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LEVY’S BROWNIAN MOTION; TOTAL POSITIVITY
STRUCTURE OF M (¢)-PROCESS AND
DETERMINISTIC CHARACTER

AKIO NODA

§1. Introduction

Let X = {X(A); Ac @} be a Lévy’s Brownian motion with the basic
time parameter space @, where @ is taken to be the n-dimensional metric
space @™* of constant curvature (2 < n < oo, —oo <k < ), i.e., @ is one of

(a) Euclidean space for £ = 0, (b) sphere for £ > 0 and

(c) real hyperbolic space for £ < 0.

The increment X(A) — X(B) is, by definition, Gaussian in distribution and
has mean 0 and variance d(A, B), the distance between A and B. The
existence of such a Gaussian random field is well known ([3], [4], [16] and
[23]).

To investigate a Lévy’s Brownian motion (mainly for # = 0), P. Lévy
introduced, in [10], the M(¢)-process:

M(@) = (0|S) — X(0),

where S, = {A € Q; d(A, O) =t} and w(O|S,) is the conditional expectation
of X(0) given the values {X(A); A€ S,}. The Gaussian process {M(?);te
[0, T)} with T = oo for £ <0, = n/2/ £ for £ >0, has the well-known
expression in terms of the average of X(A) — X(O) over the sphere S, in
Q. P. Lévy obtained further interesting representations of the M(z)-
process and with the help of them he discussed Markov properties as
well as non-deterministic properties of a Lévy’s Brownian motion with
k= 0. In line with his approach we shall investigate the detailed structure
of M(¢) to develop the theory of a Lévy’s Brownian motion for every «,
for which we expect plenty of interesting probabilistic properties to be
discovered.
In the present paper we actually find the following two properties:
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(i) The total positivity structure of the M(f)-process in the odd-
dimensional case n = 2v + 1 and in the infinite-dimensional case n = co;

(ii) The deterministic character of a Lévy’s Brownian motion with
the infinite-dimensional parameter space @~ *.

We shall first discuss the topic (i). A centered Gaussian process Y =
{Y(@®); te [0, T)} (Y(0) = 0) with covariance function R is said to be (strictly)
totally positive if for any r, for all 0 < ¢, < ... <¢, < T and for all 0 <
< - <5, <T,

R(t" ‘f) = det [R(t, s,)] > 0
Sy, + v, 87 )

holds (Definition 2). A Gaussian process with independent increments is
totally positive. Our first main result is to prove that the M(¢)-process
is totally positive for n = 2v + 1 or n = oo (Theorem 2).

The following discussions in the odd-dimensional case n =2v + 1
(Section 4) illustrate the idea of the proof of the theorem as well as the
particular structure of the M(¢)-process behind the total positivity.

The M(t)-process satisfies the stochastic differential equation

(1) LM(t) = w(®)B(@), 0<et<T,

with a white noise B(t), some positive function w,(f) and the differential
operator L of order v + 1 expressed in terms of positive functions {w,(¢)}: 1
as follows:

d 1 d 1 d 1

dt w(t) dt w(t) dt w,. ()

As an equivalent statement to the equation (I), we obtain the canonical
representation of M(%):

(10) M) = J 0 F(t, Ww(w)dB) ,

where the canonical kernel F(¢, u) is the Green’s function associated with
L:

L Y1 Yv—1
Ft,w) = w,o) [ w [" [ widy, o dy,
Noting that the total positivity of the process (d/dt)(1/w,.(t)) M(¢) implies

the same for M(¢), it is easily seen from the formulae (I) and (II) that the
M(t)-process is totally positive.
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We also find the total positivity structure for some related Gaussian
processes: The derivative M’(t) of the M(t)-process, and the M, ,(?)-
processes which were introduced by H.P. McKean, Jr. [15] for £ = 0.

In the even-dimensional case n = 2y, it is proved that such a total
positivity structure for the M(¢)-process does not hold (Remark 2 in Sec-
tion 4).

We then proceed to discuss the infinite-dimensional case n = o (Sec-
tion 3). To be surprised, the strict total positivity property holds in the
infinite-dimensional case. Set E(z, u) = ¢*. We can choose a function
7() on [0, T'] such that the M(¢)-process is expressed in the form

() M@ = [ (- B, ZdVE

where Z(du) is a Gaussian random measure with mean 0 and variance
#(du), which is the spectral measure (discussed in Section 2) of a Lévy’s
Brownian motion. Since the kernel E(z, w) is strictly totally positive ([7]),
it now follows from the formula (IIT) that the processes M(¢) and M'(Z)
are both strictly totally positive.

Our second topic is concerned with the prediction problems. For our
purpose the expression (IIT) of M(¢) is of great advantage. Given a strictly
increasing sequence {t;};%, in (0, T'), we shall consider the problem whether
the mean square error

o(t] ) = inf E[(M(t) _ Z al M(t)y]

iai=1,7r<oo

is zero or not, where the infimum is taken over all coefficients {a;}/_, for
any r < oo such that >7_,a, == 1. If we observe

0 7 2
Aty = inf [ (e Saewr) e,

Ziai=1,7r<x

that comes from (III), then we see that our problem can bz solved by
using the theory of Miintz-Szisz type approximation (see [14], [21] and [27]).

From these considerations on the M(f)-process given in Section 3, we
find in Section 5 the deterministic character of a Lévy’s Brownian motion
itself. This character can be illustrated by introducing the set

K@) = {AcQ; o(Ale) = 0)
for a non-empty subset e of @, where ¢*(A|e) = E[(X(A) — p(A|e))’] is the
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mean square error of X(A) given the values {X(B); Bee}. At each point
A c K(e), the random variable X(A) is predictable without error. Our
second main result, Theorem 4 states that, with a particular choice of
e=J",S, 1 <N < ), we have

N
~ Q f N=oo forc+0o0rif );t;?=0c0 for k=0,
K<U S“) I\ =
i S,  otherwise .
i=1

This improves the Lévy’s result [13] which says that K(e) = @ for every
e € @ containing an interior point.

