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Introduction. In this paper we consider the following combina­
tor ia l problem. In how many ways can n distinguishable objects 
be placed into an unres t r ic ted number of indistinguishable boxes, 
if each box can hold at most r objects? Let us denote this 
number by G r e 

Special cases of this problem have been the object 
of considerable study. In the case r = 2 we have the numbers 
G n 2 = T n which have been t reated by Rothe [if] as ear ly as 
1800. T i s also the number of solutions of yr = 1 in the sym­
me t r i c group on n l e t t e r s , and in this and related guises has 
been studied by Touchard J]l3j , Chowla, Herstein and Moore [2$ 
and two of the present authors [f]. 

The case G n n = Gn has received even more attention. 
Indeed, these numbers have been the subject of a recent Master1 s 
thes is of Finlayson {4J , who l i s t s over fifty references dealing 
with these numbers . Two of the present authors have recently 
published a complete asymptotic expansion for these numbers [&J. 
We take this opportunity to acknowledge that the f i rs t t e r m of 
this expansion was obtained ea r l i e r , though without a r igorous 
justification given, in a paper by Gernuschi and Castegnetto [2J . 
We have determined tables of Gn up to n = 51 , but have not in­
cluded them in this paper . Tables of G up to n = 50 have been 
published ea r l i e r by Gupta £fQ. 

The case of Gn r for a rb i t r a ry r has been t reated 
briefly by Hadwiger L6J. Becker has informed the authors that 
he has considered these numbers , together with many related 
sets of numbers , in connection with his general theory of rhyme 
|jf]. We believe however that many of the resul t s of the present 
paper a r e new. 

In § 1 we derive several r ecur rence formulae for 
Gn r and an exponential generating function. In § 2 we obtain 
some congruences for Gn r , useful in checking tables of these 
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numbers . In §3 we derive an asymptotic formula for G , 
valid for r fixed and n tending to infinity. In § 4 we deal with 
some related numbers and polynomials. 

1. Recurrence Formulae . By the e lementary theory of combi­
natory analysis it is easily seen that the number of ways of 
placing n distinguishable objects into indistinguishable boxes, 
with a^ boxes containing one object each, a£ boxes containing 
two objects each, . . . , a r boxes containing r objects each, is 

(1.1) n ! / ( l i a l 2 ! a 2 . . . r i a r a 1 i a 2
l . . . . a r I ) . 

Hence we have the following explicit formula for G . 

THEOREM 1. 

G n r = £ n ! / ( l ! a i 2 ! a 2 . . . r l ^ a ^ . a ^ . . . . a r i ) 

where the summation is taken over all-an , a_, . . . a such that 
1 2 r 

la^ + 2a^ + . . . + r a r = n. 
Although this express ion can be used to calculate 

Gn r for r and n smal l , it is c lear ly not very useful for la rge r 
and n. 

To obtain a r ecu r rence formula for G „ we observe 
n, r 

that if we distr ibute n + 1 objects and specialize one of these , 
then this one can go together with s others ( O ^ s ^ r - l ) i n (n) 
ways and the remaining n - s objects can be distr ibuted in G 
ways. Summing over s yields the r ecu r r ence given in 
THEOREM 2. G , = 1, 

n, l 
G n + l ) r = G n , r + ^ ) G n - l , r ^ P G n - 2 , r + - - + ( r - l ^ n - r + l , r . 

F r o m Theorem 2 an exponential generating function 
for G „ is easily obtained. Indeed we have 

n, r J 

THEOREM 3. 

H n = 0 G n , r x / n l = exp(x + x 2 / 2 i + . . . + x r / r l ) . 

Proof. Differentiating both sides of the above with respec t to x 
and comparing coefficients of x11 yields the r ecu r r ence of 
Theorem 2. Since the coefficients of x n / n i in the expansion of 
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e x are all 1 , the identification of the G „ in Theorems 2 and 
n, r 3 is complete. 

