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Abstract

We investigate bottom-up risk aggregation applied by insurance companies facing reserve risk from multi-
ple lines of business. Since risk capitals should be calculated in different time horizons and calendar years,
depending on the regulatory or reporting regime (Solvency II vs IFRS 17), we study correlations of ulti-
mate losses and correlations of one-year losses in future calendar years in lines of business. We consider
a multivariate version of a Hertig’s lognormal model and we derive analytical formulas for the ultimate
correlation and the one-year correlations in future calendar years. Our main conclusion is that the corre-
lation coefficients that should be used in a bottom-up aggregation formula depend on the time horizon and
the future calendar year where the risk emerges. We investigate analytically and numerically properties of
the ultimate and the one-year correlations, their possible values observed in practice, and the impact of
misspecified correlations on the diversified risk capital.

Keywords: ultimate correlation; one-year correlations; claims reserving; Hertig’s lognormal model; Solvency II; IFRS 17

1. Introduction

In this paper, we investigate bottom-up risk aggregation applied by insurance companies facing
reserve risk from multiple lines of business. In the bottom-up approach, an insurance company
first determines risk capitals for each line of business and next aggregates the risk capitals by
applying the variance-covariance formula in order to determine a diversified risk capital at the
level of a company. Such an approach to establish a diversified risk capital for an insurance com-
pany is specified in Solvency II Standard Formula and is often used in actuarial practice. Clearly,
correlations play an important role in bottom-up risk aggregation. Depending on the regulatory
or reporting regime, the required risk capitals should be calculated in different time horizons and
calendar years. In Solvency II regulatory regime, insurance companies calculate solvency capital
requirements and risk margins (risk capitals for future calendar years in one-year time horizons).
In IFRS 17 reporting standard, insurance companies calculate risk adjustments (risk capitals in
ultimate time horizon). The goal of this paper is to study correlation coefficients of ultimate losses
and correlations of one-year losses in future calendar years in lines of business which one should
use in ultimate horizon and in future calendar years in one-year horizon when applying a bottom-
up risk aggregation formula. Questions about correlations in different time horizons and calendar
years have recently gained more attention among actuaries, as insurance companies now have to
quantify, at the same time, their risks in one-year and ultimate time horizons under Solvency II
and IFRS 17.
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In the actuarial literature, one can find many flexible multivariate claims development mod-
els based on Gaussian (lognormal) distributions, Tweedie GLMs, common shocks, and copulas,
see among others Braun (2004), Shi and Frees (2011), Avanzi et al. (2016a), Avanzi et al. (2018),
Iturria et al. (2021). In this paper, we consider a multivariate version of Hertig’s lognormal model
from Merz et al. (2012) and Chapter 5 in Wiithrich (2015). We focus on three types of dependence
between claims developments in loss triangles, which include cell-wise, calendar year, and AR(1)
trend correlation between and within loss triangles. We define ultimate correlation and one-year
correlations in future calendar years between lines of business. By their definitions, these corre-
lations serve as the inputs to the bottom-up risk aggregation formula which should be applied to
determine a diversified risk capital from stand-alone risk capitals in ultimate and one-year time
horizons. We derive analytical formulas for the ultimate correlation and the one-year correlations
in future calendar years in our multivariate Hertig’s lognormal model. The formulas allow us to
study the values of the correlation coefficients for bottom-up risk aggregation in different time
horizons and in different calendar years. They also allow us to switch (calibrate) the one-year cor-
relation from the ultimate correlation, and vice verse. For special cases of our claims development
model, we derive explicit (and simpler) formulas for the ultimate correlation and the one-year
correlations in future calendar years. We analytically investigate the properties of the ultimate
and the one-year correlations. Finally, we consider eleven lines of business under the Solvency II
regulation from the Polish market and numerically study the properties of the ultimate and the
one-year correlations, their possible values observed in practice, and the impact of misspecified
correlations on diversified risk capital.

Compared to Merz et al. (2012) and Wiithrich (2015), the main contributions of this paper are
the following:

e We derive new formulas for the ultimate and the one-year correlations, and prove their new
properties,
We derive new relations between the ultimate and the one-year correlations,

e We discuss in detail the role of information when we define predictions, mean squared errors
of predictions, and, finally, correlations for losses for multiple lines of business,

e We present an extensive numerical study of the ultimate and the one-year correlations and
their impact on capital based on real data.

Our first conclusion is that the correlation coefficients that should be used for bottom-up risk
aggregation depend on the time horizon and the calendar year of the risk measurement period
(at least in the Hertig’s model). The three most important correlation coefficients that should be
used for deriving the Solvency II capital requirement, the Solvency II risk margin, and the IFRS 17
risk adjustment are different. Our second conclusion is that we identify practically relevant cases
when the ultimate correlation is smaller than the one-year correlation in the next calendar year. In
these cases, if an insurance company uses one-year correlations from Solvency II for ultimate risk
aggregation in IFRS 17, it tends to overestimate the diversified risk capital in the considered model
(the risk adjustment at the level of a company). At the same time, our numerical study with real
data shows that the ultimate correlation can be larger than the one-year correlation in the next
calendar year. Our third conclusion is that even though we observe (in some cases substantial)
differences in the ultimate and the one-year correlations, the impact of a misused correlation on
capital is rather small and reaches 4% in our numerical study. However, we point out that we
can easily construct a synthetic example where the use of an improper correlation leads to the
misestimation of capital by 7.5%. The key message from this paper to actuaries is that the ultimate
and the one-year correlations are different and differences in their values should be investigated
as they may have an impact on calculations performed in Solvency II and IFRS 17.

The topic of correlations in claims reserving has already gained attention in the actuarial liter-
ature. We would like to refer to Avanzi et al. (2016b) and Taylor (2018) where practical aspects of
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defining correlation matrices and possible values of ultimate correlations observed in practice are
discussed. However, the topic concerning the relation between the ultimate and the one-year cor-
relations is new. The notions of the ultimate correlation and the one-year correlation have been
also recently introduced by El Alami et al. (2022). El Alami et al. (2022) consider a different actuar-
ial model with additive cash flows from elliptical distribution with special dependence structures.
The authors only investigate the one-year correlation in the next calendar year, and they do not
discuss the one-year correlations in future calendar years. Interestingly, El Alami et al. (2022) also
show that, in their model, the one-year correlation in the next calendar year is higher than the
ultimate correlation, and the IFRS 17 capital can be misestimated by 8% in their semi-synthetic
example.

This paper is structured as follows. In Section 2, we introduce a multivariate Hertig’s lognormal
model. The key ideas and first conclusions are presented in Section 3. In Section 4, we define the
ultimate correlation and the one-year correlations in future calendar years. The two key relations
between the correlations are derived in Section 5. Numerical examples are presented in Section 6.
All proofs can be found in Appendix.

2. The multivariate model of claims development

We study a multivariate version of Hertig’s lognormal model of claims development from
Chapter 5 in Wiithrich (2015) and Merz et al. (2012). In the sections below, we present key results
on the multivariate Hertig’s lognormal model, which we need in this paper.

Let us consider N lines of business, which are labeled by n=1,...,N. We denote accident
yearsbyie {1,...,I} and development yearsbyj € {0, .. ., J}. As always, we assume that ] > J 4- 1
and all claims are settled within J + 1 development years. To define cell-wise correlations between
claims development processes in the lines of business, we assume that all lines of business have the
same number of historical accident years and development years, hence I and J do not depend on
n. The cumulative payments from accident year i after development year j for line of business n
are denoted by C; j ..

In our multivariate Hertig’s lognormal model, we assume that

e The development of claims follows the process:
Cijn = Cijorne®,  (jin)e{L....I} x {0,....]} x {1,....N}, (2.1)

and we set w.lo.g. C; 1, =1.

We define the vectors:

§ii= (Ejn o Gin) €RY, &= (80 .. 60) ere, e=(¢1.....6)) eR?,

where a = N(J + 1) and d = al, and we assume that

e Conditionally, given ® € R?, the random vector & has a multivariate Gaussian distribu-
tion with fixed positive-definite covariance matrix ¥ € R**4 and conditional expected values
E[¢1©] =0 forallie{1,...,I},

e The parameter ® has a multivariate Gaussian distribution with prior mean p € R* and
positive-definite prior covariance matrix T € R%*“.

We are interested in the following dependence structures between the claims run-offs:
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e Dependence A: Cell-wise correlation:

0jn0zmp> (i) =1, 2), (i, n) # (I, z, m),
Cov[&ijns E1zm|®) = {02, (hjin)=(L,z,m),

0, otherwise.

e Dependence B: Cell-wise and calendar year correlation:

OjnOzmp> i+j=1+z0(,jn)#(zm),
Cov[&ijm E1em|®] = 02 (irjym) = (2, m),

0, otherwise

e Dependence C: Cell-wise, calendar year, and trend AR(1) correlation:
aj,naz,mph, i+j—l—z=h—-1, (,jn)#(Lz,m), h=1,2,...,
Cov[&ijm &1ml©®] = {02, (ijom) = (2, m),
0, otherwise

In dependence structure A, we assume that there is only a cell-wise correlation between the claims
development noises & in the loss triangles of lines of business. In dependence structure B, we addi-
tionally assume that there is a correlation between the claims development noises & arising in the
same calendar year within and between the loss triangles. Finally, in dependence structure C, we
assume, in addition to A and B, that there is a correlation between the claims development noises
& in all calendar years, within and between the loss triangles, yet the correlation decreases for more
distant calendar years. For details on the three dependence structures, we refer to Chapter 5.2.5
in Wiithrich (2015). The dependence structures A, B, and C are controlled with one correlation
parameter p. We can also allow for different correlation coefficients between and within loss tri-
angles, as well as for different cell-wise and calendar-year correlation coefficients. We do not need
these extensions in the paper.
As far as the parameters’ uncertainty is concerned, we focus on the following cases:

e Parameters’ uncertainty: The uncertainties of the a priori parameters’ estimates for the lines
of business and the development years are independent of each other, and we set:

T= Tz(ﬂz)Tlaxa; (22)

where 7 > 0, ;1,2 denotes a vector with squared elements of i, and 1,,, denotes an identity
matrix of dimension a x a. The parameter 7 plays the role of a coefficient of variation,
e No parameters’ uncertainty: we set T = 0 in Eq. (2.2).