The author is grateful to Professor T. Hida for his encouragement
and valuable advice.

§2. Preliminaries

In this section, we shall first give a definition of Lévy’s Brownian
motion, the parameter space of which is more general than the one in
the definition originally given by P. Lévy [10]. Such a Brownian motion
is a most important example of a Gaussian random field with isotropic
increments. As is well known, a structure function is always associated
with such a Gaussian random field, and the function determines the proba-
bility distribution of the field under the additional assumption that X(O)
= 0. We shall therefore be interested in the exact form of the spectral
measure of the structure function of a Lévy’s Brownian motion. It will
be given in Theorem 1, which is due to G. M. Molcéan [16], as well as in
Proposition 1. In the final part of this section we shall give a definition
of total positivity for Gaussian processes.

Parameter spaces @™* that we shall be concerned with are now intro-
duced 2 < n< oo, —o0 <k < ):

{A:(G’Oyalaa'z,"'); a0:0, ia3<00, ajZOfOTJZTl +1}
7=1

for k=0,
{A = (Qy, @1, Qy, - +); (@ + 1 & ) + i @ = 1/k,
J=1

a,=0forj2n+1} for £k >0,

(A= @anan)a>0 @+ Uy - 35 @ =14

a,:Oforjzn—i—l} for k <O0.
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The distance d(A, B) on @™* is defined by the formula

(fj (@, — b))”  for k=0,

J=1

cos-! [,c {(ao IV + LVE) + 3] ajbj}] / VE
for k >0, "

cosh= [[e1{(a, + UVED b, + UVIED = 35 ab}| /I
for £ < 0. ]

d(A, B) =

DerinitioN 1. (1) Let @™ (often denoted by @ simply) be taken to
be a parameter space. A Gaussian system X = {X(A); A e @™} is called
a Gaussian random field with isotropic increments if X(A) — X(B) has mean
0 and variance r(d(A, B)) with some function r on [0, ). The function
r is called the structure function of X.

(i1) A Gaussian random field X with isotropic increments is called
a Lévy’s Brownian motion if the structure function r is given by r() = t.

We denote by [][™* the class of structure functions that are continu-
ous. Structure functions naturally request certain properties which can
easily be expressed in terms of spherical functions on . In order to
discuss the spectral representation of re [], it suffices for us to treat the
following three cases:

@r=0 M)r=1 and (c) x = — 1.

It is well known ([19], [20], [26]. [4], [3], [1] and [17]) that each rell
can be represented in the form

(1) 0 = [, (= 0@)dr@) + oo,

where (i) the family {@,(?); 2 € A} consists of spherical functions on . The
exact form of @,(t) depends on the choice of x as is explained below (cf.

[24]).
(a) £=0.
r egittest gin™-? 9de|I, _, for n < oo,
q)),(t) = ° o
lim @7° (Vm t) = e~2/2 for n = oo,

with 1e 4 = [0, o), and

I, = j sin" 2 0dl = r("%f];)«/?/r(n/m.

https://doi.org/10.1017/50027763000020870 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000020870

142 AKIO NODA
Md) =1
r (cost — isin t cos 6) sin™%4db|I,_, for n < oo,
@x(t) = 0
lim @7'(t) = (cos t)} for n =

m— oo

with 2e 4 =1{0,1,2, - - -}.

>

(c-n) k= —1 and n < oo.
D,(t) = ‘[ (cosh ¢t — sinh t cos 6)* sin*-*6dd/I,_, ,
0

with 2e 4= A,UAd,, 4, ={2€C; 2= —(n—1)2+ 1y, y >0} and 4,, =
[—(r — 1)/2,0].

(c-0) k= —1 and n = oo.

D,(8) = lim &™'(t) = (cosh 2yt
with 1€ 4 = (— o0, 0].

(i1) The function ¥ in (1) has the following expression:

(@ £=0. ¥ = t’/2.

b)) e=1. T@)=0.

() r= -1

Jw log (cosh ¢ — sinh ¢ cos 6) sin*~*6d6/I,_, for n < oo,
0

() =
lim ¥™-Y(¢) = log (cosh ©) for n = co.

m— o

(iii)) The number ¢ is non-negative and 7 is a non-negative measure
on A\{0} with the following conditions:

(b)) £=1. 17(4\{0}) < oo.

(a) k=0 or (¢) #= —1. For each neighborhood U of 0 in 4,

7(A\U) < oo and L\W |2F+*d7 (1) < oo hold .

We call (¢, 7) the spectral measure of rell.

We are now in a position to give the exact form of the spectral
measure (c,7) of r(f) =t, the structure function of a Lévy’s Brownian
motion, in the cases n = 2v + 1 (odd-dimension) and n = oo (infinite-
dimension). In the finite-dimensional cases the following results are known
(126], 4] and [16]).
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THEOREM 1. For n = 2v + 1, the exact form of the spectral measure
(c,7) of r(t) =t is given as follows:

(@) k=0. ¢=0 and 7(d2) is absolutely continuous on A with the
density function f(2) = 2!/(W = I'(v + 1/2)2%).