We now obtain a second recurrence formula for 
G , namely n, r 

THEOREM 4. 

_ KT^^ ni G 

n,p" Z_s=0 s i ( P i ) S ( n . r s ) i n - r s . r - l 

Proof. In the distributions of n objects into boxes we isolate 
those distributions in which s boxes are full, i . e . contain r 
elements each. These s boxes, ( O é s i n / r ) , can be filled 
in 

(1.2) 1 
(?) (n;r) • •. (n-r

rs) = - m 
ni 

s l ( r l ) s (n -rs ) l 

ways, and the remaining n-rs objects disposed of in G n _ r s r _ j 
ways. Summing over s yields the required result. 

Theorem 4 is particularly useful in case r is large 
in comparison with n. Since G n r = Gn n = Gn for r> n we have 
in particular, 

THEOREM 5. 

G n , r = G n , r - l + <*> G n - r <*>[**"]). 

This recurrence can be iterated to obtain a managable explicit 
formula for the case r > [ i n ] , namely, 

THEOREM 6. 

G n , r = G n " <r?l>Gn-r-l ' <r?2>Gn-r-2 " ' • ' ' <n>G0> r > j}n] . 

This i s essentially an explicit formula since it is well known 
[8l that 
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^' C Q I ^g r ^ e n c e s* I n order to check tables of Gn r it is useful 
to have Congruence relat ions for these numbers . We f i rs t prove 

THEOREM 7. For p a p r ime and r < p , 

G = 1 (mod p ) 

Proof. This follows from Theorem 1 with n = p , since in this 
case all the t e r m s of the sum with the exception of the one 
corresponding t o p = l + l + . . . + l will be divisible by p . 

We can obtain another proof of this resul t using the 
following representa t ion of a distr ibution. Represent the n 
objects by n points at the ver t ices of a regular convex n-gon. 
If a set of k objects go into one box, then join the corresponding 
k points by line segments to form a convex k-gon. Now, if n = p , 
all the distributions except the one where every object is in a 
box by itself, will come in sets of p , since the corresponding 
geometr ic configurations come in sets of p by rotation through 
mult iples of t.-rr/f» . 

We next use induction over n to prove 

THEOREM 8. For p a p r ime and r < p , 

G n + P ) r = G n r (modp) . 

Proof. Since GQ = GQ = 1, the case n=0 is simply Theorem 7. 
Suppose now the theorem is t rue for k <£ n. By Theorem 2, 

(2- D. G n + 1 + P > r = G n + p , r + ^ G n + p - l , r + • • • + <?!?> G ^ „ , , r 

Using 

(2.2) (n£?) = (g) (modp) (k <p) 

and the induction hypothesis we obtain 

(2.3) G , , , S G + (n) G 1 + . . . + ( n ) G^ , 
x ' n+l+p, r n , r •»• n - l , r r - i n - r + l , r 

= G n + l , r ( m o d P ) -

and the induction is complete . 
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3. Asymptot ic Expans ions . Let a^, a£>•• •> & m be a se t of 
rea l non-negat ive numbers and let 

P(x) = a 1 x + a 2 x 2 +. . .+ a m x m , a m # 0 . 

Let R be the pos i t ive number determined by 

k 

— m 

(3.1) Z k = 1 ^ R" 
and l e t ® be the operator defined by 

(3.2) 0 = R _ l x dR 

In a prev ious paper [.10J two of the present authors proved that 
if 

(3-3) T ° ° Bn*?Vn! = e P ( x ) 

*-— n=0 

then 

n' e P ( R ) 

( 3 . 4 ) .&, ^ -n' G 

R n 
*.1T# 

! 1 
"2P(RTJ 

This resu l t i s immedia te ly applicable to the p r o b l e m 
of finding an asymptot ic expansion for G . Indeed, using th is 
resu l t and T h e o r e m 3 , we obtain 

THEOREM 9. For r fixed and n —> oo 

G ni e x p ( R / l l + R 2 / 2 l + . . . + R r / r i ) 
n , r ~ R11 [ (ZirMl^R/l l + 2^R^/2i + . . . + r ^ R x / r l ) ] I 

where R i s the pos i t ive number determined by 

(3 .5 ) R + R 2 / l i + R 3 / 2 i + . . . + R r / ( r - l ) î = n. 

