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A CLASSIFICATION OF REFLEXIVE GRAPHS:
THE USE OF “HOLES”

EL MOUSTAFA JAWHARI, MAURICE POUZET AND IVAN RIVAL

The purpose of this article is to develop aspects of a classification theory
for reflexive graphs. A first important step was already taken in [2];
throughout we follow, at least the spirit, of the classification theory for
ordered sets initiated in [1].

For a graph G let V(G) denote its vertex set and E(G) € V(G) X V(G)
its edge set. A graph K is a subgraph of G if V(K) C V(G) and for
a,b € V(K), (a, b) € E(K) just if (a, b) € E(G). The subgraph K of G
is a retract of G, and we write K <1 G, if there is an edge-preserving map g
of V(G) to V(K) satisfying g(v) = v for each v € V(K); g is called a
retraction. A reflexive graph is an undirected graph with a loop at every
vertex. The reason for a loop at a vertex is that an edge-preserving map
can send the two vertices of an adjacent pair to it. The concept is
illustrated in Figure 1. From here on, though, we shall for convenience
suppress the illustration of the loops in the figures of reflexive graphs.

The subgraph K (with shaded vertices) is a retract of the reflexive graph G.
Figure 1

For reflexive graphs G and H the direct product G X H is the graph with
vertex set V(G) X V(H) and edge set consisting of all pairs ( (a, x), (b, y))
where (a, b) € E(G) and (x, y) € E(H) (cf. Figure 2).

Received April 26, 1983 and in revised form December 13, 1984.
1299

https://doi.org/10.4153/CJM-1986-066-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-066-9

1300 E. M. JAWHARI, M. POUZET AND I. RIVAL

S as

H . GXH
G

Figure 2

A representation of a reflexive graph G is a family (G,|i € I) of reflexive
graphs such that G; <1 G for each i € I, and

¢<lla.
iel
G is irreducible if, for every representation (Gjli € I) of G, G <1 G; for
some i € I; otherwise G is reducible (cf. Figure 3).

~ ~
Gy =G 2 Py
(G, Gy) is a representation of G.

Figure 3
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A reflexive graph variety is a class ¥~ of reflexive graphs which con-
tains all direct products of members of ¥ [P(¥") € ¥°] and which
contains all retracts of members of ¥; [R(¥") € ¥7]. For a class 4 of
reflexive graphs let #” stand for the smallest reflexive graph variety
containing )¢, the variety generated by 2 In fact, #¥7 = RP(¥"). The
intersection of a family of reflexive graph varieties is a reflexive graph
variety and the class of all reflexive graphs is a reflexive graph variety
which contains all others. Therefore, with respect to inclusion, the class of
all reflexive graph varieties behaves much as a complete lattice, the lattice
of reflexive graph varieties. The main results of this article can be expressed
fairly accurately in two figures. Figure 4 illustrates an initial segment of
the lattice of reflexive graph varieties. The big circles stand for the
varieties as lattice elements and the graph(s) within for the reflexive
graph(s) generating the variety.

An initial segment of the lattice of reflexive graph varieties.

Figure 4

Figure 5 is an enlargement of a part of Figure 4 showing more of the
detail.

The plan of this article is to introduce and illustrate in the next three
sections, first the idea of a “hole” in a graph and then, “preserving a hole”.
We use these two ideas — “hole” and “preserving a hole” to verify the
classification illustrated in Figure 4 and Figure 5.

What is a “hole”? Let G be a reflexive graph and let K be a subgraph of
G. Just what are the conditions that must be fulfilled in order that the
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The reflexive graph varieties known to cover {P,}".

Figure 5

subgraph K be a retract of G? One condition is this. For any given vertex
w € V(G) there must be a “solution” x = x(w) € V(K) to the system of
inequalities: d;(x, v) < dg(w, v), v € V(K), [ds(a, b) stands for the
distance in G between a, b € V(G), that is, the least length (if it exists) of
a path in G joining a to b]. If there is a “retraction” map g of V(G) to
V(K) [that is an edge-preserving map g such that g(v) = v for each
v € V(K)] then the image g(w) of w must be such a vertex x = x(w)
of V(K) which satisfies each of the inequalities. For example, if G is the
reflexive graph illustrated in Figure 6 (a) and K = C, the subgraph
consisting of the shaded vertices then the vertex w of G gives rise to the
inequalities

dg(x, ¢g) = dg(w, ) = 1, dg(x, ¢)) = dg(w, ¢) = 2,
dG(x, C2) < dG(W’ Cz) = 1, dG(x, C3) < dG(W, C3) = 2

Co Cq Co Cq
w w
C3 C2 C3 C2
(a) (b)
Figure 6

There are two solutions: x = ¢; or x = ¢3. And, for instance, the map g of
V(G) to V(C,) defined by g(¢;) = ¢, i = 0, 1,2,3 and g(w) = ¢, is a
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retraction, so C, <1 G. In contrast consider the corresponding subgraph C,
in Figure 6 (b) with V(C,) = {¢,, ¢}, ¢35 ¢} again and with inequalities
corresponding to w:d;(x, ¢;) = dg(w, ¢;) = 1, foreachi = 0, 1, 2, 3. As
these inequalities have no simultaneous solutions in C, this subgraph C,
cannot be a retract of G. These examples lead to the idea of a “hole”.

Let K be a reflexive graph. A couple (H, 8), where @ # H € V(K) and
8 is a function of H to the non-negative integers N, is called a hole of K,
if H is a subset of V(K) for which there is no x € V(K) satisfying each of
the inequalities

dg(x, v) < 8(v), v € H.

If we let Dg(v, k) stand for the disk in K with centre v and radius k, [that
is, Dg(v, k) = {u € V(K)|dg(u, v) < k}] then (H, 8) is a hole in K
if @ # H C V(K) satisfies:

o Dg(v, 8(v)) = 0.
We say that a hole (H, 8) of K is a minimal hole if, for each H’' g H
such that |H’| < |H]| there is some /' € V(K) satisfying:

u € aw Dg(v, 8(v)).
We can illustrate this by reference to Figure 6. First, take C, to be the

subgraph with V(C,) = {c, ¢, ¢;, ¢3} of the graph in Figure 6 (a) and
think of the vertex w as defining a function 8 of H = V(C,) to N:

3(c;) =2 =08(c;) and O&(cy) = 1 = &(cy).
As

3
0, Defen () = o, &)

(H, &) is not a hole of C,. In contrast, take C, from Figure 6 (b) to be the
subgraph with the same vertex set V(Cy) = {c;, ¢;, ¢5, ¢3} and again put
H = V(C,) and let § of H = V(C,) to N be induced by the inequalities
associated with w:8(c;) = 1 for each i = 0, 1, 2, 3. Then

3
iQO DC4(ci’ l) = ﬂ
so (H, d) is a hole of C, (in fact, a minimal hole).