(b) £=1. ¢c=0and 7(dd) = 3 5.1 0,0p,-,,(d2), with Dirac measure
8,y 0t @ point a e R, where

b 4y! 2m)@2m + 2) - (2m + 20— 2)2m + v —1)
" Va6 + 1/2) (@m— 1om + 1) -@2m+ 20 — 3)©2m + 2 — 1)
(¢) k= —1. ¢=1 and 1(d2) is absolutely continuous on A, with the
density function f(y) for A= —v + iye A, and has the form
[v=1)/2]
ZZI bma{—Zm}(dz) on AII:
where

O+ - 1)2)(3’ + @ —3)) - v odd
a2t N = 25 Gom,

) = e —1yir X O A C=DIE =3 C D G open),

(F + O+ 0 — 29 - (y +2)

=W — 2m) ) /2m(u — m)( 2v )

It deserves to be mentioned that in the case n = co we have a limit
form of the result in Theorem 1 for each &.

ProrosiTiION 1. For n = oo, the exact form of the spectral measure
(c,7) of r(t) =t is given as follows:

(@) £=0. ¢=0 and 7(d2) is absolutely continuous on A with the
density function f(2) = +/2/m 7%

) r=1 c=0and 1(d2) = i bobiom-(d2) with
— (m — 3)!!/(2:[_ AN @m — 1).

© k= —1 c=1and 1(d3) = ilb7n5(_2m,(dz) with
b, = @m — 1)1!/(2;:;!! @m).

Proof. In view of the explicit expression of @;* and ¥=* it suffices
to prove the following formulae:
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(a) £=0. v2/r r (1 — e e 2dt =t
0

b) r=1 35 @Gm=3I1— "

= cos ' x;
n=1 2m — 2)!! 2m — 1

(C) k= —1 i (2m'—1)” 1__x-zin

~  =cosh'x —logx.
Z emh om &

In fact, these formulae can easily be shown.
In what follows we shall use the following notation and terminology
(cf. [7]). For a kernel K(x,y), xel, yedJ (I,J C R), set

K(xb o '7xr> — det [K(xi,yi)]<xl <. <xn.y1 <' o < yr) .
Y v Ve xieI’yieJyl=17"':r

A kernel K(x,y) is said to be totally positive if for any r, for all x,< ---
< x, and for all y, <..--<y,, we have

K(xl) "'7xr>20-
Yo = Yr

If strict positivity always holds, then we say that K(x, y) is strictly totally
positive.

DerFiNiTION 2, Let Y= {Y(9); t€ [0, T)} (Y(0) = 0) be a centered Gaus-
sian process with covariance function R(¢,s). The Gaussian process Y is
said to be (strictly) totally positive if R(t, s), (¢, s) € (0, T'), is (strictly) totally
positive.

We note the following property of a totally positive Gaussian process
Y with the non-degenerate condition:

R(t,,~--,t,>>0 for all 0 <t, <<t <T.

£, oo, b,

The conditional expectation E[Y()|Y(); 1 <i<r] 0 <t <t <---< ¢,
< T) is expressed in the form

E[Y(t)|Y(t); 1< i<rl =3 a,Y(t),

where the uniquely determined coefficients {a,}7_, satisfy
<—1)i—1ai203 i:1,"‘,7‘.

In case Y is strictly totally positive, strict positivity holds for every i.
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§3. M(¢)-process; infinite-dimensional case

This section and the next are devoted to discuss the detailed structure
of the M(t)-process of a Lévy’s Brownian motion. In the first half of this
section we shall obtain the spectral representation of the M(Z)-process
(Proposition 2) as a consequence of Theorem 1 and Proposition 1, and
then prove our first main result, Theorem 2, in the infinite-dimensional
case n = oco. In the second half of this section we shall give a solution
to a certain prediction problem concerning the M(¢)-process for n = co
(Proposition 4). This fact is closely connected with the famous Miintz-
Szdsz theorem (see, for example, [14], [21] and [27]) and will play a key role
in the proof of Theorem 4 in Section 5.

We recall the definition of the M(f)-process. Let X = {X(A); Ae Q™"
= @} be a Lévy’s Brownian motion. Denote by S, the sphere in @ with
radius ¢ and center at the origin O = (0,0, ---)e @: S, = {A e Q; d(4, 0)
= t}. Using the notations p(Ale) = E[X(A)|X(B); Bee] and ¢*(Ale) =
E[(X(A) — u(Ale))’], introduced in Section 1, for a non-empty subset e of
@, we define

M(t) = (O|S) and M(t) = M(t) — X(O).

The Gaussian process {M(t); t € [0, T']} is called the M(f)-process. In view
of the isotropic property of X, we have the following expression of M(t)
for n < oo:

(2) M) = L (X(A) — X(O)da(4),

where ¢, is the uniform probability measure on the sphere S,. For n = oo,
it is easily seen that

(2) M) = lim M™«(¢)

m—o

(cf. [10] and [2]).
Now the covariance function I'(¢, s) = E[M()M(s)] is calculated by
the use of the spectral representation (1) of r(f) = ¢ For n < o, we have

I't, s) j j E[(X(A) — X(O)(X(B) — X(O)))ds(A)da(B)

- %{t +s _I d(A, Bo)do'z(A)} (B, is fixed in S, arbitrarily.)
S
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1
_ E{‘ s L\m j (1 — 0,(d(A, B)))dr(Dda,(A)

— ¢ w4, Byds,(a)}
1
- E{‘ 45— L\m (1 = OOV — @) + ¥},
where we have made use of the formulae for @, and ¥:
[ oudca, Bydo4) = 0,00,

j _V(d(A, B)da(A) = T() + V().

Again applying the formula (1) with r() = ¢, I'(¢, s) is finally expressed in
the form

(3) I'@, s) = L\{o} 1 = 2,0 — D(sNAT(D)/2..

For n = oo, the formula (2') enables us to obtain I'(f, s) as the limit of
the corresponding quantity in the finite-dimensional cases:

I'(t, s) = lim I'™(t, s)

m—oo

=lim| (1= OO — OPes)AT(D2.

meroo J AmiE\

It can easily be shown by Theorem 1 and Proposition 1 that the formula
(3) also holds in the infinite-dimensional case.

