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THE ZEROES OF FUNCTIONS RELATED TO
DIRICHLET L-FUNCTIONS

BY
LENARD WEINSTEIN

Hecke, [3], has shown for x a real Dirichlet character modulo g, the
associated Dirichlet L-function L(s, x) has infinitely many zeroes on the line
Re(s)=1.

Here, using a method of Polya, [5], we show that both the real and imaginary
parts of a function associated to L(s, x) through the functional equation, have
infinitely many zeroes on any line Re(s) = g,. We prove:

THeOREM 1. Let x be a primitive Dirichlet character modulo q, and let L(s, x)
denote the correspondirig Dirichlet L-function. Define:

B(s) = PO (s + a)Lis. x)
O*(s) = VPO (A(s + a))L(s, x)

_{0 it x(-1)=1,
1 i x(-1D)=-1.

where

Then
Re ®(o,+it) + Re ®*(a, + it)
has infinitely many zeroes, on any line Re(s) = 0.
CoroLLARY 1. If x is a real primitive Dirichlet character modulo q, then
Re ®(0,+it) has infinitely many zeroes on any line Re(s) = oy.
THEOREM 2. Im ®(0,+ it) + Im ®*(o + it) has infinitely many zeroes on any
line Re(s) = ay.

CorOLLARY 2. If x is a real primitive Dirichlet character modulo q, then
Im ®(o,+it) has infinitely many zeros on any line Re(s)= o,.
Berlowitz, [1], has considered the case of the Riemann zeta-function.

Lemma 1. Let x be a primitive Dirichlet character modulo q, such that
x(=1)=1.

Define . & N
Bz, x)= ), x(n)e™™,
n=1

where z is a complex variable.
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Then ¢(z, x) is analytic for Re(z) >0, and satisfies the functional equation:

ouz0=(4) o5 %) Remr>0.

z

Here 7(x) is the Gaussian sum:
d n
w00= Y. xtme(").
n=1 q
Proof. This is essentially proven on p. 70 of [2].

Lemma 2. Let x be a primitive Dirichlet character modulo g, such that
x(—=1)=1. Then ¢(z, x) and all its derivatives tend to 0 as z — xqi along any
route in an angle |arg(z ¥ qi)| < /2.

Proof. The proof of this lemma is similar to that given on p. 215 of [6].

Proof of Theorem. 1. We shall assume x(—1)=1, the proof for x(-1)=-1
following similar lines.
We have:

o

I'Gs)= I e Yy gy, Re(s)>0.
0
Setting y = n*mx, and multiplying both sides of the above equation by x(n)
we obtain:

,n.—(slz)r(%s)x(n)n—s = I X(n)e~n2mcx(s/2)—1 dx.
(]

Summing over n, we get:

o

1

o

"lj(qxa X)x(sm)”] dx +J‘ (l/(qX, X)x(s/2)—1 dx

1

Plagx, x)x®? 1 dx = J

0

O(s)= J

0

= J 1{1(;, x)x“("z)_1 dx +J P(gx, x)x*2 dx.
1 1

This last expression represents, by Lemma 1, an entire function, and gives
the analytic continuation of ®(s) over the plane.
Now setting x = e*'; s = 0+ iu, we have:

o oo

e—o'ntllj(qe—Zt’ X)e—iut dl+2 J ecotlp(qu!’ X)eiut dt.

0

Plog+iu)=2 J

0

Thus

Doy + i)+ %o+ i) =2 [ e (e, x)+ blge ™, R)le  de

0

+2 [ e Tutae™, 0+ w(ae™, Dl e
0
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Taking the real part of both sides, we obtain:

Re (o, + iu) + Re ®* (o + iu) =2 Jm{e"’ﬂ'[df(qe“”, x)+¥(ge™, %)]
0

+ e [Y(qe™, x)+¥(qge™, x)Ticos ut dt

= 2J Q(t)cos ut dt.
0
Now, we see Q(t) and Re ®(o,+ iu) + Re ®*(0,+ iu) are even functions of t
and u.
Thus

Re ¢(0’0 + lu) +Re Q*(0-0+ lu) = J‘ Q(t)eiut dt.

Now ()(t) is seen to be in the Schwartz space, (see [4], pg. 245), and thus we
may apply the Fourier inversion formula to get:

o

27Q0(—u)= J [Re ®(o+ it) + Re ®* (0 + it)]e™ dt

=

=2 J [Re ®(0,+ it) + Re ®*(0 + it)]cos ut dt.
0

Now, by Stirling’s formula, the left and right hand sides of the above
equation, originally defined for u real, can be continued analytically through-
out the region Re(e™2*)>0, for u complex.

Thus, we may define:

o

Qu)=Q(-w) =Y a(n)u”, |ul<mu/4.

n=0

Here for k an integer, k =0,

Q%0 _ (-b*

a2k === 2R

J [Re ®(o,+ it) + Re ®*(o, + it) ]t?* dt;
0

a(k+1)=0.

Now let us assume Re ®(o,+it)+Re ®*(0,+it) has only finitely many
zeroes, on the line Re(s) = o,. Assume that there exists a T >0, such that for
t>T,

Re ®(0, + it) + Re ®*(0, +it) <O.
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Then
=Dk (2k)! a(Rk) = J [Re ®(0,+ it) + Re ®*(0, + it)]t>* dt
0
T
= J' |Re ®(o + it) + Re ®* (o + it)| t2* dt
0
T+2
+ j (Re ®(0, + it) + Re ®* (0, + it))t** dt
T+1
=Cy(T)T* + C(T)(T+ 1),
where

T

C(T)= I |Re ®(0, + it) + Re ®*(0y + it)| dt =0.

0
T+2
C(T)= (Re ®(a, + it) + Re ®*(o, + it)) dt <0.
+1
Thus for k sufficiently large, say k =N = N(T), (—1)*w(2k)! a(2k) <0, and
thus (—1)*a(2k)< 0. This however, leads to a contradiction:

o

Q(—iz)= )Y, (-D"an)z?>",  |z|<mu/4.

n=0
. v (@n)! _
@NY(_i\ = _ ) e 2n-2N
QCN(—iz) "=§N(2n—2N)!( D"a(2n)z .

This, implies, since (—1)"a(2n) is negative for n =N, that Q@ (—iz) is
negative and monotonically decreasing as z ranges through the values 0 to /4.
This, however, contradicts Lemma 2.

A similar argument applies if we assume Re ®(o,+ it) + Re ®*(o, +it) >0,
for t>T.

Corollary 1 follows from the fact that if x is real then

(o +it) = Doy + it).

Theorem 2 follows the same argument as Theorem 1.
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