LeMMA 1. Let G be a reflexive graph, let K be a subgraph and let (H, 8) be
a hole of K. If K is a retract of G then (H, 8) is a hole of G, too.

Proof. Let G be an edge-preserving map of V(G) to V(K) such that
g(v) = v for each v € V(K). If (H, 8) is not a hole of G then there is

w e VQH D(v, 6(v)).
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As g is edge-preserving it follows that

dy(g(a), g(b)) = d;(a, b) for eacha, b € V(G).
Then

dg(g(v), gw)) = dg(v, gW)) = ds(v, w)

and in particular

gw) € 0D, 8())
with g(w) € V(K). This is a contradiction.

Examples of holes.

Paths. For n € N let P, stand for the reflexive graph with vertex set
{ay, a), a5, . .., a,} and edges joining consecutive vertices. P, is called a
path, and n is its length.

Even the path P, has a hole: define 8(qy) = 0 = 8(a;). On the other
hand, this is the only minimal hole of P, for if 8(a;) = 0 and &(a;) > 0
then

Dp(ag, 0) N Dp(ay, 8(a))) + 0.

Forn = 1, 8(ay) = 0 = 8(a,,) defines a hole ( {4, a,}, 8) using only the
endpoints of P,. For P,, 8(ay) = 0 and 8(a,) = 1 defines a hole, while
8(ay) = 1 = 8(a;) would not. In general, for P,, the function 6(ay) = 0
and 8(a,) = n — 1 defines a minimal hole.

Holes in paths provide a natural setting for the idea of “isometry” in
graphs. A subgraph K of a reflexive graph G is isometric in G if for each
a, b € V(K), dyg(a, b) = d;(a, b).

LEMMA 2. Let K be a subgraph of a reflexive graph G. Then K is isometric
in G if and only if, any hole (H, 8) of K, for which some a € H has §(a) = 0,
is also a hole of G.

Proof. Suppose K is isometric in G and let (H, §) be a hole of K with
8(a) = 0 for some a € H © V(K). If there is

we N, Dg(v, 8(v))
then, in particular, w € Dg(a, 0) sow = a. As (f1, 8) is a hole of K there
must be some v # a such that

a € Dg(v, 8(v)) — Di(v, 8(v) ).

Then dg(a, v) < 8(v) while dg(v, a) £ 8(v) which contradicts the
assumption that K is isometric in G. Therefore, (H, §) must be a hole of G,
too. Conversely, if K is not isometric in G then there are a, b € V(K) such
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that dg;(a, b) < dg(a, b). Putting 8(a) = 0 and 8(b) = d;(a, b) gives a
hole ( {a, b} ), 8) of K. As
a € Dg(a, 0) N Ds(b, §(b))
this is not a hole of G.
It follows from Lemma 1 and Lemma 2 that

COROLLARY 3. Let K be a subgraph of a reflexive graph G. If K is a
retract of G then K is isometric in G.

The converse of this holds if G contains no “cycles” (see [2]).

Cycles. For each integer n = 3 let C, stand for the reflexive graph with
vertex set {cg, ¢, ¢5, - . ., ¢, } and edges joining consecutive vertices and
also ¢, _, to ¢;. (We read the indices modulo 7.)

Define 8(c;) = m — 1 for each i = 0, 1, 2,...,2m — 1. Then
(V(Cy,), 8) is a hole of C,,, for each m = 2. Fori = 0, 1, 2,...,
m— 1,

Cpm+i € D¢, (c;m — 1)
and

¢ € D¢, (¢, m — 1),
so

2m—1

IQO DCZm(ci’ m — 1) = ﬂ

(see Figure 7 (b) for the case m = 2). For m = 3, a different hole in C,,,, is
this. Put

8(60) = 8(C2m——l) =1 and S(Cm—l) = 8(Cm) =m— L
Then ( {cy, ¢;y—1> Cps C2n—1}> 0) is @ minimal hole of C,,,, since:
DCZ(CO’ 1) N Dczm(C2m__l, ]) = {Co, sz_l} and
DCZm(cm__l, m — 1) N DCZ(CZM_I’ m — 1) = {Cl’ Cz, e ,sz_z}.
For C3, 8(cy) = 0 = 8(c,) gives this hole ( {¢,, ¢,}, 8) of C;. In general,
form = 2,if 8(c;) = m — 1foreachi # m — 1, m + 1 then (H, §) with
H = V(Cy,,+1) — {cm—1> Cm+1} 15 a hole of C,,, ;. It need not be a
minimal hole though (see Figure 13).
(H, 8), with H = {cy, ¢, ¢3, ¢5, ¢g} and 8(c;) = 2 foreachi =0, 1, 3, 5,
6, is not a minimal hole of C,. ({c|, ¢3, ¢5}, 8| {c;, ¢3, ¢5} ) is a minimal
hole.

For the case of the cycles C,,,, a minimal hole can, however, be
defined as follows. Put

H = V(Cyip) — {cli = 1))
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and
8(c¢)=n—1

for each ¢; € H. Then (H, §) is a minimal hole of C,, ..

J
The graph Dg. The reflexive graph Dy is illustrated in Figure 15. Define
8(a) = 8(d) = 8(r) = 8(s) = 1. Then ({a, d, r, s}, ) is a minimal hole

of Dq.
1

I'
A minimal hole of Dg

Figure 7

The graphs (J,) and (L,). The reflexive graph J,, n = 2, has vertex set
{a;, ay,...,a,} U {b), by,...,b,}. The subset 4, = {a;, a,,...,qa,}
forms a complete n-element subgraph of J,, the subset B, = {b,
b,, ..., b,} has no edges, and otherwise, each pair of vertices ¢, € 4,,
b, € B, is joined by an edge except if i = j. Note that J, = P;.
The reflexive graph L,, n = 1 has the vertex set {a, a5, ...,a,} U {b,
by, ..., b,}. Bothsubsets 4, = {a;, a,,...,a,}and {b, by, ..., b,} form
complete n-element subgraphs of L,, and further, for each i # j there is an
edge joining g; and b;. Note that L, = C,.

by bn by b
% n 9 9%
Jz"—_" P3 Jn L2 = C4 Ln
Figure 8
For J,, define 8(b;) = 1,i = 1,2,...,n. Then (B,, §) is a minimal hole

of J,. It is enough to note that b; & D; (b, 1) whenever i # j, and, for each
i, a; &€ D;(b;, 1). For L,, define 8(v) = 1 for each v € V(L,). Then
(V(L,), &) 1s a minimal hole of L,.

Which functions 8 of a set H to N can be minimal holes?

PROPOSITION 4. Let H be a set and let 8 be a function of H to N. There is a
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connected reflexive graph K in which (H, 8) is a minimal hole if and only if,
either |H| = 2 or |H| = 3 and 8(v) > 0 for each v € H.