The following proposition is an immediate consequence of the above
expression (3) of I'(z, s).

ProposiTiON 2. For every pair (n,x) 2 < n < oo, — oo < g < o0), the
M (t)-process can be expressed in the form

(4) MO = [ (- 0@)ZEINT,

where Z(d2) is a Gaussian random measure with mean 0 and variance 7(d2),
which is the spectral measure of a Lévy’'s Brownian motion.

From now onward in this section we shall discuss the case n = oo.
Introduce the following changes of variables t€ [0, T) and 2¢€ A4\{0}:

/2 - for k =0,
(5) 7t = 7(t) = { — log (cos t) u=uQ) ={—2 for k=1,
log (cosh ¢) , 2 for k = — 1.
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Then we have @) = e with r€[0, o) and we(— oo, 0); the spectral
measure 7(d1) changes into the measure #du) on (— oo, 0) and the spectral
representation (4) of M(f) now takes the form

) M@ = [ (= 2@z,

where Z(du) is a Gaussian random measure with mean O and variance
#(du).
Now noting that the derivative M’(f) of M(¢) has the expression

M/(t) = <(b) f e u| Z(du)lV 2
the covariance function 7(¢, s) = E[M'({)M'(s)] = (0*/0tds)['(¢, s) is given by

1t s) = /(O)'(s) fm E (), WE(<(s), wuH(du)/2 ,

where E(r, u) = e*. It is known ({7]) that the exponential kernel E(r, u)
is strictly totally positive.

We are now ready to prove the following

THEOREM 2 (the case n = o). The following Gaussian processes are
all strictly totally positive:

(1) The M(t)-process;

(i) The M’(t)-process.

Proof. The assertion (i) follows easily from (i1) if we note the relation

I'(t s) = Jﬁ r 7(u, v)dudv. We shall prove (ii). Since 7/(t) > 0 on (0, T,
0J0
it suffices to prove that the kernel
0
K(z, o) :f E(c, WE(o, ym(dw), midw) = widu), 0<rt, o< oo,

is strictly totally positive. We make use of the basic composition formula
(see [T]): Let K(x,v), K(v,2) and K|(x,2) (xel, yed, zeL; I,J,L C R)
be kernels satisfying

&ma:fxnw&ma@m
J

with some measure g on J. Then, for any r, for all x, < ... <«x, and for
all z, < --- <z, we have
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(6) Ka(xl,-.-,xr):f...f Kl<x1,-.-7xT)K2<yl’ ...’J,-T)
2y s 2y y1<ee < yr 2R, 2y -, 2,
X dp(ys) -+ - du(y,) .

It follows from this formula (6) that for any r, for all 7, << ... <=z, and
for all ¢, < --- <o,

K(T"'“’T’)zj--'j E(rb...,fr )E<gl,...’ar)
Gy, * v, 0, Ugy L one AUy Uy -+, U, Uy =+, U,
which completes the proof.
From the strict total positivity of M’({), we obtain an interesting
property of sign changes of the conditional correlation function p(4, O]

U1 8) = E[E(A1UL S.)EOTUL SOl (0< ¢ < --- <1, <T), where
&(Ale), e C Q, is defined by

(X(A) — (Ale)fa(Ale) if o(Ale) >0,
§Ale) = .
0 if s(Ale) =0.
ProprosiTiON 3. For n = oo and every k, and for all 0 <t < --- <H{,

< T, we have

(- 0o(4,018,) >0 if t,<d(4,0) <t
j=1
(i:O’ls"'ar;tozo,tr+1:T)-

The detailed discussion of the conditional correlation function p(4, O|
(Jj7-18,,) is seen in [18] and so the proof of Proposition 3 is omitted here.
In the rest of this section we investigate a certain prediction problem

concerning the M(f)-process. For a non-empty subset e of (0, T) and for
te[0, Tl\e, we put

pu(tle) = E[M(t)| M(s); see].

We note that u,(¢|e) may be calculated by assuming that M(s;) = 0 with
some point s, € e, because the quantity u,(¢|e) depends only on {M(u) —
M@) = M(u) — M(v); 0 < u, v<T}. The predictability that we are now
concerned with is to determine whether the mean square error

oy (t|e) = E[(M@) — pu(t| )]

is zero or not. While, the analytic property of the M(t)-process, which
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was first noted by P. Lévy [11] for # = 0 and is easily seen from the ex-
pression (4) of M(¢), tells us that o,(t|e) =0 for any tze if a subset e
has an accumulation point in (0, T'). This leads us to consider the case
e = {t;})., with a strictly increasing sequence {¢;}i_; in (0, T) (1 < N < o).

ProrosiTioN 4. For n = oo and every k, and for a strictly increasing
sequence {t;}\., in (0, T), we have

=0 if S ht) = co,
ot {131
>0 if 2 At) < o,

for any te&{t},, where

t* for £ =0,

h(t):{l for £ #+0.

Proof. We first note the following formulae of the mean square error:

Aty =  inf E [(M‘(t) -5 aﬂ(tw]
T=N<Zo.igz=rl<’1v=m =1

—  inf E[(M(t) - S M(ti))z],

Ziai=1,
r=N<o 0or r<N=co

where the infimum is taken over all coefficients {a,};., such that >}/_, a,
=1lwithr=Nif N<oworany r< o if N= oco. In view of the ex-
pression (4') of M(t) we can also write

0

i) = inf [ = Saeridw

¢t ai=1, -0
7r=N<o00r r>N=co

0 7 2
= it [ e er) - Jager — e )2,
AT - 1=2

reN<m e

where we put 7 = () and ¢, = z(;) (see (5)).

