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Let S be a nonempty subset of a normed linear space E. A point s, of S is
called a farthest point if for some x € E,

[lx—soll = sup {[|x—s|l:s€S}.

The set of all farthest points of S will be denoted far (S). If S is compact, the con-
tinuity of distance from a point x of E implies that far (S) is nonempty.

A point s; of S 1s said to be an exposed point if there is some continuous
linear functional g with

g(sy) > g(s), foreachse S ~ {s;}.

The set of all exposed points is denoted exp (S); and if S is compact, exp (S) is
nonempty (c.f. Klee {4]).

In general, exp (S) need not be identical with far (S), even for compact S.
In this connection, Bernau [2] endeavored to show that every normed linear space
of dimension greater than one contains a compact convex S for which exp (S) fails
to be a subset of far (S).

The first part of this note is concerned with the relationship between exp (S)
and far (S) for compact convex subsets. In the second part, we briefly discuss the
same problem when the compactness condition is relaxed.

The notations B(x, r) and B(x, r) are used to denote, respectively, the subsets
{y :lly—xll <r}and {y:|ly—x|| < r}. All spaces are assumed to be real spaces.

1. Exposed points and farthest points of compact convex subsets

If S'is a nonempty compact convex subset of a strictly convex normed linear
space, then clearly exp (S) = far (). In this section we will be interested in the
possibility of obtaining the reverse inclusion (for spaces which are not necessarily
strictly convex).

For an arbitrary nonempty set, 7, the linear space my(I) consists of all those
bounded real-valued functions x for which {i € I : |x(i)| > 0} is at most countable.
It is readily seen, and well known, that with the usual sup norm, m,([) is a Banach

space.
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1. PROPOSITION. Let I be an uncountable set, and let K be a compact subset of
mo(I). Then all points of K are equidistant from some point z of my(I).

PROOF. Let P : mo(I) — 2' be the (set valued) mapping defined by
P(x) = {iel:|x(i)] > 0}.

Note that if K = mg(I) is bounded and if there is some point iy € I ~ P[K], then
Kis equidistant from the point z, where z is defined by

21) =0, i# i
z(iy) = sup {||x|| : x e K}.

Consequently, since I is uncountable, it suffices to show that for compact K, P[K]
is countable. Clearly, P[K] would be countable if for any positive integer n there is
a countable subset M, < I such that
(1) xe K and Ix(i)lglzieM,,.
n

For each positive integer n, the compactness of K guarantees the existence of a
finite subset 4, = K such that K = A4,+ B(0, 1/n). Now take M, to be the subset
P[A,], which is clearly countable. To show that (1) holds, take ie P[K] ~ M,.
Since K = A,+ B(0, 1/n), and since y(i) = O for any y € 4,, it follows that for
each x in K we must have |x(i)| < 1/n. That is,

i¢g M, = |x(i)| < ! for each x e K,
n

which completes the proof of the proposition.

With uncountable 7, a consequence of the preceeding proposition is that
every compact subset K of mq(1) has the property that each point of K is a farthest
point, and so exp (K) < far (K). Thus, the theorem of [2], claiming that every
normed linear space of dimension greater than one contains a compact convex set
with an exposed point which is not a farthest point, is not valid. The reason for the
failure of that theorem is that in the absence of some sort of uniformity of the
norm, one cannot restrict attention to two dimensional subspaces. In the presence
of such conditions, we have the following two propositions.

2. PROPOSITION. Let E be a uniformly convex normed linear space of dimension
2= 2. Then E contains a two dimensional compact convex set K such that exp (K)

~ far (K) # ¢.

ProOF. We show, in fact, that if Fis any two dimensional subspace of E, then
F contains a compact convex. K with exp (K) ~ far (K) # ¢. Let x and y in F be
chosen so that ||x|| = ||y]] = 1 and '

inf{|ly—2x|} : Le R} = 1.
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For each positive integer n define the points z, and z, of F by

1 1 , 1 1
zn=5_2y+_x n = _zy_ﬁx’
n n n n

where ¢ is the modulus of convexity of the space (i.e., § is the function defined for
all0 < ¢ = 2by
o(e) = inf {1—4{|x+yll : llx—yll = & x, ¥ € B(0, 1)}).

Let K be the closed convex hull of {z,, z,, - - -} U {2}, z5, - - -}. It is clear that
K is two dimensional, and compact. The construction of the points z, and z, shows
that 0 € exp (K).