Proof. Suppose that (H, 8) is a minimal hole of the reflexive graph
K. The case |[H| = 1 is of course impossible since, if H = {a} then
a € Dg(a, 8(a)), even if 8(a) = 0. Suppose that |[H| = 3 and that
&(ay) = 0 for some q, € H. As

Oy Dxla. 8@)) = 8

there must be a; € H, a; # a,, such that
ay & Dglay, 8(ay) ).

It follows that
di(ay, a)) > 8(a,)

so (H, 8) cannot be a minimal hole of K.

Conversely, let

H={a,a,...a,...}and H = {b;, b,,...,b,, ...}

with |H'| = |H|. Foreachi,j =1,2,...,n,...,i # j let P; stand for a
path of length 8(a;) and with endpoints a@; and b,.. In contrast to edges in
a graph we use a perforated line segment to illustrate such a path. Suppose
|H| = 2. Then the reflexive graph K with vertex set V(P},) U V(P,;) and
edge set E(P;,) U E(P,)) together with an edge joining b, and b, has
(H, 8) as a minimal hole. Suppose then that |[H| = 3. We construct a graph
K with vertex set

V(K) = Y V(P

and edge set

E(K) = ) E(B)

such that, for i # j and j # k,
V() N V(P = {a),
and
V(Py) N V(P = {b}.
Then it is straightforward to verify that (H, §) is a minimal hole of K.

The graph M. The reflexive graph M, has vertex set {a;, a5,...} U
{b,, by, ... }. The subset A = {a, a,, ...} forms a complete graph, the
subset B = {b,, b,, ... } has no edges at all, and otherwise, each q; € A4 is
Joined by an edge to each b; € B satisfying j < i. Notice that in M, a
subset H of V(M) together with the function 8(v) = 1 for eachv € H
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Figure 9

determines a hole (H, 8) of M, just if H contains any infinite collection of
the bj’s, that is,

0. Dy, 1) =0

if and only if |H N Bj is infinite. In fact, each such (H, 6) with infinitely
many of the bs is a minimal hole of M,

“Preserving” holes. Let (H, 8) be a hole of a direct product

G =1Ig

iel
of reflexive graphs G,, i € I. Let «; stand for the ith projection map of
V(G) to V(G;). This map =; is, of course, edge-preserving. Suppose for
each i € [ thereis u; € V(G;) satisfying
dg(u, m(v)) = 8(v) for eachv € H.
Then the vertex u € V(G) defined by =,(u) = u; (i € I) satisfies
dg(u, v) = sup{dg(u;, m(v)) lie I} <8(v)

for each v € H which contradicts the assumption that (H, 8) is a hole of G.
Therefore, there must be some i € I for which no vertex u; € V(G,) exists
satisfying

dGi(u,-, m(v)) = 8(v).

This fact we shall summarize by saying that each hole of [I,c; G, is
preserved by a projection map.

In general, if G, K are reflexive graphs and (#, 8) is a hole of G then we
say that the hole (H, 8) of G is preserved by K (or K preserves the hole
(H, 8) of G), if there is an edge-preserving map f of V(G) to V(K) such
that there is no vertex w of K satisfying

dg(w, f(v)) = 8(v),
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for each v € V(G). The map f'is also called a hole-preserving map of (H, §)
in K (or f preserves the hole (H, 8) of G in K). For example each hole
(H, 8) of 11,c; G, is preserved by some G, and the hole-preserving maps
may be chosen from among the projection maps.

Let F be a retract of a reflexive graph G. According to Lemma 1, any
hole (H, 8) of F is a hole of G. Suppose that this hole (H, 8) of G
is preserved by some reflexive graph K. Then this hole (H, 8) of F is
also preserved by K. For, if f'is the hole-preserving map of (H, 8) (of G) to
K and g is the retraction map of V(G) to V(F) then the edge-preserving
map fo g of V(G) to V(K) preserves the hole (H, 8) of F in K (remember
that H € V(K) and fo glV(F) = fIV(F)).

Here is another way to formulate this idea of a hole-preserving map f of
V(G) to V(K). Define the map &, of f(H) to N by

8(u) = min{8(v) |f(v) = u}.

Then (f(H), 8) is a hole of K, if (H, &) is a hole of G and [ is a
hole-preserving map.

We consider some particular examples. Consider the edge-preserving
map f of Py to C,. Then the hole (H, ) of P;, where H = {a,, a;} and
8(ay) = 8(a;) = 1is not preserved by fin C, (see Figure 10).

a a a a

Ps 0 1 2 3

\ \ 1

; \ \ \\ \

| \ \

' AN \
| c c

Vi

Ca I

|

]

4

¥ S/

/ does not preserve the hole ( {ag, a3}, 8(ay) = 8(a3) ) of Py in C,.

Figure 10

Actually, this hole of P; cannot be preserved by C, at all. In fact, if fis an
edge-preserving map of V(P;) to V(K), for some graph K, and f preserves
this hole, then

dx(f(ap), f(a3)) = 3,

since f'is edge-preserving and
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dx(f(ay), f(a3)) = 3,

for otherwise

Di(f(ag), 1) N Dg(f(a3), 1) # 0.
There is, of course, no pair ¢;, ¢; of vertices in C, satisfying
de(c;y ) = 3.

What about the hole (V(C,), 8) of C4, where 8(c;) = 1, foreachi =0, 1,
2, 3? To preserve this hole requires an edge-preserving map f to a graph K
and, the map must be one-to-one as well. It is easy to verify that the
subgraph determined by f(K) in K must be isomorphic to C,. In
particular, this hole of C, cannot be preserved by P;. In contrast the
hole

({co, €2}, 8(cp) = 0 = 8(cy))
of C, can be preserved by P, (see Figure 11).

Q@ a a, x
/ preserves the hole ( {cy, ¢;}, 8(cy) = 0 = 8(cy)) of C4in Py.
Figure 11

We consider holes in Cg and C,. First 8(c;) = 2, for each ¢; € V(Cy)
defines a hole (H, 8) = (V(Cy), 8) of C4. Also, 8'(¢c;) = 2 for each
¢, € V(Cy) — {cy, ¢4} defines a hole

(H', &) = (V(Cy) — {cp ¢4}, 8)

of C;, too. Now let f be an edge-preserving map of V(Cy) to V(C,). As f
cannot be onto, its image must be a path of length at most three. In
particular, this hole of C; cannot be preserved by C,. Now let f” be an
edge-preserving map of V(C;) to V(Cg). As f’ cannot be one-to-one Cg
cannot preserve this hole of C;.

Now take this hole of Cq:H = {cj, ¢} and 8(cy) = 8(c;) = 1. This
hole is preserved by P using the map f(cy) = ag, f(cy) = f(cs) = ay,
f(CQ) =f(C4) = das, andf(c3) = aj.
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The graph D¢ (cf. Figure 7) has the hole (H, §) where H = {a, d, e, [}
and 6(a) = 8(d) = 8(e) = 8(f) = 1. It makes sense to try preserving this
hole of Dy in C,. If there were such an edge-preserving map f of V(D)
to V(C,4) then f would be onto and without less of generality, f(a) = ¢,
f(d) = ¢, f(r) = ¢, and f(s) = ¢;. Now, f(b) must be adjacent to ¢, ¢, ¢3
(since f is edge-preserving) so f(b) = c, and similarly f(c) must be
adjacent to ¢, ¢,, ¢3 50 f(¢) = ¢,. But f(c¢) must also be adjacent to f(b).
Therefore, C, cannot preserve this particular hole of D.