In case N < oo, the problem is easily solved: Noting that the support
of the spectral measure 7#(du) contains an infinite number of points (Pro-
position 1), we always have

ot {t}i) >0  for any te{£}7,.

Next consider the case N = oco. We first prove that o,(¢|{t}7) =0
for any t&{¢};, in the following two cases:
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(1) i ;' = oo for every x and (ii) i ;7' < oo for £ #+ 0.
i=1 i=1

Our aim is to prove that H({c;}.,) coincides with the whole space H =
L{(— o0, 0), di(w)/2), where we denote by H({r;};>,) the closed subspace of
H generated by the system of functions {er* — e7*; i = 2,3, ---}. Indeed,
this is a stronger assertion than what is requested to prove.

Suppose that H({z,};,) & H were true. Then we can choose a non-

zero function f(u) € H such that
(f(w), e — ), = 0 for all i =2,3, ---.

For a complex number z in C, = {ze€ C; Rez > 0}, consider the function

F@) = [ (e = emfwdiwi2,

which is holomorphic in C, with real zeros {z;}; Taking an arbitrarily

=1

small number ¢ € (0, z;), we see that the function

Fi) = [ e fudi)2,

for ze C. ={ze C; Rez > ¢}, is bounded and has real zeros {s;};2, such
that 7, <s, <75

Now we have to deal with the two cases (i) and (i1) separately. The
case (i) D, 77t = oo for every « is easily treated; indeed, we have > 3, s;*
= oo and this implies that F/(2) =0 i.e. F(z) =0, z¢ C, (see, for example,
[27] p. 85). We have thus proved that f(u) =0 ie. H({z,};) = H.

On the other hand, in the case (i) ) 2, 7;' < oo for £ # 0, we see that
the support of 7 consists of negative (odd for £ > 0, or even for £ < 0)
integers {u,}s_, (Proposition 1). Hence the function

F'2) = 3 e"nf(Un)tnby/2

is a bounded holomorphic almost periodic function in C.. By the Bohr
theorem (see [9] p. 270), it follows that the zeros of such a function F’(z)
are in the region {z € C.; Re z < ¢} with some ¢ > 0. This contradicts the
fact that we have real zeros {s;};; of F/(2) such that lim,.,s; = co. We
have thus proved that H({z,};.;) = H also in the case (ii).
Finally, for £ = 0, we prove that ¢,(¢|{¢;},) > 0 for any te& {t;}7, if
oatit < oo Le. if D32, A(t;) < co. Noting that the spectral measure
#(du) has the continuous density f(u), we can find three numbers a, b and
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¢ such that — co <a < b<0 and f(u)>2 >0 for a < u < b. It follows
that

oy (t|{t}r) = inf

fai}i=1,

(e”‘ — 12;1 aie”“)zf(u)du/2

— oo

any r <oo
. 14 7 2
> ¢ inf j <e”‘ - aie””> du.
(aﬂ;:x' a i=1
any r <o

Now we appeal to the Miintz-Szasz theorem ([14] and [21]) to see that the
last expression is always positive for r & {r,}72,. This completes the proof
of Proposition 4.

Remark 1. In the proof of Proposition 4, we have used only the fact
that the spectral measure 7 of a Lévy’s Brownian motion has a continu-
ous density function for £ = 0 and is discrete with the maximum point
in the support of # for # #+ 0. The exact form of 7 (Proposition 1) plays
no role, which means that Proposition 4 can be extended to some other
Gaussian random fields with isotropic increments. In this paper, however,
we content ourselves with giving considerations only on a Lévy’s Brownian

motion.

§4. M(H)-process; odd-dimensional case

This section is devoted to the investigation of the total positivity
structure of M(f)-processes and of some Gaussian processes derived from
them in the case of odd-dimensional parameter: n = 2v 4+ 1. We shall
begin with a review of the canonical representation of M(t) (Proposition
5) due to S. Takenaka, I. Kubo and H. Urakawa [23]. By using the repre-
sentation we shall obtain the stochastic differential equation satisfied by
the M(t)-process (Proposition 5’). Alternative approach, more appropriate
to investigate JM(f)-processes, to the equation will be given in the cases
(a) k=0 and every v; (b) k=1 and v = 2. We use the spectral repre-
sentation (4) of M(t) established in Section 3. Some other Gaussian pro-
cesses involving M’(t)-processes and McKean’s M, ;(¢)-processes are also
discussed on the same lines, and the total positivity is proved for these
processes.

We begin with the canonical representation of M(?).

ProrosiTioN 5 ([23]). For n= 2v + 1 and every , the canonical repre-
sentation of M(t) is given by
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(7) M) = ﬂ P(gwgw(wydB(w), 0<t<T,
where B(t) is a Brownian motion, wyt) = v (2v)!/2 (c(t)),

P(x) = f A — wydul@ — 2!, 0<x<1,

and
t 1 for k =0,
g(®) = {tant c(t) = {cost for k =1,
tanh ¢, cosht for k= —1.

We now have the expression

t Y1 Yv—-1
(8)  Pe@le® = w.® | w " [T wod -,
with the positive functions {w.(f)};*} given by

{wl(t) =g', w®=g®glt) @<Liy),
w,.(t) = (g@O) ™.
Define a differential operator L of order v + 1 by

_d 1 d ~da 1
dt w(t) dt dt w,.(t)

Then L can be expressed in the form

d
L=%DpD,...D,,
dat '

where
Di = {g/(t)(g(t))2i'2}—l _(;i_t{ga)}zz—l .

The canonical kernel P(g(w)/g(t)) is proved to be the Green’s function
associated with L. This fact enables us to paraphrase Proposition 5 in
the following form (cf. [6]).

PrROPOSITION 5. For n = 2v -+ 1 and every &k, the M(l)-process is a
(v + 1)-ple Markov Gaussian process in the restricted sense determined by
the stochastic differential equation

(9) LM(¢) = w)B#), 0<t<T,
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where B(f) is a white noise.