Suppose that the closed ball B(w, ||w||) contains the set K (i.e., suppose
0 e far (K)). Since, if 0 is farthest from w, it is also farthest from tw for ¢ > I,
we may assume that ||w|| > 1. Choose any n > ||w||. Since we have assumed that
K < B(w, |Iwl|), then [|iwl]~"(z,—w), [Iwll"*(z,—w)] = B(D, 1). This implies

5( Z,—W  Z,—W ) < 1—1 Z,—W  Z,—W
[Iwll Hwl] 210 Niwll [Iwll
1
T - e P
20wl \n (1wl [Iwll  \n n
and so
1 , Zy—W  Zg—W 1
— |z, =zl = - =
[Iwll [Iwl] [Iwll n

This contradicts the fact that 1/||wl| ||z,~z,|| = 1/|iw|| - 2/n > 1/n?, which proves
that 0 € exp (K) ~ far (K). In the proof of the above proposition we obtained a
compact convex set K having at least one exposed point which is not a farthest
point. It is now natural to ask whether one can construct such sets K with far (K)
N exp (K) = ¢. In strictly convex spaces this is, of course, impossible. The next
proposition describes a class of spaces in which sets K as above do indeed exist.

3. PROPOSITION. Let £ be a strictly convex normed linear space, and let G be the
space E x R with the norm ||(x, r)|| = max (||x||, |r]). Then G contains a two dimen-
sional compact convex subset K for which exp (K) n far (K) = ¢.

ProoF. We will identify E and R in the usual way with the subspaces {{x, 0) :
xeE} and {(0,r) :r e R} of G. Let F be a two dimensional subspace containing
R. If z is any point of G and if @ > 0, it can be verified that B(z, a) n F is either
empty, or a straight line segment parallel to R, or a rectangle whose edges are
parallel to R and to Fn E. Now let B, = B(0,1)n F, and B, = {(x,r)e F:
[|Ix}]2+|r]> < 1}, and let K be the compact convex set By + B, . It is easy to see that
far (K) consists of the straight line segments in the relative boundary of K in F,
and, since K is smooth in F, that none of these straight line segments contains an
exposed point. That is, exp (K) n far (K) = ¢.
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Without demanding that the compact convex set K be of two dimensions,
there is another class of spaces in which exp (K) may fail to be a subset of far (K).

4. PROPOSITION. Let E be a separable normed linear space of dimension = 2.
Then E contains a compact convex subset K with exp (K) ~ far (K) # ¢.

Proor. First, suppose that E is reflexive. Then there is some point y in
B(0, 1) which is exposed by a continuous linear functional g (c.f. [5]). Due to the
choice of g and y note that g~'[0] n B(y, 1) = {0}.

Let S = {xeg '[0]:|Ix]l = 1}, and let {x,:n = 1,2,---} be a dense sub-
set of S. Then for each pair of integers (m, n) with m = n = 1 the straight line
segment [m~2x,, m~2x,+y] intersects the closed convex set B(y, 1), since
(m~*x,+y)e B(y, 1). Since m~?x, ¢ B(y, 1), there is a unique smallest positive
number t, , such that (m~*x,+t, ,»)€ B(y, 1). Using the numbers ¢, ,, for
each pair of integers (m,n) with m = n = 1 we define z, , to be the point
m~(x,+1, ,») and z, , to be the point m™'(—x,+1, .»)

The vectors z,,, , and z,, , can be arranged to form a sequence converging to 0.
Let K be the closed convex hull of this sequence. It follows that K is compact, and
that g~1[0] » K = {0}, i.e. 0 € exp (K).

If E is non-reflexive, let g be a continuous linear functional which fails to
attain its norm on the closed unit ball of E, and choose any point y in E ~ g~ *[0].
Then define S'and {x,:n = 1,2, -} = S as in the reflexive case. For each pair
of integers (m, n) with m = n = 1, define ¢, , to be m~'. Then construct the
points z,,, , and z,, , and the convex set K in exactly the same way as before. Again,
K is compact and g~ [0] n K = {0}.

In both the reflexive and non-reflexive cases, the point 0 is a smooth point of
K. To see this, let f be any functional which is linearly independent of g, and choose
some x, € {x, :n = 1,2, - -} for which f(x,) # 0. Suppose that f supports X at 0.
We may assume that f[K] = (— oo, 0]. Then, for all m = s, we would have

f(zms) £0 and f(z,,) 0.