A subgraph of I],c; G, with ¢, ¢, 6. &3} = ¢, < 1,¢, G
Figure 12

Consider the reflexive graph J; (see Figure 8). Can it preserve the hole
(V(Cy), 8) of C, with 8(c;) = 1, for each ¢; € V(C4)? Suppose f is an
edge-preserving map of V(C,) to V(J;) which preserves this hole of C,.
Then each b, € f(V(C,)) which, however, is impossible since f is
edge-preserving and the b/s are pairwise non-adjacent. Moreover this
same hole of C, cannot be preserved by L, either or, for that matter, by
any J, or L,, n = 3. It follows that C, cannot be a retract of a direct
product of reflexive graphs each isomorphic to a J, (n = 3) or to an
L, (n = 3). For if

c,<llg,
iel
then, by Lemma 1, (V(Cy), §) is a hole of II,c; G, and so some G, must
preserve this hole, and this is impossible if G; = J, or G; = L,, n = 3.
In other terms, C, does not have a representation using only the J,’s
and L,’s.

To show that C, does not have a representation using a family of graphs
each isomorphic to D¢ is more difficult, because the hole (V(Cy,), 8),
8(c;) = 1,i =0, 1, 2, 3, is preserved by Dg; just take f(c;) = a, f(¢;) = r,
f(c;) = d, f(c;) = s. Suppose that

a<llg,
iel
where each G, = Dq. Let g be the retraction map of V(I1,c; G,) to V(C,).
We may suppose that C, is a subgraph of II,.; G, with vertices labelled
Cy» C» C, €3 (and all of their coordinates chosen from among V(Dg) ). We
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shall construct vertices u, v, w in Hie ; G; which, with V(Cy), determine, a
subgraph in [, ., G, as indicated in Figure 23.

Not all of the edges, as illustrated in Figure 9, can exist though, since
consider the effect of the retraction map g:g(c;) = ¢, i = 0, 1,2, 3 s0
g(u) = ¢, and then g(v) = ¢, and g(w) = c¢3, although g(v) and g(w)
should be adjacent. We construct the vertices u, v, w by prescribing their
ith coordinates u, v, w,, for each i € I. For our purposes there are two
kinds of projection maps: i € I, if m; preserves the hole (V(Cy), §) in
G, = H; i € I,, otherwise. For i € I, the coordinates of u, v, w are

1

prescribed according to the values in Table 1. For i € I, there is
3
t e jQO D(m(c;), 1),
and we put u4; = v, = w; = ¢ in this case. Then the vertices u, v, w given by
?Ti(u) = u, wi(v.) =% m(w) = w;ifi € Iyand m;(u) = m,(v) = m;(w) =1
if i € I, are pairwise adjacent and moreover, u is adjacent to ¢, ¢}, ¢3, v to

¢, G5, and w to G,, ¢3. In other terms we have shown that C, is not a retract
of any direct product of D¢’s or, equivalently, C, & {Dy}".

Co Cq r
i
————
a d
Cs C, S

Figure 13

This is a convenient fact: the “image” of a minimal hole by a
hole-preserving map is a minimal hole (see [3]).

TABLE 1
'77,(('0) ‘ 7’1((‘2) ﬂl(cl) Wl(c3) U Vi Wi
a d s r b ¢ ¢
a d r s b ¢ ¢
d a s r ¢ b b
d a r K ¢ b b
r s a d r b 4
r s d a r ¢ b
K r a d K b c
s r d a s ¢ b

LEMMA 5. Let G, K be reflexive graphs, let (H, 8) be a minimal hole in G
and let [ be an edge-preserving map of V(G) to V(K) which preserves this
hole. Then (f(H), Sf), where

8,(u) = min{6(v) [/ (v) = u}
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is a minimal hole in K.

Proof. According to the definition of a hole-preserving map, ( = f(H),
8f) is a hole in K. Is it minimal? If not, there is %' S % such that

|| < |%| and ey Dy (u, 8,(u)) = 0.

Now construct a subset H’ of H consisting of those vertices v € H such
that

SO € and 8(f(v)) = min{d(v)|f(v) = (V) }.
Then H' S H and |H’| < |H|. Therefore there is

u € V,QH, D;(v', 8(v"))

and so
Sy € 0 D(f0), 807) = 0, Dilu, 8(u))

which is a contradiction.

What about graphs with “infinitary” holes? For instance, M, has a
minimal hole (H, 8) for which H is infinite. Therefore, any graph which
preserves this hole must itself have an infinite hole. It follows that M
cannot be a retract of any direct product of finite graphs, no matter how
large the index set of this direct product.

Irreducible reflexive graphs. Our purpose is to show that, for each
n = 3, each of the reflexive graphs P,, C,, D¢, J,, L, and M, is irreducible.
However, first we record an observation already implicit in the
calculations above.

LEMMA 6. If (G\li € 1) is a representation of the reflexive graph G and
(H, 8) is a hole of G, then this hole is preserved by some G,

Let (G|li € I) be any representation of the path P,; that is, each G, <1 P,
and P, <1, G, Consider the hole (H, 8) of P,, with H = {a,, a,} and
8(ay) = 0, 8(a,) = n — 1. According to Lemma 6 this hole is preserved by
some G;. Now, each G; T P, so G, must be a path P, say, where m < n.
But to preserve this hole (H, 8) of P,, m = n, that is, G; = P, therefore, P,
is irreducible.

In practice we use Lemma 6 in this form (cf. [3]).

CoRrROLLARY 7. Each hole of a reducible reflexive graph is preserved by a
proper retract.

Suppose the cycle C,,, (m = 2) is reducible. Let (H, §) be this hole of
Gy, H = V(C,,) and 8(c;) = m — 1 for each ¢; € V(C,,,). Now, any
proper subgraph of C,,, which is a retract must be connected whence it
must be a path P, and k& < m. But P, cannot preserve this hole of C,,,. For
the cycle C,,,, use the hole (H, §) with
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H = V(Cypit) = {Cp—1> €1} and () = m — 1.

Again, any proper retract of C,,, .| must be a path P, and k < m. But P,
cannot preserve this hole. This shows that each cycle C,(n = 3) is
irreducible.

Consider the hole (H, 8) of D, given by H = {a, d, r, s} and 8(a) =
8(d) = 8(r) = 8(s) = 1. Now, any proper retract D of D, must contain a
vertex adjacent to all other vertices of D, so it could not preserve this hole
of Dq. It follows that D¢ must be irreducible.