Again, the choice of T is motivated in Chapter 5.2.5 in Wiithrich (2015). In Bayesian setting,
the diagonal structure of T implies that we make independent decisions about the parameters’
estimates based on their a priori knowledge. We remark that we only consider the parameters’
uncertainty related to the expected value of &. If we would like to measure uncertainty related to
the specification of the covariance matrix of &, then a full simulation model has to be run in the
spirit of Shi et al. (2012).

Lett=1,2,...denotea calendar year. We introduce D; = {(i,j, n) e {1, . ,I} X {O, ... ,]} X
{1,...,N}, i+j < t}. The set D; contains indices of the cumulative payments C;;,, equivalently,
the indices of the claims development noises &; ;», which have been observed at the end of calendar
year ¢ for all lines of business n =1, . . ., N. We also introduce the filtration:

ft = G{Ci,j,ﬂ . (i)j) 7’1) S Dt})
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which describes the information available after ¢ calendar years from all lines of business
n=1,...,N.
Next, we define matrices Pp, : R - RIPil and Pps : R? > RIPil such that
§ g7 =PpE, £ E7 =Prt. (23)

The vector & contains the Gaussian noises describing the whole claims development process for all
lines of business. The vector £ contains the Gaussian noises from the claims development pro-

cess, which have been observed at the end of the calendar year ¢, and the vector £Di contains the
Gaussian noises from the claims development process, which will be observed after the calendar
year t.

The goal in claims reserving is to derive the conditional distribution of £7¢ given £7*. This
distribution can be derived from Theorems A.1-A.2, see Corollary 5.3 in Wiithrich (2015) and
Theorem 3.4 in Merz et al. (2012).

Theorem 2.1. The conditional distribution of gD given P is multivariate Gaussian with the
conditional mean

u’;;’;t =E[£P[g7] = PpeAp + Qp, p (EDt - PDtAIL),
and conditional covariance matrix
sg’;t = cov[£71 7] = PpeSPh — Qp,p PD,SPhy
where

A= (Laxar . - > Laxa) T € R4,
—1
Op, e = PpeSPD, (PDtSPIT)t) ,
S = cov[‘;‘] =%+ ATA".

Let us recall that 1,5, € R**“ denotes an identity matrix of dimension a x a.
Corollary 2.1. Under dependence A and B and without parameters’ uncertainty (t =0), D0 is
independent of £

Under the assumptions of Corollary 2.1, we will derive explicit results for ultimate and one-
year correlations. As we will illustrate in Section 3.3, the two cases highlighted in Corollary 2.1 are
very special cases of the general claims reserving problem we investigate.

In the sequel, we will select elements of the vector §Df . Let us define a vector e;jc 7,n of
dimension |Df| x 1, which contains zeros and ones, such that

J
T De .
et\i,jej,ns = Z Si,j,nl{] eJ}.

j=t—it1

We will use the notation:

M
T D¢ s . T De .
el =Eigallt—i+ 1<) efi iy E00= Y Eal{t—i+1<M),
Jj=t—i+1

where the indicators guarantee that we choose indices j € J such that j € [t — i+ 1, M], otherwise
€:ije.7,» only contains zeros.
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3. The first outlook

Before we present the general results, we focus on special (simple) cases in order to better
understand one-year and ultimate correlations, misestimation of capital resulting from misused
(misestimated) correlation, and the technique we use to derive the results.

3.1 Ultimate and one-year correlations

We consider two lines of business (n = 1, 2) with one accident year (I = 1). We study dependence
A without parameters’ uncertainty. We investigate the claims development processes after the first
calendar year (we set t =1 and the filtration ] is known to the actuary). From (2.1), we define
the ultimate payment

J .
Cpn = Coe=1 7.

We define the valuation of the ultimate payment after the first calendar year

- J
Cll,n = E[C],nu:l] C() eZJ 1(“1""’_2 }n) (3.1)

as well as the sequence of valuations of the ultimate payment in the future calendar years, after
1 + k calendar years,

¥ B Frat) = ConeEr T Gt ko

Clearly, @}Jrf] = Cy,5. The valuations (3.1)-(3.2) are used to define the ultimate loss and the one-
year loss in calendar year 2 + k

LUZ[ C]n _ C] w LlYRZ-‘rk C2+k C]l::l_k; k= 0’ L ,]_ 1.

For the definition of the ultimate loss and the one-year loss in actuarial claims reserving, we refer,
for example, to Chapter 1 in Wiithrich (2015) and Wiithrich and Merz (2015).

By direct calculations for lognormal distributions, we can derive the Pearson correlation
coefficient between the ultimate losses in the two lines of business (ultimate correlation)

cov[C}J{], CH]I]-]]

\/Var[ 1+]|.7-'1]\/Var[ 1+}|]_-1]
Cl @1 e% Y1 20j10j2p _@1 @1
Cl Cl \/ZJ 1 ]1_1\/21 1 12_1

J
ezj 19319520 __ 1 Z] 103,10j,2

\/2111,21_1\/2;1;2_1 \/Zjllj,\/ 1]2

pUlt = corr[L?lt, Lglt|]:1] =

(3.3)
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as well as, the Pearson correlation coefficients between the one-year losses in the two lines of
business in calendar year 2 + k (one-year correlations)

1IYR ._ 1Y R2+k 1Y R2+k
Pk = corr[L1 L, |]-"1]

cov[CfJ{k, 2+k|]-'1]—cov[C]1J{k, 1+k|]_-1]

\/Var[éﬁrkl]ﬂ] — Var[@}jﬂ]—'l]\/Var[@]zjﬂfl] — Var[@}jﬂ.ﬁ]

ket 1 k
221 9j1%i2p _ )i 9410j20

e
- k k k k
\/ Z;+11 Bl er:l Uji . \/e +11 Oip _ erzl Uﬁz
Ok+1,10k+1,2
e T =, k=0,...,]—1. (3.4)

Ok+1,10k+1,2

In the calculations above, we use the property that cov[C2+k CH'kl]-'l] = cov[C}:k, CH'k | F1 ] for
n, m =1, 2. We have two remarks concerning the correlations derived:

e The approximations in (3.3)-(3.4) hold for small (crj,,,)]]-zl, which is very often the case in
practice (note that oy , can still be large, which is often the case in practice);

e Evenif p =1, the correlations (3.3)-(3.4) are not necessarily equal to 1, which is a well-known
fact for lognormal distributions.

The correlation coefficients (3.3)-(3.4) are the main object of this paper. Ultimate and one-year
correlations are used in practice for different purposes and their role in actuarial capital modeling
will be explained in the sequel. We start by presenting the conclusions from this example. The one-
year correlations in the future calendar years are not equal, yet they are almost equal if the volatility
parameters are small. The ultimate correlation is different from the one-year correlations. Let us
assume that the volatility parameters are small so that the approximations hold. By the Cauchy-
Schwarz inequality, we get the inequality

pUltS,OlYRZ,O, (3_5)

where the equality is achieved only if 0j; = a0;j, forall j=1,...,] and for some & > 0, which is
unlikely situation in practice. Hence, from Eq. (3.5), we can conclude that the ultimate correlation
is lower than the one-year correlation in our example. Let us try to answer how small the ultimate
correlation can be compared to the one-year correlation. By the Cassels’s inequality, see Eq. (3.2)
in Watson (1955), we get the inequality

,OUlt > C,OIYR C,O, (36)
where C=2 (1+L)2 <l,and L= m:—% > 1. We observe that C=1 if and only if L =

1, and L=1 if and only if 0j; =a0j, for all j=1,...,] and for some a > 0, which is the case
discussed above. If C < 1, then the equality in Eq. (3.6) is achieved only if ] = 2 and % = 22 (see
Eq. (3.2) in Watson 1955). The case with ] =2 is not interesting in practice. If we still consider
J =2 and in addition we assume that o, > 02, # = 1, 2, which is the typical case in practice
as volatilities decrease in development periods, then again we have L = C = 1. Hence, the lower
bcl);u;d in Eq. (3.6) is not achieved, but we expect that the larger L, the smaller pU" compared to
pr.
Let us consider a special case of the volatility parameters. We assume that

Ojn = Gl,ne_a"(i_l), i=1,...,], a1 > oa. (3.7)
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Ultimate to one—year correlation

00 01 02 03 04 05
O2

Figure 1. The ratio of the ultimate correlation (3.3) to the one-year correlation (3.4) under the volatility parameters specified
with (3.7).

We set ] =15 and 07, = 0.1 (the value of o}, is reasonable based on the estimations we per-
form in Section 5). The approximations (3.3)-(3.4) can be applied. We have L = e!>@1—22) Wwe
set ; = 0.5 and we consider a; € (0, 0.5). The ratio of the ultimate correlation (3.3) to the one-
year correlation (3.4), calculated with the approximations, is presented in Fig. 1. As expected, the
smaller o, the larger L, and the larger the difference between oY and p'Y R, In our synthetic
example, we observe that pU can be 40% smaller than p'Y R.

3.2 The impact of correlations on diversified capital

From Fig. 1, we can observe that the difference between the ultimate and the one-year correla-
tion can reach (in our synthetic example) 40%. From practical point of view, we are interested to
what extent a misuse (misestimation) of correlation can impact capital measures. In this paper, we
investigate the bottom-up (variance-covariance) risk aggregation formula.

