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THE MODULAR GROUP ALGEBRAS 
OF P-GROUPS OF MAXIMAL CLASS 

C. BAGINSKI AND A. CARANTI 

Introduction. The isomorphism problem for modular group algebras of finite 
p -groups appears to be still far from a solution (see [7] for a survey of the 
existing results). It is therefore of interest to investigate the problem for special 
classes of groups. 

The groups we consider here are the /^-groups of maximal class, which were 
extensively studied by Blackburn [1]. In this paper we solve the modular iso­
morphism problem for such groups of order not larger than pp+l, having an 
abelian maximal subgroup, for odd primes p. 

What we in fact do is to generalize methods used by Passman [5] to solve 
the isomorphism problem for groups of order p4. In Passman's paper the case 
of groups of maximal class is actually the most difficult one. 

In [2] the isomorphism problem is solved for 2-groups of maximal class. 
For odd primes the situation is not as manageable, and in fact the case of 
an arbitrary p-group of maximal class, even possessing an abelian maximal 
subgroup, appears to us to be quite difficult. 

However, the results of Section 1 are fairly general, and do not apply only to 
/7-groups of maximal class. It is also worth noting that almost everywhere we 
use the information provided not by the full group algebra, but by the factor 
algebra over the square of the ideal generated by the Lie commutators. 

Notation. Our notation follows in general that of [3] and [6], except as spec­
ified below. 

We write G/ for the /-th term of the lower central series of the group G, / ^ 2. 
We denote by [a,b] = ab — ba the (Lie) commutator of two elements a, b of an 
associative algebra, and by (g}h) = g~lh~lgh the (group) commutator of two 
elements g, h of a group. 

Our group algebras FG are always taken over the field F with p elements. 
We write /(G) for the augmentation ideal of FG, and U(G) = 1 + /(G) for the 
group of normalized units of FG. 

We will use the following well-known formula 

t 

(*) [n,vf] = ^ ( n v / - * [ i i , v , . . . , v ] 
k=\ 

where v appears k times in the commutator. 
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By analogy with group theory we define, if A is an associative algebra, # ,C 
are subalgebras of A, and D is an ideal of C, the centralizer in B of C jD as the 
following subalgebra of A 

CB(C/D) = {be B\[b,c] <E D, for all c G C}. 

We refer to the original paper [1] and to III. 14 of [3] for the theory of p-
groups of maximal class. We refer to [6] for the theory of Jennings' basis, and 
the concept of weight of an element. 

1. Let G be any finite p-group. We define a series of ideals of the group 
algebra ¥G by 

J2 = FG7(G2), and 

/* =Jk-XI(G) + l(G)Jk-X 

for k > 2. 
We show that 

k 

Jk = ]£/(G)*-I7(GI-), 
i=2 

where 1(G)0 = FG, so that 

Jk=I(G}Jk-l+FGI(Gk). 

We first prove that, for all /:, 

(1) I(G)I(Gk) + I(Gk)l(G) = I(G)I(Gk) + FG/(G*+i). 

To prove that the right hand side is contained in the left hand side, we note 
that by the modular analogue of Lemma 3.4.29 of [9], the map g —• g - 1 
induces an isomorphism 

Gk „ FGI(Gk) 
Gk+lGP 7(G) 7(G,) + /(G,) 7(G) 

so that in particular I(Gk+\) is contained in the left hand side of (1). 
To prove the opposite inclusion, we first record the formula, for subgroups 

77, K of the group G, 

(2) [7(77),7(70]ÇFG7((77,70). 

Thus if a e I(Gk\b G 7(G), 

ab e l(G)I(Gk) + [/(G*),/(G)] Ç I(G)I(Gk) + FG/(G*+i), 
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and this proves (1). 
Now assume by induction 

Jk-X = I(G)k-3I(G2) + • • • + /(G)*-''-1/(Gl-) + • • • + FG/(G*_,). 

We get 

(3) Jk = I(G)k-2I(G2) + • • • + KGf^KGd + • • • + /(G)/(G*-i) 

+ I(G)k-3I(G2)I(G) + • • • + /(G)*-,"-1/(Gl-)/(G) + • • • + /(G*_i)/(G). 

Now since, using (1), 

IiO'-'liGi) + IiGf-^IiG^KG) 

= I(G)k-l-\l(G)I(Gl) + /(G,)/(G)) 

= /(G)*"1"-! (/(G)/(G,-) + FG/(GI-+1)) 

= /(G)*-7(Gl-) + /(G)*- , '-1/(G /+i), 

all the terms in the second row of (3) are superfluous, except the last one. For 
this we have, by (1), 

I(G)I(Gk-l) + /(G*_i)/(G) = 7(G)/(G*-i) + FG/(G*). 

