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Abstract

We consider interacting urns on a finite directed network, where both sampling and
reinforcement processes depend on the nodes of the network. This extends previous
research by incorporating node-dependent sampling and reinforcement. We classify the
sampling and reinforcement schemes, as well as the networks on which the proportion
of balls of either colour in each urn converges almost surely to a deterministic limit.
We also investigate conditions for achieving synchronisation of the colour proportions
across the urns and analyse fluctuations under specific conditions on the reinforcement
scheme and network structure.
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sation
2010 Mathematics Subject Classification: Primary 60K35

Secondary 60F05; 90B15

1. Introduction

Interacting urn models have been studied extensively in recent times [2, 3, 6,7, 11, 12, 13].
In an interacting urn model, each urn is reinforced based on the sampling of balls from itself or
other urns in the system. Such models exhibit interesting asymptotic behaviour and have appli-
cations across various fields, such as opinion dynamics [9] and in analysing contagion over a
network [14]. In addition to convergence, the phenomenon of synchronisation (or consensus)
is also of interest, especially for exploring applications of these models in opinion dynam-
ics. Synchronisation refers to the convergence of the proportion of balls of each colour to the
same limit across all urns. A special class of interacting models was studied in [13], where the
authors examined a two-colour multi-urn process where the evolution of each urn depends on
itself (with probability p) as well as on all the other urns in the system (with probability 1 — p).
The interaction aspect of such models was extended to study urn processes (or, more generally,
stochastic processes taking values in [0,1]) on finite networks in [1]. The model studied in [12]
extends the interactions described in [13] by incorporating a non-linear sampling probability
that depends on a function of the number of balls of each colour. The author obtains conditions
on the function so that with probability 1 eventually only balls of one colour are added to the
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Interacting urns with node-dependent sampling and reinforcement 973

urns. In [7] the authors consider interacting urns where the reinforcement dynamics depend on
the average composition in the system as well as a non-linear function of the individual urn
composition and show that in some cases there can be no synchronisation even when there
is an interaction between nodes. Further, the authors in [11] propose a system of reinforced
stochastic processes, interacting through an additional collective reinforcement of mean-field
type.

In this paper, we extend the work of [1, 10] by considering urns with balls of two colours on
a finite directed network G = (V, &), such that each urn i uses a node-dependent reinforcement
matrix R;. That is, at each time step, a ball is drawn from each urn i, and the urn reinforces its
out-neighbours based on the colour of the drawn ball. If a white ball is drawn, it adds [R;]1 1
white balls and [R;]; 2 black balls to each of its out-neighbours; if a black ball is drawn, it adds
[Ri]2,1 white balls [R;]2 2 black balls to its out-neighbours. We assume that each reinforcement
matrix is balanced, i.e. the row sums of R; are constant (say m;).

We classify the urns or nodes as either Polya or non-Pdlya type based on the nature of their
reinforcement matrices. By considering node-dependent reinforcement, this paper extends the
work of [10], where the asymptotic properties of a similar interacting urn model with a fixed
reinforcement scheme are studied.

In addition to node-based reinforcement, we also consider node-based sampling, wherein
at each time step the probability of drawing a white ball from urn i is the fraction of white
balls in the urn at that time with probability ¢;, and the fraction of black balls with probability
1 — g;. In other words, each urn has a tendency (quantified by g;) to ‘lie’ about its actual
configuration. When ¢; is either O or 1, it results in either preferential (where a white ball
is drawn with probability proportional to its fraction) or de-preferential sampling (where a
white ball is drawn with probability proportional to the fraction of black balls) respectively.
This type of linear de-preferential sampling, where a more frequent colour is less likely to be
sampled, has been studied before in [4, 9] for a single urn with multiple colours, where the
authors showed that, depending on the reinforcement matrix, the colour proportions in the urn
converge almost surely to a deterministic vector, and derived central limit theorem type results.

In this paper we classify the reinforcement types and graph structures that ensure the pro-
portion of balls of each colour across all urns converges almost surely to a deterministic limit,
thus generalising the results in [10]. Our results show that a deterministic limit exists if there is
at least one node with 0 < g; < 1, or the graph and the reinforcement matrices are such that the
influence of the stubborn urn (a node with zero in-degree) or a non-Pélya type urn permeates
the entire graph. Specifically, on a strongly connected graph, the presence of a single node with
non-Pélya type reinforcement is sufficient to guarantee a deterministic limit for the proportion
of balls of either colour across all urns. When all nodes are of Pdlya type, we show that the
presence of de-preferential nodes can still yield a deterministic limit. Further, when ¢; € {0, 1}
for all i, we classify graphs based on the relative positioning of preferential and de-preferential
nodes, where a deterministic limit is feasible. We also derive general conditions for synchro-
nisation, where the proportion of balls of either colour converges to the same deterministic
limit in each urn. Finally, we state and prove central limit theorem (CLT) type results for the
fluctuation of the proportion of a colour in each urn around its limit.

In the next section we provide an overview of the interacting urn process. For a matrix
Qe R?*4 and subsets S, FC[dl:={1,2,...,d}, we use the notation Qgr to represent the
|S| x |F| submatrix obtained by selecting elements from the index set S x F. For simplicity,
we write Qg instead of Qgs. Throughout the paper, 1 denotes a row vector of appropriate
dimension with all elements equal to 1.
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2. Interacting urn process

Let G =(V, &) be a directed network, where V = [N] denotes the set of nodes and £ rep-
resents the set of directed edges. For nodes i and j in V, we use i — j to indicate a directed
edge from i to j, and i ~» j denotes a path i = ip — i; — - - - — ix—1 — iy =j from i to j, where
i1,...,Ig—1 € V. For asubset U CV, v— U means there exists at least one node u € U such
that v — u. The in-degree and out-degree of a node i are denoted by dli“:: [{jeV:j—i}
and d?utzz |{j € V: i — j}| respectively. The in-neighbourhood of node iis Ni:={j e V: j — i}.
Throughout this paper, we assume that G is weakly connected.