Definition 3.1. Let x > 0 and y > 0 denote stand-alone (marginal) risk capitals for losses for two
lines of business and p denote the correlation coefficient between the losses in the lines of business.
The bottom-up risk aggregation formula implies that the diversified risk capital is calculated with

the rule
VX292 + 2xyp. (3.8)

The following result is known, both in theory and practice.

Theorem 3.1. Let us consider the bottom-up aggregation of stand-alone risk capitals x > 0 and
y > 0. If we increase the correlation coefficient between the losses from p to p, then the maximal
relative increase of the diversified risk capital arises for x = y. For x = y, the relative increase of the

_— . gy [1+p
diversified risk capital is equal to \/ 17 —

Theorem 3.1 shows that there are natural limits on the impact of a misuse of correlation on
capital measures if we apply the bottom-up risk aggregation formula. In Fig. 2, we present the
maximal changes in the diversified capital for two lines of business (i.e. for lines of business with
equal stand-alone capitals) when we increase the correlation between the lines from p to p. The
change in the diversified capital is not very large unless the change in the correlation is very large.
For example, if we consider buckets of correlations [0, 0.25], [0.25, 0.5], [0.5, 0.75], [0.75, 1] and
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40% 1

30% 1

20% 1

10% 1

Change in capital

0% 1

0% 25% 50% 75% 100%
o

p = 025 =05 =075 = 1

Figure 2. The maximal changes in the diversified capital for two lines of business if we increase the correlation from p to p,
the changes are only investigated for p < p.

20% 1

15% 1 .

Change in capital

10% 1

2 4 6 8 10
Number of lines of business

Figure 3. The maximal changes in the diversified capital for multiple lines of business if we increase the correlations from
p=03top=0.5forn=2,...,10lines of business.

we increase the correlation from the lower bound to the upper bound for each bucket, then the
diversified capital increases by 7%-12%. In other words, if we consider lines of business with
equal stand-alone capitals and the true correlation is within a bucket, the maximal overestimation
of capital is 7%-12% (assuming that the true correlation is the lower bound and we choose the
upper bound). In our synthetic example of Section 3.1, if we use p'¥ R = 0.5 instead of the true
correlation pU = 0.3 (the ultimate correlation is 40% lower than the one-year correlation), we
overestimate the capital at most by 7.5%, and this value can only be reached if the lines of business
have equal stand-alone capitals. This misestimation of capital resulting from misused correlation
is large, but not very large, especially compared to the difference in correlation.

We also investigate the multivariate extension of the risk aggregation formula (3.8) and
Theorem 3.1. In Fig. 3 we observe that the impact of misused (misestimated) correlations on
the diversified capital increases if the number of lines of business increases. If we use p'¥ R =
0.5 instead of the true correlations pUlt = 0.3 for all 10 lines of business, we overestimate the
diversified capital by 22%, which is now a very large error.

Our synthetic examples should give a clear signal to actuaries that appropriate correlations
should be used for capital measures. In Section 5, we investigate values of one-year and ultimate
correlations, which can be observed in practice, as well as misestimations of capitals resulting from
misused correlations.
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3.3 The role of information in prediction of claims
Let us start with a classical Bayesian estimation in a Gaussian model. We consider

0 1 20
X1,X)|®1=61,0, =0, ~N (|: 1i| > |: pi|) , (©1,0)~N <|:Mli| > |:r 2:|> .
92 0 1 M2 0Tt

By Theorems A.1-A.2, we get the distribution

wm] 1+t p ©?
(X1, X2,01)~N | | 12 | p 14720 ,
M3 72 0 2

from which we immediately get the conditional distributions of ®; |X; =x; and ©,|X; = x1, X5 =
x5. We calculate the moments

‘L’2

147

E[©11X; =x1] = 1 + 5 (%1 — 1),
lim E[®|X; =x1] = x1,
T—>00

lim E[®|X; =x1] = u1,
T—0

and

-1
I+12 p X1 —
E[011X) =x1, X2 =] = w1 + [7? O]'|: } |:

o 1+7? X2 — W2
2 2 2
(14 1%) °p
:M1+—(1+r2)2—p2(x1 — 1) — —(1+12)2—p2(x2_M2)’

lim E[O;[X; =x1, X2 =x] = x1,
T—>00

lim E[O;|X; =x1, X2 =x3] = puy.
7—0

Hence, if T € (0,00), then E[®1]|X; =x1] #E[O1|X1 = x1, X3 = x2]. If (X,Y), conditional on
(®1, ©,), are correlated, then the Bayesian estimate of 6; (the marginal expected value of X;)
is different depending on the information we use in the prediction of 61: X; or (X, X»).

In our framework of dependence structures for claims’ run-offs from Section 2, we consider
two very simple dependent loss triangles with cumulative payments with the distributions

(X1,2, X215, Y12, Y2,1, X202, Y22)|©1 =61, O = 65, D1 = @1, P2 = ¢

P Q ¢

QP ¢ ...
~N [ [6261 62 01 62 $2]" :

c ¢ Ly ...
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X2 Yiz
Xz,l XZ‘Z Y?.,l YZ.Z

Figure 4. The loss triangles in the synthetic example.

where
p 1 Ccorr X1 2,X2 1) COTT’(YLz, Yz,l)
- COTT(Xl,z,Xz’l) corr Y1 25 Y2 1) 1 ’
corr(X1,2, Y1,2) corr(Xi2, Y2,1)
| corr(Xa,1, Y12) corr(Xa1, Ya1)
T
¢ = [corr(Xi, Xa,0) corr(Xa,1, X2.2)]" = [corr(Yi0, Xa,0) corr(Ya, X22)]"
and

~ T 2 .
X
(01,0, @1, ®3) ~N ([/Ll pam m) Tt 1y 4)-

The loss triangles are presented in Fig. 4. The matrix P describes calendar year correlations within
the triangles, the matrix Q - cell-wise and calendar year correlations between the triangles, and
the vector ¢ - trend correlations between the triangles. The goal is to predict X, — the ultimate
payment from the first lines of business.

We can predict X5, depending on the information from one line of business or two lines of
business. By Theorem A.1, we derive the two estimators

E[X21X12X2,1] = IE[11'3[?(2,2|X1,2X2,1, 01, Oy, ¢y, ;] |X1,2,X2,1]

X12 — E[©2]X12, X2,1]
= E[0,|X12, X21] +¢c- P71

X51 — E[011X12, X2,1]
and

E[X221X1,2, X215 Y12, Y2,1]
= E[E[X2,2|Xl,2x2,l, Y10, Ya,1, O1, O3, @1, ©2]|X12, Xa1, Y12, Yz,l]

= E[02]X12, X2,1, Y12, Y2,1]

X12 — E[O2]X12, X2,1, Y12, Y2,1]
P Q| | Xon —E[011X12 Xo1, Y12, Yo
Q P:| . Y12 — E[®2X12, X201, Y12, Y2,1]
Y21 — E[®1]X1,2, X2,1, Y1,2, Y2,1]

+[cc].[

We assume that Q is a non-zero matrix in order to have a dependence between the loss trian-
gles — the loss triangles are correlated cell-wise and (possibly) calendar year, i.e. (X;3,X>,1) and
(Y12, Y2,1) are correlated. We can deduce that if we allow for a trend correlation in the loss tri-
angles (the vector ¢ is non-zero), then E[X5,]X12, X2,1] # E[X221X1,2, X2,1, Y1,2, Y2,1]. If there is
no trend correlation (the vector c is zero), then E[X;7]X) 2, X5,1] #E[X22|X12, X521, Y12, Y2,1]
since E[0,|X12, X5.1] #E[021X1,2, X2,1, Y12, Y2,1], unless we set T =0 (see the conclusion from
the beginning of this section). The two important cases of dependence structures A and B with
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T =0 are pointed out in Corollary 2.1 and will be presented separately in the sequel. Other cases
of dependence structures and parameters’ uncertainty are clearly more subtle and complicated to
consider within the multivariate Hertig’s lognormal model. We exclude the limit t — oo from
consideration, as in this case the variance of the Bayesian estimator diverges.

Our calculations above illustrate that the Bayesian prediction of the ultimate payment in a sin-
gle line of business is in general different depending on the information we use in the prediction.
We can expect that not only the prediction of the ultimate payment in a single line of business
but also the mean square error of this prediction, hence the marginal evaluation of the reserve
risk, are different if we use the information from the single line of business or from multiple lines
of business in our portfolio. This property of the multivariate Hertig’s lognormal model has been
observed in the numerical examples in Chapter 5 in Wiithrich (2015), but we present above more
mathematical insight into this property. For Dependencies A, B, and C and our form of parame-
ter’s uncertainty, we identify the only two cases for which the use of the information from a single
line of business or from multiple lines of business leads to the same evaluation of the reserve
risk. In the sequel, we introduce correlations implied by the mean square errors of predictions,
and in order to have proper correlation coefficients, we should use the same information in the
evaluation of the reserve risk for a single line of business and multiple lines of business.

4. Risk measures and correlations for bottom-up risk aggregation

We measure the reserve risk at the end of calendar year t =1I. In the next sections, we derive
risk measures in ultimate and one-year horizons and define ultimate and one-year correlations
between lines of business.

4.1 Ultimate risk and ultimate correlation

For accident year i, such that i + ] > ¢, the ultimate liability (the ultimate cumulative payments)
for the accident year and line of business # is given by

gD

Ciin=C Zjl'zt—iﬂ Eijm _ C e,T|,-j<]n il
ifon = Cit—ine = Ci—ine =" (4.1)

For other accident years, the claims have been fully developed and these accident years are no
longer investigated in the claims reserving problem. The total ultimate liability for all accident
years and all lines of business is given by

J N
G= Y > Cin

i=t—J+1 n=1
The best estimate of the ultimate liability at the end of calendar year ¢ is defined with
65,},;1 =E[CijnlF], i+]>t.

