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NECESSARY AND SUFFICIENT CONDITIONS FOR
MEAN CONVERGENCE OF LAGRANGE
INTERPOLATION FOR ERDOS WEIGHTS II

S. B. DAMELIN AND D. S. LUBINSKY

ABSTRACT. We complete our investigations of mean convergence of Lagrange in-
terpolation at the zeros of orthogonal polynomials p,(#?2, x) for Erdés weights W2 =
e~%2, The archetypal example is Wi = exp(—0k o), Where

Ok (%) = expy(|x]*),

a>1,k>1,and exp, = exp(exp(exp(- . -)) is the k-th iterated exponential. Fol-

lowing is our main result: Let 1 < p < 4 and o € R. Let L,[f] denote the Lagrange
interpolation polynomial to f at the zeros of p,(#?2,x) = p,(e~22, x). Then for

Jim [|(f — La[/DW |, ) = O
to hold for every continuous function f: R — R satisfying

lim 1+ )" =,

it is necessary and sufficient that « > 1/p. This is, essentially, an extension of the
Erdds-Turan theorem on L, convergence. In an earlier paper, we analyzed convergence
for all p > 1, showing the necessity and sufficiency of using the weighting factor 1 +
Q for all p > 4. Our proofs of convergence are based on converse quadrature sum
estimates, that are established using methods of H. Konig.

1. Introduction and results. In this paper, we continue our investigation from [2]
of mean convergence of Lagrange interpolation at zeros of orthogonal polynomials for
Erdés weights. Recall that Erdés weights have the form W2 = 72, where Q: R — R is
even and of faster than polynomial growth at infinity. The archetypal example is

(1.1) Wi a(x) := exp(—Qkal)),
where
1.2) Oial®) = expe(x|®), k>1,a>0.

Here exp, = exp(exp(exp(- . ))) denotes the k-th iterated exponential.
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Given a weight W:R — R such as those above, we can define orthonormal polyno-
mials
Pu®) = pa(W2,2) = 1" + -+, Yy = Va(W?) >0,

satisfying
[ oW X )W) dx = .
We denote the zeros of p, by
—00 < Xpn < Xn—ip < Xpzp < -0+ <x2p < Xxpp < 00.

The Lagrange interpolation polynomial to a function /: R — R at {x,,, ', is denoted

by L,[f]. Thus if &,, denotes the class of polynomials of degree < m, and Kj,, €P1,1<

j < n, are the fundamental polynomials of Lagrange interpolation at {x],, ', satisfying
Ein(Xkn) = Oji

then
(1.3) La[f1x) = Zf (xjn) £jn(x).

In [2], we investigated mean convergence of L,[-] for the following class of Erdés
weights:

DEFINITION 1.1. Let W := ¢~ 2, where Q: R — R is even, continuous, Q" exists in
(0,00), 0¥ > 01in (0,00),j = 0, 1, 2, and the function

(1.4) T(x):= 1+xQ"(x)/ Q' (x)
is increasing in (0, 00), with
(1.5) xli'Ig)T(x):oo; T(0+) := Ln(r)1+T(x)> 1.

Moreover, we assume that for some C;, C,, C3 > 0,

(1.6) <t/ (ZY)<a sza

and for every e > 0,

1.7) T(x) = 0(Q(x)), x— oo.

Then we write W € ‘E,.
The principal example of W = ¢ € € E is W o = exp(—0k.q) given by (1.2) with
a > 1. Another (more slowly decaying) example of W = e~€ € ‘E; is given by

oK) = exp[(log(A +x2))ﬂ], B > 1, 4 large enough.

The behaviour of T(x), etc., for these weights is discussed in greater detail in [2], [7].

The first results for mean convergence of Lagrange interpolation for a class of Erdés
weights appeared in [9], and the first “sharp” results appeared in [2]. Following is the
main result of [2]:
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THEOREM 1.2. Let W := e 2 € ‘E;. Let L,[] denote the Lagrange interpolation
polynomial to f at the zeros of p,(W?,-). Let 1 < p < o0, A € R, k > 0. Then for

(1.8) Tim [(f = L DI +0) 1,0 = 0,
to hold for every continuous function f:R — R satisfying

(1.9) Illim [/W1(x)log [x))™" = 0,

it is necessary and sufficient that

(1.10) A>max{o,§(%—}))].