LEMMA 1.1. Ler « i , . . . , cr„ G £/(G), w ^ 2. 7View 

[ori,..., arw] eJn,and 

( a b . . . , a n ) - 1 = [ a i , . . . , a „ ]mod / B + i . 

Proof. The first formula follows immediately by induction from the definition 
of/„. 

We prove the second one also by induction. For « = 2we have 

(aua2) ~ 1 = (X^la2l[aua2] = [aua2] + (oc^a^1 - l)[aua2] 

— [dfi, ai\ m o d / 3 . 

Assume 

( a b . . . , a „ _ i ) - 1 = [a i , . . . ,ar n_i]mod/ n , 

that is, 

( a b . . . , a w _ i ) = 1 + [au...,an-i] + /?, for some /? G /„. 
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We have 

(au...,an) - 1 = (au ... ,an-iy
la~l[(au ... ,an-i),an] 

= [au...,an-Uan] + [p,an] 

+ ((au...,an-i)~
la~l ~ 1) 

• ( [ a b . . . , a r t - i , a w ] + [/?,«„]) 

= [ a i , . . . , a„ ]mod;„ + i , 

because [/3, an] G /„+1 and [a\,..., an] G Jn. 

PROPOSITION 1.2. For every finite p-group G, the two groups 

G U(G) 
<Ï>(G2)' 1 + /(G)/(G2) 

/z<2ve r/ze same nilpotency class. Therefore, the nilpotency class of the first group 
is determined by the group algebra FG. 

Proof Let n be the class of G/<I>(G2), i.e., n is the smallest natural number 
such that Gn+\ ^ ^ ( G ^ . By the lemma, we have, for all cri,... a„ E £/(G), 

( a b . . . , a w + i ) G 1 +/„+!. 

But 

•/„+! = / ( G ) " " 1 / ^ ) + • • • + I(G)n-i+lI(Gi) + • • • + ¥GI(Gn+l) 

Ç/(G)/(G2) + FG/(G„+1), 

and 

FG/(G„+1) Ç FG/(0(G2)) Ç FG/(G2)2 Ç /(G)/(G2), 

so that 

( a b . . . , a „ + 1 ) G l + / ( G ) / ( G 2 ) , 

and thus the class of 

U(G) 

1+/(G)/ (G 2 ) 

is at most n. 
On the other hand, we will prove that the image of G in this latter group is 

isomorphic to G/<Ï>(G2). This will show that the class of this group is at least 
n, and thus exactly n, as required. 

https://doi.org/10.4153/CJM-1988-065-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1988-065-2


1426 C. BAGINSKI AND A. CARANTI 

In fact, we need only to prove that 

(4) G n i + / ( G ) / ( G 2 ) - ( D ( G 2 ) , 

and this follows from 3.1.19 of [9]. 

COROLLARY 1.3. Let G be a p-group with the property that G/4>(G2) has 
maximal class. Let H be another p-group, with 

FG _ ¥H 

FG/(G2)2 " FH I(H2)
2 ' 

Then 7//<ï>(//2) is also a p-group of maximal class. 
In particular, if G is a p-group of maximal class with G2 elementary abelian, 

so is H. 

This follows immediately from Proposition 1.2, since /(G)/(G2) 2 /(G2)2. 
Note that by III. 14.14 and III. 14.16 of [3], the condition G2 elementary abelian 
is equivalent to G2 abelian, and \G\ ^ pp+l. 

The method of proof of the next proposition is related to Lemma 10 of [5]. 
See also Proposition 2.1 below. 

PROPOSITION 1.4. Let G be a finite p-group, and assume that the subgroup 

is maximal in G. Then 

w , + ro,(02)-cM)(^^). 
In particular 

(i) the subring I(N) + FG/(G2) is determined by FG, i.e., is canonical in the 
sense of Passman ([5]), and 

(ii) the algebra 
/(AQ + FG/(G2) 

FG/(G2)2 

is commutative if and only if the section 

N 

*(G2) 

of G is commutative. 

Proof. Let 

S = / ( A 0 + FG/(G2), U = CHC^l§^). 
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To show that S ÇU, we expand 

[/(A0,FG/(G2)] Ç [/(#), FG]/(G2) + FG[/(N),/(G2)]. 

