Wa) 2.7
= 20501, Wa) ﬁ [1% ]_[ ) @38)
- +1> ) N .
] i=S1+1 \y el Wi —u (W - qw])(qwl j)
where
U=U\{u1} U{qg" ui}. (2.9)

All elements of U are still in the open disk |w| < p, and

oA N us q Ml S1,,S1(Si-1-d
ZObs41, -+, Wa) = ’]_[ [ (g =15 gn D
k=0 ueU\{u,}
Si-1 -2 A N
X g(q>  ur, ¢S un, - quy,ug, Wi Wa). (2.10)
So we just write f := Res Res --- Res Res f inthe same pattern as in the original form in
Ws| =u Ws,-1=¢Ws, Wr=q W3 Wi=qW,

equation (2.4). One could check that setting 1 = 1 in equation (2.7) is valid.
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If one takes the following evaluation sequence of simple poles by induction

~ ~ ~ Si-2 ~ S1—-1
Wi =up,wr=quy,-- ,Ws-1=¢q ! up,ws, =q ! ui, (211)
we get
Si-1
Res --- Res Res f= l_l & 1—[ —q ul_[ _W])
W, =qS1 "ty Wa=quibi=u S <i Wi —qSiuy WO\ fur) Wi i (W; — qw])(qw, W)
i 61 up —
S S1 Si1(Si-1-d Si-1 A A
: 1_[ 1_[ (q ) ]q 1(51 )g(ul’qul"" »q ! ul,WSIH,"'Wd),

k=0 weU\ {ur } q*ur -
2.12)

which agrees with equation (2.7), since g(w) is a symmetric function. That is to say, we get the same
results from two different evaluation sequences

Res --- Res Res f = Res Res --- Res Res f. (2.13)

W, =517 u Wa=qui Wi =u; Ws, =u1 Ws -1=gWs, Wa=g W3 Wi=gW,

As with the evaluation process for the sequence in equation (2.6), we now pick up the residues of f
in the following sequence:

Wsi+1 = qWsi42 Ws142 = qWs143 0 Wsi1s,-1 = gWs45, - (2.14)

Suppose Ws,+s, = u2. We have two cases here: u, # qS' Uy Orupy = qsl u1. With a little computation, we
obtain the following.

Case 1: us # ¢5'u,

~Res Res «+-  Res ~ Res Res Res -+ Res Res f
WS+S, =U2 WS |+S5,-1=4 WS |+S, WS1+2=q WS +3 WS +1=gWS|+2 WS =Ul WS -1=gWs, Wr=gW3 Wi=gW,

= Res Res <+« Res ~ Res Res  Res -+ Res Res f. (2.15)
WS1+Sy =UL WS +8,-1=G WS +S, WS +2=q WS,y +3 WS +1=qWS,+2 WSy =U2 WS, -1=GWs, Wa=g W3 Wi=qW»

Case 2: uy = ¢5'uy,

Res ~ Res -+ Res ~ Res Res Res .- Res Res f
Wsﬁszzqsl up WS +8y-1=4Ws | +S, WS|+2=qWs | +3 WS|+1=qWs|+2 WS =U| WS -1=gWs, Wa=q W3 Wi=gW»
= Res Res Res Res Res --- Res Res f. (2.16)
W48, =¢517527 g Ws 15, -1=¢ 51152720y Ws,42=¢ 51wy s 1=q51uy s =¢S17 . W2=qun Wwi=u

To summarise all of the above, together with equations (2.13), (2.15) and (2.16), we know that the
iterated residue does not depend on the order of the poles we pick but depends on the final set of poles
we choose. So we can integrate all variables for the integrand of the form as in equation (2.4) with one
less variable each time.

When there is only one variable left

Fony =g [ | =LE K 2.17)

uel

we still update the set U to U\{u} U {qu} after choosing a pole at w = u € U. Using the same argument
to get equations (2.15) and (2.16) after picking up poles for all w;,i € [d], the result only depends on
the final set U, which is of the form

{g%x1,- . q%x,}, (2.18)

https://doi.org/10.1017/fms.2022.28 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.28

Forum of Mathematics, Sigma 7

where d; + - - - + d, = d, which means for each sequence, the final result can be indexed by a r-tuple
partition of d.

Suppose there is a sequence with final set {g%xy, - - - , g% x, }. Then we can compute the result with
the following sequence:

di-1

dr—1 d-—1
X1,%2,+,q% "

Wi, Wa) = (x1,9x1-++ ,q X0, Xpy o, g T Xy). (2.19)

Note that we can do permutations on the left side, so for each partition |j | = d, we have d! possible
evaluation sequences.
In all, we obtain the following lemma to compute E ;.

Lemma 2.1. We can write E as

Eq= Z dIE;, (2.20)
|d|=d
where
n
Ej= lim - lim ]_[(wi—wi)f(m, 2.21)
Wag— Wy Wi =Wy =1
here
W1y Wa) = (1, gx1s oo gD 00, g0, o g2 0 g T ),

and the order in which to take the limit is from wy to wg.