It was also shown in [2] that even if f vanishes outside a fixed finite interval, we need
a factor like (1 + Q)™ with A large enoughin (1.8), if p > 4. We remarked there that for
p < 4, the weighting factor 1 + Q is unnecessarily strong. After all, O grows faster than
any polynomial. Let us recall the Erdés-Turan theorem, as extended by Shohat (see [3,
Ch. 2, p. 97]). If f: R — R is Riemann integrable in each finite interval, and there exists
an even entire function G with all non-negative Maclaurin series coefficients such that

Jim £/ G = 0,

and
/00 GX)W*(x)dx < oo,
—00
then
(1.11) Jlim [|(f = L[ D ||, = 0.

For the nice weights in Z;, a result of Clunie and Kévari [1, Thm. 4, p. 19] allows us to
choose G with

Gex) ~ W2 @A +|x])™", x€R,k>0.

Here and in the sequel, the notation involving ~ means that the ratio of the two sides is
bounded above and below by positive constants independent of x. (Later on, the depen-
dence will be on »n and possibly other parameters). Thus we can ensure that (1.11) holds
provided

Jim (WG + Ix])!/2#/2 = 0.
| X|—00
Thus Theorem 1.2 does not extend the classical result for p = 2.

Following is our main result, which does essentially constitute an extension of the
Erd6s-Turan result.
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THEOREM 1.3. Let W :=e 2 € E,. Let 1 < p < 4, and a € R. Let L,[f] denote the
Lagrange interpolation polynomial to f at the zeros of p,(W?,-). Then the following are
equivalent.

(a) For every continuous f-R — R with

(1.12) |x1|i_r)noo e+ [x)* =0,

we have

(1.13) Jim [|(f = Lo [ DW ][z, ) = O-
(B) a>1/p.

The basis of the proof of this result is a converse quadrature sum estimate that we
believe is of independent interest: this is recorded in Theorem 3.1. We next show that
we cannot insert any positive power of 1 + |x| inside the L, norm in (1.13) at least when

a>1/p:

THEOREM 1.4. Let W :=e 2 € Ey. Let1 < p <4 and A € R. Then the following
are equivalent:

(a) For every o > 1/p and every continuous function f: R — R satisfying (1.12), we
have
(1.14) Tim [|(f — LI D@ + 3 ||z,@ = 0.

)
(1.15) A<O.

We note that with more work, we can replace continuity of f in the above two
theorems by Riemann integrability, and we can replace (1 + |x|)*, « > 1/p, by
(1+|x)!/7 (log(2 + |x|)) l/’m, some ¢ > 0, (and so on).

In [2], it was shown that even for f vanishing outside [—2, 2], and p > 4, we needed
(1+Q)2in(1.8), withA > (4 — %). Following is an analogous result for p = 4:

THEOREM 1.5. Let W := e~ € ‘E,. Suppose that a measurable function U:R — R
satisfies

(1.16) lim Uep3/ (log 0(x))'/* = oo.
X—00
Then there exists a continuous function f: R — R vanishing outside [—2, 2] such that

(1.17) limsup || Ly [f1WU| L ) = o0
n—oo
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If, for example, Q(x) grows faster than exp(x**¢), some ¢ > 0, then Theorem 1.4
shows that we cannot choose U = 1 and hope for convergence. So there is no analogue
of Theorem 1.3 for p = 4. However, it seems that a negative power of log Q, rather than
the 1 + Q required for p > 4, will allow some analogue of Theorem 1.2 for p = 4.

While the methods of this paper use many techniques and tools of H. Kénig [4], [5],
we use also estimates and results from [7], [8]. However the reader need only have a
copy of [2] available for reading this paper.

This paper is organized as follows: In Section 2, we gather technical estimates from
other papers. In Section 3, we prove a converse quadrature sum inequality using the same
methods as H. K6nig used in [4], [S]. In Section 4, we prove the sufficiency conditions
of Theorem 1.3 and 1.4, and in Section 5, we prove the necessity conditions of Theo-
rems 1.3, 1.4, and also prove Theorem 1.5. At a first reading, it is best to skip the technical
Section 2, and concentrate on Section 3. Then read Sections 4 and 5, and finally return
to Section 2.

We close this section by introducing more notation. Given Q as above, the Mhaskar-
Rahmanov-Saff number a, is the positive root of the equation

(1.18) u= %/Ol atQ(a)dt/V1—£, u>0.

For the example Q = Q o 0f (1.2), a, ~ (log, u)' /a (see [2], [7]). To the unfamiliar, one
of the uses of a,, is in the identity [10]

(1' 19) ”PW”LOO(R) = ”PW“Loo["‘aman]’ P € 1’”'

(Recall that P, denotes the polynomials of degree < n).
In the sequel, C, Cy, C;,... denote constants independent of n, x and P € ‘B,. The
same symbol does not necessarily denote the same constant in different occurrences.
The n-th Christoffel function for a weight W? is

n—1
1200 M@=ME9= inf [* PHYOd/P6) = 1] L ).