Now the first term is clearly contained in FG/(G2)2, and for the second we 
have, using (2) and the definition of N 

[/(W),/(G2)] Ç FG/((tf,G2)) Ç FG/(<D(G2)) Ç FG/(G2)2. 

We now prove the opposite inclusion, S D U. 
Let g G G — Af, and take h\,...,hk EN such that the elements 

fe-iy(Ai-i)/i...(AJk-iy*, 

0 ^ /, I'I , . . . , ik < p, form a Jennings' basis of 1(G) modulo FG 7(G2). 
Let n be the smallest natural number such that 

/ (G)"CFG/(G2) 

and let u be an element of U. Write u with respect to a Jennings' basis of /(G) 
assuming that no terms from S occur in the representation of u. By induction 
on t, we show that if u G /(G)', then u G /(G)'+1 , for all t < n. 

Now let 

(5) u - $ > W * ( S - i)<-*kM—-«M' 

X (/*! - l)1'1 ...(/lit - 1)'* mod/(G)'+1, 

where no exponent is greater than p - 1, and the exponent of g - 1 is at least 
1. Here w{hj) is the weight of hj. 

Take any element ZGG2 such that (z,g) = z\ rf <Ï)(G2), and let w(zi) — s. 
We have, by assumption, [z — l,w] G FG/(G2)2. Moreover, 

[z - i,M] - $> I v . . , / t[z - i,fe - i y - ^ 1 ) * - ! - - ^ ^ ] 

X (/i! - l)''1 . . . ( ^ - I)1* = 0 mod/(Gy+S + FGI(G2)
2 

since 

[z - 1,/(G)'+1] Ç /(G)'+* + FG/(G2)2. 

In fact, since z is in G2 and the /i/'s are in N, we have 

[z - 1,FG/(G2)] Ç FG/(G2)2, and 

[z ~ hht - 1] Ç FG/(cD(G2)) Ç FG/(G2)2, 
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and moreover, by (*) the commutator [z — 1, (g — l)k] lies in I(G)k+s~l. 
Take, by way of contradiction, to to be the largest integer smaller than p such 

that there exist i\ , ••• , /*< p with 

t0 = t - w(h\)ix - . . . - w{hk)ik 

and 0/, ,...,/* =£ 0. Using (*), we obtain 

[z - 1,II] s ]T^, . . . ,^o(s - l ) ' 0 - 1 ^ - I)'1 ...(A* - D'Hzi - 1) 

+ u{modI(G)t+s + FG/(G2)2, 

where wi is a sum of terms in which g - 1 occurs with exponent smaller than 
fo ~~ 1. This forces all fl/lr..,//s to be zero, and this contradiction shows that 
K 6 / ( G ) ' + 1 . 

Now (i) is clear, and (ii) follows from the formula 

[/(tf),/(A0]CFG/((tf,A0) 

and the argument we used at the end of the proof of Proposition 1.2. 

2. In this section, G will be a group of maximal class of order pn,4 ti n ^ 
p + 1, with an abelian maximal subgroup G\. According to Section 4 of [1], there 
are elements s € G — G\,s\ € G\ such that, defining recursively si = (5/-1,5), 
for / > 1, 

(siGi+i), 

J 

sl_x for n <p + 1, and sp
x = sj~l forn=p+ 1. 

Moreover, there are 2 + (n — 2,p — 1) isomorphism classes of these groups. If 
7 = 0, there are two classes, with 6 = 0,1 respectively. If 7 =£ 0, then we may 
take <?) = 0, and the isomorphism class of G is determined by the coset 7(F*)"~2 

of 7 with respect to the subgroup of the multiplicative group F* consisting of 
the (n — 2)-th powers. 

Now consider, as in Lemma 9 of [5], the p-th power map 

/(G) I(Gf 
/(G)2 ~ ~ * / ( G ) P + 1 ' 

u + IiGf-^if + I(Gf+l. 

By just looking at it, we can distinguish the two cases: 7 = 0 and 6 = 0; 
7 = 0 and 6 — 1. Moreover, if 7 =£ 0, and thus 5 = 0, we can determine the 
subspace 

G//G/+1 

F • ( * - ! ) + / (G) 2 of/(G)//(G)2, 

https://doi.org/10.4153/CJM-1988-065-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1988-065-2


MODULAR GROUP ALGEBRAS 1429 

the subspace F • (s\ - 1) 4- /(G)2 being determined by Proposition 1.4. 
If n < p 4- 1, the /7-th power map is linear, G being a regular/7-group with ele­

mentary abelian derived subgroup. Therefore we just need a little linear algebra 
to see that 7 = 0 if and only if the p-th power map vanishes on ¥-(s\ -1)+/(G)2. 
Moreover in this case S = 0 if and only if the map is zero. If 7 ^ 0, and thus 
we may take 6 = 0, then F • (s — 1)4- 1(G)2 is determined as the kernel of the 
/?-th power map. 

