ON CONTINUOUS REGULAR RINGS
Y. Utumi
(received January 4, 1961)
1. A subset K of a lattice is said to be directed if for any
a, beK there is c¢K with ¢ > a, b. A complete lattice L is

called upper continuous if U (;ar\b) =(Ua,)b for every directed
subset (aa) and every element b.

The following is a slight improvement of [4; Anmerkung
1.11, p.11].

THEOREM 1. Let L be a complete complemented mod-
ular lattice. Then L is upper continuous if and only if it sat-
isfies the following

CONDITION (A). lLet T be a subset of L. If there is a
nonzero element b of L such that ( Ugerp2) b =0 for every
finite subset F of T, then there exists an element c satisfying
1#c>a for every aeT.

Proof. First, assume that L is upper continuous, and
let T be a subset of L. Set ap= U, ep2 for every finite sub-
set F of T. Then evidently the set of all ap is directed, and
so by assumption we have (U gag)nb = Up(agp~b) for any
beL. Hence, if we assume moreover that b # 0 and aFf'\b =0
for every F, then (UFaF)f\b =0, and so 1 # Upap=UgaeT 2
as desired. Next, to prove the if part of the theorem we assume
that L satisfies (A), and let T be a directed subset of 1.. Then
for any finite subset F of T there is aF eT such that aF_>_ a
for every ae¢F. Since evidently (U,T 2)nx>U, cr(anx) for
any x¢L, there is ¢ with the properties that
(Ugeq @) x=(U, p (@nx))uc and (U (@mx)) e =0. Now,
denote a complement of U, ¢Ta by d. Then, (U, ¢plavd))nc
<(aFud)nc =(aFud)n(U,, ral~e =((( Ua(Ta)nd)uaF)nc
=aFAc<aFAxnc< (U, eT(2nx)~c =0, and so
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(UaeF(aud))f\c =0. If ¢4 0, then by (A) we have ’
UeTlawd) #1, that is, (UgeT 2)wd # 1 which is a contradiction.
Therefore, ¢ =0 and (U, . a)~x =Y, p(anx), completing the
proof.

A ring with unit is called regular if for any element x
there is y with xyx =x. It is well known that the set of all
principal left (right) ideals of a regular ring S forms a comp-
lemented modular lattice L(S) {(R(S)). We shall say that a
regular ring S is left (right) continuous if L(S) (R(S)) is upper
continuous.

The purpose of this note is to present some conditions for
a regular ring to be left (right) continuous. The result may be
regarded as a supplement to that in our earlier [7].

2. A module M is said to be an essential extension of &
of a submodule N if NAN'# 0 for every nonzero submodule
N' of M. Notation: NC' M.

An injective module is a module which is a direct summand
of every extension module.

Let M be an injective module and N a submodule. Then
it is well known that some maximal essential extensions of N
are submodules of M, and each of them is injective and hence is
a direct summand of M. Thus, every injective module M sat-
isfies the following

CONDITION (B). For every submodule N of 2 module M
there is a direct summand N' of M such that N C' N'.

THEOREM 2. A regular ring S is left continuous if and
only if the left S-module S satisfies (B).

Proof. Suppose that the module S fulfils (B), and let
(Se,) be a subset of L(S). Then ZSe, C'Se for some e. We
shall show that Se =USe,. To this end we let Sf D Se, for
every a and set Se = (Se m Sf) @ Sg. Then, (ZSe,) n Sg
C(Se nSf) ~Sg =0, and so Sg=5g "N Se=0, since = Se,C'Se. Hence
Se = Se ~ Sf C Sf, which implies that Se = USe,, as desired.
Therefore L(S) is complete. Next, in order to see that 1{S)
satisfies (A) we let (USe;) ~Sh =0 for every finite subset (Se;)
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of (Se,) and for some h # 0. Then (ZSe,) " Sh =0, and there-
fore (USe,) nSh =0 since ZSe, C'Se = USe,. Thus, USe, ¢S
and L(S) satisfies (A). This implies by theorem 1 that L(S) is
upper continuovs, as desired. The only if part of the theorem
also may be proved easily. See [7; lemma 2].

A ring S with unit is called left (right) self injective if the
left (right) S-module S is injective.

Now we consider the following

CONDITICN (C). Let S be a ring. For any left ideals
Ly and L, with Ly m L, =0 there is an element x of S such
that the right multiplication of x gives the projection
Ly + Lp = Ly.

It is easy to see that every left self injective ring satisfies
this condition.

THEOREM 3. A regular ring S is left continuous if and
only if it satisfies (C).

Proof. If S is left continuous, and if 1.4 and L, are left
ideals of S such that L, m L; =0, then by theorem 2 there are
principal left ideals Se;, i =1, 2, with L; C' Sej. Since evid-
ently Sey M Sep; =0 we may assume with no loss in generality
that e4 and ep are orthogonal idempotents. It is then evident
that the projection Ly ® L, - Ly is given by the right multi-
plication of e4, as desired. Next, to prove the if part of the
theorem let L, be a left ideal, and denote by L, a maximal
left ideal disjoint to L4. Then by (C) there is an element x
such that L,(4 - x) =0, and Lpx=0. If Ly "nL3=0 and
L3(1 - x) =0, the sum of L4, L and L3 is direct, and hence
L3 =0 by the maximality of L. Therefore the left annihilator
ideal of 4 --x which is a direct summand of S, is an essential
extension of Ly. Thus the left S-module S satisfies (B), and
so S is left continuous by theorem 2, completing the proof.