The Christoffel numbers are
1.21) Nin = (P2, x5), 1<j<n.
The fundamental polynomials £;, of (1.3) admit the representation

(1.22) lin(x) = f\fnl;fl“l’"—'(xf")f —()2 7 (xjnp)n(ixi Xn).

We define the Hilbert transform of g € L;(R) by

80

—tf|>e x — t

b

(1.23) Hg)(x) := lim /|

(this exists a.e. [12]).
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Finally, we define some auxiliary quantities:
(1.24) 6 = (nT(an) " n > 1.
This quantity is useful in describing the behaviour of p,(e ™22, -) near x;,,. For example,
(1.25) i/ a(@) — 1] < 26,

Here L is independent of n. We often use the fact that §, is much smaller than any power
of 1/T(ay), see Section 2. We also use the function (with the same L as in (1.25) above)

1
(1.26) Y,(x) = max{ 1- M + Loy, }, x| <a,,
an T(an), /1 — H + L5,
and set
(1.27) o) := WPn(@a,), |x| > an

This function is used in describing spacing of zeros of p,, behaviour of Christoffel func-
tions, and so on. Finally, we set

(1.28) Xon := X1n(1 + Lén);  Xn+1n 1= Xnn(1 + Lbp);
and
(1.29) Ln := jmsXjz10); inl == Xjm1p— X, 1 <j <n.

Also, in proving our quadrature estimates, we use

(Ll b -1/
1.30 () == , H LI
a0 = minf - o
Define the characteristic function of ;,,
1, x€ly
(1.31) Xin(*) = x1,(x) 1= {O, N ¢Ijn .

2. Technical estimates. In this section, we gather technical estimates from various
sources. We begin by recalling some results from [7], [8], in the form recorded in [2].
Throughout, we assume that W := ¢~ ¢ € E;.

LEMMA 2.1. (a) Uniformly forn > 1 and |x| < ap,

@.1) An(W2, %) ~ ‘—’niWZ(x)w,,(x).
(b) Forn>1,
2.2) [X1n/an — 1| < CB,.
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Uniformly forn >2and0<j<n-—1, °
an
(2 3) xjn - xj+1,,, ~ I‘I’n(xj,,).

(c) Forn>1,

1/4

@.4) sup lp,,W](x)’l kKR e
x€R [

and

@.5) sup [pn W1(x) ~ a; /% (nT(an))"'".
x€R

(d) Let0 < p <00, K > 0. There exists C > 0, ng such that for n > ny and P € P,

(2.6) PW|L,®) < CIIPW L, {—ay(1-Ksy).an(1—K5,)-

Moreover, given r > 1, there exists C > 0 such that

_ —1/2
2.7 \|1PW|| Lk|2am < € CnT(ay) IPW|L, (a1
(e) Forn>1,
Yn—1
2.9 " ~oa,.

n

() Uniformly forn >2and0<j<n-—1,

.9) 1 — |xjn| /@n + Lbp ~ 1 — |Xj1,0| / G + L,
and
(2.10) Wn(xin) ~ Fn(Xj1,0)-

Here, L is chosen so large that (1.25) is true.
(g) Uniformly forn >2and1 <j <n,

3/2

@iy a1 = [l /g L)' PP W1 C5n) ~ 0/ s W1 C5)
~(1- Ixjnl/an +L($n)l/4.

PROOF. This is Lemma 2.1 in [2], except for (2.3), (2.9) and (2.10) for j = 0, which
follow from the definition of xo, and ¥,,. n
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LEMMA 2.2. (a) Let 0 < p < oo. Then forn > 2,

1, 1 p <4,
? o J (logn)s, p=4

(nT(@n))™ Poop>a

(b) Uniformly forn>1,1<j<n x€R,

2.12) oW1, @) ~ ah

Wiy
=

@13) ]~ "Zz (Ea)5n)(1 — bl /an + L67)' 1 % :
(¢) Uniformlyforn>1,1<;j<nmx€eR
(2.14) | 4| W)W (xjn) < C.
(d) Forn>2,1<j<n—1x€ [Xjn,Xj+1],
(2.15) LnOWERW ™ (xin) + Lt dWEW ™ (x41,0) > 1.
PROOF. This is Lemma 2.2 in [2]. [

LEMMA 2.3. (a) Givenr > 0, there exists xo such that for x > xp andj = 0, 1, 2,
OY(x)/x" is increasing in [x, 00).
(b) Uniformly foru > Candj =0, 1, 2,