This asymptot ic formula can be s impli f ied in v a r i o u s 
w a y s . In part icular using the definition of R we have 

(3 .6 ) R/1I + R 2 / 2 l + . . . + R X / r l = n / R + R r / r i - 1 

(3 .7 ) 1 2 R/11 + 2 2 R 2 / 2 i + . . . + r 2 R r / r l 

and by Stirling1 s formula 
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(3 .8 ) ni ~ n n + 2 e " n ( 2 T T ) * . 

Combin ing t h e s e e s t i m a t e s wi th T h e o r e m 9 g ive s 

T H E O R E M 10. F o r r f ixed and n •—» o° 

G / -vy(n /R) n r "2 e x p ( n / R + R r / r l - n -1) n , r 

w h e r e R i s d e t e r m i n e d by (3 .5 ) . 

If r i s qui te s m a l l the equa t ion fo r R c a n be c o n ­
v e n i e n t l y so lved by i t e r a t i o n s t a r t i n g wi th R = (n ( r - l ) l ) ' r 

whi le if r i s f a i r l y l a r g e it i s conven ien t to beg in the i t e r a t i o n 
wi th an a p p r o x i m a t e so lu t ion to Re*^" = n . 

4 - The p o l y n o m i a l s G n r r ( t ) . Fo l lowing H a d w i g e r \j>~] , le t 
us def ine a s e t of p o l y n o m i a l s G n r ( t ) by 

G ( t ) x n / n l = exp( t (x + x 2 / 2 1 + . . . + x r / r i ) ) , 
n=0 n , r 

G (t) = G ( t ) , 
n , n v ' nx ' 

and l e t <f s be def ined by 
n , r ' 

C l e a r l y 

(4.3) G n > r ( l ) = 2 : 8 S i ( r 5 , r - G x i . r 

A l s o , c o m p a r i n g coef f ic ien t s of t in (4 . 1) and us ing ( 4 . 2 ) , we 
ob ta in 

(4-̂  L=oCrx n / n l = l x + x 2 / 2 ! + , ' l + x r / r l ) S • 
F r o m (4 .4) it fol lows tha t 4 ^ r i s ^e n u m b e r of ways of 

p l ac ing n d i s t i n g u i s h a b l e ob jec t s into s i n d i s t i n g u i s h a b l e 
b o x e s , w h e r e no box i s to con ta in m o r e t h a n r o b j e c t s . The 

J s a r e t hus g e n e r a l i z a t i o n s of the wel l known S t i r l i ng n u m ­
b e r s ' o f the second kind tf'i? wi th <£s = Os • 

11 ^ n , n n 
We now ob ta in s o m e r e c u r r e n c e f o r m u l a e for the 

G n r (t) and t h e <f^ r . D i f fe ren t i a t ing (4 . 1) wi th r e s p e c t t o 
x and equa t ing coef f ic ien t s of x y i e l d s 
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THEOREM 11. 

G n + l ) r < t ) = t ( G n ) r W + < ï ) G n _ i , r ( t ) + . ; . + ( r
n

x ) G n _ r + 1 > r ( t ) ) . 

On the other hand, differentiation of (4. 1) with r e s p e c t to t y i e lds 

(4 .5 ) f* G ( t ) = . ( ? ) G , ( t ) + ( î ? ) G 9 ( t ) + . . . + (?) G (t). 
v ' eft n , r v xl' n - l , r v 2 ' n - 2 , r n - r , r 

Combining (4 .5) with Theorem 11 , we obtain a three t e r m 
r e c u r r e n c e formula for G n r ( t ) , namely , 

THEOREM 12. 