We now evaluate one specific configuration of these simple pole residues for given d by changing
variables:

Wi,nizxiq”i_lzi,ni’ i:1,...,r I’ll‘=],...,di.
Notations: From now on, we frequently use the following notations:
Xij = )Cl'/)Cj nij :=n; —nj. (222)

Then

r d;

1 ]—[ 1- qnijzi,n,- /Zi,nj
(1- q)dd! ni,n,— Zinmg o ni#n; 1- qnij+lzi,ni/zi,nj
r
<[]
i,j=1li#j ni=1n;j=1
d; L
[T 1%, (v 2,
d; o
=iz Thgey (1= xjiq" =" [2i ;)
1 1
d; o ’ d; ) :
e o (U =g fzin) Tl Ty T2 (1 = X567 2 ;)

fw) =

d:. dj -
Sy 1= 4" zing /7). Xig

1 _ qn,j_,'+l

Zi,ni/zj,njxif
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Now we pick up the simple pole terms and evaluate the function with z; ; = 1. Note that

1
lim --- lim | | - - =1,
aa =l =t (@i (1= )™ =zi1/2h) - (1= zid-1/2ia;) 2it -~ Zid,

where the order in which to take the limit is from z; ; to z; 4,. So this specific configuration of residues is

r d;

1 1—gmi o 1-g!
a1 ﬁﬂﬁ

i=1 n-#nj\nl-ji—l g n;=2

| —
< ] ﬂﬂ

i,j=1]i#j n;i=1 nJ_]
[ e (xl-q"f'v |
r d; 1=n: ' n d; N
i,j=1li#j H”::1(1 —Xjiq i) HLl Hj:r+1 an:l(l _xijqn’)

and the factor with only x;; fori =1,...,rand j=7r+1,...,nis

1 1
i=1 H;'l:r+l Hzf=1(1 = Xijq™) [T H?:Hl(qxif;q)di '

The factor that does not involve any x;; is

! ﬁ ﬁ 1—q" ﬁ 1-q"'
T —pd _ o+l _ gl |
(1 q) i=1 n,-;tn_,-|n,-_,-¢—l 1 qn]+ n;=2 l q "
And define P, as
d i di 1
-4/ l-g¢
1_[ — - - d>1
- el ]
Pai=q e 1oa T iy 1-a
1 d=0,1
By simple induction, it is easy to show that
P 1
4_ - d=0,

1-9)? (g:9)a’

and

_n(l—q)d l—[(q 9a;
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The factor left is
r ; dj 1 nii r Hd[ (x; ni—l)l
T _ n,~j+1 .. r d; v ..ql-n;
if:1|i¢,in,:1n,:11 X TG jerjin [gey (1= xjig =)
dj d .
~ r J i l_qn,jxij 1 r 1d; zdi(tzi,-—l)
- 1 n,~-+l ’ 1 l*}’l,’ ’ xi q
J . — Xii g
i#j nj=1\\n;=1 4q Xij Xij4 i=1
dA
r J 1 r 1d; 1111-(621,-—1)
= —_— X. q
_ d-—nj+l .. I_l 1
izj =t T AET X
T g Midih T 1
PV S ) R —
i=1 iz (A7 Xij34)a;

The above equations prove that the summand in equation (2.20) corresponding to a given d equals
to one summand in A4 (X, I,1). Thus we have

Ag(R 1,1) = Z d\E; = Eqg.
|d|=d

Now calculate the integration in a clockwise direction:

E, ;:/ dwiy [ _dwi Fwiseee s wiy). (2.23)
c, 2nv-1  Jc, 2nv-1

The assumption with / ensures that when integrating in any order, for each variable w, the residue at
infinity is 0. By definition, we can calculate this integration by taking the sum of residues outside the
circle |w;| = p.

The iterated residues, in this case, are similar to the previous counterclockwise direction. Arguments
similar to those in equation (2.1) show

Ej= ' d\EY,

|d'|=d
where
n
E. = lim --- lim n(wi—Wi)f(W),
d' gy wi—Wi i1
here

A

N -1 -2 -d -1 -2 -d
{Wl’-u’wd}:{xrﬂq s Xr+1q s - 5 Xr+1q r+l"..’an »Xnq 5.5 Xnq "'}3

and the order in which to take the limit is from w to w.
We now do the following, changing variables and calculating the residues:

— —n; ;S — —
Win, =Xiq “Zin, i=r+1,...,n n=1,...,d,.
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Similarly,
FG9) = l_[ ﬁ L= 0 i iy
W) =
(1- )ddv I1; i T 2, nl#n} nﬂ+1Z ,n,—/Zi,nj
dA
I
n i+1 . ..
b=l mi=l =l | I ’”i/ZJ’".fo
s -1
l—Iz(l=r+l Hn;:l ('xiq nlzi,ni)l
d; ,.
D jerettizg oy (1= %@ 2in,)
1 1
X n d; 1 ’ n r d; ’
Hi=r+1 Hn:»:l(l - q'"™"zZi ;) H,‘:Hl Hj:1 Hn:»:l(l _xjiqni/zi,ni)
Note that
lim - - lim n(z - ! = (-1)*
,n; - 9
aa=l =l ' (1=zi1) (1 =zin/zin) - (1= zia;/Zidi=1)Zit *** Zisds

where the order in which to take the limits is from z; 1 to z; 4. So the residues for one specific
configuration of residues of type d’ are