(2.16) &,0(a,) ~ uT(a,y ™"/,
(c) Let0 < o < . Then uniformly foru > C,j=0,1, 2,
2.17) T(aw) ~ T(@p);  OP(aeu) ~ 0(as).
(d) Given fixedr > 1,

logr
2.18 >1+ , 0, 00).
( ) aru/au =z T(@) u € (0,00)
Moreover,
2.19) Qpy ~ ay, u € (1,00).
(e) Uniformly fort € (C, 00),
a 1
2.20 AN .
( ) a tT(ar)
(9 Uniformly for u € (C,00), and v € [5,2u], we have
a u 1
2.21 —“—1|~|——1| .
( ) a, v T(a,)
PROOF. This is Lemma 2.3 in [2]. [
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LEMMA 2.4. (a) Lete > 0. Then

(2.22) a, <Cn% T(@,)<Cn, n>1.
(b) Given A > 0, we have
(2.23) 8y < CT(a)™, n>1.

(c) Let0 < n < 1. Uniformly forn > 1, 0 < |x| < ayn, |x| = a5, we have

(2.24) ¢ < T(x)( - ‘:—l) < G log g

n

PROOF. This is Lemma 2.4 in [2]. ]
Next, we present a lemma from Konig [5]: Recall the notation

llgllL @ = ( /Q lgf? du) 1/,,,

for ;1 measurable functions g on a measure space (Q, ).

LEMMA 2.5. Let1 <p<ooandq:=p/(p—1). Let (Q, p) be a measure space, k,

r Q2 — Rand

(2.25) Tlf1w) = [k, v/ ) du(v)
Jor p measurable f: Q — R. Assume that

(2.26) sup /Q |k, v)||r(u, V)| du(v) < M.
(2.27) sup /Q |k, V)| P, v)| P dpa(us) < M.

Then Ty is a bounded operator from Ly(dp) to Ly,(dp). More precisely,
(2.28) Tl diy—rpay < M.

PROOF. 'We sketch this, as no proof'is given in [5], though such lemmas are standard.
First use the dual expression for the L, norm of Ti[f], and then Fubini’s theorem, and
then Holder’s inequality, to show that

300 < Wl sup| ], e ]| o],

where the sup is taken over all g with ||g]|; ) = 1. Let us call the sup.J. So we must
show that J is bounded by M. Using Holder’s inequality on the inner integral in J gives

| ks Vgt dut)|

< [ w2 du]"” [ Il ilgaa du
<M [ [, )i, )17 0|7 dp).
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Substituting this into J, and using Fubini’s theorem gives

1/q
J< M'P sup[/Q lg(w)|? /(;lk(u, V)||r(u, v)|? du(v) du(u)]
g .
< Mrpe = M

The next lemma essentially already appears in 1970 papers of Muckenhoupt [11,
pp. 449-451], and later in H. Ko6nig’s paper [5], and is of course implied by results of
the weighted L, boundedness of Hilbert transforms (Muckenhoupt’s 4, condition):

LEMMA 2.6. Letl <p < 4. Then

~1/4

2.29) |gico) - =

<ol -

L,R) L,®)
with C independent of n and g € L,(R).

PROOF. The proof appears with a, = v/2n + 2 in [5], but we very briefly sketch the
proof from [5]: Consider the operator 7} of Lemma 2.5, with

k(u, v) = (‘5‘1/4 - 1) /(u —).

Using r(u,v) := |u/v|'/®D, where ¢ := p/(p — 1), Lemma 2.5 can be used to show that
Ty is bounded from L,(R) to L,(R). Comparison of T} and the bounded operator H show

that ”
Hi[g)(w) = lim i &) 3| dv

lu—v|>e v — ulu

is bounded from L,(R) to L,(R). Replacing u by a, = u, and v by a, £ v, easily gives the
result. m

Our final lemma in this section concerns bounds on the difference between 1 /(x —x;»)
and the Hilbert transform of a weighted characteristic function. Recall the notation (1.29—
31) for I, f;» and . In particular, recall that

14,

fnlx) == min{ ! —ﬁl—} “1 -

|Ijn| (x —xj,,)2

LEMMA 2.7.  Uniformly forn > 1 and 1 <j < nandx € [xun,X12),

+L5]

1 1
(2.30) Tn®) = @i/ |pu (W2, YW )| —— — = HDxGn))| < Chn).
\jn

||

PROOF. The idea already appears in [S]. Note first that

|2
X = Xjn |

(2.31) Hxjn](x) = logl

-—log'l -

Xji—1jn — X

We consider two ranges:
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CASEL  |x — xj,| > 2|[s|. Using the inequality |¢ + log(1 — 7)] < 2, |f] < 1/2, we

see that : | |
—— — T HDW)| = Ml [1- el ]
X = Xjn IIjn X IIJ"| X = Xjn % X = Xjn
|n]
- (x - xjn)2 ’

Next, the bounds (2.4), (2.5) show that uniformly in n and x,
] -1/4

2.32) ) |pW|(x) <c” 2| s,

So we obtain the result for this range of x.