Consider the hole (H, 8) of L, given by H = V(L,) and §(v) = 1 for
each v € V(L,). Again, any proper subgraph L of L, contains a vertex
adjacent to all other vertices of L, so it could not preserve this hole.
Therefore, L, is irreducible.

Consider the hole (H, &) of J, given by H = {b, b,,...,b,} and
8(b;) = 1,foreachi =1,2,...,n SupposeJ <1J,,J & J,, preserves this
hole. Then each b, € V(J) for otherwise J contains a vertex adjacent to all
others of J and so J could not preserve this hole (H, 8). But then it is
simple to verify that J must also contain each g,, for, a given g, is the only
vertex adjacent to all other vertices different from b,.

Finally, the reflexive graph M . Suppose M, is reducible. Then there is
a retract G of M and an edge-preserving map f of V(M) to V(G) which
preserves the hole (H, 8) of M, where H = B and § = 1 (cf. Figure 9).
Evidently G must be infinite and we are to suppose that M is itself not a
retract of G. Now, we may treat G as a subgraph of M and so G must
contain infinitely many of the b’sin B S V(M,,). In fact, we may suppose
that there is an increasing sequence o(1) < 6(2) < ... of indices such that
each of by}, bys), - - - belongs to V(G) and so that ( {by), bya) - - -}, 8)
with 8(b,;)) = 1 for each i, is a hole of G. Now, set b] = b,, and choose
ay € A N V(G) such that (aj, b]) € E(G). (Note that such a vertex a)
exists in G:g(agy,) is such a vertex, where g is the retraction map of M, to
G.) Let b) be the first b, not adjacent to aj. Then choose a5 € V(G)
which is adjacent to b5 (and therefore b| too). (It exists, right?) Then
choose by the first from among the by;)’s not adjacent to a5; then
ay € V(G), etc. In this way we construct a subgraph of G isomorphic to
M , itself. In fact this subgraph is a retract of G itself. To see this it is

w
convenient to relabel the vertices a;, b] of G according to their label in

M a; = ay;), b) = by,

Then we can define a map & of V(G) to this subgraph of G by these
rules

h(a)) = h(b) = a,,,

for all a; € V(G) such that j < (1) and for all b; € V(G) such that
J < (1) ‘
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h(a)) = h(b)) = ay,,
for all a; € V(G) such that 7(n — 1) <j = 7(n) and for all b, € V(G)
such that 7(n — 1) < j < #(n); '

W) = b, |
if j = 7(n). It is straightforward to verify that h is a retraction, that is,
M, <d1.G and so M, is irreducible after all.

Varieties of reflexive graphs. Our purpose is to justify Figure 4 and
Figure 5 concerning the lattice of reflexive graph varieties. We shall prove
these results.

THEOREM A. The lattice of reflexive graph varieties coniains an infinite
chain. In fact,
{BY < (P} <{RY <...<{B} <....

THEOREM B. The lattice of reflexive graph varieties contains an infinite
antichain. In fact, for distinct positive integers n, m = 4,

{G.}Y £(C,})

and

{C.}Y £ {GY.
Moreover,

{PY < {Cn}
and

{PY < {Cypn1}-

In the lattice of reflexive graph varieties {P,}’ is the least element. Let
¥” be any variety which contains a member G € ¥ with |V(G)]| > 1.
Suppose G contains an adjacent pair of vertices u, v. Then the subgraph
on {u, v} is isomorphic to P, and it is easy to construct a retraction for
P, <1 G. Therefore, P, € ¥1f E(G) = # then any pair of distinct vertices
u, v forms a subgraph called 4, and again it is easy to provide a retraction
for A, <0 G. Therefore A, € ¥7 In summary the least variety {F,}" has
precisely two covers: {P;}" and {4,}". Let ¥" be any variety satisfying
¥ > {P)} or, ¥ > {4,}). Then ¥ contains a member G such that
G & {P,} or G & {A,}. Evidently, |V(G) | > 2. If G is a complete graph,
that is, every vertex is adjacent to every other vertex, then

¢<allg

iel

with each G; = P}, and so G € {P,}". If E(G) = @ then
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¢<llg
iel

with each G; = 4,, and so G € {4,}". Suppose E(G) # 0 and, yet, not all
vertices are adjacent to all others. If G contains a subgraph isomorphic to
P, then it is not hard to verify that P, <9 G. Otherwise, G consists of
components (maximal connected subsets) each of which is a complete
graph. In this case, P, <1 G and 4, <9 G. This is the substance of the fact
that {P,}" has precisely two covers, {P,}" and {P|, 4,}, and {4,}" has
precisely one cover, {P,, 4,}’. More generally, for each n, {P,, |, 4,}"
covers both {P, A,}" and {P,,,}’. That much about the lattice of
reflexive graph varieties was fairly straightforward.

THEOREM C. In the lattice of reflexive graph varieties each of the graphs
Py, Cs, D, J, (n = 3), L, (n = 3), and M, generates a distinct reflexive
graph variety which covers {P,}".

In a sense the heart of these results lies in this lemma. (A similar
technique is used in [1], see especially Lemma 6.12.)

LEMMA 8. Let
H =Ly Coits i1 LysyIn = 2},

let K € Xand let G € {X'}. Then any edge-preserving map g of V(G) onto
V(K) is a retraction.

Proof. Let K = P,. Suppose G € {P,}’ and let g be an edge-preserving
map of V(G) to V(P,). (We shall use about G only the hypothesis that
P, preserves each hole of G which, of course, follows from G € {P,}".)
For each i = 0, 1,2,...,nlet 4, = g~ '({a;}). Once we show that
there is a system of representatives v, € A, such that the subgraph
{ve» vi»...,v,} = P, with each v, adjacent to v, then P, <9 G
by identifying {v,, v,...,v,} with P,. As g is onto, each 4, # .
Choose vy € A, and v, € 4,. Is ({vy, v,}, 8), with 8(vy) = 0 and
8(v,) = n, a hole of G? If it were then P, would preserve it and that is
impossible. Therefore,

Dg;(vg, 0) N D;(v,, n) # 0

and this means that
dg(vg, v,) =< n.

As g is an edge-preserving map of V(G) onto V(P,),
d;(vg, v,) = n,

and each minimal path of length »n in G must meet each A4,.
Let K = G,,,, where m = 2, let G € {C,,}" and suppose g is an
edge-preserving map of V(G) onto V(C,,,). Put
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A, = g‘l( {c;}) foreachc, € V(C,,).

Choose vy € 4y, v, € 4,,_;, and v,, € A,,,. Define

8(v9) = 1, 8(p—y) = 8(y,) = m — 1.