Following the approach in [10], the node set V is partitioned into two disjoint sets: the set of
stubborn nodes denoted by S and the set of flexible nodes denoted by F. Specifically, we have
V=SUF,where S={ieV: dlin = 0} represents the stubborn nodes and F ={ic V: dli“ > 0}
represents the flexible nodes. Without loss of generality, we assume that the nodes labelled
1, ..., |F| belong to the flexible set F. By adopting this labelling convention, the adjacency
matrix A, where [A]; j = I;—;, has the following block structure:

Ar 0
(ASF 0)'

Suppose each node i € V has an urn that contains balls of two colours, white and black.
Let (W!, B) be the configuration of the urn at node i, where W/ and B; denote the number of
white and black balls. Let 77 = W/ + B! be the total number of balls in urn i at time . Define
Z'=(Z,, ..., Z}), where Z = W!/(W! + B!), as the fraction of white balls in urn i at time
¢ > 0. Given the configuration (W/, Bf)l. <y at time 7, the configuration of each urn is updated at
time 7 + 1 using the following two steps:

(i). Sampling: A ball is selected from each urn with a probability that is a convex com-
bination of the proportion of white balls and the proportion of black balls. Let x/ be
the indicator variable for the event that a white ball is drawn from the urn at node
i at time ¢. Then, conditioned on F; = a(ZO, Zl, o2, {xf“}iev are independent
random variables such that

1 with probability ¢;Z! + (1 — g;)(1 — Z}),
=1 ! ! (1)
' 0 with probability (1 — ¢))Z! + ¢'(1 — Z1),

where ¢g; € [0, 1] for each node i, i.e. given F;, XI-H'I is a Ber((2¢q; — 1)Zf + 1 —q))
random variable. We call this process linear sampling with parameter g;. Note that,
when ¢; = %, the sampling is independent of the urn configuration. A node i is termed
preferential if q; = 1 and de-preferential if g; = 0. Let P, D denote the set of nodes with
preferential and de-preferential sampling respectively.

Let x't!l= (X]H'l, e X,{,H). Define Z:=Diag(2q; —1,...,2gy —1) and O:=
Diag (Z} — 1/2)%, ..., (Z}, — 1/2)%). Then, we have

Elx™ | FI=Z'T+1-q), )

1
Var (x| F) = —@'7% + e 3)
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After observing the vector x'T!, the balls are returned to their respective urns along
with a specified number of white and black balls, according to the reinforcement scheme
described in the next step.

(ii). Reinforcement: Letm; € Z>¢ and «;, B; € {0, 1, . .., m;} be fixed non-negative integers
for each node i € V. If a white ball is selected from the urn at node i (in the sampling
step), «; white balls and m; — «; black balls are added to each urn j such that i — j. On
the other hand, if a black ball is selected from the urn at node i, m; — 8; white balls and
Bi black balls are added to each urn at each node j such that i — j. In other words, the
urn at node i reinforces its out-neighbours according to the reinforcement matrix

o m; — o
R; = .
' <mi -Bi B )

We classify the type of reinforcement by node i as follows.
e Polya type if a; = B; = m;, which corresponds to R; = m;[;
e non-Pdlya type if 0 < o; + B; < 2m;.

The interacting urn dynamics (defined by the sampling and reinforcement steps) can be
expressed by the following recursive relations:

Wi = w4+ " o™ + o= B (1= X)),
JEN;

B =B+ [mi—ajx T + (1 xT")] forallieV. )
JEN;

Note that, although we consider m;, «;, B; € Z>¢, the results in this paper extend to all balanced
matrices with entries in R>q. Furthermore, the urns at stubborn nodes are not reinforced, and
therefore their configurations remain unchanged throughout the process.

Before we proceed to state and prove our main results, we fix some notation.
Define a; =«;/m; and b; = B;/m;. Let a=(ay,...,ay) and b= (b1, ..., by). The total
reinforcement at node i is ;=) .y mj. We also define the diagonal matrices B=
Diag (a1 +b1 —1,...,ay+by — 1), T'=Diag (T}, ..., Ty), M =Diag (my, . .., my), and
M = Diag (my, . . ., mr|, 0s), where m; =0 for every i€ S. Finally, the scaled adjacency

matrix is defined as A = MAM_l, where M ' = Diag (m;‘, e n_1|}1‘, 05).