CASEIL  |x — xju| < 2|[;s|. From the identity

a2 aW)X) = LMY (x5)x — Kim)an > @, W) (5),

(for both j and j — 1) and from (2.3), (2.9), (2.11), (2.14), we obtain for |x — xju| < 2|,
2<j<n,

(2.33) &/ pa W) < Cfn() min Jx — ), bt — 35-1,4]}
For j = 1, this holds with the minimum replaced by |x — x;,,|. Then for 2 <;j < n,

|

2.34) Tjn(x)<szJn(x)[1+ﬂnn{|x X, e — 21 ul}l

e

Ginl | 1%j10 — x
Since |[jz| > C3 max{|x — xjn|, |x — xj—1,,|}, we see that with

X — Xjn

BEL
Xj—1n — X

we obtain for both signs of the exponent,
Tin(®) < Cafin(@)[1 + 2u*| log u'|].

As either u or u~! lies in [0, 1] and ¢] log ¢| is bounded for ¢ € [0, 1], we have (2.30). It
remains to handle the case j = 1. Note that for x € [x,,,x1,] (it is only here that we need
this restriction) with |x — x},| < 2|/1,|, we have

|x — xon| ~ @nbn.
(See (2.2), (2.3), (1.28), (1.29)). Then instead of (2.34), we obtain

bx — x1a]
andn

- xln'
ay0n

() < Cﬁ,,(x)[l o log o

J

where o ~ 1 independently of x, j, n. As |x —x1,| < C2a0y, the boundedness of u| log u|
in any finite interval in (0, 0o0) again gives our result. n
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3. A converse quadrature sum estimate. The main result of this section is

THEOREM 3.1. Let W := e @ € Ey and 1 < p < 4. There exists C > 0 such that
forn>1andP € P,_,,

1/p
G.1 1PP||L,m < C ZAJnW_Z(xJn)IPW‘P(xJ”)} '
=1

Our proof of Theorem 3.1 follows that of H. Konig. We shall divide the proof into
several steps: In the sequel, we shall use the abbreviation
(3.2) Win = NinW &) ~ jn| = Xj—1.0 — Xin-
(See (2.1) and (2.3)).

STEP 1: EXPRESS PW AS A SUM OF TWO TERMS. Let P € P,_;. We write

P = L[PIW)x) = i}P(x,-n)(e,-n W)(x)
2

3.3) = a)*(ps W)(x)gjy,-n{x%)% - I:an[x;n](x)}
a(n (x)H[Zy,n | ) =2 110+ ).

Here

6.0 S PP

N P )

Note that in view of the behavior of the smallest and largest zeros (see (2.2)) and in view
of the infinite-finite range inequality (2.6), it suffices to estimate ||PW]|1,x,,.x,,) in terms
of the right-hand side of (3.1).

STEP 2: ESTIMATE ||J5||.  (We begin with J,, as it is easier to handle). Using our bound
(2.4) for p,, and then the weighted boundedness of the Hilbert transform in Lemma 2.6

gives
Xin(®) |, X[
W2l i) < C1{ 2 ) - =
p[XnnX1n] = |Ijn| a, L®
e [Z (Rye 1y bl dx]‘/"
lj=1 II]"‘ an .
Using the spacing (2.3), and also (2.9), one deduces that
|x] |—»/4 IxJ,,I p/4
e I [ A I
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Next, from (3.4) and (2.11), we see that

all -
(.5) bl ~ WGl [t~ 22 +5,)

Hence,

1/p
el < o[ Ul lPHP )|

=1
/p
<G [Z )\jn W_z(xjn)IPWIp(xjn)] s

by (3.2).