(GG Y B S L O
(1 -g)d1 il_r+[1 ni:#njl|_l”ji¢—l =gt rl:[2 L-glm
< 11 ] 1_[ f’
ij=r+liz) nl—ln,-—l
| l_lnf-:(xlq_"")l 1
el HZle(l xijq'" ) [T [T= ]'[Zf:l(l—xj,»q"i).

After almost the same computation as for E 3, we can simplify the above equation to

n Id; _!'di(dit])
(_ )d i= r+1x 2

T (@ @ T i e (097 %)03.0) g Ty TTy (@5 @)ay

which proves
- (—l)dBd(f, 1C, —l).

Since the residue at infinity is zero, using the Cauchy Residue Theorem d times,

/ / f(_,) dWl de
.. w .
C, C, 2nV—-1w 2nV-1wg
N dWl de
=(—1)d/ / F(w) ,
c, c, 2nV-1w, 2nV-1wg

we arrive at equations (2.24), (2.25) and (2.26) of the following theorem stated in the introduction.
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Theorem 2.2. Denoted by [n], the set of elements {1, ...,n}, let 0 # I C [n] be a subset of [n], || be
its cardinality, and denoted by 1 C, the complementary set of I in [n]. Then for constant positive integers
d, n and integer | with restriction 1 — |I| <1 <n—|I| -1, let Ay(%,1,1) and B4(%, 1, 1) be two rational
functions in X and q with an extra data I:

d;  dildi=) 1
( D (Hiel X, q 2 )
Ag(X, L] = — ; (2.24)
|dr |=d Hi,jEI (qdlj+1xij; Q)d] niEI Hjelc (qxl]9 Q)di
—d;  ditdi+D\!
( ) (Hiel x;'q 2 )
Ba(Z,1,1) = _ : (2.25)
e i jer(@% xji3q) g Tier T1epe (a3 @),
where a_f} is an |I|-tuple of nonnegative integers and |cfl| = Yier di- xi,1 = 1,...,n are parameters. For
convenience, we use the notation x;; := x; [xj and d;; := d; — d;. Then we have
Ay 11 = By (z 1C, —l). (2.26)

2.2. Examples

In the following two examples, we show how the proof of Theorem 2.2 works.
Example 2.3 (d=1). For the case 1=0, d=1, r=2, n=3, equation (2.3) becomes the following simple form:
1 w!

(1=q) (1 =x1/w)(1 =x2/w)(1 = qw/x3)

Consider the integration in equation (2.5). Then there are simple poles of type (1,0) and (0, 1) in the
counter C,:

flw) =

o type (1,0): w = x1,
o type (0,1): w = x5.

Then the residue for each type is as follows:
o type (1,0):
1
(1-q)(1 = xa1)(1 = gx13)°

E(l,O) = vl}:e)?lf =

o type (0, 1):
1
(1=q)(1 =x12)(1 = gx23)

E(O,l) = }}zefzf =

And there is only one simple pole w = g~'x3 in the counter C’, so

o type l:

-1
E/ = Res = .
R Al ¥ s Yy g g

It is easy to obtain
I . i ) 1
(1-q)(1=x2a)(1—gxi3)  (1-q)(1—xp)(1—gxa3) (1 -¢q)(1-gx13)(1 - gx23)’

which agrees with equation (2.26).
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Example 2.4 (d=2). For the case 1=0, d=2, r=2, n=3, equation (2.3) becomes the following simple form:

2 -1

1 L—w;/w; l_[ w;
200 =) i L=awi/wj | T3 (1= x;/w) - (1= qwi/xs)

fw) =

i=1

Consider the integration in equation (2.5). Then there are simple poles of type (2,0), (1, 1) and (0, 2)
in the counter C,,:

o type (2,0): {wi,wa} = {x1,x19},
o type (1,1): {wi,wa} = {x1,x2},
o type (0,2): {wi,wa} = {x2,x24}.