If n = p 4- 1, using standard commutator identities one sees that the p-th 
power map is 

a(s - 1) 4- P(si - 1) + 1(G)2 = sa
SP - 1 4- 1(G)2 

- • (sa
SP - If 4- 1(G)2 

= sa*>s?p(s^sa,...,sa)-l+I(G)2 

= (a6 + 0(7 ~ 1) + Pot?-1) • (sp - 1) + / (Gy+ 1 . 

If 7 = 0 and 6 = 0, then F • (si — 1) + 1(G)2 is the only 1-dimensional subspace 
of 1(G)11(G)2 on which the p-th power map does not vanish. If 7 = 0 and 
6 = 1, the /7-th power map does not vanish on any subspace. If 7 =£ 0, so that 
we take 6 = 0, the /7-th power map vanishes exactly on F • (s — 1)4- 1(G)2 and 
possibly on F • (si — 1) 4- 1(G)2, if 7 = 1. Since this second space is determined, 
so is the first. 

Notice that since sp tf 4> (G2), formula (4) of Section 1 implies that sp — 1 ^ 
FG/(G2)2, and thus the above discussion depends only on 

FG 

FG/(G2)2 ' 

The next result plays the same role here as does Lemma 10 in [5], and its 
proof combines the idea of the latter with the techniques already employed in 
Proposition 1.4 above. 

PROPOSITION 2.1. Let G be a group of maximal class of order pn,4 ^ n ^ 
p + 1, with an abelian maximal subgroup, and use for G the notation described 
at the beginning of this section. Then 

FG(sn-2 - 1) + I(Gf + FG/(G2)2 

= c /(G) 
/ (G)(F • (sn-x - 1) + /(Gy>+1 + FG I(G2)

2)' 

In particular, if the subspace 

F • (sn-x - 1) 4- I(Gf+l + FG/(G2)2 
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is determined by FG, so is 

¥G(sn-2 " 1) + HQ? + FG/(G2)2. 

Proof. Let 

S = ¥G(sn-2 - 1) + I(Gf + FG/(G2)2, 

r = F- ( j n _ 1 - l ) + /(Gf+1 , 

" = C/(G) ( r + FG/(G2)0 ' 

We show that S = U. As 

[/(G),FGfe-2 - 1)] 

Ç FG • [/(G), ^ -2 ~ 1] + [/(G), FG] • (s„-2 - 1) 

Ç F • (*„_, - 1) + /(Gf+ 1 + FG /(G2)2, 

the inclusion 5 Ç U is clear. 
Assume, by way of contradiction, that there exists an element u G U — S. 

Write u in terms of a Jennings' basis of FG modulo I(G)P + FG /(G2)2, assuming 
that no terms from S occur in the representations of u. We prove by induction 
on t that 

u G /(G)' + FG /(G2)2, for t S p. 

Therefore we will obtain u G I(GY + FG/(G2)2, as required. 
Assume that u G /(G)' + FG/(G2)2, with f <p. We show that 

uel(Gy+l + FG/(G2)Z. 

Now 

* - i 

K - aorto - D' + ^ f l i / ( j - \y~i(sl - iy 
/=0 

f -2 

+ 5^2i(*-i)'~2~/(*i - i y f e - i ) 
i=0 

f -3 

+ 53 ̂  - ir3"''(^ - iy'fe -1) + • • • 
i=0 

tf/ofa/ — 1), if t < n — 2 

+ { t-n+3 

Y, an-3ii(s - l ) ' - n + 3 - ' ( ^ - iyfe-3 - 1), if t i n - 2 
/=o 

mod/(G)'+1 . 
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Since u G U, but sn-i — 1 does not appear in u above, we have [s\ — 1, u] 
and [s - 1, K] are in I(G)t+2 + FG/(G2)2. Therefore we have, by (*), 

t-\ 

[Sx - i,M] - 5 > i < ^ - I,(J - D'-'ita - iy 
1=0 

- a i0(r(j - iy-\s2 -1) + ( 2 ) (s - \y-2(S3 -1) + . . 0 

+ û 1 1 ( ( r - i ) ( j " i r 2 ( j 2 - i ) 