By Theorems 2.1 and A.3, see Chapter 5.2.3 in Wiithrich (2015) and Theorem 4.1 in Merz et al.
(2012), we can get the formula

Cg} =Cy ineZ}ztfiJrlE[si,j,n‘ft]"F% Zj,l:t—iJrl COV[Ei,j,n,fi,l,nI}—z]
1,),n sE— L,

T post 1 .T post
e Mo ct+5en . S eii<n
Ci,t—i,ne tlij<)nt D¢ T2 tij< O pe lij= ,

(4.2)

for accident years such that i+ > t.
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We investigate the ultimate loss projected from the end of calendar year ¢. The ultimate loss for
accident year i and line of business 7 is given by

Ult,t ot
L, =Cijn—C

iJ,n>
for accident years such that i 4+ ] > t. The total ultimate loss for all accident years and all lines of
business is given by

N I
LUlt,tzz Z LiUrlzt’t-

n=1 i=t—J+1

In claims reserving, the risk of future payments is usually measured with the mean square error
of prediction, which coincides with the variance measure in our model. By Theorems 2.1 and A.3,
see Chapter 5.2.3 in Wiithrich (2015) and Theorem 4.3 in Merz et al. (2012), we have the following
result on the ultimate risk of the ultimate loss.

Theorem 4.1. We have the formula for the ultimate risk measure

N I
t]= Z Z cov[LiL’]rlf’t, ] Z Z COV[CI,}n,ClJ,m{]-}]

nym=1 i,l=t—J+1 n,m=1 jl=t—J+1

= Z Z CJ,HAZ,], ( Z] t—i+1 Zz t—141 CDV[Ez}nslzml]:t] _ 1)

nm=1 jl=t—J+1

N
2 i< Spait i<J,m
=2 Z CpnChym(e oo 1 ~1). (4.3)

n,m=1 il=t—J+1

Var[

If we measure the ultimate risk for single line of business n, we calculate the above sum for
n=m. As discussed in Section 3.3, we do not modify the matrix Sp <> since for single line of

business n we still calculate Var[Lglt’tp-"t], i.e. we calculate the mean square error of prediction

given the information from multiple lines of business.

We now introduce the notion of the ultimate correlation. The ultimate correlation repre-
sents the correlation that should be used for a bottom-up aggregation of risk capitals in ultimate
time horizon. The implied ultimate correlation is implied by the variance risk measures from
Theorem 4.1.

Definition 4.1. For two lines of business, denoted by n =1, 2, the implied ultimate correlation is
derived from the relation

Var[LUlt’t|]-}] = Var[LiJlt’t|]-}] + Var[Lglt’t{}}]

+2\/Var[Li]lt’t|}}] Var[Lglt’t |.7-'t]corr[L§]lt’t, L;ﬂt’t {}}], (4.4)

where
I

ult,t __ Ult,t _
L= 3" LM, n=12
i=t—J+1

The implied ultimate correlation is just the Pearson correlation between the ultimate losses LUIH and
Lgl” conditional on F;. We denote corr[L?lt L Lgl”’]-"t] by pt
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Remark 4.1. We could define the implied ultimate correlation as a coefficient that satisfies the
relation

Var[LUlt’tij’-}] = Var[LYlt’tU:tl] + Var[Lgh’ti}'tz]

+2\/Var[L§]lt’t|]-'tl] Var[Lg”’t |]-'t2] corr[LYlt’t, L;Jlt’[|.7-'t], (4.5)

where 7} and 77 denote the information available from single lines of business. Such a coefficient
would not be a correlation coefficient and its interpretation could be difficult. In our numerical
experiments from Section 5, we end up with negative values and values above 100% if we use
Eq. (4.5). We believe that the definition (4.4) is much better for a mathematical investigation of
ultimate and one-year correlations. The role of the information in prediction of claims in the mul-
tivariate Hertig’s lognormal model is discussed in Section 3.3. In particular, among Dependencies
A, B, and C and our form of parameter’s uncertainty, the implied correlations defined with (4.4)
and (4.5) coincide only for A and B with v = 0. For implied ultimate correlation and the role of
information in its definition see also a discussion in Chapter 5.2.6 in Wiithrich (2015).

Formula (4.4) is valid for any dependence structure between lines of business and any param-
eters’ uncertainty. We can derive explicit results for the two special cases, which we specify in
Corollary 2.1.

Theorem 4.2. Let the ultimate correlation be given with

ult __ P

SRR T o

e For dependence structure A and no parameters’ uncertainty, we have

Z i+1 9jn0i,mpP
Z C,],n 1,],( jmt—i41 OnTimP _ |

i=t—J+1
~ Z C,],nAl,],m Z Oin0j,mpP>
i=t—J+1 j=t—it1
I R , ,
Q=Y (G (D —1)
i=t—J+1
I R ]
~ ) (€)Y ol n=L2
i=t—J+1 j=t—it1

where the approximations hold for small (0]-,,1)]]-=1 for n=1,2. Moreover, we have the upper

bound on the ultimate correlation ,otUlt < p for small (aj,n);zlfor n=1,2.
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e For dependence structure B and no parameters’ uncertainty, we have

J 1—i
P = Z Cl]n L.m (ZJAEHIH)UJ”"W LmP 1)
il=t—J+1
JAJ+I-1)
~ Z Cz]n 1J,m Z 0j,nOitj—1LmP
il=t—J+1 j=t—i+1

IN(HL=)
( Z] t— 1+11 i 1)

1
Q= ), (C)
i=t—J+1

I

JA(J+1—i)
t Z —i Oj,nOitj—LnP
X (e e )
Ll=t—J+1, i#l

J

1
Z (Czt, ,n)z Z Uj%n

i=t—J+1 Jj=t—i+1

I JA(J+I-1)

t
+ Z Cl Jn Cl,],n Z O—j,nO—iJrjfl,np’ n= 1, 2,
Ll=t—J+1, i#l Jj=t—i+1

where the approximations hold for small (o}, n) _, forn=1,2. The ultimate correlation oV can
be larger or smaller than p.

The above results on ultimate correlations are new. The relations between the ultimate corre-
lations and the correlation p have been observed, without any proof, in the numerical examples
in Chapter 5.2.6 in Wiithrich (2015).

The main purpose of the ultimate correlation is to use it in a bottom-up aggregation of stand-
alone risk capitals in ultimate time horizon. In this approach, an insurance company specifies
risk capitals in ultimate time horizon for (two) lines of business RCt[fllt and Rnglt and applies the
variance-covariance aggregation formula to derive the diversified risk capital

2 2
\/(Rc}f{f) +(Rc§f2”) +2-Rc§]{f-Rc}§f-p}’“, (4.6)

where pU denotes the calibrated ultimate correlation. In many practical applications, the risk
capitals in Eq. (4.6) are related to variance risk measures of ultimate losses. Traditionally, actuaries
have been measuring risk in ultimate time horizon. Recently, the new IFRS 17 accounting standard
also forces insurance companies to calculate risk adjustments, which should be related to a risk
measure in ultimate time horizon.

4.2 One-year risks and one-year correlations
We now study a sequence of the best estimates of the ultimate liability at the end of future calendar
years t,t + 1, ..., which are needed to define one-year risks in future calendar years.

Let k=0,1,...,] — 1. We define Cf}rln‘ E[Ci,;,n|.7:t+k] for accident years such that i 4 J >
t+ k. We can derlve the formula for the best estimate of the ultimate liability at the end of any
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calendar year t + k viewed from the end of calendar year ¢, see the proof in Appendix and Chapter
5.2.4 in Withrich (2015). We point out that we use a different notation than Wiithrich (2015).

Proposition 4.1. For k=0,1,...,] — 1, we have the formula for the best estimate of the ultimate

liability
(A:zt}rﬁ = Ci,t—i,neZJLt—H—l E[Si,j,nlf,+k]
-e+% ZJ{I:HH Cov[su,mgi’l’"‘ft]_% ijll:t—iﬂ COV[E[Si,j,nIJ"t+k],IE[E,—,z,n\J"t+k]|]"t]
= Ci,t—i,nepgi,k,ngDf-l—”t\i,k,n, iLT> 4k, .
where

T _ T T T .
Prlikn = Ctlij<t—itkn T Craklijsn DD, PO Ppc Ui+ > 1+ K},

. T T post 1 T post B 1 T ,post
Ttlikn = (et\i,jﬂ,n - Pr|i,k,n)“pg + zetli,jfj,nSDf €tlij</n — Eptli,k,nSDf Ptlikn-

Let us investigate the one-year loss in calendar year ¢ + k + 1 projected from the end of calen-
dar year t + k. The one-year loss in calendar year ¢ + k + 1 for accident year i and line of business
n is given by

1Y Rit+k+1 _ pt+k+1 _ Stk
Li,n - Ci,],n - Ci,],n’

for accident years such that i + ] > t + k. The total one-year loss in calendar year ¢t + k + 1 for all
accident years and lines of business is given by

N I
LlYR,t+k+1 — Z Z LlYR,t+k+1

in
n=1 i=t+k—J+1
The risk of the one-year loss is usually measured, as the risk of the ultimate loss, with the mean
squared error of prediction, which again agrees with the variance measure in our model. In

order to quantify the one-year risk for the next calendar year, we should calculate the conditional
variance

Var[LlYR,t+k+1 }]:t+k]: (4.8)

since the one-year risk in calendar t 4 k + 1 is projected from the end of calendar year ¢ + k. Since
we measure the risk at the end of calendar year t and we can only project the risk from the end of
calendar year t, we calculate the conditional expected value of Eq. (4.8) given F;:

E[Var[LIYR,t-f‘k"rl ‘ft-i,-k] ‘ft]’

as a projection of the one-year risk in the future calendar year.
There is an obvious relation between the ultimate loss and the one-year losses in future calendar
years

-1
LUlt,t — Z LlYR,[+k+1
k=0
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From Wiithrich and Merz (2015), we also have the following crucial property for the ultimate risk
and the one-year risks

J—1 J—1
Var LUl”}]: Z Var LIYR’t+k+1|]-' ZE[Var LlYRt+k+1|]: ]ft], (4.9)
k=0 k=0

which shows how the ultimate risk can be split into the one-year risks in future calendar years
under variance as the risk measure. In particular, the one-year losses in future calendar years are
not correlated. The decomposition (4.9) does not hold in general, but it holds in Bayesian claims
reserving models, and in our claims reserving model.