2.1. Equivalence in node-based and node-independent sampling

Throughout this paper, we have omitted the case where «; + ; = 0 or «; + B; = 2m;, except
for a specific case covered under Theorem 1. The case where «; + 8; = 0 is when both values
are zero, which leads to the reinforcement matrix

0 ni;
m; 0/

It is worth noting that preferential sampling with this reinforcement matrix is equivalent to
de-preferential sampling with Pdlya type reinforcement. However, as discussed later, this rein-
forcement scheme may not always lead to a deterministic limit. In this paper our focus is
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FIGURE 1. The exploration process for the graph partition G(P1, P2, D1, D3), as described in Steps 8 to
11 of Algorithm 1 (Appendix A). The arrows represent the directed edges where, for instance, an arrow
from D to P| means that there exist # € Dj and v € P such that u — v in G.

to analyse the cases where Z' converges to a deterministic limit, so we do not address these
specific cases.
More generally, for any node, linear sampling with parameter g; and reinforcement with R;
is equivalent to uniform sampling with reinforcement using the matrix
(aiqi +(mj — B)(1 —qi)  (mj —ai)gi + Bi(1 — %‘))
oi(l = gi) + (mi — Bi)gi  (m; — ai)(1 — qi) + Bigi)
Such node-dependent reinforcement models, where each node uses its own reinforcement
scheme, have not been studied before. Despite equivalence through this coupling, we study
the processes by separating node-based sampling and node-based reinforcement for clarity
and application purposes. This distinction is important for extending existing models of de-
preferential sampling (see [4]) to interacting urns and for future exploration of non-linear
sampling schemes. The non-linear sampling has been studied before in [7], but it is limited
to complete graphs with sampling dependent on all the urns and a non-linear function of the
proportion of balls of white colour in each urn. Our approach naturally extends this to linear
node-based sampling on more general graphs, and we aim to explore non-linear node-based
sampling in future work.

2.2. Exploration process on the graph

Suppose ¢; € {0, 1} for all i € [N] and V =P UD. We introduce an exploration process
on the graph G = (V, £) that starts from an arbitrary node v € V and proceeds to explore its
neighbours. In this process, nodes are categorised into subsets based on their sampling type
and the types of nodes in their in-neighborhood. More specifically, P is partitioned into sets
P1 and P3, and D is partitioned into Dy and Dj, with Py, Py, D1, and D> initially empty.
Depending on v’s sampling type, it is assigned to P (if preferential) or D; (if de-preferential).
In the subsequent steps, the sets Py, P, D1, D, are updated based on the sampling type of
the newly explored node and their in-neighbours. If every node has a unique assignment, this
results in a partition of V into these four disjoint subsets. The exploration process is illustrated
in Figure 1. Detailed steps of the algorithm and examples are provided in the appendix (see
Algorithm 1 in Appendix A). This approach thus classifies all finite directed graphs into two
categories: graphs that admit partition via this exploration process and graphs that do not admit
a partition.

In Section 3, we state and prove the convergence and synchronisation results for Z'. In par-
ticular, we show that when all g; € {0, 1} the limiting behaviour of the interacting urn process
depends on whether the underlying graph admits a partition or not. In Section 4, we prove CLT
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type limit theorems for Z'. Finally, in Section 5, we discuss some examples with simulations
and applications in opinion dynamics.

3. Convergence and synchronisation

Theorem 1. (Convergence of Z'.) Suppose F is strongly connected and one of the following
conditions holds:

(). There exists a node i with q; € (0, 1).
(i1). There exists a non-Pdlya type node in F.
(iii). There are no stubborn nodes, i.e. S # &.

(iv). All nodes in F are Pdlya type and F does not admit a valid graph partition as per
Algorithm 1 (Appendix A).

Then Z' =5 7* as t — oo, where Z* is of the form (Z7., Zg) such that
~ ~ ~ ~ -1
7= [Zg(IBA)SF + @A)r — (qBA)r|(I — (TBA)F) ™. (5)

Remark 1. When ¢; = 1 forall i, 7y = (%(1 +ay—by,...,14+ay— bN)Z)F. Further, when
the reinforcement at all vertices is Plya type (a; = b; = 1), we get Zy. = %(IZ) - For instance,
on a cycle graph, this special case is equivalent to N independent urns or N independent
symmetric random walks.

Remark 2. We briefly discuss the case of the interacting node-based Pdlya type urn process
when the underlying graph does not satisfy Theorem 1(iii).

e Suppose g; =0 for all i (i.e. P = &). Then if the graph partition exists, ' admits a par-
tition under the exploration process if and only if F is a bipartite digraph with node sets
D and D> (see Figure 1). This case is equivalent to each node i sampling uniformly and
the reinforcement scheme

0 m;
(o %)

(as discussed in Section 2.1). A special case of this with m; = m for undirected bipartite
graphs, specifically for urns with multiple drawings, was studied in [8].

e Suppose g; =1 for all i (i.e. D = @). In this case, if the graph partition exists, there are
two disjoint strongly connected components Py and P;, with no interaction between P
and P;. Since we assume that the graph is strongly connected, one of these components
must be empty. A special case of this with m; = m for all i was studied in [10], where it
was shown that on a regular directed graph, the limiting configuration of urns is random.
Moreover, it was shown that the urns synchronise, in the sense that the fraction of balls
of either colour converges to the same random limit almost surely.

In general, when the graph is regular and m; = m for all i, it is easy to see that the limiting
fraction takes the form such that Z{ — Z* for all ie PyUD; and Z] — 1 —Z* for all i €
P> U Dq. This can be shown by swapping the colours of the balls in P, U D and applying the
existing synchronisation results from [2] for interacting Pélya urns.
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To extend Theorem 1 for weakly connected graphs (Corollary 1), we define a strongly
connected component C of F as a stubborn block if no node outside C can reach C; that is, for
any v ¢ C, v /4 C. Otherwise, it is defined as a flexible block.

Corollary 1. Suppose F is weakly connected. Suppose conditions (i), (ii), or (iv) of Theorem 1
hold for every stubborn block of F, or condition (iii) holds such that for every stubborn block

. a.s. . .
F/, there exists a node s € S such that s — F'. Then, as t — 0o, Z' = 7.*, where 1* is as given
in (5).

