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ON INTEGRAL INEQUALITIES RELATED
TO HARDY’S

BY
D. T. SHUM

1. Introduction. The purpose of this note is to provide integral inequalities
which are related to Hardy’s ([2] and [3, Theorem 330]). This latter result we state
as

THEOREM 1. Let p>1, r#1, and f(x) be nonnegative and Lebesgue integrable on
[0, a] or [a, 0] for every a>0, according as r>1 or r<1. If F(x) is defined by

[roa ¢,

@ F(x) =<" .
[[roa ¢<v,
then )
@) fo xR dx < (Ir—fl—l)” f: X=1(xf)? dx

unless f=0. The constant is the best possible.
Our main result is stated in Theorem 2, the proof of which will be carried out
by modifying a method given in a recent paper by Benson [1].

THEOREM 2. Let p>1, r+#1, and f(x) be nonnegative and Lebesgue integrable on
[0, b] or on [a, 0] according as r>1 or r< 1, where a>0, b>0. If F(x) is defined by
(1), then if [5 x~"(xf)? dx <o in (3a) and [¢ x~"(xf)? dx <o in (3b),

i P 2\ [
(3a) f XxX~TF? dx+r 1 b1 "F?(b) < (;——1) f x~"(xf)*dx forr > 1,
0 - - 0

(3b) f x-erdx+1—’j—ra1-fFv(a>s(l—’§;)” f”x-f(xfwx forr < 1,

with equality in (3a) or (3b) only for f=0, where the constant [p/(r—1)]? or [p/(1 =)
is the best possible when the left side of (3a) or (3b) is unchanged respectively.

2. Preliminary lemmas. The elementary algebraic inequality from which we can
obtain (3a) and (3b) is as follows:

o » (c)plw—l)( >0 f " 0and £ % c\l@-D

t) = tP—ct+|— -1 > orallt > 0and ¢ (—)

@ ¢ A P
c\Vo-D

=0 for t = (-—) s
P
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where c is any positive number, and p > 1. This can be verified by using elementary
calculus.

LemMa 1. Let u(x) be absolutely continuous on [a, b] with u'(x)>0 a.e. Also,
suppose that Q(x) is positive and continuous on (a, b), and G (u, x) is continuously
differentiable for x in [a, b] and u in the range of the function u(x), with G,(u, x)>0.
Then, if the integral exists,

o c\Ple-1
(5) f {Qu’P_I_ (;) (P— I)Gﬁl(p—l)Q-ll(p-—l)_*_ch} dx
a
> c{Gu), H)-Gw@, 3

where c is any positive number, p>1 and G,=(0/ou)G(u, x), G,.=(0/9x)G (u, X).
Equality holds if and only if the differential equation

v -GG

is satisfied almost everywhere.

Proof. By taking ¢=u'(G,/Q)"1'*~1 in (4), and then multiplying by

O(G,/Q)*'* -1 we have

c\PlP-1

Ou'” + (_) (p— I)Gﬁl(p—l)Q—ll(p—l) > /G,

P

that is,
o\Ple-1 d
Qu'*+ (;) (p—=DGP-DQ-1E-D LG, > ¢ o G(u, x),

proving (5) by integrating both sides of the above inequality from a to b.
Equality holds in (5) if, and only if,

_ ul(ﬁ‘)—ll(p—l) _ (5)1/(1’—1)
0 D

almost everywhere. This is equivalent to (6).

LEMMA 2. Let f(x) be nonnegative and Lebesgue integrable on [0, b] or on [a, 0]
according as r> 1 or r< 1, and let F(x) be defined by (1). Then if [ § x*~"f?(x) dx <00,
where p>1 and b>0,

lim x*~"F°(x) =0 ifr > 1.
x-0t
Similarly if {2 x?~"f?(x) dx <0, where p>1 and a>0, then

lim x*~"F?(x)=0 ifr<l.