We now give an alternative proof of Proposition 5’ using the spectral
representation (4) of M(t) in the following cases:

(@) k=0 and every y; M t=1andv=2
The calculations for # = 1 and general v would be so complicated that we
have to content ourselves with treatment only in the particular case v = 2.
It is interesting to note that there are significant differences between the
proofs in (a) and (b) depending on the curvatures of the parameter spaces.

The proof of the equation (9) uses the following formula for the
spherical function @,, the proof of which will be given in Appendix.

LEmMa 1. For £ =0 or 1,

10 D) = @ — 1){»--2”(2 e+ 2{£§1;5¢z:;17‘<t>}

v=12--.).

(a) The proof of the equation (9) for x = 0.
Applying the formula (10) to the spectral representation (4) of M(¢),
we get

DD, -+ D.M(t) = (2 — D! j {1 — cos MZAIVZ .

Set

((2v — ! 2Z(d2) .
Wiy = [ — DL X

Then we have
LM@t) = wd)2)r r sin 2t W(dJ) .
0

It follows from Theorem 1 that E[W?*(d1)] = di, and making use of the
Parseval identity for the sine transform, it can easily be shown that

V2[m r sin 2t W(d2) is a white noise. Hence the proof is completed.
0

(b) The proof of the equation (9) for £ = 1 and v = 2.
In the same way as in (a), we apply the formula (10) to (4) to obtain

3 . A2+ 4)7 B (, 1 1 )
LM(t) = _2.5_/.5_1=12n§§l’s1n Zt{f T Z,+ Q=20+ 2 T + 1
(@ —= _4)2
X Zl_g —+ - 2 1 Zx_4} ,
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where Z, = 0 for 2 < 0. Set
\/ 3. Z(L+,4lz and =G+ Z)A+1, 1=2m—1.
Then we have
LM(t) = 2v/ 3z cos't gl Pem 1 810 2L .

From Theorem 1 it follows that E[ZZ,_,] = 2m(2m + 2), which implies that
the 7,,., satisfy the following conditions:

E[7]§m—1] =2, E[772m—102m+1] =1 and E[7}2m—1772m+2j—1] =0
for all j > 2. In terms of a mutually independent standard Gaussian
random sequence {&,,_;}n_,, the 7,,_, can be represented in the form
772m—1:‘92m—1+$2m—39 m = 11 27 s

Hence we have

LM() = wo(t)j/ Z m-18in (2m + 1) t.

Noting that {(2/+/ =) sin 2m + 1)t}5_, is a C.O.N.S. in L* ([0, T, d?), it can
be shown that (2/v 7)o ¢ &m_.sin(2m + 1)t is a white noise on (0, T).
The proof is thus completed.

We shall apply the formula (10) to the investigation of the M, ,(£)-
processes for £ = 0. Take the C.O.N.S. {h, (¢;1<j<d,,m=0,1,---}
in L}S*-', do(§)), where the A, ; (1 <j < d,) are the spherical harmonics
of degree m. Then,

an  Ma®=[, &) - XODh ©de©),  t>0.

These processes are mutually independent Gaussian processes and M, (?)
for m = 0 coincides with the M(¢)-process. It is known ([25]) that M,, ,(?)
with m > 1 has the following representation similar to (4):

(12 M, = | ¥10Z, @DV 2

where

@) = c ()P mt)
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with some constant c,, and Z, (d2) is a Gaussian random measure with
mean 0 and variance 7(dA).
We are ready to prove the following

ProrosiTiON 6. For n=2v+ 1 and k¢ =0, the M, /(t)-process is a
(v + 1)-ple Markov Gaussian process in the restricted sense determined by
the stochastic differential equation

(13) LmMm,J(t) = wO,m(t)Bm,j(t) ’ t > O ’
with a white noise B, (t) and

d 1 d d 1

A w8 dt dt w0
where {w, ,(); 0 < i < v+ 1} are the positive functions given by

W, n(8) = V)2 vt w, () =t (1<i<v),
W, m(t) = £72°™

Proof. Noting that L, = ¢#"*D,D, ., --- D, t™™, and applying the
formula (10) to (12) to obtain

LM, () = ca(@m + 2 — 1)@m + 2 — 3) - -- @m — L=
xr )2, (dDWE
0
Set

W, (i) = {2m—wr(m - %) dﬂp(f’ijr ;i,/fz,),}""zzmzm,j(dx)“

Then we have
E[W; (dD)] = f.(Dda,  f.(R) = (2" [(m — )} 42,
and

LM, () = c.fa(t) r O AW, (d2)

with some constant c¢/,. By using the Parseval identity for the Hankel

transform

da) = [ oot
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it can be shown that +/f,(f) r Q-2 ()W, ,(d2) is a white noise. We
0
denote it by B, ;#). With this notation we have
LmMm,j(t) = c:r,ztm_le,j(t)

with some constant c;,. Evaluating the variance of M, ,(f), we get ¢}, =
+/(2v)!/2v, which completes the proof.

The canonical representation of M, ,(t) follows immediately from the
equation (13) (cf. [15]):

14 Mo ® = [ Fult, 0wo,n(wdB, (@),
with the Green’s function F, (¢, u) associated with L, :

t Y1 Yv—1
) Fultew) = weesn® | w0 [ [ w0y, -

We now return to the M(¢)-process for every x. In view of the relation

d d
——D; = g'OD;...(8'O) ",
ar g'(®) (8" (®) dr

the differential operator L in (9) can be rewritten in the form
d
L = g'(®D,,Dy, - - - Du+1/2(g,(t))_lﬁ .