Thus f(x,+ 1, ,¥) < 0 and f(—x,+1,,,») =< 0, and since 7, , — 0 as m > oo it
follows that f(x,) = 0, establishing the contradiction.

If B(w, |Iwl|) contains K (i.e. if 0 is a point of K farthest from w) the smooth-
ness of K at 0 implies that g supports B(w, ||w]]) at 0. Consequently, g would sup-
port the closed unit ball at w/|jw||.

In the non-reflexive case this contradicts the definition of g, and so, for the
non-reflexive case, 0 ¢ far (K). In the reflexive case, the choice of g and y would
imply that the point w is in the one dimensional subspace L spanned by y, and so
to show that 0 ¢ far (K) it will be sufficient to show that no point of L admits Oasa
farthest point in K. Clearly, by the construction of K, we need only prove this for
points w = my where m = 2, 3, - - -, For such a point w we have:

1

-1 - -2 -1
m ”Zm,n—w“ = ”m z ,n_y” = ”m xn+tm,nm y_y”'

https://doi.org/10.1017/51446788700009769 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700009769

[51 On exposed and farthest points 305

Since ¢, ,m ' < t, ., the definition of the numbers ¢, , implies, then, that
m~ Y|z n—wll > 1. Thus, ||z, ,,—w|| > m = ||w||, which shows that 0 is not a
point of K farthest from w, and completes the proof of the proposition.

REMARK. In general, the compact convex set K in the above proof cannot be
finite dimensional. For if &, is the subspace of the separable space ¢, which consists
of all finite sequences, then each compact convex finite dimensional subset of ¢,
is equidistant from some point.

In connection with the problem of finding spaces for which exp (X) = far (K)
for all compact convex subsets K, we mention that, in a certain sense, this inclusion
‘almost’ holds for any smooth normed linear space: In [3] the notion of a o-
boundedly exposed point was introduced. This is a point s of a subset S such that
there is a sequence of open balls B, with the following properties:

(1) Bn fem Bn+l (l’l = 1, 2, t ')
(i) the diameter of S ~ B, tends to zero as n increases
(iii) sebdry (T B,).
The set of all o-boundedly exposed points is denoted 6b(S). A g-boundedly ex-
posed point may be thought of as an exposed point which is ‘asymptotically’ a

farthest point, and it is in this sense that the inclusion exp (K) < far (K) almost
holds. That is:

5. PROPOSITION. If K is a compact convex subset of a smooth normed linear
space, then exp (K) = 6b(K). Consequently exp (K) < far (K).

Proor. Note first that each exposed point of K is strongly exposed, i.e. if
x € exp (K), then there is some continuous linear functional f such that {x,} = K
and f(x,) — f(x) implies x, — x. The remainder of the proof is similar to the
second part of the proof of theorem 2.1 of Klee [4] and therefore omitted.

2. Exposed points and farthest point of closed and bounded convex sets

Although proposition 1 shows that my(Z), for uncountable 7, is a space in
which exp (K) < far (K) for all compact convex K, we note that my(I) is not
strictly convex (nor even isomorphic to a strictly convex space), and so there are
subsets K for which far (K) fails to be contained in exp (K). In particular, the re-
sults of section 1 do not answer the following questions:

Is there a normed linear space in which the notion of exposed point and farthest
point coincide for

(1) all finite dimensional compact convex subsets?

(2) all compact convex subsets?

(3) all weakly compact convex subsets?
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Question (2) is really the central question raised by Bernau [2]. The following
proposition shows that the two notions never coincide for arbitrary closed and
bounded subsets of a normed linear space, and so shows that in a reflexive space,
question (3) has a negative answer.

6. PROPOSITION. Let E be a normed linear space. Then E contains a closed and
bounded convex subset C for which exp (C) ~ far (C) # ¢.

Proor. If E is reflexive (non-reflexive) let g be a continuous linear functional
which supports the closed unit ball of E at an exposed point y, [5] (let g be a con-
tinuous linear functional which fails to support the closed unit ball, and choose
y¢ g '[0]).

Let D be the closed unit ball of g~ ![0], and define the subsets 4, < E ~
g '[0]} by 4, = n"}(D+1,y), where in the reflexive case #, is chosen so that
t,>0 and n"2D+1t,y is not contained in B(y, 1); and in the non-reflexive case,
t, =n"L

Setting C = co (U A,) we see that~C is closed and bounded, and, in a manner
similar to the proof of proposition 4, 0 € exp (C) ~ far (C).