From theorem 2 or theorem 3 we re-obtain immediately

THEOREM 4. Every semi-simple left self injective ring
is left continuous. (See [7; theorem 1].)
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In fact, any semi-simple left self injective ring is regular.
(See, for instance, [6; lemma 8].)

We have proved in [7; lemma 8] the only if part of the
following

THEOREM 5. A regular ring S is left continuous if and
only if there is an extension ring T such that (i) T is semi-
simple left self injective and (ii) every idempotent of T is
contained in S.

Proof. If S has such an extension ring T, L(T) is upper
continuous by theorem 4. Since it is easily verified that
L(S) =~ L{T), I{S) is also upper continuous, and hence S is left
continuous, as desired.

3. R.E. Johnson [1] considered the following

CONDITION (D). Let S be a ring. If LC'S for a left
ideal L, then r(L)=0.!

Now we consider in connection with this the following

CONDITION (E). Iet S be a ring. If S is not an essen-
tial extension of a left ideal L, the r(L) # 0.

'THEOREM 6. Let S be a regular ring. Then S satis-
fies (E) if and only if L(S) satisfies (A).

Proof. We assume that S satisfies (E). Let (Se,) be a
subset of I{S), and suppose that there is 0 # h ¢ S with
(USe;) ~Sh =0 for every finite subset (Sej) of (Se,). Set
L=ZSe,. Then L Sh=0, and so r(L) # 0 by (E). Let
r{L) 5 e =e% # 0. We have then S # S(1 - e) DL, and therefore
1(S) satisfies (A). Conversely, if I(S) satisfies (A), and if S
is not an essential extension of a left ideal L, then L ~nSh =0
for some h # 0, and so (Ule) A Sh =0 for every finite subset
(x;) of L. Hence by (A) there is an idempotent f such that
S#Z Sf DL. Thus r(L) D (4 - f)S# 0, which shows that S satis-
fies (E), completing the proof.

1By r(*) we denote the right annihilator ideal of * in the ring S.
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As an immediate consequence of theorems 1 and 6 we
obtain

THEOREM 7. Let S be a regular ring. Then S is left
continuous if and only if S satisfies (E) and L(S) is complete.

R. E. Johnson [1] defined the maximal left quotient ring
for every ring satisfying (D).

A ring is called a semi-simple I-ring if every nonzero
one-sided ideal contains a non-zero idempotent. It is known
that every semi-simple I-ring fulfils (D). (See [5; (4.10)].)

THEOREM 8. Let S be a semi-simple I-ring and S the
maximal left quotient ring of S. Then S satisfies (E) if and

only if every nonzero right ideal of S has a nonzero intersection
with S.

Proof. Assume that S satisfies (E), and let 0 # x € S.
Then the left annihilator ideal L of x in S is a principal left
ideal of S. Since x# 0, L#S and L~AS# S. Hence S is not
an essential extension of L NS, and so r(L ~S) # 0 by (E),
whence r(L A S) >f=f%# 0 for some f. Then LASC 5(1 - f),
and L C S(1 - f). Therefore xS DfS and 04 f € xS S, proving
the only if part of the theorem. In order to see the if part, we
assume that a regular ring S satisfies the condition of the
theorem. Let L be a left ideal of S, and suppose that S is not
an essential extension of L. Then there is e € S such that
L C'Se ~S. Clearly Se NnS#S, and so e # 1. By assumption
(1 - e)SAS#0. Hence (4 - €)S S contains a nonzero idem-
potent f. We have Se C S(4 - f), and hence L C g(i - f), whence
0# fe r(L), completing the proof.

4. Levitzki [2] introduced the concept of weakly reducible
rings. imposing an additional postulate upon that of I-rings.

THEOREM 9. A semi-simple I-ring is weakly reducible
if and only if every nonzero two-sided ideal contains a nonzero
two-sided ideal of bounded index.

Proof. Let S be a semi-simple weakly reducible ring and
A a nonzero two-sided ideal. Then A contains a matrix ideal M
by [2; definition 3.1]. From [3; theorem 4] or [5; theorem 6] it
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follows that M is of bounded index. Conversely, let B be a
nonzero two-sided ideal of a semi-simple I-ring S, and suppose
that B contains a nonzero two-sided ideal C of bounded index.
By [2; theorem 3. 3] C is semi-simple weakly reducible. Hence
there is a matrix ideal N of C. Since N has a unit, N is a
two-sided ideal of S, as desired.

We proved in [5; theorem 5] that the maximal left quotient
ring of a semi-simple weakly reducible ring S is a right quotient

ring of S. Hence by theorem 8 we obtain

THEOREM 10. Every semi-simple weakly reducible ring
satisfies (E).

The following is an irnmediate consequence of theorems 7
and 10.

THEOREM 11. A regular weakly reducible ring S is
(both left and right) continuous if and only if L(S) (or R(S)) is
complete.
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