Now ( {vg, V,,—1> ¥ }» 0) cannot be a hole of G since C,,, cannot preserve
such a hole. (Recall, that ( {cg, ¢,,—15 Cppp Com—1}> ") With

8(cy) = &(crp-y) = 1 and 8(c,—y) = 8(c,) = m — |

is a minimal hole of C,,.) Therefore, there is a vertex u € V(G) such
that

de(u,vg) = 1,dg(u, v,,—)) =m — 1, and d;(u,v,) =m — L
But g is edge-preserving and

de, (¢ ¢,y) = m,

so there is a path of length m in G with endpoints v, and v, and passing
through v, _ ;. By symmetry there is a path of length m in G with endpoints
vy and v, and passing through v,,, | € 4,,,_ . These two paths must meet
each block and form a subgraph of G isomorphic to C,,,. Once we identify
it with C,,, we have that g is indeed a retraction. The case K = C,,, 1,
where m > 2 is similar. Choose v, € 4, v,, € 4,, with 8(vy) = 0,
8(v,,) = m. Then ( {v,, v,}, 6) is not a hole of G since C,,,,; cannot
preserve it. Therefore, there is a path vy, v,...,v, of length m in G
with endpoints v, and v,, and passing through v; € A4,, say. Choose
Vy+1 € A,,+; and apply the same argument to construct a path of
length m passing through 4,, 4,,...,4,,,, and having endpoints v,
and v,,, ;. This path together with another one with endpoints v,, | and
vy gives a subgraph of G isomorphic to C,,, ., and once identified
with C,, . |, g is a retraction.

Let K = L,, (cf. Figure 8), let G € {L,}’ and let g be an
edge-preserving map of V'(G) onto V(L,). Put

A4, =g '({a;}) and B, =g '({b})i=1,2,....n
Choose v; € A; and u; € B,. Let
H, = {1§-|j= 1,2,...,n} U {uj]jz ,2,...,i—1Li+1,...,n}

and let §;(w) = 1 for each w € H,. Evidently, (H,, ;) cannot be a hole of
G so there is a vertex in

WQH’ Dg(w, 1) # 0.

Such a vertex must belong to 4; and we may suppose thatitisv; € 4,. In
fact, we may suppose that the v’s are so chosen that

v € wQu/ Ds(w, 1)
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and, by symmetry, that the u/s are so chosen that

we .0, D (w, 1).

Then the subgraph
{‘.’j, u]I] =1, 2,...,n} = Ln

and g must be a retraction.
Let K = J,, (cf. Figure 8), let G € {J,}" and let g be an edge-preserving
map of V(G) onto V(J,). Again, set

A4, =g '({a;}) and B, =g '({b})i=1,2....n
Let vy € A;, u; € B; be chosen. As g is edge-preserving there are no
edges between distinct #’s and no edges joining v, and u;, for each
i=12,...,n Put

Hy = {uy, g, ooty Uiy oy 1y}

and 8;(u) = 1 for each u € H,. Then (H,, §,) cannot be a hole of G. In fact,
we may even suppose that

VI- [ ,Q[ DG(u, 1).

Now, put

H' = {v.ulj # i} and 8'(w) = 1 for eachw € H'.
Suppose that (H', '/ 8") is a hole of G. Then there is an edge- preserving map
S of V(G) to V(J,) which preserves this hole. If some b; & f "(H") then a;
is adjacent to each vertex of f "(H") and the hole 1s not preserved

Therefore, each b, € f '(H"). Then, for some v,, f'(v,) = by, say, and, as /"
1s edge-preserving

fi(uj) € {a,a,,...,a,} foreachj # r, i

Again, for some u,, f° i(us) = b, and evidently, s = r. f " is edge-preserving
o)

f'i(\)j-) € {a, a5,...,a,} forj #r i
As n = 3, there is b, # f'(u,), f'(v,), and so

a, € 0, D (f'w), D).

Therefore, (H', §') is not a hole of G. In particular

0 Dgw, D) # 8

and the common vertex must belong to 4;. We may suppose it is v. In
summary,
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n
v, € jQ] Dg(v, 1) N jQi D;(u;, 1).
Then {u;, vli = 1, 2,...,n} determines a subgraph of G isomorphic to
J,. Then g is a retraction.

Insofar as all of our principal results pertain to matters concerning
covers of “path” varieties, we make use of this basic result of [3].

LEMMA 9. Let X be any set of paths. Then a reflexive graph G belongs to
X" if and only if each hole of G can be preserved by some path in K.

Proof of Theorem A. First, since each P, <1 P, | we know that
{(BY =P}y =...={(PY ={Pn} =....

But the hole ( {a,, a;1,}, 6(ay) = 0, 8(a;;;) = i) of P, cannot be
preserved by P, for any j < i, so P, cannot be a retract of a direct
product of graphs G; each isomorphic to some P, j < i. Therefore,

{P,i 1} £ {P} and it follows that

(PY <{PY <...<{PY <{Pu} <....
Now, let ¥"be any variety satisfying

{(PY <7V ={P.}.

Then there is a graph G € ¥"and G & {P,}". In the light of Lemma 9, G
must have a hole (H, §) which cannot be preserved by P, although it can be
preserved by P, . Let f be an edge-preserving map of V(G) to V(P )
which preserves the hole (H, 8). Now G is connected so f(V(G) ) must be a
path. If f(V(G)) & P, then, in effect, P, preserves this hole.
Therefore,

JV(G)) = V(P ).
From Lemma 8 it now follows that P, , <t G. In particular,
(P} ={GY =7 ={P.}.
so {P..} = ¥7In summary, {P.}" is covered by {P,,,}’; in symbols,
(P} < {PY < (PY <...< (P} < (P} <....
For the proof of Theorem B we shall make use of this fact from [2].

LEMMA 10. Let G be a reflexive graph and let T be an isometric subgraph.
If T contains no cycles then T <1 G.

Proof of Theorem B. We shall first verify the relations
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{P,} <{C,) and (P} < (G5 }"
As Pn < C2n and Pn < C2n+l’
{Pn}v = {C2n}y and {Pn}y = {C2n+l}y'

Also, the hole (V(C5,), 8(cy) = 8(c;) = ... = 8(cp,) = n — 1) cannot be
preserved by P, so
Cy, & (P}
Similarly, the hole
(V(Cypi1) — {Cnt> Cha1}s 0(cy) = 8(c)) = ... = 8(c,—n) = 8(c,)
=0(cpyy) =...=08(c))) =n—1)

cannot be preserved by P, so C,, .| € {P,}’, too. Therefore,
{Pn}v < {CZn}V and {Pn}y < {C2n+l}V'

Let ¥ be any variety satisfying
{PN}V <¥= {CZH}V'

Then there is G € ¥“such that G & {P,}’. According to Lemma 9, G must
have a hole (H, 8) which cannot be preserved by P,. As G € {C,,}
though, this hole can be preserved by C,,. Let f be an edge-preserving
map of V(G) to V(C,,) which preserves this hole. Suppose

Now G is connected so f(V(G) ) must be a path P,. If k < n then this hole

can be preserved by P,, which is impossible. Otherwise, k > n. This
implies that G contains vertices

acf7'({a}) befT({aq})