This enables us to obtain the following equation for the M’(f)-process:
(16) LM'(¢t) = w()BE), 0<t<T,

with

d 1 d d 1

f-d 1 d . d 1
dt w,(t) dt dt w,(t)

where {i,(?); 0 < i < v} are the positive functions given by

{wo(t) =gw(), w@)=g®Belt) A<Li<v—-1),
w(t) = g'(O)(g@®)™.

We have thus proved the following

ProposiTiON 7. For n= 2v + 1 and every «, the M'(f)-process is a v-ple
Markov Gaussian process in the restricted sense determined by the stochastic
differential equation (16).
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The canonical representation of M’(?) is given by
am M@ = [ Ft, winwdB),
0
with the Green’s function F(¢, u) associated with L :

a  Few=a0[ o) [T oy

Now the total positivity for the Gaussian processes M(t), M’(¢) and
M, ,(t) follows from Propositions 5/, 7 and 6, respectively, if we note the
following simple fact: Let Gaussian processes Y (t) and Yy(¢) (Y,(0) = Y,(0)
= 0) satisfy the relation

1 d 1
o 2= Y0 = YD), 0<t< T,
0@ i v OO 0SES
with positive functions v,(f) and v,(¢) on [0, T'). If Y,(¢) is totally positive,

then the same for Y, (2).

THEOREM 2 (the case n = 2v + 1). The following Gaussian processes
are all totally positive:

(i) MQ) for every k;

(ii) M’(@) for every k;

@Gil) M, &) for k =0 (m > 1).

It is noted that M”(f) is not totally positive (n > 5). In fact, it can
easily be proved thar E[M"(£)M"'(s)] < 0 for small ¢ and large s.

For the Gaussian processes in Theorem 2, some specific properties
can be discussed more precisely. We discuss only the M’(¢)-process, since
the others can be treated similarly.

THEOREM 3. Let n = 2v + 1 and r be arbitrary. For any r, for all
0<t, <t, <+ <t,<Tsuchthatp,=max{j; t,=1¢t_,=---=t_J<v—1,
and for all 0 < s, < s, < --- <5, < T such that ¢, = max {j; s, = s;., = - --
=8, <v—1, we have

(19) r(t“ B tr) = det [<ﬁ-~>pi(---?’—)q’r(ti, sj)] >0,
Sl’ t ')Sr atz aSj

and strict positivity holds if and only if

(20) max (t;_,, §;-1) < min (¢,s), i=v+1,---,r.
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For the proof of Theorem 3 we use the following fact for the kernel
F(t, u) expressed in the form (18).

Lrmma 2 ([18]). For any r, for all 0 < t, <t < ---t, < T such that
p<v—LLand forall 0<u <u, < - ---<u,<T, we have

F(tl, "'>tr)20’
Sy, 1005 8y

and strict positivity holds if and only if
b, <u, < i, i=12 ---,r,
where for i < v only the right-hand inequality is relevant.
The Proof of Theorem 3. Noting the basic composition formula (6)
and the fact that
1) = [ F i, waiwde,

the inequality (19) follows from
7/<t17 ""tr> =J J ﬁ‘(th DR A >F’<Sl, cr, Sy ) ﬁ w%(ul)duz’
Sy, 05 Sy 1< <ur Uy oy Uy Upy » vy Uy 7 v=1

which is to be non-negative by Lemma 2. Moreover, we see that strict
positivity holds if and only if the subset U of (0, T)" has strictly positive
Lebesgue measure, where

U:{(ul’ "'yu’r)e(oy T)T; u'1< e < U, ti—u< uz<tu
Si—u<ui<sz’7 izl,""r}'

The last statement is equivalent to (20), hence the proof is completed.
As a consequence of Theorem 3 for M’(tf), we obtain the following
property of the conditional correlation function

o4, 0le), o= (U8 JU( U S), 0<t <<t <a<b<T.
i=1

ast<b

ProrosiTioN 8. For n = 2v + 1 and every k, and for all 0 <t < --.
<t,<a<b<T, we have

(= Dip(A, Ole) >0 if ¢, <d(A, O) <t
G=0,1,---,r; t,=0, t,,, = a), and
(A, Ole) =0 if a<d(A4,0)<T.
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The proof of Proposition 8 was given in [18], so is omitted.

Remark 2. In the even-dimensional case n = 2v, the M(f)-process is
not totally positive. This can be seen from the following consideration.

First the case £ = 0. Instead of M(¢), consider the stationary Gaussian
process Y(t) = e *M(e*), — oo <t < oo. The spectral density of Y(¢) was
computed by T. Hida [5]. By using the Schoenberg theorem (see [7],
Chapter 7), it can be shown that Y(¢) is not totally positive, which implies
the same for M(¢).

Next the case £ > 0. Suppose that M(t) were totally positive for some
£y > 0. Then, for every &> 0, M(f) is totally positive. Since I'™*(t, s)
depends upon & continuously, we obtain, as the limit £ | 0, the total posi-
tivity of I'™%¢, s). This is not the case and we have proved that M(?) is
not totally positive for every x > 0. The same for the case x < 0.

§5. Deterministic character of Lévy’s Brownian motion

This final section will be concerned with a Lévy’s Brownian motion
X = {X(A); A< Q} with the infinite-dimensional parameter space ¢ = @™*.
The set K(e), introduced in Section 1, will be investigated. In particular,
with the choice of e =Y, S,, for a strictly increasing sequence {t,}/,
(1 < N < ), we shall give the exact form of K(J¥,S,) (Theorem 4).
This result includes an improvement of the Lévy’s result ([13]). We shall
finally discuss some developments of Theorem 4.

We begin with the Lévy’s result which was proved for # = 0 in [13].
His proof can easily be modified for « -+ 0.