X~ 0
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Proof. By using Holder’s inequality we have, in case r>1,

Fo) = [ S0 de = [ eo-rnpapee-or a

x 1/p x (p-1)/p
< (f t”'ffp(t) dt) (f t(f—p)/(p-l) dt) R
0 0

Hence, by using the fact that (r—p)/(p—1)> —1 we obtain as x — 0*
xt —er(x) < 0(1)(x(1 =nNip-1) Jw tr-Pip-1) dt)p -1
0

= o(1)(x1~PIP-DxT=DIP-Dyp-1 — (1),

proving the part of the lemma with r>1. The second part of the lemma can be
proved by using precisely the same argument as above.

LemMA 3. Let f and F be as noted in Theorem 1, and suppose that p>1. If r>1
and [ £ x~"F? dx <o, thenlim,_, o X' ""F?(x)=0, while if r<1 and [§ x~"F? dx <0,
then lim,_ o+ x1~"F?(x)=0.

Proof. Assume the first part of the lemma is false. Therefore there exists a
sequence {b,}(b, — o) such that b; ~"F?(b,) > & for some 8 >0, where we may assume
2<2b,<b, .. Then,

© © 2b 0 2b.
f TP dx = > | xFP () de > S F"(b{)f Cxrdx
1 i=1Jby i=1 by

21—r__

LS brFo) = oo,
1-r &

which is a contradiction.
The proof of the second part of the lemma is similar,

3. Proof of Theorem 2. We first prove (3a). Let
X up
u(x) = F(x) = f fod,  0e) = Gl = 22
0
Then, from (5) with a>0, we obtain

b c\?ie-1
f {xp—rfp_l_ (;) (P_.l)pp/(p—l)pr—r_c(r_I)pr—r} dx

> o(F(b)b~"— FP(@)a ),
or

) [} ety + o2 o0= 1) =t~ DbF}

> C(Fp(b)bl -r_ Fp(a)al - r)

(
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for all ¢>0. Now on letting @ — 0, and using the first part of Lemma 2, we obtain
b

®) f {x="xf )P+ [P P~ p—1)—c(r—1)]x~"F?} dx > cF?(b)b*~"
0

for all ¢>0. After setting A,(c)=c?*~V(p—1)—c(r—1), by elementary calculus
we find that A,(c) attains its minimum at co=[(r—1)/p]?~* and that A,(co)=
—[(r—1)/p]P. Putting c=c, in (7) and (8) respectively we obtain
b
[ ey -10-Dippr-rry ax
® a

2 [(r=D/pPF?(b)b* ~" = F*(a)a* '],
(10) f: &SP - = D/pPx~"Fy dx = [(r—1D/pPP = F7(b)b* .

Equality holds in (9) if and only if f(x) satisfies the differential equation determined
by (6) with c=c,, that is,

w(x) = F'(x) = (%)”(p"”(%)llm-n

c 1/(p-1)
= (_9_) (pF(x)p—lxl—-rxr-—p)ll(p-l)
p

r— 1) _
= [Z=2)F 1
( > (x)x

and hence

XF'(x) = (f—;—l)F(x).
That is,

zd} {x@-"IPF(x)} =0 forx > 0,

from which we have

f(x) = Kxlr-vir-1

for some constant K, which is impossible unless K=0, since it would make
I8 x~"(xf)? dx divergent. Hence f=0 if equality holds in (9). Now for 0<a<B<b
set

r—1\?

8 _ -1
16 ) = [ ey - (53w Ean—(2) T @@ - Fre .
[
Then from (9) we see that I(«, B)>0 for 0<a<B<b; but then this implies that
I(e, B) does not decrease as the interval (e, 8) expands, since

I(«, B) = f: {x~"(xf)?— (f;—l) TR — (?)p—l d%’c F?(x)x'~"} dx

is a nonnegative, additive interval function. Now for any f(x)#0, I(«, B)>0 for
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0<e<B<b by what we have just proved, and hence I(0, b) > I(c, B) >0 for any
J(x)#0. This implies that equality holds in (10) if, and only if, f(x)=0. By multi-
plying both sides of (10) by [p/(r—1)]P >0 we get (3a).