3.1. Conditions for synchronisation

We now explore the conditions for synchronisation, i.e. when the limiting fraction of balls
of each colour is the same for every urn. Synchronisation occurs if and only if Z} = z*1 for
some constant z*, therefore from (5) we get

(1 — (ZBA)rl) = [ZUZBA)sr + (aA)r — (qBA)F]- (6)

This equality holds if each element of the vectors on both sides matches, i.e., for every i € F,

. 1 1
z (1—: > (2q,-—1)rj>=%i< > ZJQ(qu—l)rj+Za]~—quj>,

m
! jeFNN; JESNN; JjEN;

where rj = o + B; —m; (which is also an eigenvalue of R;). Therefore, the following are

sufficient conditions for synchronisation.

Condition SC1. There exists a constant up such that, for all i € F,

1
— Y Qg —Dri=ur
mi jEFNN;

Condition SC2. There exists a constant g such that, for alli € F,

1
:( Z Z)(2q;— 1)rj+ocj—q]‘rj> = [o-

L\ jesnn;

These conditions ensure that different components of the vector in (6) are constant, leading
to synchronisation within the framework of Theorem 1. Note that ur = 1 occurs only when
aj = fj =m; and g; = 1 for all j, i.e. when all nodes are preferential and of Pdlya type — a case
not considered fully in this paper but discussed briefly in Section 5.

Another way to understand synchronisation conditions is as follows. Let

AE %E[W;“ — W/ F]

1

be the average proportion of white balls added to urn i at time ¢+ 1 given F;. Then, using
(1) and (4), we find
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ﬁ(Z’)—— (Wit —wi 7]

=— Za, (4Z8 + (1 —gp(1 = Z0)) + (m; — B (gs(1 — Z0) + (1 — ¢Z)
JeNl

= — Z Zt(2q] Drj + aj — gjr;.
]EN

_ fi(ﬁxed) + fi(random)

We can decompose f; into f; , where

fixed
fi( xed) = Z 20(qu Drj + aj — gjr;,

jeN,ﬂS

> Zi2g - D

]EN,OF

SI

f;_(random)

SI|~

The synchronisation occurs when the fixed part is the same for all i and the random part changes

with the same rate in the direction (1, 1, ..., 1), which is given by
1
(L vfmem@h) = — 3" 2g— b
m;
JeNNF

Corollary 2. (Synchronisation.) Suppose the conditions of Theorem 1 hold. Then, under the
synchronisation Conditions SCI and SC2,

Ztgz = 1o
1 —pr

ast— oo foreveryi€F.

Remark 3. Note that these conditions are only sufficient and not necessary. For instance, on a
cycle graph with all P6lya type nodes such that only one node is de-preferential, while condi-
tion Theorem 1(iv) holds (see also the first case discussed in Section 5.1), Condition SC1 does
not hold. However, it is easy to check that the fraction of balls of either colour synchronises to
a deterministic limit of %

Corollary 3. (Synchronisation in extreme cases). Suppose either condition (i), (ii), or (iii) of
Theorem 1 hold. Further, suppose the following (special synchronisation) conditions hold.

Condition SSC1. There exist of , a5, ,BF, ﬂS, mf, mS e Z=o with af + ,BF <2mF + mS such
. .S . nas S
that, for every i € F, ZjeNmS m;=m>, Z/GNiﬂS Bi=p, ZjeN,ﬂS aj =a>, and

Z R, — < OlF mF - O!F)
P ] mF _ ﬂF ,BF .

Condition SSC2. If S # @, there exist a0S, /SO’S, m0S ¢ Z>o such that, for every i€ F,

Z ZOR-—( oS m0-S _ao,s>
j I m0S — oS B0 .

JjeNins
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Then:

(1) When there are no de-preferential nodes in the graph then, ast — oo, for alli € F,

e *_mF+mS_ﬂF_ﬂS_(mO,S_ao,S_ﬂO,S)
=z ImF +mS —of — BF :

In particular, if S = @ and synchronisation Condition SSCI holds then, for everyi eV,
ast— oo,

F F
; as. m —/3
Z; — —ZmF—aF—,BF'

(ii) When there are no preferential nodes in the graph,

af 4 oS 4 mOS — 05 — /30’S

a.s.
Z{ —> Z* =
1 mS+(XF+,3F

as t— oo for every i € F. In particular, if S = @, the fraction of white balls asymptoti-
cally synchronises to c € [0, 1] if, for all i € [N], (1 — ¢) ZjeNi o =C) jen, B;.

Note that in both cases, when S = & the urns synchronise to % provided that af = ﬁF , 1.e. for
every i € [N], >y, Rj is a classical Friedman type replacement matrix.

3.2. Proofs

The main tool in analysing the asymptotic properties of the fraction of white balls across
urns is to write an appropriate stochastic approximation scheme (see [5, 15]) for the vector Zj,-.
Using (1) and (4), we derive the recursion for the proportion of white balls in the urn at node
i € F as follows:

1 T
+1 _ t+1 _ +1 t+1
Zi = T+ Wi Tt+1 Tt+] Z % X; + (mj — 'Bl)(l_ )]
i i jEN
m Iy
=Z£ B Tt+1 1 z+1 me(a/ bj - I)XJZ+ T+l Zm/(l = b))