+ (t~2
l)(s~ l)t~3(S3 - v + - •)<* - ! ) + ••• 

+ flM-ife - l)(^i - l) f_1 = 0mod / (G/ + 2 + FG/(G2)2, 

which holds exactly when all au are zero. 
Therefore we have 

t-2 

[s - i,M] - oortj - i,(j! - iy] + 5Zfl2/(j - ir2_,'(Ji - D'à - *) 
/=0 

t-3 

+ 53 ̂  - îr3"1 '^! - i /o - 54) + • • • 
/=0 

if r < AI — 2 
f-w+3 

] £ ^-3,/(^ - ir"+3-'"(Ji - îy'd - JW-2), 
+ < 

/=o 
if t^ n - 2 

= 0 mod I(G)t+2 + FG /(G2)2. 

Now expanding the first summand in the right hand side according to (*), we 
see that a^t = 0. Then it is an easy matter to see that all other coefficients are 
zero, which proves the induction step. 

The next theorem is our main result. The method of proof generalizes the last 
part of Section IV of [5]. 

THEOREM 2.2. Let G be a p-group of maximal class having an abelian max­
imal subgroup. Assume \G\ ^ pp+l. If H is another group, and 

FG ¥H 
FG/(G2)2 F / / / ( / / 2 ) 2 ' 

then H is isomorphic to G. 
In particular, FG = ¥H implies G = H. 
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Proof. Set \G\ = pn, and use for G the notation described at the beginning of 
this section. By the argument using the p-th power map given at the beginning 
of the section, we just need to consider the case 7 ^ 0, S = 0, and we need to 
show that 

FG 

FG/(G2)2 

determines 7(F*)"~2. 
Moreover we know that the subspaces F-(s — 1) + /(G)2 andF-Oi — 1) + /(G)2 

of FG are determined. We choose arbitrarily elements in them, 

0 ^ J C £ F - O - 1 ) + /(G)2,0 ± y G F • (s{ - 1) + /(G)2, 

so that 

x = a(s - 1) mod /(G)2, a G F* 

y = P(s{ - l)mod/(G)2 , /3GF*. 

Now by Lemma 1.1, and since Jm Ç /(G)m, we have 

[y,x,...,x] = f3an-3-(sn-2-I) mod 1(G)"-1, 

where there are n — 3JC'S in the commutator. 
Now choose arbitrarily an element 

z G (f3an~3 • (sn-2 " 1) + / ( G r - 1 ) n ( F G f e - 2 - 1) 

+ l(Gf + FG/(G2)2), 

where the second subspace is determined by Proposition 1.2, since 

F - ( J H - 1 - 1 ) + / ( G ) P + 1 

/ (Gy + 1 

is the image of the /7-th power map. Thus 

z = /to""3 • (sn-2 - 1) mod/(G)(^_2 - 1) + l(Gf + FG /(G2)2, 

and we have 

[Z,JC] = (3an~2 • fe_! - 1) ^ 0 mod/(Gf+ 1 + FG/(G2)2. 

Moreover, 

/ s 07 ' (^-i - 1) mod / ( G ) ^ 1 + FG/(G2)2 
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if n <p + 1, and 

yp ss /j(7 - l ) . (Sp - 1) mod/(Gy+ 1 + FG/(G2)2. 

Therefore 

y> = 7cT("-2)[z,jt] mod/(G)p+1 + FG/(G2)2, 

if n < p + 1, and 

/ = (7 - l)[z,jc] mod/(G)p+1 + FG/(G2)2. 

Now for AZ < /? + 1, or AZ = /? + 1 and 7 =£ 1, we have J77 nonzero modulo 
/(G)/7+1 + FG/(G2)2, and thus 7(F*)"~2 is determined, as required. The case 
n = p + I and 7 = 1 is distinguished by the fact that 

yp =0modI(G)p+l + FG/(G2)2, 

that is by the p-th power map, as already seen at the beginning of the section. 

COROLLARY 2.3. Let G be a p-group of maximal class having an abelian max­
imal subgroup. If H is another group, and 

FG _ ¥H 
FG/(G2)2 ~ F/ / / ( / / 2 ) 2 ' 

then H/<&(H2) is isomorphic to G/<$>(G2). 

This follows from Theorem 2.2, as FG/(*(G2)) Ç FG/(G2)2. 