ProrposiTioN 9 ([13]). For n = oo and every k, we have K(e) = @ for
any subset e of @ containing an interior point.
We are now in a position to prove our second main result.

THEOREM 4. For n = oo and every r, and for a strictly increasing

sequence {t}i_, with 0 <t < T (1 < N < o), we have

K(USQ)ZJ Q  if 2ht)=co,

i=1

N . N
s, i S <o,
i=1 i=1
where h(t) is the function introduced in Proposition 4.

Proof. First consider the case 3, A(f) < co. Suppose that s(A|( U, S,,)
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= 0 were true for some point A € (I, S,,. Then, by the isotropic property
of a Lévy’s Brownian motion X, o(4’| U, S,) = 0 must hold for every
A’ such that d(A’, O) = d(A, O) =t. This fact implies that M() is
measurable with respect to the o-field generated by {X(B); Be UL, S, }.
Furthermore, we see again from the isotropic property of X that M(?) is
actually measurable with respect to the o-field generated by {M(t,)}",,
ie., a,(t|{t.})_) = 0. Proposition 4, however, tells us that a,(¢|{t,},) > 0,
which is a contradiction. Hence we have o(A|UY,S,)>0 for any
AU S, ie, K(UE,S.) = UL, S..

Next consider the case > 2, A(f) = oo (N = o). We shall first show
that ¢(O|U;2: S.,) = 0. From the isotropic property of X it follows that

#(0]Us.) = EIXO) M@; i = 1.2, -] = m Ol {t}).
Hence by Proposition 4, we get
0(0’ v St,) - oM(0|{ti}§‘;1)) ~0.

Now we take an arbitrarily point A with 0 < d(4,0) =t<t, and
show that ¢(A|U;, S,,) = 0. Take such a motion « on @ that carries
the point A to the origin O and O to A, = (a,(9), a,(?), 0,0, - - -) € @, where

0 t for £ =0,
a)t) = {cost — 1 a,(t) = {sint for k =1,
cosht—1, sinh ¢ for k = —1.

Set @, = {B = (by, b,, b,, ---) € Q; b, = 0}. Then, we see that
aS,,NQ, ={BeQ;a'BeS,}={Be@Q,;dB,0) =1},

where
VE— ¢ for k =0,
t; = {cos~!(cos t;/cos t) for k = 1.
cosh~*(cosh ¢;/cosh t) for k = —1,

Since we have } 2, A(f) = oo, it follows that ¢(O| ., @S,,N@,) = 0. By
using the relation

o(ad|we) = o(A|e) (AecQ, ecQ),

we have
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0<A QS“> < a(a‘lo

This proves that K(U7:S,,) D Uoscicr, S.-
Now Proposition 9 leads us to conclude that

K(Us.) =&((Us)u(y,s) =@

which completes the proof.
We shall give a simple development of Theorem 4. Set

US.NaQ) =o(0
=1

QasﬁnQ,) —0.

sz{B=(bOyb1;b2’ ~~)€Q,‘b1=b2= :bm:()} (1£m<oo)
The following facts were first discovered by P.Lévy [10] for x = 0. We

can now prove the same result for the cases t =1 and #« = —1.

ProrosiTioN 10. Let n = o and £=0,1 or —1. For A, = (a)d),
a(®), 0,0, ---) with d(A,, @,) = te (0, T), we have

(A, Q) = A S, NQ,)
and
tv2 for k =0,
d*(A4,]Q,) = {cos™'(cos’1)/2 for k =1,
cosh~'(cosh*#)/2  for £ = —1.

In view of Proposition 10 it is easy to prove the following development
of Theorem 4.

THEOREM 4'. For n = oo and every k, and for a strictly increasing
sequence {t,}'_; with 0 <, < T (1 < N < ), we have

Q. if Rht) =,

K(H SN Qm) - Q S,.NQ, if é h(t;) < co.

Appendix. Proof of Lemma 1

The formula (10) which we must prove can easily be shown for v = 1,
so we consider v > 2 in what follows.

(@) k= 0. The spherical function @7*"%(f) is expressed in terms of
the Bessel function o, _,,(x) of order v — 1/2:

Q@) = I'(v + 1/2)(At)2)7 7, _(AD)
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By virtue of the formula

jx {x“ v, 1/2(36)} = 7%, 3/2(x)s

we have

D) = 270 (v + = )|at & pend o]
= 2-er (s + )[xJ i Baese = @ = DI

(b) k= 1. Making a change of variable y = g(¢) = tant, we have

a1 sz @ (1——wcos0> 21
DOy () = y-»er & | (LT oSO 0)~do/I,,.,
=y dy A (y sin /1,

= (20 — DP»+Y () — y-2+2 y+icosé
@ = DI =y o —iysin 6(1 + ¥°)

d 1 —“zycos«9> . 21
X {d0< ity }(y sin 6)*~'d6/1,,_,

- 1-— zy cos §
. 2 _ 1 @2y+!,\ t 2u+ZJ‘ ( I __)
=2 — DO (@) + y A Vg

(y + i cos 6)(y sin )~ 2}d
0/,
x dﬁ{ i1+ 3% I
= (2v — {sin’ ¢t D> "'(t) + cos tD¥3"'(D)} .

The spherical function @%+"!(f) is expressed in term of the ultraspherical
polynomial P{(x) of degree 1 and order v:

¥+ (t) = PP(x)[P(1), X = cost.
We use the formulae ([22] pp. 81-86)

20 — DA — 2P (x) = — (A + DxPE (x) + (2 + 20 — 2)Py~(x),
20 + DxPLOx) = 2 + 2P (%) + (A + 20 — 2)PP-"(x),

to obtain

D,2(t)

= & = Dy L @R + 2L PP o)
_ . G-t 2+ 2 gy
o = Do g 0 + e E A e ),

which completes the proof.
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