We can now derive the one-year risk of the one-year loss in all future calendar years. The result
can be found in Chapter 5.2.4 in Wiithrich (2015) and is also proved in Appendix.

Theorem 4.3. For k=0,1,...,] — 1, we have the formula for the one-year risk measure in
calendar yeart + k+1

E[Var[LlYR,t+k+1 {]:t+k]]:t] _ Var[LlYR,t+k+l |]_—t]

N I
_ Z Z COV[LIYRt+k+1 LlYR,t+k+1|]_—t]
k

Lm
nm=1 j =t J+1
N I
— tHk+1l _ Stk ptrkbL Stk
-y cov[c,]n — Gk e gt {]—}]
nm=1 i,l=t+k—J+1
N I
— t+k-+1 Sttkt1 t-+k (t+k
= Z (cov[C,]n Ciim |]-"t] cov[Cl]nC”m|]-}]>
nm=1 il=t+k—J+1

N I ; ;
S DA (z,.:,,m St OV Eliginl Fiortort VEE ol Fran )17
n,n~L],m

n,m=1 i,l=t+k—]+1

i D cov[ﬂa[si,j,n|f,+kJ,E[st,n|ft+k1\ft])

DS[

al ! . P Bk P S Pk,
_ tik+1,n D¢ PtiLk+1,m tlikn©DE t|Lk,m
=Y Y e ( ; - ) (4.10)
nm=1 i,l=t+k—J+1

If we want to measure the one-year risk for a single line of business n, we calculate the above
sum with n =m.

We now define the one-year correlations in future calendar years till the liability’s run-off.
The one-year correlations represent the correlations that should be used for a bottom-up aggre-
gation of risk capitals in one-year time horizon in future calendar years. The implied one-year
correlations are implied from the variance risk measures from Theorem 4.3.

Definition 4.2. For two lines of business, denoted by n=1,2, and for k=0,1,...,] —1, the
implied one-year correlation in calendar year t + k + 1 is derived from the relation
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Var[LlYR,t+k+l |]_-t] _ Var[L%YR,L%kJrl |~7:t] n Varl:L%YR,t+k+1 |]_-t]

+2\/Var|:LiYR,t+k+l|]_-ti|var|:L;YR,t+k+l|]_-ti|corr|:LiYR,t+k+l,L%YR,tJrkJrl|]_-t:|’ (4.11)

where

I

L;YRatJrkJrl — § Lllr}:R’t+k+1; n—= 1, 2'

i=t+k—J+1

The implied one-year correlation is just the Pearson correlation between the one-year losses
LiYR’HkH and L;YR’HHI conditional on Fy. We denote corr[LiYR’HkH,L;YR’t+k+1|}}] by

1YR
Pitkt1:

In our two special cases, we can derive explicit results on the one-year correlations. The
theorem below presents new results on one-year correlations.

Theorem 4.4. Let the one-year correlations in future calendar years be given with

1YR Pk
pt-‘,—k—‘,—l: P k, kZO,l,,]—l
Ay Q&

e For dependence structure A and no parameter uncertainty, we have

I
~ ~ o thk—i
pk = E ClynCirm (eZFf"“ %Gn0jmP _ gD jmiit1 UJ'M’mp),
i=t+k—J+1
I
~ SNt ot
~ Z Ci,],nCi,],m0t+k—i+1,n0t+k—i+1,m,0>
i=t+k—J+1

1
N t+k—i+1 _2 t+k—i 2
Qﬁ — Z (Clt n)2<ezj':t7il+l Oin _ er:tfilJrl Uj,n)

i=t+k—J+1
I

~ At\2 2
~ Z (Ci, ,n) Ottk—it1,m
i=t+k—J+1

where the approximations hold for small (0]-,,1)]]-=1 for n=1,2. Moreover, we have the upper

; 1YR 1YR _ Y _
bound on the one-year correlations Prpiy1 =P and Piy) = p for small (0}, jzlfor n=1,2.

e For dependence structure B and no parameter uncertainty, we have
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I (t+k—i+1)A(J+I—-i) Z(Frk DAJH1—1)

Pk — Z Cz 7. nclt,],m (er:FHl j,nOitj—LmP __ i+1 (’:i,n”iJrj*l,mp)
il=t+k—J+1
I
~ ~t ~t
~ Z Ci,],nCz,],m0t+k—i+1,n0t+k+1—l,m,0,

il=t+k—]+1
I t+k—i+1 t4-k—i
Qﬁ — Z (Clt]n) ( Zj t—i+1 (Tjn _ez =t—i+1 ]n)
i=t+k—J+1

I
o (t+k—i+)AG+H—i) (t+k—i)A+—i)
4 E Ct C;] (ezj'=t7,’+1 OjnOitj—LnP __ ZJ t—it1 (Tj,n5i+j—l,np>
n 3)

Bl=t+k—]+1, il
I I
~ ~Nto\2 2 Nt
~ Z (Ci, ) Oik—itin T Z CitnClLynOt+k—it 1nOttk41-Ln 0>
i=t+k—J+1 il=t+k—J+1, il

where the approximations hold for small (o;, n) _, for n=1,2. Moreover, we have the lower

1YR _ , —
bound on the one-year correlations pt+k+1 > pand p. ;" = p for small (0}, jzlfor n=1,2.

The one-year correlation in the next calendar year (for k= 0) is mainly used by insurance
companies in a bottom-up risk aggregation in Solvency II to derive the regulatory capital. In
practice, an insurance company specifies solvency capital requirements in one-year time hori-
zon for the next calendar year for (two) lines of business SCR}_{IR1 and SCR}_{IRZ and applies the
variance-covariance aggregation formula to derive the diversified solvency capital requirement:

\/ (SCR}LRI) —I—(SCR}}:IRZ) +2-SCRITF - SCRITE, - pl TR, (4.12)

where p, YR denotes the calibrated one-year correlation in the next calendar year. The solvency
capital requlrements in Eq. (4.12) are often related to variance risk measures of one-year losses.
The key question is to what extent the ultimate correlation p* used in Eq. (4.6) can differ from the
one-year correlation ,otl_ZIR used in Eq. (4.12), and consequently what sizes of misestimation of cap-
itals can we observe if we use an improper correlation for the given time horizon. We investigate
this question in the next two sections.

The one-year correlations in future calendar years (for all k> 0) are important when we
calculate risk margins in Solvency II. The risk margin is calculated as

SCRY R
Z CoC—— 1+l (4.13)

k+1°
(14 resks1)
where CoC is a cost of capital, 7,41 is the risk-free rate in calendar year t + k + 1, and SCngRJrl
is the projected solvency capital requirement for calendar year t 4 k 4 1. The solvency capital
requirements can be determined with

1YR
SCRIYR =3. ]E[\/ Var[ LY Reske1| F ]| 7

~3- \/]E[Var[L1YRt+k+1|ft+k |}'t =3- \/ Var LlYR’t+k+1|}}], (4.14)
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where the approximation is suggested by Wiithrich and Merz (2015) and the factor of 3 is assumed
in Solvency II Standard Formula. In practice, many insurance companies project solvency capi-
tal requirements for future calendar years for each line of business and aggregate them with the
variance-covariance aggregation formula to derive the diversified risk margin for a company with
(4.13)-(4.14). In this approach, one should use the one-year correlations in future calendar years
for the aggregation of the Solvency Capital Requirements (SCRs) projected for the future calendar
years, which are likely to be different from the one-year correlation in the next calendar year. In
the next two sections, we investigate patterns of the one-year correlations ,otl_zkﬁ_l in future calen-
dar years, for k=0, 1, . . ., inspect differences in the one-year correlations in future calendar years
and misestimation of capitals resulting from the choice of improper correlations.

4.3 Two key relations between the ultimate correlation and the one-year correlations

In this section, we derive two new relations between the ultimate correlation and the one-year
correlations. In the next section, we investigate correlations and their impact on capitals in a
numerical study with real data.

From Egs. (4.9), (4.4), and (4.11), we can derive the equality

Var[Llwt’t ]—"t] + Var[Lglt’tU-}] + 2\/ Var[Li”“ |]-"t] Var[Lg”“|ft]corr[L§’”’f, LU ]-}]
J—1
— Var[LUlt’t ]'—t] — Z Var[LlYR’t+k+1 |]:t]
k=0
J—1

(Var[LiYR’H”kJrl \]—}] + Var[L;YR’tJrkJrl |]-"t]
0

»
Il

+2\/Var[LiYR,t+k+1 ‘]_-t] Var[L;Y Rit+k+1 |}'t]corr[LiYR’t+k+l, LéY Rit+k+1 ‘]:tD'

Since (4.9) also holds for Lfﬂt’t and Lg ”’t, we end up with the following relation between the risk
measures
]-"t]

\/ Var[LY’“ }]-"t] Var[Lgﬂt’f
J—1
_ Z \/Var[LiYR,t+k+l‘f_-t] Var[LéYR,t—&-k—H|}—tjlcorr|:LiYR,t+k+l)LéYR,H—k-‘rl|]_-tj|’ (4.15)

]-}] corr[LiJlt’t, Lglt’t

which allows us to state our first key relation between the correlations.