STEP 3: ESTIMATEJ,. By Lemma 2.7,
n
|Jl(x)| <G Z I}’jnwn(x): X € [Xpn, X1n].
j=1

Then
1/p

Wil 2, txamtin) < Ca [é /Ib. [,é [V I/‘},,(x)]p dx}

Using the spacing (2.3), (2.9) and the definition (1.30) of f;,, we see that

ﬁn(x) ~ _Iljnl—_” +5n]_1/4a x € Ikm

(Xn — J‘fin)z

uniformly in n andj # k. We deduce that

(3.6) i lzytmnn) < Cs(S1 +S2),
where

—-1/41? 1/p
B7  Si= {lefml 2 il [l +5"] ] } ’

J#k
and by (1.30),

- |5 p|7 |1-p _|x_;m_| + /4 1p
Sy {kgz enl Va7 1 & [+a] "}
Exactly as in the last part of Step 2, we see that (3.5) gives

1/p

S2 < C6 [E )\jn Wz(xjn)lpmp(xj")]

To deal with S}, we use Lemma 2.5 with a discrete measure space. Using (3.5) and (3.2),
we see that

S < C7{ZLZ blg{p’]/pIPW‘(xjn)}] }'/”
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where
bkk =0= blka

and forj # k,

B _ X; 1/4 X
= VG2 a7 0 — 5021 '—a’—' 6, [|1- Fin

an

+6,,]~1/4.

Note the order: by; rather than bj;. Defining B := (by;); j=1> We see that if £; denotes the
usual (little) £, space on R”, then

n 1/p
< Gllllg 5[5 ujanWV’(xjn)] .
2

So the result follows if we can show that independently of n,
(3.8) Bl gg—ex < Co.

STEP 4: WE PROVE (3.8). This is far more complicated than the analogous proof
for the Hermite weight [5] because of the more complicated behavior of the spacing of
the zeros of the orthogonal polynomials. We apply Lemma 2.5 with the discrete measure
space Q := {1,2,...,n},and p({j}) = 1,j = 1, 2,...,n. Moreover, we set there

N ) (] V@D
k(k,j) == by; g = (Ujknl)
Note that because of the way we order the variables (by; rather than by), the variable u
in (2.26)+2.27) is k, and the variable v in (2.26)+2.27) is j. So (2.26-7) become

|X‘n|
(3~9) Sup i |1]n|2 2(|1 - _l,,_ +5n)1/4 SM;
k j=1 Xjn — Xin) |1 ""°'||+6,,
J#k o
Ix” 1/4
A (Il |t )
3.10 su <M.
( ) ka;l (x,,,—xk,,)z |1 J"—"”ll+5 -

Recall that given fixed 8 € (0, 1), we have uniformly in £ and n,

a Xen|\1/2
(3.11) |IZn nn(l - |‘:1£n—|) > |x€n[ < agn;
n
a _ x 1/2
(3.12) [ enl ~ —=T(@) 1(‘ Iaenl +5 ) o |xeal > agns

(See (2.3) and (1.26)). To take account of this dual behavior of |/;,|, we consider three
ranges of xj,, X4, It is not difficult to see that we may consider only xj,, x4, > 0.

RANGEL: 0 < xjp, X4 < @3, /4- Using (3.11), we see that if we restrict summation in
the sum in (3.9) to j: |xju| < a3, /4> then the resulting sum is bounded by a constant times

1/4 L34

any Xin\~ - _"

I = —-(1 - ——) / 0<1<ay, /s (l‘%?—dt.
" n [t=4n| > C 10| Xin
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‘We make the substitution

1—;1:(1—’;—’:')14

in this integral, and use (3.11) again to give

1/ X\ ~1/2 Ju/*
Iy < ;(1 - a_) / 0<u<(1—xen /an)™* (1 —up du.
" N—u|>Cpyn" (1 / 2y ™11

< Clzé(l —x—k")_l/z[n(l _J_C_,a,_)l/2+1]

an Qan

1
< Cn[l + ;T(an)l/zl < Cu,

by (2.21) and (2.22). Next, if we restrict summation in (3.10) to k: |xg,| < a3, /4> and we
use (3.11), we see that the resulting sum is bounded above by a constant times

an (1 %n\¥4 -z
112 = ;(l - —) 0<t<a4;s ~7r 2 dt

2
a t— Xxj,
" |t=Xjn|>C15|Lin| ( jn)

The same substitution as before with j replacing & shows that /;; has a similar upper
bound to that for /};, and hence is bounded independently of j, n.

RANGE IL: Xjn, Xkn 2> a,/. Using (3.12), we see that after restricting summation in
the sum in (3.9) to j: |xja| > @, ,, the resulting sum is bounded by a constant times

L TR e -
Finays Gin = %@ T Funans P — X2
o ik

dt
< 1/2/ —_— < .
< Cr7ldi = 2Crsllil |1 — xgn P12 — Cis

Similarly, after restricting summation in the sum in (3.10) to &: |x¢x| > a,,, the resulting
sum is bounded by a constant times

). 3/2 I, 1/2
J

k:|x,‘,,‘2a,,/4 (x]n - xk")z
k#j

After swapping the indices j and k, we see that this is the same as the sum just estimated.
RANGE III: X < @,/ AND Xpy 2> @3,/45 OR Xjn 2> @3,/4 AND X < @, j5. Here
[Xjn — Xkn| = @374 — @nj2 = Cioan/ T(an).
(See (2.21)). Also, given fixed small € > 0, we see that

[Ien| < Caon™2/3*, uniformly in £ and n
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(See (3.11), (3.12), (2.22) and (1.24)). Finally,

(=

an

-1/4
S C21n1/6+6.