Then the residue for each type is as follows:

o type (2,0):

21E,0)= Res Res f+ Res Res f
Wo=q x| Wi=x] Wo=x Wi=gwy
1 1
2(1=¢)? (1 +q)(1 = gx13) (1 = ¢%x13) (1 = x21) (1 = g7 'x21)
1 1
+
2(1=¢)? (1+q)(1 = g?x13) (1 = gx13) (1 = g7 Lxa1) (1 = x21)
1 1

T (-g? I+ (- g2x13)(1—gxi3) (1 — ¢ ) (1 —x21)°
o type (1,1):

2!E(1,1) = Res Res f+ Res Res f

Wgzxzv'{)l =X1 szxl Wl =X2
o 1
2(1=¢)% (1 = gxi2)(1 = gx21)(1 = gx13) (1 — gx23)
1 1
+
2(1=q)% (1 = gx21)(1 = gx12) (1 = gx23) (1 — gx13)
1 1

T (-2 (1 - gxan) (1= gxi2) (1 — qxan) (1 — qxrs)”
o type (0,2):

2!E@,2) = Res Res f+ Res Res f

Wa=qx3Wi=x) Wo=x2 Wi =g w2
o 1
2(1-¢)? (1 +q)(1 —x12) (1 = gx23) (1 — g7 'x12) (1 — g%x23)
1 1
+
2(1—g)?> (1+q)(1 = g7 'x12) (1 = ¢x23) (1 — x12) (1 — gx23)
1 1

(=92 (1 +9)(1 =g x12) (1 = g2x23) (1 = x12) (1 = gx23)”
Consider the integration in equation (2.23). Then there are simple poles of type 2 in the counter Cp, :

o type 2: {wi,wa} = {q_1x3,q‘2x3}.
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Then the residue for each type 2 is as follows:

o type 2:

(-D)*2E} = Res Res f+ Res Res f
Wa=g2x3Wi1=q " x3 =g~ x3Wi=g " w

1
T (1+9)(1 = @)2(1 = ¢2x13) (1 = gx13) (1 = ¢2x23) (1 — gx23)

By a little computation, we have

E, = 2!E(2,0) +2!E(]’1) + Z!E(O’z) = Eé

Example 2.5. From Proposition 1.2, if we take n = 3, [ = 0 and I = [2], we know that A,4(%, [2],0) =
B4(%,[3]\[2],0). By the following computation, there is a phenomenon that we can extract from
Aq(%,[2],0) to get By(X,[3]\[2],0) times another factor when d = 1,2: that is, A4(%,[2],0) =
Ba(X, [3]\[2],0) X G(X), d = 1, 2. Thus we can conclude that G (X) = 1. Furthermore, this is a general
phenomenon for all d; see the following Corollary 2.1.

By definition, X = {x, x2,x3}, s0

1
Aq(%,[2],0) = . (227)
dlg;:d (4 Day (43 D) (2 %123 Qs (P14 X125 @)y (45133 Dty (93235 Dy

. B 1
Bal® BN O) = o e da (o (2.28)

For d = 1 —that is, (dy, d») = (1,0) or (0, 1) — we have

1
d;;_] (43 D)ty (45 @) (2% %12 @y (9 X125 @)t (92135 )ty (95233 Oty
-3 !

aioy (@ (gxi3;q)i(gxass g

Al()_c” [2]50) =

. (g 9)1(g%135 @)1 (gx23;
(4: Da, (a5 Dy (92 %125 @)ay (@2 X123 @)y (9X135 @)ty (4X235 @)y

) (g:9)1 *Hxizsq)i- d;
=B (X, [3]\[2],0 TN (N
o B )X(m dz)%:o) 0.1) (43 9)a, (43 @)a, D(g (g% Lxij3 q)ay )

51 . (51210 |
=B (%, [3]\[2],0).
For d =2 —that is, (d1,d>) = (2,0), (1, 1) or (0, 2) — similarly we have

Ay(F.[21.0) = By, [31\[2].0) D %1—[(1—[ d“m Dn-d, )
= 102 (@ D@ a3 {7 (g% 3 00,

— g% 1 —qx13)
- X2 I -x12

= By (%, [3]\[2].0)
(1 - gx13)(1 — ¢*x13) N (1+q)(1 = ¢*x13) (1 — g%x23) N (1 —gx13)(1 - Cllea))
(1 =g~ 1x21)(1 = x21) (1 —gx12)(1 = gx21) (1 =g~ 1x12)(1 = x12)
= Ba2(X, [3]\[2],0).

More generally, we have the following corollary.
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Corollary 2.1.

=1.

(45 9)a 1—[ %135 Qa-a;

Gy (@ Da (@ Das G f (g% d*‘x,-;q)dj

Proof. Setl =0,r =2,n =3 in equation (2.26). We have

1_[ (61%3, 9)d;

2

AaE2L0= Y []

d+dy=d i, j=1 (q

dij+1xj,q)d

S [ —
a i i\ @ Da; i (@ xijq)a; (9%i339)a;
(" x13: Qa-a, (4 %231 Qa-a, ﬁ 1 1
g (gx133 @)a(qx23: q)a G\ (@3 Da; (g4 x5 q)a
2
_ Z (9:9)a 1—[ (g% xi3; @)a-a
aa (@ Dalaxizs a(gxss @)a 5 i\ (43 @a, (9% x5 9)a,
2 di+l,. .
- (9:9)a (¢ X33 9)a-a;
= % Bal [n\[21,0) - o T ]| o).
di+dy=d 4 Da (45D 5\ (G977 xij3 q)a,
Since we know A4 (%, 1,0) equals By (%, IC, 0), we get the conclusion. m]
2.3. Boundary cases
For [ = —|I|,1 = n —|I|, equation (2.26) no longer holds, since the residue at infinity is nonzero, but we

can compare the behaviour of some special limit in equation (2.26) to obtain following results.