The following, though of independent interest, also serves to show that the
above proposition may be fulfilled because far (C) is void, even in an inner product
space.

7. PROPOSITION. There exists a closed and bounded convex set C in I, with the
property that every point in a dense subspace, 1,, has no farthest point in C.

PRrOOF. Let {e,:n = 1,2, -} be the usual orthonormal basis for /,. The

subspace I, will consist of all members y € /,, for which {n : {3, e,> # 0} is finite.

Let A4, be the set of all ordered n-tuples (k,, k,, - * - k,) of positive integers

with ky < k, < --- < k,, and let 4,, be the set of all sequences (ky, k,, - ) of

positive integers with k; < k, < * - -, and define 4 to be 4,, U (| ;% 4,). Define
the mapping ¢ : 4 —» [, by

v 1 1
@a) ey = 24 (1-4)

15

if n = k;, the i element of a,
(p(a), ey =0  otherwise.

Clearly, ¢ is well defined and the set S = @[A4]is bounded. We claim that S is
weakly compact. Since S is bounded and /, is reflexive it suffices to show that S'is
weakly closed. Let yel, ~ S. Then as can be readily seen there must be some
smallest positive integer m for which Y 7., <{e;, y)e; ¢ S. Foreachi = 1,2, -, m,
let S; consist of those members of S whose i™ coordinate differs from {y, e;).
It is easy to check that S = {J7., S;. Now define the numbers

é; = inf {Iy;—(s, eyl :se S
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Note that for a given integer i, there are at most i+ 1 members of the set {{s, e;> :
s € S}, for the integer i can occupy only one of the first i places in each member a
of A. By the definition of the sets .S;, we then see that J; is the minimum of a
finite subset of positive numbers, and so é; > 0. Since (', ;> is a continuous
linear functional on /,, the subset W, defined by {xe/, : Kx,e>—y)| < §;} isa
weakly open neighborhood of y. Then W = (\=, W, is a weakly open neighbor-
hood of y which is disjoint from S. This completes the proof that S is weakly
compact.

Now let C = ¢o(S) and suppose that x el, admits a farthest point in C,
say y. Since I, is strictly convex, it follows that y is an extreme point of C, and since
S and co(S) are weakly compact subsets of /,, it follows that y is a point of S.
Since there must be an integer N such that {x, e,> = 0 for all n > N, and since
v = ¢(a) for some a € 4, it follows that y is not a point of S farthest from x:
If a = (ky,k,, , k,), take @ to be the (m+1)-tuple (ky,k,, -, Ky, kppsy)
where k., = max (k,,+1, N). If a is a sequence, i.e., a = (ky, k,, " - ) find the
largest integer k,, such that k,, < N, and define @ to be the sequence (k, k,, ' - -,
ks b+ 1, kpyiy+1, k5 +1, - - ). Since

1 1\2
x—all? = x——_~(1—~)
lIx—all® = 3 | x, 51 ;

where k; = n, it is easy to see that, ||x—a|| > ||x—a}|, which proves that x does
not admit a farthest point in C.

B

ReMARK. In the (incomplete) inner product space I, the closed convex set
C A1, fails to have farthest points. Indeed, assuming x € I, and y € C n I, with
y farthest frem x, then there must be z e C with ||z—x|| > y—x]|, and this in-
equality would hold for all points in a small enough neighborhood of z. Since
C N1, is dense in C, it follows that there must be a ze C n I, with ||Z—x|| >
[y —x][.

Note that this must fail for any complete inner product space, for any closed
and bounded subset of a reflexive, locally uniformly convex space E must have
farthest points; in fact, there is a set of the second category in E each point of
which admits a farthest point in a given closed and bounded subset (se¢ Asplund
[1]). The preceeding proposition shows that in general we cannot expect more than
a subset of the second category.

We also mention that C n 1, has exposed points, for if ae U,‘f:l A,, with
a = (ky,k,, *, k,) then the functional { , e, ) strongly exposes ¢(a) in S,
hence in C n 1.

The question arises as to whether or not there is some Banach space E which
contains a closed and bounded convex subset C with far (C) = ¢. If ¢, is renormed
to be strictly convex, and C is the original closed unit ball of ¢4, then, in the new
norm C fails to have farthest points. However, the set C fails also to have extreme
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points, and sc it is still open as to whether or not there is a Banach space E with a
closed and bounded convex subset C for which exp (C) ~ far (C) # ¢ by virtue
of the fact that far (C) = ¢.
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