+5,,]

Then we see after suitably restricting the range of summation in (3.9), we obtain a sum
bounded above by

Cooan™ 2202 T(a,) 3 |jn| < Cosn™ '/ T(an)? ;" = o(1).
J
Similarly the sum arising from (3.10) is o(1). So we have completed the proof of (3.8). =

4. Proof of the sufficiency conditions. We begin with the

4.1 Proof of the sufficiency part of Theorem 1.3. Letf: R — R be continuous and satisfy
(1.12) with o > 1 /p. We must show (1.13). Let e € (0, 1). We can choose a polynomial
P such that

I(F = YW + )| oomy < €
(Compare [6]). Then for » large enough
N = Lol DL, < I(F — PYW ||, ) + IILalP — ST, w)
< el + XD N,@ + Ll — STV, m)

The first norm in the right-hand side of (4.1) is of course finite as ap > 1. Next, Theo-
rem 3.1 shows that for large enough n,

@.1)

n l/P
ILalP =W < C {; NIl =P )|

n 1p
< Cae{ 3~ 1nl(1 + b5 |
j=1
< Cael|(1 + &)™, wy-

Substituting into (4.1), and noting that the various constants are independent of ¢, gives
the result. u

4.2 Proof of the sufficiency part of Theorem 1.4. As (1 +|x|)* < 1if A < 0, the limit
(1.14) follows from (1.13). [

S. Proof of the necessary conditions. We begin with

LEMMA 5.1. Let0 < p < 00. Let0 < A < B < ooand &:R — (0,00) be a
continuous function such that for 1 <s, t < oo with % < s; < 2, we have

6.1 A < ¢&(as)/éa) < B.
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Forn > 1, let T, C [—ay,a,) be an interval containing at least two zeros of p,(W?,").
Then forn > 1,

(5.2) o€l o) > c,a;’“”g(z)(ll - Li‘ +6,)71/4

LT
Here C) depends only on A, B (and not on & or n or ‘T,).

PROOF. From (2.15), for x € [Xj+1,n,Xjul,

max{£;,( )W ) W(X), Ljs1,n )W~ (e ) W(x)} >

N | —

and hence for such x,

1
lp- W) 2 5 min{lx — il b W105in), [x — 1,01 127 1051,)}

X —1/4 .
1— |—a’"—| +6,,} min{|x — Xju|, |x — X1}

n

n -
2 G5, l(xjn){
an
by (2.11), (2.10) and (2.9). Let
1 1
.7jn = [xjﬂ,n + Z(xjn _xj+l,n),xjn - Z(xjn _xj+l,n)]’
so that J;, has length %(xj,, — Xj+1,,)- By (2.3),

. —1/4
anWl(x) > C3a;l/2{|1 - l;xf_l +5n} / , X € Jin.

Then using also (2.9),

[ roeod> car™ 1= 2 va ) ™ | eoa

Y+l

The result follows if we can show that

/] emdt>Cs [ @

Xj+1,n

(The L, norm of §(t)(|l - Jai[l + 5,,)_1/ ¢ over that part of Z;, near the endpoints of this
interval is easily estimated in terms of the rest). To do this it suffices to show that

§@) ~ E(xjn), 1 € [Xj+1.0, Xn]-

Now in view of (5.1), it suffices to show that if xj+; , = a;andx;j, = a;, wheres > 59 > 0,
then

(5.3) 1<

~ |

<2.
But if # > 2s, then (2.18) and (2.17) give

xjn/xj+l,n -1> aZs/as -1> C6/T(as) > C7/T((l,,),
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while our spacing (2.3) gives

an a, ~2/3
Xjn [Xjs10— 1 < CS'n—"Pn(xjn)/xjH,n < C97‘Pn(an) < ClOan(nT(an)) 7,

But (2.23) shows that T(a,)~! is much larger than any negative power of n, for n large,
and we have a contradiction. So (5.3) and the result follow. n
We can now proceed with the

5.1 Proof of the necessity parts of Theorems 1.3 and 1.4. Fix o, A€ Rand1 < p < 4.
Assume moreover that we have the convergence (1.14) for every continuous f satisfying
(1.12). Let n: R — (0, 00) be a positive even continuous function, decreasing in (0, 00)
with limit 0 at co. We shall assume it decays very slowly later on. Let

X:= {f: R — R continuous with ||f||x := szg )1+ |x)*nx) ' < oo}.