Corollary 2.2. o Forl =n — |I|, we have

d
AdE LD = ) CoE 10, d)Ba s (7,4,10,-1), (2.29)
s=0

where Cs(X, 1, d) is defined as

(=D M0 2}

CS(-X, 1, d) = (q;q)sqs(d_SH”) .
o Forl = —|I|, we have
By (x /C ) ZD G 1, d)Ags(3,q,1,1), (2.30)
s=0
where
(=D [Tieq x7
D,(%,1,d) = !

(g5 q)sq® @
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Proof. Consider [n+1],1 ¢ [n+1],{n+1} ¢ I, =n—|I| in equation (2.26). Then we have

d;  didi=D l
(Hiel X, q 2 )
— (2.31)
\dy 1=d Hi,jel (qd'ﬂ—lxij; Q)dj [Tier ng]C (qxiﬁ Q)di
—d;  dildi+D) -l
(Hidc SELE ) (2.32)
\d Cl=d ni,jg[C (qdij+1xji; Q)dj Hig[[l Hje[(qxji; Q)di . .
1
It is easy to see that taking limy ,, ., in equation (2.31), we obtain
lim (2.31) = A4(%,1,1), for [ =n—|I|.
Xpt+] —00
Now let’s take limit limy, ,, - in equation (2.32):
—d;  dildi+D) -l
Z (nielﬁ Xoq )
\d ¢ I=d Hi,jE[C (qdij+1xji; q)dj HiEIC Hjel (qxji; q)di
1
B Z 1 1 1 (2.33)
\d Cl-d (q;Q)dnn Hjel (qxj,n+1;CI)dn+| nje{[n]\[}(qd"+l_dj+1xj,n+l;Q)d_,» ’
1
_dpy1(dpyr+l)
X (xZTl] 1 i f (2.34)
Hie{[n]\I}(qdi_d"HHan,i; Q)dml )
d;  di(di+h)
y 1 (fg— 7 )

ietinpu\ et @ i @)a, Tjer(9xji @) |

The limits of the last two terms in equation (2.33) equal 1, and by a little computation, we obtain that
equation (2.34) equals

dn+( - ) _(Zie n di)dn+ _( - )dn+ dn+
(1)t (0m1) g~ oy ==t [ o
ie{[n]\I'}
Then we obtain

—dj(di+1)

1 (x
lim .
X1 00 Z l_[ e (@ % q)ay  Tjer(axjis @a;

|d,|=dieIC
~ Z 1 (=1)dns1 (=111 1
d gled (43 Dty g Fictomn )t Ty e
1
. —di(di+1)
y 1 g
ictinp\ Ity @ xji@)a, - Tjer(9xjis @)a,
d d-a)(n-|1
g (9 @Qd-a gn-lIIFra)(d-a) ?:r+1xi_( -a)

We obtain the conclusion.
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Similarly, consider Ay (¥ U xp41,1,1) and Bd()?an+1,iC, —l). ForI =IU{n+1}and! = —|I|,
from equation (2.26), we have

d; di(‘izi’l)

2.1 : g ) (2.35)
Hjei(qdi_dj+lxij;lI)d_, [1;crc (axij: 9)a; '

\dy|=d i€l

d;  dildir) |
= 2. 1l i - 2.36)
g e el [Tcc (g% d“xﬂ;q)d,- [1;e7(qx)i5 @)a;

It is easy to see that after taking limy,,,,, - in equation (2.36), we obtain
Bd(f, iC, 1), for [ = —|1].

First, rewrite equation (2.35) as follows:

di(di=1)
2

21 : (xfrq ™5
L
S\ yer (@ 3@, Tere (%3 @a,
"
di (di-1)

d.
(ITies x;'q 2 )~ i1
xszQ)d_,» iel nje{[n]\l}(qxij;Q)di

|J‘|—d l]EI(q i+l
il=

(x "Jil ‘1n+1(dn+l ) 1]
n+

X .
(4 Ddpr Ticr (@145 412 @y T jer (@75 501 52 @a; T eqinpgy (@%n+1,75 D

Now let’s take limit limy, , o in the above formula. We obtain

. di(di-1) _
(xfig™ 2

) 1]
lim - =t
Xn41—0 Z l_[ di=djtly; HjefC (gxij5 q)a;

e 11 \ T Lier (477" xijs @)a;

d; (d;-1)

(i xfig™ =)
[T jer (a% ' xijs @)a; Tlier Tjequapay (a%ijs @a;

|d;|=d
(_ 1 ) |I ‘ 'dn+l

(q q)d,,+ q n+l(d dny1) H "*1

> Ad-s @ 1.I1)
= X s .
L (g @)@ [y x4 "