T; JEN; T; JEN;
Now, we write the above recursion in vector form as follows:
2 =25+ [~Zi + (x"T'BA) . + (1 — b)A)F | (M(TH) 7).
=Zh + [~Z5 + (E[x"™ | F]BA) , + (1 — DA)r + (AxT'BA) | (M(TTH7),
=Zk+ [h(Z;) + (Ax™BA) JMp(TH)
=7k + —[h(Z )+ (AX'“BA) Mp + e, 7)

where A X"H th-i-l - E[ th + | }}] is a martingale difference sequence,

_~ _ 1
& =2y + [WZ) + (AX”lBA)F]MF((T;“) I t+_1)
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and the function #: [0, 1]'¥1 — [0, 1]'! is such that, using (2),
hZy) =2 + (E[x""" | F]BA) . + (1 - WA),,
=—Zj + (Z'W)r + (1 — QBA) . + (1 - D)A)r
= —Zip + (Z'W)r — (@BA)F + (1B + (1 — b)A)r
= ~Zj + ZxWr + Z§Wsp — (qBA)F + (aA)r.
Thus, for Z € [0, 11V,
h(Zp)=—Zrll — Wr] + Z§Wsr + (aA)r — (qBA)r, ®)

where q = (g1, . . . , gn) is as defined in Theorem 1. Since T = T + ¢ M, we have 1\_/1117(Tt)1;1 =
O(1/1). Therefore, the above recursion can be written as a stochastic approximation recur-
sion with y; =1/t and {&;};>1 such that &, — 0 as r — oco. Then, from the theory of stochastic
approximation [5, 15], we know that the process Z}. converges almost surely to the stable limit
points of the solutions of the ordinary differential equation given by z = A(z). Hence, from (8),
whenever I — (IBZ) r is invertible, the unique equilibrium point is given by

Zjy:=[Z(TZBA)sr + (aA)r — (@BA)F] (1 — (ZBA)F) .

Hence, it is enough to show that 7 — (IBZ) F 1is invertible under the ~conditi0ns of Theorem 1.
We now show that, under the conditions of Theorem 1, I — (ZBA)F is invertible.

Proof of Theorem 1. Suppose I — (IBZ)F is not invertible. Then there exists a non-zero
vector v € C/F1 satisfying (I — (IBZ)F)V = 0. This implies that v = (IBMA]VI_l)F v. In other

words, for every k € F, we have
Vi o D ieN,nF MiVi
Lk Bik D ien, Mi

Let j = arg max; |v;|. We denote the normalised vector v as v =v/|v;|. Therefore, (9) can be
written as

€))

Vi D ieN,nF Mivi
Tk B Dien, Mi
where |Vg| <1 for all k € |F| and [V;] = 1. We first show that if |V;| = 1, then k cannot be a
non-Pélya type node. From (10) we have

forallke F, (10)

Vk
L Brk

_ ZieNkﬂF m;vi

ZieNk m;

However, under the assumption, we have

Vi 1
= > 1
TuBre | 12qk — Ulax + by — 1]
On the other hand, the right-hand side is

ZieNmF m;vi

ZieNk mi

(since v; < 1 for all 7). This contradiction implies that k£ cannot be a non-Pélya type node. Now,
let us consider the following cases:
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(i) Suppose g; € (0, 1). From (10) we have
17]' _ ZieNjﬂF m;vi
Z;Bjj D ien; Mi

where |ZieijF mivi [ 3 ien; m;| < 1. However,

’

vj
ZjjBjj

1
= ‘ > 1
(29j — DBj;

since |Bjj| <1 and |2g; — 1| < 1. This leads to a contradiction. Now, suppose ¢, € (0, 1)
for some r # j. Since j is a Pélya type node, from (10) we get

1;Bjj

| ZieijF mivi

ZieNj m;

Considering 0 < Zieij Fmi < ZieNj m; and |v;| < 1, the only possibility for the equal-
ity in (10) to hold is when N; N F' = N; and [V;| = 1 for all i € N;. Thus, all i € N; are also
Pélya type. Now consider a directed path from r to j, denoted by (r, iy, iz, .. ., i1, j). By
the above argument, r, iy, i2, . . ., i; are all Pdlya type nodes. Now,

Vr

IrrB rr B

1 —
12q, — 1]

ZieN,ﬂF m;vi

ZieN, m;

which is a contradiction. For rest of the proof, we assume that g; € {0, 1} for all i € [N].

1<

’

(ii)) We show that the theorem holds under condition Theorem 1(ii). Since j cannot be a non-
Pélya type node, it follows that j must be a Pélya type node. Therefore, we have Bjj =1
and thus from (10) we get

‘ ZzeN nF Mivi

IEN/ i

I//Bll

Considering that 0 < ZieNJﬂF m; < ZieNj m; and |V;| < 1, the only possibility for the
equality in (10) to hold is when N; N F =N; and |v;| =1 for all i € N;. Now consider a

directed path from a non-Pdlya node k to j, denoted by (iy, ..., i;), such that iy, ..., i
are all Pdlya type nodes. Such a node k and a path always exists since F is strongly
connected. Then, from the previous argument, we know that [V, | =--- = |V;,| = [Vx| =

1. However, this leads to a similar contradiction to earlier. Therefore, if there is at least
one non-Pdlya type node in F, it ensures that I — (ZBA)F is invertible.

(iii)) When S # & and there exists an f € F which is non-P6lya then, by (i), I — (IBZ)F is
invertible. Now we consider the case when S # &, and all nodes in F are Pdlya type.
Then, by (10), we get

‘ ZzeN nF Mivi

IEN/ "

II/BI/
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This implies that N;N F=N; and |[V;| =1 for all i € N;. Note that when S # &, there
exists anode s € S and f € F such that s — f. Since F is strongly connected, there exists
a path f ~j, say (f =fo, f1, - - ., fr—1,fr =J). Along this path, for all 0 <m < r, using
the same argument as above for f,,,, we get || =1 for all k € Ng, and Ny, N F =Ny, .
However, this gives a contradiction for fy, as Ny N F C Ny,.