Theorem 4.5. We set t=1. For n=1,2, let (Rffk){c;t denote a risk run-off pattern for line of
business n measured with

\/Var[LllYR,HkJrl |]_-t]

7]

t+k+1
R, = € (0,1).

Var[L,SJ It
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e We have the following relation between the ultimate correlation and the one-year

correlations
J-1
ult _ t+k+1 pt+k+1 1Y R
Py _ZRI Ry Pkt (4.16)
k=0

together with the lower and the upper estimates on the ultimate correlation in terms of the one-
year correlations and the risk run-off patterns

. 1YR Ult 1YR
C k:g'l'l.l’}_l {pt+k+1} =P = k={)rji)](71 {pt+k+l}’ (417)
with
L maxg_g ) Rt+k+1 / Rt+k+1
¢= 2\' ;=L L=—" - t1+k+1 t2+k+1 > 1
1+L ming_g__j_; R, /R,
® IfRiJrkH #* aR§+k+1f07 somek=0,1...,] —1and all constants o > 0, then the ultimate and

the one-year correlations in future calendar years cannot be all equal.

Remark 4.2. The assumption that R§+k+l = aR§+k+1 forall k=0,...,] —1 and some o > 0 is
unrealistic in practice and means that we consider scaled businesses. We exclude this case from
considerations. However, if the assumption holds, then potentially we could have o = p tl-Zkil' If

we consider dependence A without parameters’ uncertainty, then, by direct calculations, one can
check that the ultimate and the one-year correlations are all equal to p, for small (aj,,,)]].zl, n=1,2.

Theorem 4.5 generalizes our preliminary results on the ultimate and the one-year correlations
from Section 3.1. The first conclusion from Theorem 4.5 is that the correlation coefficients which
should be used for bottom-up aggregation of stand-alone risk capitals depend on the time horizon
and the calendar year of the risk measurement period (at least in the Hertig’s model). This is a
very important conclusion for actuarial practice. The most straightforward approach in actuarial
practice would be to take the one-year correlations between lines of business from Solvency II
Standard Formula, which were developed to derive the diversified solvency capital requirement in
one-year time horizon in the next calendar year (the regulatory capital in Solvency II), and apply
the same correlations in all future calendar years to estimate the future diversified solvency capital
requirements used for the calculation of the risk margin, as well as to correlate the risk capitals in
ultimate time horizon to calculate the risk adjustment for IFRS 17 standard. Theorem 4.5 shows
that the three important correlation coefficients that should be used to derive the Solvency II
capital requirement, the Solvency II risk margin, and the IFRS 17 risk adjustment are different.
The second conclusion is that we expect that the ultimate correlation is low compared to the one-
year correlations if the constant L is large (L comes from the Cassels’s inequality, see Section 3.1
for an initial discussion and Appendix for the proof). We remark that the constant L is large e.g.
if there are large differences in the run-off patterns of R§+k Vs R§+k fork=0,...,]—1.

Let us remark that Theorem 4.5 holds in any claims development model provided that
the decomposition formula (4.9) holds. From Wiithrich and Merz (2015) we know that (4.9)
holds approximately in Chain Ladder models, hence we expect that the key conclusions from
Theorem 4.5 should also hold in Chain Ladder models.

In the last theorem, we investigate more closely the ultimate correlation versus the one-year
correlation in the next calendar year. Hence, we compare the correlation coefficients that should
be used for bottom-up risk aggregation in Solvency II and IFRS 17. We assume an exponential
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pattern of the volatility parameters which is often observed in practice. We state our second key
relation between the correlations.

Theorem 4.6. We set t = 1. For n=1,2, let us assume that 0j, = oo ne %, j=0,...,] and the
extrapolated volatility o741, vanishes. For dependence structures A and B and no parameters’ uncer-
tainty, we have the following relation between the ultimate correlation and the one-year correlation
in the next calendar year

=) =)
v, V1—e 21— e IYR _ 1YR
£ 1 — e~ (a1ta2) Pryr = Pryr

(4.18)

Remark 4.3. In Appendix, we show that this approximation is more crude for dependence B
than A, as it requires faster convergence of oy41,, to zero. The equality in Eq. (4.18) holds only for
o] =0o).

Our third conclusion from Theorem 4.6 is that we identify practically relevant cases when the
ultimate correlation is smaller than the one-year correlation in the next calendar year. In these
cases, if an insurance company uses one-year correlations from Solvency II for ultimate risk aggre-
gation in IFRS 17, it tends to overestimate the diversified risk capital in the considered model (the
risk adjustment at the level of a company). We note that the reduction in the correlation coeffi-
cient when we switch from the one-year correlation to the ultimate correlation is large when the
volatility parameters in two lines of business have different tails behavior («; is different from «3)
and is small when the volatility parameters in two lines of business have similar tails behavior (o
is close to ap) — the larger the difference between o and o, the smaller the ultimate correlation
compared to the one-year correlation. As illustrated in Section 3.1, a larger difference in «; and
oy implies a larger constant L from Theorem 4.5, hence the second conclusion from Theorem 4.5
agrees with the conclusion from Theorem 4.6.

We should point out that the ultimate and the one-year correlations, defined in this paper,
depend on the claims development process assumed here. Clearly, the correlations derived in our
multivariate Hertig’s lognormal model cannot be used in a claims development model different
from the one in which we calculate the risk measures (variance measures). Yet, we believe that the
formulas presented here could be helpful to infer relations between ultimate and one-year corre-
lations. Interestingly, our conclusion from Theorem 4.6 agrees with the result from El Alami et al.
(2022), where the authors also show, in a different actuarial model, that the ultimate correlation is
smaller than the one-year correlation in the next calendar year.

5. Numerical examples

In this section, we investigate possible numerical values of the ultimate and one-year correlations,
which may be observed in practice, and the impact of misused correlations on capital. We consider
historical loss triangles from eleven lines of business under Solvency II regulation from the Polish
market. The data set is available from KNF (2020). For each loss triangle, we estimate the parame-
ters of the marginal Hertig’s lognormal model and smooth the parameters in late development
periods with exponential functions. We do not estimate any particular dependence structures
between the lines of business, instead, we just assume dependence structures A, B, and C driven
by the correlation parameter p. Recall Section 2 for dependence structures.

5.1 Solvency Il lines of business 4, 7 and 12

Line 4 is motor vehicle liability insurance, line 7 is fire and other damage to property insurance,
and line 12 is miscellaneous financial loss. The volatility parameters (Jj)]]-:1 for lines 4 and 7 are
small, hence the approximations presented in the previous sections hold. The volatility parameters
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Figure 5. The one-year correlations in future calendar years (solid lines) and the ultimate correlations (dotted lines) - lines 4
and 7 (top) and lines 4 and 12 (bottom).

(oj)]].:1 for line 12 are large, hence, the approximations fail. Lines 4 and 7 are more regular and
homogeneous lines of business, and line 12 is known to be more risky and less homogeneous. The
numerical results confirm the analytical results for lines 4 and 7, and present new insights for lines
4 and 12.

The ultimate and the one-year correlations are presented in Fig. 5. We can clearly observe that
the correlations depend on the time horizon and the calendar year where the risk emerges. The
one-year correlation in the next calendar year (the correlation for Solvency II capital) is larger than
the ultimate correlation (the correlation for IFRS 17 capital) in all cases. Under dependence A, the
one-year correlations (correlations for Solvency II risk margin) decrease in the first two calendar
years and then increase in the calendar years after the calendar year 3. Under dependence B and
C, the one-year correlations increase in the first two calendar years and then show a decreasing
pattern with respect to the calendar year. We can see that in the one-year correlations can be above
and below, and cross, the ultimate correlation. Yet, for all cases except dependence A for lines 4
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Figure 6. The one-year correlations in future calendar years and the ultimate correlations (solid lines) as a function of p,
together with the diagonal (dotted lines) - lines 4 and 7 (top) and lines 4 and 12 (bottom).

and 12, the one-year correlations are above the ultimate correlation for most calendar years. Under
dependence A and B for lines 4 and 7, the one-year correlation in the last calendar year reaches
p, whereas in all other cases, the one-year correlation in the last calendar year is below p. The
impact of T on correlations is very small; however, T has an impact on the mean square errors of
predictions.

In Fig. 6 we compare the ultimate and the one-year correlations with the driving correlation
parameter p. Under dependence A, the ultimate and the one-year correlations are always below
p. Under dependence B and C for lines 4 and 7, the one-year correlations are above p, but under
dependence B and C for lines 4 and 12, the one-year correlations fall below p for large p. Under
dependence B and C, the ultimate correlations are above p for small p and fall below p for large
p. As pointed out in Section 3.1, p =1 does not necessarily imply the ultimate and the one-year
correlations equal to 1.