3. K-theoretic I-function with level structure
3.1. Definitions

Let X be a GIT quotient V//9G, where V is a vector space and G is a connected reductive com-
plex Lie group. Let Q;n(X ,3) be the moduli stack of e-stable quasimaps [3] parametrising data
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(C,pis.--»pn,P,s), where C is an n-pointed genus g Riemann surface, P is a principal G-bundle over
C, s is a section and 8 € Hom(Pic® (V)). There are natural maps

ev; : Q;n(X,d) - X, i=1,...,n
given by evaluation at the ith marked point: that is,
evi(C,p1y...,pn,P,s) =s(p;) € X.
There are line bundles
L — Qg’n(X,d), i=1,...,n,

which are called universal cotangent line bundles. The fibre of L; over the point (C€, py,..., pn, P, s)
is the cotangent line to C at the point p;.

The permutation-equivariant K-theoretic quasimap invariants with level structures [ 14] are holomor-
phic Euler characteristics over Qg’n(X , d) of the sheaves

(L), .. (LYELSe = | Qe (X, d); O3t @ [ | LEti sevi () @ DR, 3.1)

m,i

where O;’; 4 is called the virtual structure sheaf [9]. t(q) is defined as follows:
0q) = ) tmg", twm= Ztm bas
mezZ

{$a} is abasis in K%(X) ® Q and t;_ are formal variables. The last term in equation (3.1) is the level /
determinant line bundle over Qg , (X, d) defined as

= (detR*7. (P xg R))~,
where 7 is the forgetful map from the universal curve: that is,
n:C— Q¢ (X, d).

The bundle P is the universal principal bundle over the universal curve, and R is a G-representation.
Similarly, we can define a quasimap graph space QG , (X, 8), which parametrises quasimaps with

parametrised component P!, so there is a natural C*-action on the quasimap graph space. It is denoted
by Fo g, the special fixed loci in (Qgg’n (X, 8))", and denoted by ¢, the weight of the cotangent bundle

at 0 := [1,0] of P'; for details, see [3].

Definition 3.1 ([14].). The permutation-equivariant K-theoretic J° R.L.¢_function of V//G of level [ is

defined as
TS (H(g). Q) = > 0P (ev.).[Resg, ,(QGS ,(V/ /G, Bo)"™ ® DR &L t(L)]5"
k>0,B€Eff(V,G,0)
trc* DRI
=1+ q+ZZQﬂ X|Fop, O ® evi(¢a) ® TNy ¢
a B0 Fos

R,l,€,S,

Ve ¢a a
33 ol am) e

a4 nxlorp(Lg)>+ 0,n+1,8
(n,8)#(1,0)
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where {¢,} is a basis of K%(V//G) and {¢®} is the dual basis with respect to twisted pairing ( , )&/
that is,

(u, V)Rl = /\((X, u®v@det™ (VS xg R)).

Definition 3.2 ([14].). When taking € small enough, denoted by € = 0%, we call JR’I’0+(O) the small
I-function of level [: that is,

+ tre DR
I®l(q;0) = .7';0’01’0 0,0)=1+ Z Q[”(ev.)*((’);gﬁ ® (g—)) -det! (V** xg R).
B=0 A NFO,B

3.2. Level correspondence in Grassmann duality
Let V be r X n matrixes M, ., G be the general linear group GL, and 6 be the det : GL, — C*. Then
we have

V//4etG = Myxn [/ aetG = Gr(r,n).

There is a natural 7 = (C*)"-action on C" with weights C* = Aj +- - -+ A,. Then deducing an action
on Gr(r,n) by T - A = AT, A € M,,. Using general abelian/nonabelian correspondence in [20] for
Gr(r,n), we have

GBI

d |c?|=d WES) [Sy X-XS

Th+1

Hl<j<i<r Hl<m<di7dj(1 _LiL;Iqm) r di n
w —1 Qd
_ k
[T 1<i<j<r; (1 - Ll-leq‘m) H1<i<j<r(1 - L izl k=1 me1 (1 LiAy)
lgmgdj—dl-—l
whered = {d| <d» <---<d,}suchthatd) =ds =+ =dy, < dps1 = =dpor, < dyygorry -+ =
dyseotryary,,: that is, ri + -+ + rpy1 = r. w is the Weyl group acting on L; to change the index,

{Li}!_, come from the ﬁltratlon of tautological bundle S, of Gr(r, n). We could rewrite the equivariant
I-function in the following way

G0 —g'LiL)) ey
CEEPRIE T sl R e

d ‘g‘zdwESr/Srlx---xSrh” i=1 k=1 m=1

(3.2)

Suppose w changes ij to i and jj to j». Then one of the factors changes from

WOk Ly LY T (1 - gF Ly, L]
: (3.3)
Mool =g*Li L5 T (1 =g Ly L7))

to

di,—d; i
nk] J](l_ kL Lj21) nk — Jz(l_ kLtlel)
M- (1 =g*Li L) TTRo (1= g*LiL3))