(iv) Let j=argmax; |9 (v;)|]. We denote the normalised real part of vector v as v=
NR(v) / max; [R(v;)|. Therefore, (9) can be written as

Vk 2 ieN,nF Mivi
Lk B Dien, Mi

) (1)

where |vi| <1 for all k € |[F| and |v;| = 1. Assume that all nodes are Pdlya type. In this
case, we have B=1 and we assume S = &. First, suppose j is a de-preferential node.
When v; =1 then, from (11), we get

—1= ‘_}j = ZiENj mi‘_}i .
LiBjj X ien; M
This implies that
vi=-—1 forall i e N;. (12)
Similarly, when v; = —1, from (11) we get
vi=1 foralli e N;. (13)

We now show that if v exists then there is a graph partition G(Py, P2, D1, D3).

From Algorithm 1 (see Appendix A), in Step 2 we initialize the sets as D1 = {j}, D> =
P =P, = and repeat Steps 8 to 11 until all the nodes are covered. Then, from (12)
and (13), we get v;=1 for all ie D1, v;=—1 for all i € D, v; =1 for all i € P, and
v; = —1 for all i € P,. Therefore, if v exists then there can be no reassignment of nodes
in Step 13, thereby resulting in a valid graph partition G(Py, P>, D, D;). Similarly,
when j is preferential, if v exists then a valid graph partition G(P1, P2, D1, D7) exists
with j € Py. Therefore, I — (IBZ)F is invertible whenever F does not admit a graph
partition. (|

The graph exploration process in Algorithm 1 (Appendix A) is motivated by the argument
given above. It is easy to see that if such a vector v exists then Py ={ie P: v;=1}, P, ={i €
P:vi=—1},D1={ieD:vi=1}, and D ={i € D: v; = —1} forms a valid graph partition.
Thus, the existence of graph partitions is equivalent to the existence of a non-zero vector v
such that (I — (IBZ) r)v = 0. We now prove Corollary 1, which extends the result to a weakly
connected directed graph.

Proof of Corollary 1. For an arbitrary graph F with strongly connected components

Fi, ..., Fy, AF can be expressed as an upper block triangular matrix:
A Ank .. Ann
|0
0 0 .. A
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where ZF,.Fj =M FiAFiF/.A_/I;jl is an |F;| x |F;| matrix such that non-diagonal blocks are not all
0. Let Ir, be an |Fj| x |F;| identity matrix. Note that / — TBA is invertible if and only if each
Ir, — (IBA)F is invertible for 1 <i <k. Suppose F; is a stubborn block; then the proof of
Theorem 1 implies that Ir, — (IBA) r, is invertible. Now, for a flexible block F/, there exists a
node j € F, such that N N F» C Nj. Then, using the same argument as in case (iii) in the proof
of Theorem 1, we conclude that IF — (IBA) r, is invertible for all 1 <r <k. O

Proof of Corollary 2. Synchronisation occurs when Z}. = z*1 for some constant z* € [0, 1].
From Theorem 1, this condition holds if

21(I — (ZBA)p) = ZA(IBA)sr + (eBA)r + (1 — b)A)r.

Then, under Conditions SC1 and SC2, we have z*(1 — ur)1 = uol. Thus,

* /“LO
Z =
l—pur
is the synchronisation limit under these conditions and as t — oo. O

Proof of Corollary 3. Note that Conditions SSC1 and SSC2 imply Conditions SC1 and SC2,
with

_()lF+/3F—mF _(XO‘S+I30’S_mO'S+1_ﬂF+ﬁS
HF= mF+mS ’ Ho = mF+mS mF+mS'

Therefore, synchronisation occurs and we get

. mF — BF — BS + mS — (m0S — a5 — O.5) (1
- 2mF +mS — oF — BF :

When § = @, we get

. mF _ ﬁF
T omF —oF — gF
The proof for the case when all nodes are de-preferential is similar. O

Remark 4. Note that Condition SSC1 implies that if all nodes are Pélya type (i.e. mf =

= BF, mS = B3, and m®S = «¥S = BO-5) then there is at least one stubborn node in the in-
nelghbourhood of every node. In that case, (14) reduces to ) ;. NS Zomi |3 e nyns Mi- Thus,
the limiting fraction of white balls is a weighted average of the initial fraction of white balls in
the stubborn nodes of the in-neighbourhood.

4. Fluctuation results

We now state the fluctuation results for ZJ around the almost sure limit Z}. Suppose
Amin(Q) denotes the real part (R(-)) of the eigenvalue of a matrix Q with the minimum real
part. Define p:= Anmin(l — Wr), where [ is a |F| x |F| identity matrix and W:=ZBA. Note
that W =0 when q = %1 (i.e. Z =0). For the case when ¢; # % for all i, we assume that W is
diagonalisable, i.e. there exists an invertible matrix U with V =U —1 such that

W=UAV =UDiag(Ay, ..., \F[, 05)V, (15)
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where Ap, ..., A are the eigenvalues of Wr. Let column vectors uy, . . ., uy and row vectors

Vi, ..., vy be the right and left eigenvectors of W with respect to the eigenvalues A1, ..., Ay
respectively. Then U= (u;- - -uy) and V' = (v] - - v}).
Theorem 2. (Fluctuation of Z'.) Suppose Z 25 Z} as t — oo. Then:

@) If,o>%,ast—>oo,

ViZL-75) S N0, T), T =/0 "(exp {= (4 = We)u}) Texp {— (5 — We)u) du.