(where a, a, are the endpoints of P,) satisfying d;(a, b) = k. Then G
itself contains an isometric path P, of length k. According to Lemma 10,
P, <1 G, so P, € {C,,}), which would mean that the hole

({ap. a; }, 8(ap) = 0,8(a,) =k — 1)

can be preserved by C,,. This is impossible since k& > n. We conclude
that f(V(G)) = V(C,,), that is, f is onto. From Lemma 8, we have that
G, G, so

{CZM}V = {G}V =7 = {C2n}y

and then {C,,}" = 77 A similar argument shows that {P,}" < {C,,,}".
too.
To show that {C,}" is noncomparable with {C,}" for each
n # m n, m = 4 we consider the usual hole in the cycle depending on its
parity. For instance, if n = 2r and m = 2s + 1 let (H,, §,) be the hole
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of C,, with H, = V(C,,) and 8(c;) = r — 1 foreachi =0, 1, 2,...,
2r — 1, and let (H, §,) be the hole of C,,,, with H, = V(C,,,,) and
8(c;) =5 — lexceptifi =s — landi = s + 1. Then it is straightforward
to verify that neither can the hole (H,, §,) be preserved by C,,, nor can
the hole (H,, §,) be preserved by C,,.

Proof of Theorem C. In view of Theorem A and Theorem B it remains to
prove that the varieties {D¢)’, {/,}, {L,} (n = 3), and {M_}, are all
distinct and that each covers {P,}". We treat first the cases of {J,} and
{L,}, forn = 3.

As P, <aJ, it follows that {P,}" < {J,}". But the hole

({by, by, .... b}, 8(b)) = 8(by)) =...=8(b,) =1
cannot be preserved by P,, so from Lemma 9, {P,}’ < {J,}". Let ¥ be
any variety satisfying

(P} <7V ={,}.
Then there is G € ¥ such that G & {P,}". There must be a hole (H, §) of
G which cannot be preserved by P,. As G € {J,}" this hole can be
preserved by J,. Let f be an edge-preserving map of V(G) to V(J,) which
preserves this hole. Suppose some b; € f(H). Then a; € V(J,) is adjacent
to each vertex of f(H). Therefore, this hole (H, §) of G must contain some
vo € H with §(v) = 0. From Proposition 4, |H| = 2, say H = {vy, v;}.
If 8(v;) = 2 then there is an isometric path joining v, and v, of length
8(v)) + 1 = 3. According to Lemma 10, P; <1 G, so P; € {J,}" which is
impossible since the hole :

({ap, a3}, 8(ap) = 0, 8(az) = 2)

cannot be preserved by J,. Therefore, 8(v)) =< 1 and, in any event, this
constitutes a hole which can be preserved by P,. We may therefore
suppose that each b, € f(H). Recall that

({bis by B} 8(b) = 8(by) = ... = 8(b,) = 1)

is a hole of J, and that, from Lemma 5, (f(H), Sf) is a hole of J,.
Now n = 3 so |[H| = 3 and each 8(v) > 0 for v € H (Proposition 4). It
follows that 8(v) = 1 for each v € H, |H| = n. Suppose

H = {v;,vy,...,v,} with f(y) = b,
Suppose now that some a; &€ f(V(G)). Then
f'I( {g;}) =10
and (H — {v;}, 8|lH — {v;}) is also a hole of G which is impossible by the

minimality of H. We conclude that f must be onto. According to Lemma 8,
J,<q1G so

.Y ={6}Y =7 =}
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and then "= {J,}". Now for distinct n, m = 3, {J,}" is noncomparable to
{J,,}’. This is because the hole

({b), by, ...,b,}, 8b) = 8by) =...=80b,) =1)
of J,, cannot be preserved by J,.

The analysis of the varieties {L,}" is much the same. Furthermore, the
varieties {J,}" are all distinct from the varieties {L,}" because as usual the
L,’s cannot separate the holes of the J,,’s and vice versa.

We turn next to the variety {D}". Obviously P, <1 D¢ so {P,}" < {Dg}".
On the other hand, {P,}" < {D}’ since D¢ has a hole which cannot be
preserved by P,. Let ¥ be any variety satisfying

{PY < 7 = (D}

Let G € ¥ such that G & {P,}". Then there is a hole (H, 8) of G which
cannot be preserved by P, but there is an edge-preserving map f of V(G) to
V(Dg) which does preserve this hole. If {a, d, r, s} S f(H) then as Dg
contains a vertex adjacent to all vertices of f(H) it follows that there is
vy € H satisfying 6(vy) = 0. By Proposition 4, |H| = 2. Let H = {v,, v}
If 8(v;) =< 1 then (H, §) can be separated by P,. Otherwise 6(v,) = 2 and,
from Lemma 10, P; <9 G. Hence, P; € {D¢}" which is impossible. We
conclude that {a, d, r, s} € f(H) and, from Proposition 4, 8§(v) > 0 for all
v € H since |[H| = 3. This in turn, means that {a, d, r, s} = f(H).
Furthermore, for ( {q, 4, r, s}, 8/ ) to be a hole of Dy (see Lemma 5)
8f(u) = 1 for each u € {a, d, r, s}, so 8(v) = 1 for each v € H, too.
Let

A =f""({a}). B = f7'({b}).
C=/""({c}) D = f7'({d}).
R=f"'({r})and s = f7'({s}).

We know that 4 # @, D # 0, R # § and S # 0.

To proceed we make use of the fact that G € {D¢}” implies

¢<=llg

i€l
where each G; = Dy, i € I. Let I stand for all those i for which the ith
projection a; preserves the hole (H, 8) in G;; let I, = I — I,. Now, let

H = {x, x5, x3, x4}

where f(x)) = a,f(x,) = d, f(x3) = r,f(x;) = s, say, and we may suppose
that G is a subgraph of I1,.; G,. Now, for each i € I,

{Wi(xl), i (X,), 7 (x3), 7 (x4) } = {(1, d,r, S}
and there are eight cases in all. Otherwise, for each i € I,

{m:(x)), m(x)), 7:(x3), m;(xg) }
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must miss at least one of the values a, d, r, s. The possibilities are tabulated
in Table 2. Our immediate aim is to construct four vertices u, v, x, y in
II,c; G, with adjacencies as illustrated in Figure 25. We do this by
prescribing the projections case by case (see Table 3). Then we can verify

that the adjacencies as illustrated in Figure 25 are obtained.