Moreover, let Y be the space of all measurable functions f: R — R with

/1l = NOWHL + x|z, @ < oo

Each f € X satisfies (1.12), so the conclusion of Theorem 1.4 ensures that
lim ||f — L.[f}ly = 0.
n—oo

Since X is a Banach space, the uniform boundedness principle gives

(5.4) If = LalA1lly < Clifllxs

with C independent of n and /.. In particular as L,[f] = f(0) (recall that p; (x) = 7;x), we
deduce that for f € X with f(0) = 0,

Ay < ClIfllx-

So for such f,

(5.5 LUy < 2CNA -

Choose g, continuous in R, with g, = 0 in [0, 00) U (—o0, —%a,,], with
lgally = sup e W11 + 0™ = 1,
x€

and for x;, € (—3a,,0),

@ W)xjm)(1 + |xin) 1)~ sign(p)(xin)) = 1.
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For example, (g,W)(x)(1 + |x|)*n(x)~! can be chosen to be piecewise linear. Then for
X e [19 %an},

i N
sl =| % s

_ (1 + |xn]) " n(xjn)
Ipn(x)l xjne(g%:amo) lp:lWl(xjn)(x + |xj"|)

1+ |x;,)
> Ca) @) 3 |1,."|(_|J"_|)_
Xin€(—2x,—) x+ |x|

> Cya?|pa()|n(an) / ol gy (by (2.3))
> Cyap*|pa)|m(an .

(by (2.11))

Then by (5.5),

2C = 2C”gn”X > "Ln[gn]”Y
> Caar*n(an)||(pn WY\, 11,4, /41
> Csn(@n) N1 1.0, /415

by Lemma 5.1. We may assume that i decays so slowly to O that
n(a,) > (logloga,)™".

(Note that we could have imposed this condition on 7 at the start, but delayed this for
clarity). Suppose now that A — & > —1/p. Then we obtain

2C > Cy(logloga,)~" loga,.

Then for large n, we obtain a contradiction. So we deduce A — a < —1/p is necessary.
Consequently if for a given A € R, we have the convergence (1.14) for every continuous
f satisfying (1.12) and for every a > 1/p then we must have A < 0. The necessity part
of Theorem 1.4 is proved.

Finally, for the necessity part of Theorem 1.3, we take A = 0 in the above and deduce
thata > 1/p. .

5.2 Proof of Theorem 1.5. This is similar to the previous proof. We let X be the Banach
space of continuous functions f: R — R vanishing outside [—2, 2], with norm

Alx := W) Loof—220-

We let Y be the space of all measurable f: R — R with

A lly = WU Ly < 00.
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Assume that we cannot find f satisfying (1.17). Then the uniform boundedness principle
gives (5.4) forall f € X. Again, when f(0) = 0, we obtain (5.5). We now choose g, € X,
with [|ga[lx = 1,

oy 1
@) sign(pion) = 1, xn € [~1,3);

g» = 0in (—o00,—2]U [0, 00) and
(€ W) oxm) sign(phxim)) >0, x5 € [-2,2].

Much as before, we deduce that forx > 1,

ILalgal )| > Cra/*pa(x)] /.
Also by hypothesis, given 4 > 0, there exists C, such that
Ux) > A *[log Q)1 /*4, x> Ca.
Hence by (5.5),

2C = 2C||gnllx > ||Lnlgnllly
(5.6) > Ciday*||pa)W (e 4 [log Q)] * | Laicran]
1 _
> CsAai[logn]7 ||pa Wl Lata, 2,00

by (2.16) and (2.22). Now by Lemma 5.1,

~1/2 t —1/4
“pn W“L4[0n/2ﬂn] Z C4an / “(1 - ;; +5n)

Lala,/2.an]

1/4
= Cia, (1 +s)‘l ds] /

Uossu—a"/z/an)/én
> Csa,'*[log{1 + e, ' T(a) ™' 1'*
> C6a;1/4(log n)1/4.
Here we made the substitution 1 — aL,, = 6,5, and also used (2.21) and (2.22). Finally,
using (5.6), we obtain
2C > C14.

It is clear that C; is independent of 4. Of course, this is impossible for large enough 4.
So there must exist continuous f vanishing outside [—2, 2] satisfying (1.17). n
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