(16)
@Gi) Ifp= % with multiplicity 1, as t — 0o,
! t gk d
Tog () (ZF ZF) — N0, ©), a7
) 1 log (1) | T )
Y= tl—l>ngo oz () /0 (exp {—(51 — Wp)u}) I" exp {—(51— WF)M} du.

Here, T = (—WTG)W—}— %ZTB2Z)F and © is the N x N diagonal matrix such that

. 2

(0= (2} - 3)"
For p < %, we refer the reader to [15, Theorem 2.2], which states that the limit of appro-

priately scaled (Z}, — Z}.) is close to a weighted sum of some finitely many complex random
vectors.

Corollary 4. The limiting variance ¥ can be simplified as follows:
(i) When q= 11, then (16) holds with £ = 1 (A" B*A),.

(i) When q; # %for all i and W has a decomposition as in (15) then, for p > % (16) holds
with ¥ such that

AkAg

[Zl;=)>_>" m(w{@ug)vkivlj foralli,je F
keF (eF
and, for p = % (17) holds with [X];; = %(u]—@ul)vuvu. Here, ®=—0 + %I‘z is an
N x N diagonal matrix such that [@]i,i = —(Z;-* — %)2 + %(qi — %)_2.

Corollary 5. (Fluctuation under synchronisation.) Suppose W = W', g # % for all i, and 1
is such that © = c(q, Z*)I, where c(q, Z*) is a constant that depends only on q and Z*. Then:

() If p> %, (16) holds with S = c(q, Z*YW*(I — 2W)~ 1,
(i) If p = % with multiplicity 1, (17) holds with

_ w2 T (10
Y =c(q, Z")W-U (0 0 U.
Further, under Condition SC1,

s-@Z),
AN
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In particular, if synchronisation occurs, i.e. Z* = z*1 for some z* € [0, 1] and all nodes

are either preferential or de-preferential (i.e. q; € {0, 1} for all i) then c(q, Z*) = z*(1 —

7).
Remark 5. (Multiplicity of p.) The fluctuation theorem (Theorem 2) gives an explicit expres-
sion for the limiting variance when ; is a simple eigenvalue of W. When 1 5 is not simple, a
general description of the limiting variance can be found in [15]. For strongly connected F
where Z =1 (all nodes are preferential), the Perron—Frobenius theorem implies that the max-
imal eigenvalue of W, and therefore p, is simple. In the presence of de-preferential nodes,
classifying graphs and reinforcement matrices that lead to p = % as a simple eigenvalue of W
is more complex. For instance, consider a cycle graph with n nodes with node-independent
reinforcement where W = (a + b — 1)ZA. In this case, certain conditions can make p = % a
simple eigenvalue. Specifically, if g; € {0, 1} for all i, the characteristic polynomial of ZA is
X"+ (— 1)’”_1, where m is the number of de-preferential nodes. Thus, the eigenvalues of W
depend on the zeros of x” — 1 when m is even, and zeros of x* + 1 when m is odd. Since 1
is always a simple eigenvalue in the first case, p = % can also be a simple eigenvalue. For
example, in a cycle graph with eight nodes (as in Figure 10), where A=A, the eigenvalues of
I—-W=I—-TAare 1, —1, (=1 + /2, (=1 —i)/~/2, (1 + z)/f (1 —i)/~/2, i, —i. Thus,

Amin(l — W) = ; is a simple eigenvalue whena+b — 1 = 2

4.1. Proofs of fluctuation results

Proof of Theorem 2. From (8), h(Zr) = —Zr[l — Wr] + Z9Wsr 4 (aA)r — (qBA)p. Thus,
dh(z)/dz=—I + Wg. Hence, when p > %, we apply [15, Theorem 2.2] and get \/Z(Z’F -

Z;-) Y N(0, ), where X is defined as
o0
% :/ (exp {—(1 —Wrp — %I)u})TF exp {—(I —Wp — %I)u}du.
0

Similarly, when p = % with multiplicity 1, using [15, Theorem 2.2] we get

t
log ()

(Z. — Z}) S N, 3),

where X is defined as

log (1)
£ = lim (exp {—(I = Wr = 11)u)) T exp { = (1 — Wr — L1)u}du.

—00 0
Here, I = lim;_, oo E[((AX’“BZ)F)T((AX"HBZ))F | 7¢]. To compute I', we use
lim E[(Ax""'BA) " (Ax"'BA) | F] = (BA) E[A(x") " ax'*!| F]BA
From the variance expression obtained in (3) we get
lim E[(Ax'BA) " (Ax'"'BA) | /] = lim (BA)T Var (Ax"™ | 77)BA

~ ~ 1~ ~
— (ZBA)T(— ©)(ZBA) + ZATBZA

1~ ~
— W OW + ZATBZA.
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Thus, ' = (-W'TOW + A—I‘ZTBZZ)F. This completes the proof. O
Proof of Corollary 4. Consider the following two cases:
(i) Whenq =11, wegetZ =W =0y,y,thusp=1andT = %(ZTB%X)F. Hence, v/1(Z} —
7:) S N, ©), where £ =T [ e~ du=T =LA B*A).

(i) When g; # % for all i, since Z is invertible we can write ' = —W ' OW + %WTI —2W =
WTOW, where ® = -0 + %I_z. Assuming the decomposition for W, we have
W =UAV with V= U~!. Therefore,

[=[W OW]lr=(Wp) OrWr + (Wsr)  OsWsp
= V;AF[UI—:FG)FUF + U;FC:)SUSF]AFVF
= V3 Ap(U T OU)pARVE.
Let ¥ = (V;)leVEI. Then, for p > %,

oo
s =/0 (exp {—(31— AF)u}) " AFLUTOUIFAF exp [—(31 — Ar)u) du.
Fori,jeF,

S TG Iy i
[Z1j = Aidj[u; @Mj]/ e (I=hi=Au gy —

" [uTeu
A vy [ul @uj].