3. As we said in the introduction, we are not able to solve the isomorphism 
problem in general for the class of groups of maximal class with an abelian 
maximal subgroup. 

However, in this section we show that any group which has a group algebra 
isomorphic to a group in the class, must itself belong to the class. 

LEMMA 3.1. Let G be a p-group of maximal class of order at most pP+l. Let 
H be another group, such that FG = ¥H. Then H is a p-group of maximal 
class. 

Proof For the terms Mt(G) of the Brauer-Jennings-Zassenhaus series of G, 
we have 

\MX(G) 
\M2(G) &{G) 

= P2, 
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M,(G) 

Mi+l(G) 
= 

GpGt 

GpGi+l 
= 

G, 
Gj+\ 

for 1 < / ^ n - 2, where \G\ = p", as Gp ^ G„_, by III. 14.14 of [3]. 
Furthermore, either Gp = 1, so that Mn(G) = GPG„ = 1, 

M„-i(G) 
Mn(G) 

and all other terms are trivial, or Gp = Gn-\, so that 

M,(G) 
1, 

|M,+ 1(G) 

for all n - 1 ̂  i: < p, and 

MP(G) 

M„+1(G) 

The order of the corresponding factors of H being the same, we see that if 
the first possibility holds, then Hp — 1, and H is immediately seen to be of 
maximal class. In the second case, 

\H"\ = \MP(G)\ = p. 

If, by way of contradiction, H„-\ = 1, we have H„-2 = 2(H), and 

\HpHn-2\ = \Hp\-
HpH„-2 

Hp = p-
M„-2(G) 
M„-,(G) 

- n2 
~ P 1 

so that Z(H) ^ HpHn-2 has order at least/?2, against the fact that/? = \Z(G)\ = 
\Z(H)\ (see for instance [9], III.6.6). 

THEOREM 3.2. Let G be a p-group of maximal class with an abelian maximal 
subgroup. Let H be another group, such that ¥G = F/ / . 

Then H is also a p-group of maximal class with an abelian maximal subgroup. 

Proof By the previous results, we may assume \G\ > pp+l. By Corollary 
2.3, H/<P(H2) is a /?-group of maximal class isomorphic to G/0(G2), of order 
pp+\ with an abelian maximal subgroup / / i / 0 ( / / 2 ) , where 

Hx =CH(H2/<t>(H2)). 

We show first that the number of G-conjugacy classes of O (Gi), where G\ is 
the abelian maximal subgroup of G, is the same as the number of//-conjugacy 
classes of 4>(//i). Now the non central G-classes of <&(G\) are exactly all 
conjugacy classes of G which are p-powers, since Gp ^ 4>(Gi). By [4], the 
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number of conjugacy classes which are /7-powers is the same for G and H. 
Moreover Hp S <& (H\): therefore <I> (H\) contains at least as many //-conjugacy 
classes as the number of G-conjugacy classes in $>(G\). Since this number is 
already as large as possible, the claim follows. In particular, all noncentral / / -
conjugacy classes of 3>(//i) have length p. 

Now let x G Hi — H2. The p-group of maximal class ///<ï> (H2) is isomorphic 
to G/$>(G2) by Corollary 2.3. Since \G\ > pp+l, III. 14.16 of [3] yields xp <E 
$( / / i ) - <&(H2). Since Z(H) is order p, it is contained in <$>(H2) ^ 1, so that 
xp tf Z{H). Therefore CH(x) = CH(xp) has index p in H (compare [8]), since 
the conjugacy class of xp E $ (H\ ) is a p-th power, as seen above. In fact 
this centralizer is H\9 the reason being that, in the p-group of maximal class 
/ / / $ ( / / 2 ) , the centralizer of x*(//2) is H{/<S>(H2). 

Thus x G Z(H\). Now the normal closure of (x) modulo <£>(H2) is H\, there­
fore the normal closure in H of (x) is H\. It follows that H\ is abelian. Now G 
has \G\/pn~2 + p2 — 1 conjugacy classes ([3], III. 14.23), so this number, being 
the dimension of the center of the group algebra, is the same for / / . But the 
number of conjugacy classes of H that are contained in H\ is \H\/p2 + p — 1. It 
follows that the \H\ — \H\/p elements of H — H\ are distributed among pip — 1) 
classes. It is thus easy to see that all elements of H — H\ have centralizer in H 
of order p2, and thus H is of maximal class, again by [3], III. 14.23. 
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