From the point of practical applications, the most important is the impact of misused correla-
tion on capital. We investigate the Solvency II capital requirement, the Solvency II risk margin,
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Table 1. Risk capitals and their misestimation resulting from misspecified correlations for lines 4 and 7

T Dep.A Dep.B Dep.C RA_true RA_1YR SCR_true SCR_ult RM_true RM_1YR RM_ult
0% 25% 0% 0% 512.3 1.3% 1166.5 —1.5% 238.3 0.2% —0.6%
‘60/.0” I 50.0/6 I ..0%.. I .0.%.. I 5444 I ..2..3%.. I 12655 e .._..2..6.%. e 2491 I 04% e ._.1_“1%
.(v).ov/;v. I %s% I v.o,%v. I ”bv%v. T 5747 I vghv.l%v. s 13573 e ”_v3r36'/0” s 2593 I 05% I :1_”5%
0% 0% 25% 0% 801.9 0.4% 1642.8 —0.5% 384.1 —1.6% —1.9%
0% 0% 50% 0% 1028.3 1.3% 2068.2 —1.6% 491.5 —1.0% —1.9%
d%. I 0.%. I 7.5% ...... .0.%. R 12132 e 1;96/‘0 ...... 24200 e 7..2...3% ...... 5789 e .7.0...4%. e ..7.].“.8%.
0% 0% 0% 25% 919.2 0.3% 1798.2 —0.4% 4447 —-1.7% —1.9%
‘60/.0” I ..0%.. I ..0%.. I 560/; I 14307 e i(‘)..g%u I 25381 e .._..1..2.%. e 6943 e .._..0;9.%. e ._.1_“6%
.6%” 0% N v.O,%v. I 75% . 20299 - vi,v(')b'/o” I 34739 e ”_”1;'36'/0” . 9731 _04% e :1_”15)0'
100% 25% 0% 0% 721.7 0.9% 1513.6 —1.1% 340.7 0.2% —0.4%
100% 50% 0% 0% 732.5 1.6% 1576.5 —2.0% 342.0 0.3% —0.8%
id()%l e 7.5% I ‘0>0‘/0> ..... .0.% ...... 7283 ....... 24% ....... 1 6111 ..... 728% ...... 3362 I 0...4.%. I ..7.].“.2%.
100% 0% 25% 0% 1032.4 0.4% 2066.7 —0.5% 488.9 —1.0% —1.3%
! ido%“ e 0% B 50.% I .0%.. I 12303 e ..1..0%.. I 24647 I .._.1..3.%. e 5810 e ”_“0;76/0' e ._.1_.4%
! 100% e 0% I %S% R .0%” Clame ”1,”56‘/0” s v._v.l,lg%v. e v._v.0,;4%v. e :.l.v.s%v
100% 0% 0% 25% 1138.4 0.2% 2207.9 —0.3% 543.0 —1.2% —1.4%
100% 0% 0% 50% 1581.9 0.7% 2903.4 —0.9% 759.3 —0.9% —1.4%
id()%l e 0% I .O.%.. I .7.5% R 20848 I 08% R 36074 e 711% - 9957 e .7.0...4.% ...... ;]‘_,i%

and the IFRS 17 risk adjustment. We assume the cost of capital is equal to 6% and the constant
risk-free rate is equal to 3%. For the purpose of calculating the risk margin, we measure the risk
using the standard deviation of the one-year loss multiplied by 3 (which agrees with the approach
from Solvency II Standard Formula). For the purpose of calculating the risk adjustment, we mea-
sure the risk using one standard deviation of the ultimate loss (which is close to the probability
of fulfilling the liability at the level of 85% in ultimate time horizon, the confidence level targeted
by many insurance companies). The stand-alone risk capitals for the two lines of business are cal-
culated with the variance measures presented in the paper (conditional on the information from
the two lines of business) and we aggregate these stand-alone risk capitals with various correlation
coefficients. In Tables 1 and 2, we present the following measures:

RA_true - the risk adjustment obtained by using the ultimate correlation in the risk
aggregation in ultimate time horizon,

RA_1YR - the misestimation caused if the risk adjustment is obtained by using the one-year
correlation in the next calendar year in the risk aggregation in ultimate time horizon,
SCR_true - the solvency capital requirement obtained by using the one-year correlation in
the next calendar year in the risk aggregation in one-year time horizon,

SCR_ult - the misestimation caused if the solvency capital requirement is obtained by using
the ultimate correlation in the risk aggregation in one-year time horizon,

RM_true - the risk margin obtained by using the one-year correlations in the future calendar
years in the risk aggregation in one-year time horizon,

RM_1YR - the misestimation caused if the risk margin is obtained by using the one-year
correlation in the next calendar year in the risk aggregation in one-year time horizon,
RM_ult - the misestimation caused if the risk margin is obtained by using the ultimate
correlation in the risk aggregation in one-year time horizon.
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Table 2. Risk capitals and their misestimation resulting from misspecified correlations for lines 4 and 12

T Dep. A Dep.B Dep.C RA_true RA_1YR SCR_true SCR_ult RM_true RM_1YR RM_ult
0% 25% 0% 0% 550.1 2.3% 1316.7 —2.4% 245.7 0.8% —0.5%
D DV
B
0% 0% 25% 0% 803.2 2.6% 1734.7 —3.1% 376.0 —0.3% —1.7%
0% 0% 50% 0% 1012.7 3.8% 2143.3 —4.6% 474.5 —0.1% —2.1%
o o ey o hses s owser e e oo o
0% 0% 0% 25% 904.3 2.7% 1861.8 —-3.3% 430.1 —0.4% —1.8%
0% 0% 0%  50% 13649  3.3% 25682  —46%  657.8  —02% —19%
0% 0% 0%  75% 19007  2.6% 3317  —39% 9118  —0.1%  —14%
100% 25% 0% 0% 768.0 1.8% 1715.7 —2.1% 350.0 0.7% —0.3%
100% 50% 0% 0% 780.1 3.4% 1798.3 —3.8% 348.6 1.3% —0.5%
100% 7% 0% 0% 7783  50% 18544  —53% 340 20%  —0.8%
100% 0% 25% 0% 992.0 2.0% 2056.1 —2.6% 464.1 —0.1% —1.2%
100% 0%  50% 0%  1137.5  28% 23332  —36% 5336  —01% —15%
100% 0%  75% 0% 12445  33% 25345  —43% 5857 0.0%  —1.7%
100% 0% 0% 25% 1067.2 2.0% 2127.4 —2.6% 505.9 —0.2% —1.2%
100% 0% 0% 50% 1421.2 2.5% 2635.6 —3.5% 683.5 —0.1% —1.4%
100% 0% 0%  75% 18662  21% 32283  —32% 8953  —0.1%  —12%
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Figure 7. The one-year correlation in the next calendar year (the dotted lines represent the assumed p).

Even though we observe (in some cases substantial) differences in the ultimate and the one-year
correlations, the impact of misused correlation on the Solvency II and IFRS 17 capitals is rather
small in our numerical example with data from the Polish market. We have already discussed the
roots of this phenomenon in Section 3.2. For lines 4 and 7, the maximal misestimation of capital is
3.3%, but it is reached for p = 0.75, which is likely to be too high correlation in practice, see Avanzi
et al. (2016b). For p = 0.25, 0.5, the misestimation of capital is below 2.6%. For lines 4 and 12, the
maximal misestimation of capital is 5.4% for p = 0.75, and for p = 0.25, 0.5, the misestimation of
capital is below 4.6%.
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Figure 8. The relative difference of the ultimate correlation compared to the one-year correlation in the next calendar year.
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Figure 9. The misestimation of the Solvency Il capital requirement caused by using the ultimate correlation instead of the
one-year correlation in the next calendar year.

We point out that if we calculate the risk adjustment (the solvency capital requirement) with the
one-year correlation in the next calendar year (the ultimate correlation), instead of the ultimate
correlation (the one-year correlation in the next calendar year), we overestimate (underestimate)
the capital. This result agrees with the observation that the ultimate correlation is always lower
than the one-year correlation in the next calendar year in all cases in our example. If we calculate
the risk margin with the ultimate correlation, instead of the one-year correlations in the future
calendar years, we under-estimate the risk margin. This result is intuitive since in our example
the one-year correlations in the first calendar year are always above the ultimate correlations and
the capital requirement in the first calendar year has the larger impact on the value of the risk
margin due to discounting of the capital requirements and decreasing capital requirements in
calendar years (apart from dependence A for lines 4 and 12, the ultimate correlations are even
below the one-year correlations in almost all future calendar years). For dependence A, the one-
year correlations in the next calendar year are above the one-year correlations in the earliest future
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Figure 10. The misestimation of the Solvency Il risk margin caused by using the one-year correlation in the next calendar
year instead of the one-year correlations in future calendar years.
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Figure 11. The misestimation of the Solvency Il risk margin caused by using the ultimate correlation instead of the one-year
correlations in future calendar years.

calendar years, hence we overestimate the risk margin if we use the one-year correlation in the next
calendar year instead of the one-year correlations in the future calendar years. For dependence B
and C, the one-year correlations in the next calendar year are below the one-year correlations in
the earliest future calendar years, hence we underestimate the risk margin if we use the one-year
correlation in the next calendar year instead of the one-year correlations in the future calendar
years.

5.2 All Solvency Il lines of business

In Figs. 7-11 we present the results for all pairs of lines of business from all eleven lines of busi-
ness. The conclusions are similar to the pairs 4-7 and 4-12. The only crucial point is that for
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Table 3. The misestimation of the Solvency Il capital requirement caused by using
the ultimate correlation instead of the one-year correlation in the next calendar year
for a portfolio with multiple lines of business

T Dep. A Dep. B Dep. C SCR_true SCR_ult
0% 25% 0% 0% 2221.1 ~3.1%
e e
0% 75% 0% 0% 3231.3 —4.5%
0% 0% 25% 0% 3139.8
e e
e — i — e P — e
0% 0% 0% 25% 34136
0% 0% 0% " 50% 4944.5
0% 0% 0% 75% 6171.5
100% 25% 0% 0% 2596.1
100% 50% 0% 0% 31782
e — S P — P — s
100% 0% 25% 0% 36726
100% 0% 50% 0% 4773.9
100% 0% 75% 0% 5649.8
100% 0% 0% 25% 3921.9
100% 0% 0% 50% 5499.6
e — e —— P — e e

dependence B and C, we can observe cases when the ultimate correlation is above the one-year cor-
relation in the next calendar year. Consequently, the solvency capital requirement calculated with
the ultimate correlation can be overestimated. The box-plot for the risk adjustment is a reflection
of Fig. 9 relative to 0%.