G n + l , r ^ = tGnJ* + 1 G n , r « ~ * © G n-r ,r<t>-

A genera l izat ion of Theorem 4 can be obtained a s 
fo l lows . 

( 4 .6 )5"°°„G ( t j x ^ n l = e x p ( t ( x + x 2 / 2 i + . . . + x r " 1 / ( r - l ) l ) ) e x p ( t x y y 9 
^-n=u n , r ' ' 

= Z.G , ( t ) x n / n i ( l + t x r / r ! + t 2 x 2 r / 2 I r i 2 + . . . )• 
n, r -1 

Comparing coeff ic ients of x y i e lds 

THEOREM 13. 

r M _ V ^ n / r ^ n i G ,(t) t s . 
G n , r ( t ) - l s = 0 s , ( r , ) S ( n . r s ) , n - r . . r - l l » 

In c a s e r > \^in] we can e a s i l y der ive f rom this 
genera l izat ions of T h e o r e m s 5 and 6, namely 

THEOREM 14. 

THEOREM 15. 

G n , r W = G n W ~ 1 1 s = r + 1 <*> G
n - s ( t > > * > M ' 

Equating coeff ic ients of t S in T h e o r e m 12 y i e lds a 
three t e r m r e c u r r e n c e for the ^ , namely 
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T H E O R E M 16. 

' S f l . r * • < - ; , , + ' S r i » " ft^î-i.r d * » * n ) . 

T h i s r e s u l t m a y a l s o be ob ta ined by a d i r e c t c o m b i n a t o r i a l a r ­
g u m e n t . 

F r o m (4 .4 ) we have 

(4.7)7°°„<rS xn/nl = (x+ x2/21 + . . . + xr/ri )S"1(x+ x2/21 
*— n= 0 n , r 

+ . . . x r / r l ) = 5 T n t 0 ^ n ; r x l l / n l < x + x 2 / 2 1 + • • • + x r / r i ) « 

E q u a t i n g coef f i c ien t s in (4 .5^ y i e ld s 

T H E O R E M 17» 

s 1_ ^ - m i n ( n - l , r s ) /n\ ^ s - 1 
^ n , r ~ " l s 2 - i ; m a x ( n - r , s ) i i , r 

T h i s wi l l be va l id for a l l n , r , s > 1 if we adopt t he conven t ion 
t ha t the s u m m a t i o n i s z e r o w h e n e v e r m a x ( n - r , s ) > m i n ( n - 1 , 
r s ) . 

Us ing 4 . 4 and T h e o r e m 17, a few c a s e s of " n , r 
c a n e a s i l y be c o m p u t e d . F o r e x a m p l e , we have ob ta ined 

(4 .8 ) (f* = 1 if 1 £ n ^ r , 

^ n , r = ° if n > r , 

(4 .9 ) ^ 2 = L rç m i n ( n - 1 , r ) ,n. 
u n , r 2 Z - i = m a x ( n - r , l ) Ki ' ' 

( 4 .10) ^ = 1 
° n , r 

(4 .11) n - 1 = n ( n - l ) , n 

and 

(4 . 12) . n - 2 _ n ( n - l ) (n-2) (3n-5) 
* n , r TJT-- ( r > 2) . 

F i n a l l y , T h e o r e m 17 c a n be i t e r a t e d to give an ex ­
p l i c i t e x p r e s s i o n . 
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THEOREM 18. 

't.* = (SÎÏÏ I „ H <2 X „" -1,/y ftj)® • ( V) 
where the summations a r e taken over the ranges 

m a x ( n - r , s ) £ q. ^ m i n ( n - l , r s ) 

max(q - r , s - l ) :£ q & minfa j - l i r f s - l ) ) 

m a x ( q 2 - r , s - 2 ) £r q~ir min(q^- l , r (s -2)) 

max(q e , - r , 1) fr q ^ min(q - 1 , r ) . 
s - i s s-1 

For example: 

<^3 - 1 y 5 yqi_1 (e)(qA =90 
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