To complete the proof we only need to show that the constant is the best possible
as stated in Theorem 2. Suppose now that K(p, r, b) is the best possible constant
before the integral of x~"(xf)? for fixed p, r, and b when p(r—1)"*F?(b)b* " is
unchanged on the left side of (3a). Now let f(x)=x—1+r=1irl+¢ (> 0); then

F(x) = ao-omee ()

and hence from (3a) we have

b b _ - _ -
K(p, r, b)f x—1ltep dx_f x—1+sp(rp 1+s) pdx > (rpl)bsp(rpl-l_a) ?
0 —_

0

or

&: - 8 1T l -F D & r 1 )-p.
K([), r, b)b p(‘:‘P) b p(ep) 1( p +8) > (r— l)b p( p e
That is,

K-> (59

By letting ¢ — 0* we have

s ()= ()

for any fixed p, r, and b, thus completing the proof.
In order to prove (3b), let u(x)=—F(x)=—[7 f(t)dt, O(x)=x""", and
G(u, x)=—(—u)"x*~". Then from (5) with a>0, we have

Jb {x? P+ (p— )P~ VFPx~"—c(1—r)FPx~"} dx = cF*(a)a’~"—cF?(b)b'~"
or
™) fb X7 )P+[(p—De?l®=V— (1 —r)]FPx "y dx = cFP(a)a*~"—cF?(b)b* "

for all ¢>0. After setting hy(c)=c?'®~Y(p—1)—c(1—r), one finds that hy(c)
attains its minimum at ¢’=[(1—r)/p]?~* and hy(c’)= —[(1—r)/p]*. Putting c=c’
in (7) we have

fa ’ {x"(xf)”(l;r) "Frxry dx > (L;l)p-l{F”(a)al"—F"(b)bl"}

or, multiplying by [p/(1-r)]">0,
P p b b .
(11) (m) f x"(xf)P dx = f x~TF? dx+p(1 —r)~{F?(a)a* =" — F?(b)b* "}

a a
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for all 0 < a< b <o0. Equality holds in (11) if and only if f(x) satisfies the differential
equation determined by (6) with c=c’, that is, u'= — F' =(c’[p)*®~(G,/Q)!/®~ V.
After precisely the same argument as in the proof of (3a), one finds that for a
given a>0, equality holds in (11) if and only if f(x)=0. Now taking the limit of
both sides of (11) as b — oo, on using the second part of Lemma 2 we obtain (3b)
without the equality clause. However the condition for equality follows by the
same argument used before, so that equality holds in (3b) if and only if f(x)=0.

The proof of the best possible constant in (3b) is precisely the same as in the
corresponding part of the proof of (3a) except that we now take f(x)=x~t+r-D/r1=¢
for all x>a in the course of proof.

REMARK 1. It is easily seen that if in (2), with r>1, one sets f(x)=0 for x> b,
then Hardy’s inequality gives a slightly weaker result than (3a). For the right side
of (2) reduces to the right side of (3a) while the left side of (2) becomes

b @ b
f X~TF? dx+f X"TFPdx = f x~TFP dx+L F?(b)b* .
0 b 0 r—1

Similarly, if one sets f(x)=0 for x<a in (2), with r<1, then Hardy’s inequality
reduces to

J«ao x-TF? dx'*'j__l__, al-er(a) < (L)p fx x_r(xf)p dx,

a 1—r a

and this is weaker than (3b).

REMARK 2. On the other hand, if we strengthen the hypothesis in Theorem 2 by
assuming [ & xP~7f? dx <oo in both cases r > 1 and r < 1, which is the hidden hypo-
thesis in Theorem 1, then Hardy’s inequality (2) follows as an immediate Corollary
of (3a) and (3b) without the condition f=0 for equality, by using the appropriate
part of Lemma 3 for r> 1 and r <1 respectively. The strict inequality in (2) follows
by the same argument involving /(«, B) used before. The proof that the constant
is best possible is similar to that given in Theorem 2.
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