For most pairs of lines of business, the misestimation of the Solvency II and IFRS 17 capitals
resulting from misused correlation is small, but it can reach 3%-6%.

We finally calculate the misestimation of the solvency capital requirement for a portfolio con-
sisting of all eleven lines of business resulting from using pairwise ultimate correlations instead
of pairwise one-year correlations in the next calendar year. As a stand-alone risk capital in a line
of business, we use standard deviation of the one-year loss in the line of business in the next
calendar year. The standard deviation for a line of business is calculated under the information
from the single line of business. The results are presented in Table 3. If we restrict our attention
to p =0.25, 0.5, then the Solvency II capital requirement is underestimated by 4.1%. Please note
that in Fig. 9 we identify the cases where the ultimate correlation is larger and smaller than the
one-year correlation, whereas the results from Table 3 show that the cases when the ultimate cor-
relation is lower than the one-year correlation are dominant if we take into account the volume
of the risk of the lines of business. The misestimation of 4.1% is not very large, but it should not
be neglected in practice. Let us recall that in Section 3.2, we easily constructed a synthetic exam-
ple in which we demonstrate that the capital can be underestimated by 7% if we use the ultimate
correlation instead of the one-year correlation.

6. Conclusions

We demonstrate with analytical formulas and numerical examples that the ultimate correlation
and the one-year correlations in future calendar years are different in a multivariate Hertig’s log-
normal model of claims developments in multiple lines of business. Our numerical results based
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on real data from the Polish market do not show the ultimate and the one-year correlations can
differ to such an extent that they can lead to very large differences in the Solvency II and IFRS
17 risk capitals if an incorrect correlation is used in the bottom-up risk aggregation. However, we
believe that our results should give a clear signal to actuaries that the ultimate and the one-year
correlations are different and these differences should be investigated in practice as they may have
an impact on calculations performed in Solvency II and IFRS 17.
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Appendix A Proofs

For reader’s convenience, we first recall some known results on the distribution of a multivariate
Gaussian vector which are used in this paper, and also used by Merz et al. (2012) and Wiithrich
(2015) in their works.
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Theorem A.1. Let X = (X, X5)T ~ N(M, Z) with

= "y = X1 X2 '
" Yo X2
We have the conditional distribution

X2|X1 =Xi NN(ﬂ«) i))

B=p,+E02 i —n), E=%n-XuZ 3o

and the marginal distributions

Xy "“N<IL1, 21>, X, NN(ﬂz, Ez)-
Theorem A.2. Let X|® =v ~ N(V, Z) and © ~ N([L, T). We have the joint distribution

(x.0)" ~N(i %),
] . [Z+TT
) 7

X~N</L,):+T).

and the marginal distribution

Theorem A.3. Let X ~ N(;L, Z). Let a and b denote vectors of the same dimension as X. We have
the distribution

alX ~ N(aT;L, aTZa).
We also have the formulas for the exponential moments

E[eaTX] — eaT/H-%aTEa, COV[eaTX, ebTX] — E[eaTX] . ]E[ebTX] . (eaT):b _ 1).

Below, we present the proofs of the results from the paper.

The proof of Corollary 2.1: Let us consider the joint multivariate normal distribution of
(& De & Df) T with the covariance matrix

cov[ (67, 87)"] = [Z ﬂ ’

where Q = cov[);-‘ Di gD g]. The elements of Q are calculated with the formula

Cov[éi,j,m ’i:l,z,m] = E[Cov[éi,j,na Elzm | ®]] + COV[Gj,m 92,m]~

Under dependence A and B and without parameters’ uncertainty, we have cov[éi s ‘i:l,z,m] =0 for
i+j#1+ z thatis, for (i, j, n) € D; and (I, z, m) € Dj. I
The proof of Theorem 3.1: We define u = x/y and consider the function

_ w2 +1+2up

Ru) = ———.
) u? + 14 2up
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We calculate the derivative R'(u) and we conclude that R(u) is maximal if u = 1. If x =y, then

R(1) = {12. O

The proof of Theorems 4.2 and 4.4: To prove the formulas for the correlations, we use
Corollary 2.1 and directly substitute the assumed covariance structures into Egs. (4.3) and (4.10).
The upper bound for the ultimate and the one-year correlations in dependence A can be imme-
diately proved by the Cauchy-Schwarz 1nequa11ty To prove the lower bound for the one-year

correlations in dependence B, we set x; = CI TnOt+k—it1,n and y; = Cl J.mOtrk—l+1,m- Next, we
deduce that

2_i) XiY1P
\/2,. X (1= p)+ 3y xixp - \/Z,-y?(l =P+ 2 yime
_ (i) (X pi)e
X1 —0)+ (Tix) o SR — )+ (Ti) o

2,0,

since ), x7 < (Y xi)z. Under the assumptions of Theorem 4.6, the ultimate correlation is lower
than the one-year correlation and the ratio of the ultimate correlation to the one-year correlation
can be sufficiently small (if «; is different from «,). Hence, there exists a claims development
process for which the ultimate correlation is lower than p. O

The proof of Proposition 4.1: We derive

post 1.T post .
( €tkliji<T, n“D‘ +32 et+k\zJ<I,nSDf+kef+k\iJ§/v”) Hit]>t+k}

t+k __
iJn = Cittk—ine

t—itk T post | 1.T po. ;
j=t—itl E”J"‘_*_(et+k\i,jsl n’LDC +2et+k\11</ n‘SDf el+k\i,j§]m)1{1+]>t+k}
= Cit—ine ek

T Df T Dyykqii )
=Cit_i eefli,jst—i+k,n§ t+et+k\i,j51,nQDz+kaf+kE U= R i
- 1 nLn

Ct et|1]<t x+kn§ +et+k\1)<]nQ”Dt+kD PDHk 1{z+]>t+k}§ t+rt‘,k,,
= Uit—in

T D¢
= Cit—i ept\i,k,ng P+ Ttijon
= Uit—in .

In the derivation above, first, we use the estimate (4.2) after time ¢ + k, the claims development
process (2.1), and the definition of the conditional mean from Theorem 2.1. Next, we collect all
Fi+k-measurable terms and the residual term 4, collects all 7;-measurable terms. We notice

that ”PTCEDf creates a vector of dimension R?, which contains &ijn for (i,j,n) € D and sets
t

&ijn =0 for (i, j, n) € Dy, which allows us to represent the F; t-elements from & Desk | which are

not F;-measurable, with a linear transformation of £t Finally, ;. , is derived by the property
that

[ thIr,k|]:f] z]n’

which holds for any k=0, 1, . . .. O
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The proof of Theorem 4.3: We use the definition of the loss, Eq. (4.9), Proposition 4.1,
Theorem A.3 and classical formulas for covariance. Moreover, we prove

Atk Stk Atk k1
con| CLRCEN 7 | = E[cov| CipkE R ]| 7

cov| E[CH Fona E[CHE [ Fiasd |7 = cov| C, CE R
OJ

The proof of Theorem 4.5:. The result follows from (4.15) and Cassels’s inequality, see Eq. (3.2)

in Watson (1955). Let us assume that R§+k+1 * aR§+k+1, forsome k=0,...,J]—1landalla > 0.
If

corr| LY, LJ"| 7| = con Ly LR E]L k=0, -1,

then we get the contradiction

J—1 J—1 J—1
t+k+1 pt+k+1 t+k+1 t+k+1
1= REFFFIRIFHL < I3 PRI | N R 2 =
k=0 k=0 k=0

O

The proof of Theorem 4.6: We substitute the exponential functions assumed for the volatility
parameters into the formulas for the ultimate correlations from Theorem 4.2 and match them
with the one-year correlations from Theorem 4.4.

Dependence A. We derive

J J
D 0= Y ooionze e p
Jj=t—i+1 j=t—i+1

e~ (ta)(t—it+1) _ ,—(a1+e)(+1)

= 00,100,2 P

1 — e~ (o1ta2)

- t—it1
e"Crte)I=) 0y _iy10p

~ 00,1002 1 — e—(o1t+e2) p= 1 — e—(a1ta2)
In the same way, we handle Z]I:t_ i ajzn. In order to have a good approximation, the following
conditions should be satisfied
~ 2 ~ 2 ~
0741,10/+12 70, 07,1, ~0, 07 ,,~0. (A1)

Dependence B. First, we derive

JAJ+I=i) INJ+1-i)

—ari —ay-(i+i—1
Z 0j,10itj—120 = Z 00,1002¢ M Teme2 =D
Jj=t—i+1 j=t—i+1

@1 (t=it1) gma (t+1=D) _ p—(en1+a2) UAGH=i+1)—ar-(i—])

= 00,100,2 p.

1 — e—(1+a2)
Next, we show that

(a1t+a) - UAU+I=D)+D+oar-(i—)>o1(J+ 1) + 20z,
ifi <I,and

(a1 +a) UANU+I=D+ D+ (=) =00 +1)+ 201,
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if i > I, since we consider i and [ from I —J+ 1 up to I and, consequently, |[i —I| <] — 1. We
conclude that

IAUH=) g1 (t—i+1) ez (t—1+1)
Z 0j,10i4j—1,20 ™~ 00,100, | — o—(@ita) 0 =0t—i4+1,10t—[4+1,20-
j=t—it1
We handle Z]]-:t_i 11 Uj?n as for dependence A. In order to have a good approximation, this time

the following conditions should be satisfied
0741,1021 ~0, 0741,1022~0, 07412021 ~0, 07112022 ~0,
~0. (A.2)

~ 0,

2 2
o7 41,1 Oj 41,2
We observe that (A.2) is stronger than (A.1). O
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