(3.4)
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Since w € S, /S, X -+ xS,,,,, we have d;; # d;,,d; # dj,. In equation (3.2), we have an order
of partition d; one can see from equation (3.3) to equation (3.4) that w-action is just {d;} rearranged
without changing the form. There is a unique w € S,/(S;, X ... X S,,.,) whose inverse w™! arranges
(di,...,d,) in nondecreasing order d| < d, < ... < d,. Then we have

[ (1= g*LiL3")

-3, B e s M et

d di+dy+--+d,=d i,j=1 i=1 k=1 m=1

Note that in [15], the author claimed a version of the mirror theorem with a different /-function.
If we consider the standard representation of GL,, denoted by E,, then the associated bundle
P XG R|F,; can be identified with ®_, L; ® Op:i (~d;)
DEl g, = det” 'R (®]_ L; ® Opi (=d}))
= det” (@], [Li ® R'm.(Opi (=di))] ")

di(di-)\!
_®1 I(Ld -1, 2 )

Similarly, if we take a dual standard representation, denoted by E,, then

DE’v’l|Fo,ﬁ = det_l(eairzll‘i_l ® RO]T*(O]PI (di)))

di(dp+1) \ !
_®l l(Ld+1 g ) )

So the equivariant /-function of Gr(r, n) with a level structure is as follows:

di—d; k 1 d; di(d;-1)
SGrrm ot 17 el = ¢ LiL7) 1_[ (Li'q ) (3.5)
T.d - 0 - d; 1y’ :
d\+do+--+d,=d i,j=1 [Ti_o(1 _quile) i=1 Hk:1 H"m=1(1 _quiAml)
and
k -1 d;(di+1)
Gr(r,n),E),l d Hk=—oi(1 LiLj ) 2

(L )!
[T E 0 || . (3.6)
T,d - i n _
di+dy+--+dyr=d i,j=1 H(Iz:—oo(] - quile) i=1 Hi:1 Hm:l(l - quiAml)

Remark. For the dual Grassmannian Gr(n — r,n), the (C*)"-action on C" is the dual action, so the
weights are C" = A7' + -+ + A;!. The deduced action on Gr(n — r,n) is as follows: T - B = BT,
B € M,,_,xn. So the corresponding equivariant /-function is as follows

_ di—d; & = _ ~ . dildi=1)
nrnk:_o':,(l_quile)nr (L?lzq 5

I]g;’;;i(n—r,n),En,r,l _ Z Qd 1_[ )l

; — | == ~
di+do+-+dp_r=d i,j=1 H :_oo(l _quiLj ) i=1 Hk=1 anzl(l - quiAm)

and

_ - _ ~d- di(di+1)
JGr(n=rm)Ey .l _ Z od ﬁ Hk——oi(l le) ﬁ (Ldz )!
T.d - 0 _
di+da+--+dy—r=d i,j=1 nk:—oo(l —-9q L j ) i=1 nk 1nnm 1(1 - kL Am)

where L; fori = 1,...,n — r come from the filtration of tautological bundle S,,_, over Gr(n —r,n).
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Let T act on the Grassmannian Gr(r, n) as before. Then there are (': ) fixed points: that is, denoted
by {ei,...,en}, the basis of C". Then the subspace V spanned by {e;,,...,e; } is a T-fixed point for
{i1, -+ ,ir} C [n]. Let

I, : Kr (Gr(r, n)T) — K7 (Gr(r,n))

be the map induced from the close embedding I : Gr(r,n)T < Gr(r,n). The kernel and cokernel are
K7 (pt)-modules and have some support in the torus 7. From a very general localisation theorem of
Thomason [16], we know

supp Coker L, C U{t" =1},
n

where the union is over finitely many nontrivial characters u. The same is true of ker [, but since
Kr(Grr.m") = K(Gr(r.m) &z Kr (pr)

has no such torsion, this forces ker [, = 0, so after inverting finitely many coefficients of the form * — 1,
we obtain an isomorphism: that is,

K;"C(Gr(r, )T = K;PC(Gr(r, n)).
We denote KZTOC (-) by
K¢ (=) = K7 (=) ®r(r) R,

where R = Q(¢y,...,t,) and {¢;} are the charaters of torus 7.