1323

TABLE 2
7(x1) 7(x2) m;(x3) 7i(X4)
c 1 d a s r
2 d a r s
3 a d s r
. 4 a d r N
iely {0 ) ; a d
6 s r d a
7 r s a d
. 8 r s d a
9 #* a #* a #*a #* a
e 10 #*d *d #+d #*d
@ ! 11 #* 5 #* 5 * 5 #* s
12 *r #*r *r Fr
r
S
Ds !
A subgraph of G <1l ¢; G,
Figure 14
TABLE 3
;i (u) ™ (v) 7;(x) () 7 (2) i (w)
1 c b c b K —
2 4 b ‘¢ b s —
3 b c b c r —
p—_— 4 b ¢ b ¢ r -
SR B c b b ¢ b s
6 b ¢ ¢ b b K
7 c b b c c K
. 8 b ¢ ¢ b ¢ K
9 ¢ ¢ c c c c
. 10 b b b b b b
i el
11 r r r ¥ r 1
12 s K s s K 0
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The vertices x,, X, X3, X4 belong to G in I, ; G,. What about the newly
manufactured vertices u, v, x, y? In fact, if g is the retraction of [, <, G, to
G then by analysing the possible images for u, v, x, y under g we conclude
that

{8(w), (), 8(x), g(») } N {x1, X, X3, x4} = 0

and the vertices g(u), g(v), g(x), g(y) are all distinct in G. For simplicity
we shall in the sequel suppose g(u) = u, g(v) = v, g(x) = x, g(y) = y.
Let i € I,. Suppose

{m(x), m(x)) } = {a,d} and {m(x3), m(xs) } = {r, s}
These are the cases 1, 2, 3, 4. Construct a vertex
z € V(H GI.)
iel

as in Table 3. Then z is adjacent to x, x,, %, X, y, z in II,<; G, and, in
particular,

g(z) € {g(x)), g(xy), g(x3), 8(x4), g(u), g(v), g(x), g(») }-

Let us simply write g(z) = z. By symmetry we may treat just the first of
these four cases (see Figure 15). Then the elements

x, € m \({d}) u € m \({c}),y € m '({b}), x, € 7 '({a}),
zem '({s})and x4 € m '({r})

isa system of representatives of the blocks of wi_‘ and forms a subgraph
of G isomorphic to Dg; in particular Dg <1 G so in this case ¥" = {Dg}".

Figure 15

Hence we may suppose that if i € I, then it must occur as case 5, 6, 7 or 8.
Now, consider the vertex
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w e V(H Gi)
iel
prescribed as in Table 3. Then w is adjacent to x;, x4, X, u, v, y and
again

gw) & {g(x)), g(x,), 8(x3), g(x4), g(x), g(u), g(v), g(») }

and again let us simply suppose that g(w) = w. By symmetry we may treat
just the case 5 (see Figure 23). This time {x3, v, y, X4, X5, w} is a system of
representatives of the blocks of 77,-_1 and it is isomorphic to Dg. Therefore,
Dy <1 G and again 7" = {Dg}’.

Finally, {D}" is different from the other covers of {P,}" recorded
earlier. This follows by examining the possible preservation of holes that
equality would entail. The arguments are similar to these recorded
earlier.

Finally, we turn to the matter of the variety {M_}". It is evident that, at
any rate {P,}" < {M_}". Suppose that G € {M_}" and that G has a
minimal hole (H, 8) which is preserved by M, but not by P,. Let f be an
edge-preserving map of V(G) to V(M) which preserves this hole. Every
“finite” hole of M, is preserved by P, and this implies that (H, §) must be
an “infinite” hole of G. Let

4, = /N {4,}) and B, =f_1( {b:}).
Then H must intersect infinitely many of the blocks By, B,, . . ., say, By,
By, - - where o(1) < 0(2) <.... Let b] € B, and let a} be chosen
from U, 4; (it exists) such that a} is joined to b} by an edge. Let b5 be
chosen from the first B, ;) such that b is not adjacent to ;. Then choose
a, € U,;A,; such that a5 is adjacent to b] and to b). In fact,

0,2 = DG(b/, 1) N DG(b,Z’ 1)

which is nonempty because (H, 8) is a minimal “infinite”” hole of G. Let b}
be so chosen that the first By such that @5 € D(b), 1). Continuing in this
way we produce vertices b}, b5, . . ., and aj, @), . . . which all together form
a subgraph of G isomorphic to M. Now it is easy to check that M, <1 G
and that means that {G}" = {M_}" and so {M,}’ > {P,}", which
completes the proof.

Remarks. The problem of finding all of the reflexive graph varieties
which cover {P,}" remains unresolved. We have said above that the
technique launched by Lemma 8§ lies at the heart of Theorems A, B and C.
How far can this technique be exploited to settle this problem? We shall
present an example below whose point is this: either further scrutiny of
the example itself will indicate how to exploit the technique of Lemma 8
or the example marks a limitation on the usefulness of this technique. In
either case some fresh insights are needed.
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The remainder of this article is concerned to prove this fact: there is a
reflexive graph G for which there is an edge-preserving map of V(G) onto
V(C,) yet none of the reflexive graphs A4,, P;, C4, Cs, J,, L, (n = 3), Dg
and M, is a retract of G.

The graph G has as its vertices the integers Z. Two integers x, y are
adjacent in G just if one of these conditions holds:

x—y=04) or |x—yl=1 or x=y+ 3+ 4k

for some positive integer k. This graph is illustrated schematically in
Figure 16. This graph is fairly symmetric; note that the map ¢, of V(G)
onto V(G) defined by ¢,(x) = x + k is actually an isomorphism. Also
notice that there is an edge-preserving map of V(G) onto V(C,); namely,
f(x) = a, for each

x€A ={i+4lseZ} i=0123.

We aim now to establish the important properties of this graph
by examining its minimal holes. Let (H, ) be a minimal finite hole of
G. Let us suppose though that |[H| = 4 and that H N A4; # 0 for each
i=0,1,2,3.

Letv, € H N A;. On account of the minimality of the set H there

Figure 16
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are vertices

U € N Dg(v,8(v)) and u, € ver oy Dot 8)).
A1 Va
Vo @ / \ ..
A olA
2 % >“a 0

Figure 18

Then uy € A,, u, € A, and:
de(vy, ug) = dg(vs, ug) = dg(vy, uy) = dg(v3, uy) = 1.

By applying the isomorphism we can suppose that u, = 0. Then
vy € E={1,-7, —11, —15,...} and
vweF={-1171115...} = —E.

Now, uy # —2 since d;(uy, x) = 2 for each x € E, and also u, # 2 since
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d:(uy, x) = 2 for each x € F. Applying the isomorphism ¢,;, again, we
can conclude that u, € 4,.

It follows that if |H| = 4 one of the blocks A4; does not meet H at all.
Suppose that H N Ay = @. Then H N A, # O for otherwise, for large
enough |x| the vertex x < 0 satisfies d;(x, v) = 1 for all v € H. Similarly,
H 0 Ay # 6.

Suppose that H N A, # @. Then according to the minimality of H,
|H N A = 1,say HN A; = {v}. It now follows that

H N Al =1=|HnN A,
too, say,

In summary, if (H, 8) is a minimal hole of G such that |H| = 4, then the
vertices of H are situated in three “consecutive” blocks in such a way that
if the “middle” block is nonempty then |H| < 3, each block containing a
vertex.

It is now technically straightforward to verify that none of the graphs
Ay, Py, Cs, J,, L, (n = 3), Dg and M, is a retract of G.
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