Similarly, T = (C*)"-action on Gr(n — r,n) also has (," ) = () isolated fixed points, which are

indexed by (n — r)-element subsets of [n], so identification of Gr(r,n)T with Gr(n — r,n)T gives an
R-module isomorphism of KIT""(Gr(r, n)) with K;""(Gr(n — r,n)). Indeed, suppose W is a subspace
of dimension r in a vector space V of dimension n. Then we have a natural short exact sequence

0->W-—->V->V/W-0.
Taking the dual of this short exact sequence yields an inclusion of (V/W)* in V* with quotient W*
0> (V/W)" > V"> W -0,
soy : Wi (V/W)* gives a cannocial equivariant isomorphism Gr(r,V) = Gr(n —r, V™), where the
action of T = (C*)" on V* is induced from the action of T on V. Thus,  gives the canonical identification
of fixed points

Vs Gr(r,n)T — Gr(n-— r,n)T, <ej>je—< el > ierCo 3.7

where [ is a set of [n] with |I| = r and {ei}lf‘:1 is the dual basis of {e;} . Now we can state the following
Level correspondence in Grassmann duality.
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Theorem 3.1 (Level correspondence). For the Grassmannian Gr(r,n) and its dual Grassmannian
Gr(n — r,n) with standard T = (C*)" torus action, let E,, E,_, be the standard representation of
GL(r,C) and GL(n — r, C), respectively. Consider the following equivariant I-function:

Gr(rn)E N 1_i_Z:IGr(rn)E A Ad

Gr(n-r,n),E)_,.,— Gr(n r.n)E)_,., d
I =1+ Z "o

Then we have the following relations between I;; rd(r’")’E“

C(q) (which equals KIT"C(Gr(n -r,n)) ®C(q)):

Gr(n r.n),E)_.,

nd I Lin KlT”C(Gr(r, n)) ®

o Forl—-r<l<n-r-1, wehave

IGr(r,n),Er Gr(n r.n),E)_,.,—l
T.,d T d .

o Forl =n—-r, we have

Gr(r n),E, .l Z C, (I’l r, d) ;;:i(ns r, n),E,\,f,r,—l’

where Cy(k, d) is defined as

(_1)ks
(45 9)sq* @ (NP Spsy)™

and S,,—, is the tautological bundle of Gr(n — r,n).
o Forl = —r, we have

Cs(k,d) =

IGr(n—r,n),EX,r,—l _

o Dy (r, d)IGr(r n),Ey,l

T.,d-s ’

PMa

where

(_l)rS
(4:9)sq° @) (NP ;)"

and S, is the tautological bundle of Gr(r,n).

Dy(r.d) =

. . . . ine i*1 [EA-r
Proof. From the discussion above, we prove the above identity by comparing i; /. !and i* 1 L
here iy and i;¢ are inclusion maps from the corresponding fixed points: that is we compare two I-
functions by restricting them to corresponding fixed points. Let I = (j, -, jr) be the subset of
[n] ={1,...,n}, with |I| = r. Denote v, vy, - - - , v, the fibre coordinates in the fibre of S at fixed point
<ej>jer, V(t1, -+ ,1,) € (C)", with weights C" = Aj +--- + A, and

(t1, - otn) - (€jsmv €3V, Vo, oo, vp) = (Ej €, - 1), €5V, V2, -+ ,Vp)

~ diag(tjl,--- ’tjr) . (tj]ej,,--- ,tjrejr;vl,v2,~~~ ,vr) = (ejl,--- ,ejr;tjlvl,tjzvz,--- ,tjrvr).
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So the weights of i}S, are {A;}ic; and the weights of i;CSn_r are {Ai_l}ielc' Since the /-function is
symmetric with respect to {L;}, we can take any choice of weights

di—d; _ ditdit)
;2 Grrm Bl _ Z 1—[ [T (1= g* A7) l_[ (Afiq 2y
I1'T.d - n():_oo(l kAA l) (1_ kAA 1)

\31\:di’j€1 iel Hk 1 mE

and
d; (d +1)

di—d; _ —d;
* IGr(n—r,n),E,\,/_r,—l _ Z 1—[ sz_oi(l B qkAi lAj) l_l (Ai ¢ ) -
16°T.d M- (1= g*ATIA)) i (1= g*AT Ay)

ld,¢|=di.jelC ierC [Tisi Tmen)

Using notation A;; = Al-A]‘.1 and the following Lemma 3.2, we obtain

d; (di-1) 1
i IGr(r n),Ep,l _ Z 1 . (At 4q ) (3.8)
I .—_ . . 9 .
e \dy |=d 1€1 [er (@@= Aijs @a; - Tjerc(ahiy: @a,
and
d;  Z4ildit))
ok - v - 1 (A lq 2 )
ML DY T ] 69
’ doreaierc\ et (@79 A d)a, e (@A q)a,
1
Comparing equations (3.8) and (3.9) with equations (2.24) and (2.25), we obtain the conclusion. O

Lemma 3.2. Let I be the subset of [n] = {1,...,n}. We have

d['
1—[ 1,7 (1 —q"xj) 1 B 1—[ 1
e\ e o (1= gFxip) TIEE (1= ghxip) ) e (@ xijiq)a,

Proof. It is sufficient to consider one term. If d; > d, then

d;j
Hkil(l_quij) _ 1

LHS = —& = —
Hkl:l(l _quij) Hklzdij+1(1 _quij)

= RHS.

If d; < d;, then

1 1
LHS = = = RHS.

I3y (1= g T (1= gFxp) T, 4 (1= aFxi))

O
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