Hence, X = V;f)VF, where

Ak -
[E]lj — Z Z — ;k Z_ )% @ug)vkivlj.

keF (eF

Now, for p = 2, with Apax(Wg) = A1 = 1 being simple, we have

- log (1)
£= lim log(t) / (exp [~ (3 = Ap)u)) TAF[UTOU], Ar(exp {— (5 — Ar)u}) du

The (1,1) element is given by

log (1)
1 e—(l—)nl —Apu du

_— - .
[XT11 —)»1?»1(M1 ®u1) tl_l)rglo Tog ()

1 log (1)

=%(uI®u1) lim lduzi(u]—@ul).

t—00 log 3]

For every other k, [ € F we have A + A; < 1 and thus

log (1)
/ e~ U=M=2u gy — 0,

lim
t—00 log ()

Hence we get [Z];; = 4( 1 Oup)vivy;. O
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Proof of Corollary 5. With the assumption W = W', we get S=@ and U= V. Thus, for
0> %, we have

5 /O°° (exp [~ (2 — A)u))TAIUTOUIA (exp | — (A — A)u}) du

=c(q, Z*) /0 (exp {—(31 — A)u})A*(exp {— (3] — A)u}) du
=c(q, Z)A*(I —2A)"".

This implies that ¥ =c(q, Z*)VT A2(I —2A)~'V =¢(q, Z*)W?(I — 2W)~!. Now, for part
(ii), i.e. when p = %, we have

$ = c(q. Z)A? lim 1 log(t)ef(lsz)ud — o(q. Z)A2 10
=4 tioo]og(t) 0 “=aq 0 0/

This implies that

_ w2, T (100
¥ = c(q, ZHW2V (0 o) V-

Thus, for p > 5 we get £ = c(q, Z*)W( —2W)~! and for p = § we get

¥ =c(q, ZYW?VT (1 0> V.

0 0
Further, under Condition SC1, vazl [W];; = mL, ZieNj Lo+ Bi—mp) = up = % is the max-
imal eigenvalue of W and the corresponding normalised eigenvector is (1/4/N)1. Hence we
get
10 1 cq,Z
_ * 2y, T _ * 2 - —
¥ =c(q, Z" )WV (0 0) V=c(q,Z")W NJ T J.

This completes the proof. O

Remark 6. When all nodes are preferential, under Condition SSC1,
F _ gF

oM

ZmF _ 0[F _ ﬂF

(note that under the conditions of Corollary 5, S = &). Thus, for p > % we get

_ " = gNym" — o)

G —oF — BT W27 —2w)™!

and for p = % we get

F _ gF\(;F _ o F
m’ — m’ —ao
E:( BY)( )WZVT 10y,
Qmf —af — pF)2 0 0
Under Condition SSC1 with S = @, ur = (af + g — mF)/mF . Thus, (af + ¥ — m")/m" =
% is the maximal eigenvalue of W with the corresponding normalised eigenvector (1/+/N)1.
Hence, we get
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F _ pF\(, F _ F
m ﬂ)(m a)J.

_
L= N(mF)2

Similarly, when all nodes are de-preferential we get
OlF,BF _ 40(FﬂF
N(eF + IBF)Z ON(mE)2™"

Y=

5. Simulations and discussion

Since Zj converges to a deterministic limit under the conditions of Theorem 1, the variance
Var (Z};) converges to zero as t — 0o. Before we illustrate some examples via simulation, we
obtain the approximate rate at which Var (Z%) converges to zero and illustrate the explicit
dependence of the rate of decay on the eigenvalue structure of the matrix Wg.

For N x N matrices Q1 and O, we write Q1 < 02 if [01];; = O([Q2];j) forall 1 <i,j<N.
Further, Q1 < f(#) means [Q1];; = O(f(¢)) for all 1 <i, j <N. Suppose g; # % for all i. From
(7) and (8), recall that

Z;:'r] =ZI [h(Z )+(AXI+IBA) ] F(TtFJrl)_l,
where W(Zp) = —Zp[l — Wg] + ZgWSF + (aA)F — (qBA)F. Therefore,
Var (E[Z | 7)) = Var (Z + h(Z)) = P/ Var (Z)P, (18)
where P, =1— (I — WF)A_/IF(T;Z"I)_I. Similarly, using (3) we get
E[ Var (Zi' | F)] = Mp (T (BA)T (-2 + L1)BA) Mr(TH!) ™!
=Mp(TF) " (- W O'W) (T3 )™
=Mp(TF) " Wp) T O WMp(TH) ™ =07 670, (19)

where ©' = —©' + ‘1_‘1—2 and Q; = WFMF(T}“)_I. Now, combining (18) and (19) we get
Var (Zi1) = P Var (Z)P, + Q] ©%.0;. Iterating this, we get

t t—j—1 )
Var (Z5+") =Z< ]_[ P;r_k>(Qj)T(:)’FQj( ]_[ Pk>

Jj=0 k=j+1

Since A_/IF(TJIFH) < (A/PIF we get Q; < (1/j)IF and thus
t—j—1
Var (ZiH1) < Z ( HP ) < ]_[ Pk) (20)
J= —o/ k=j+1
Now assuming W is diagonalisable, i.e. W= UAU"!, we get

t | A\ HChma)—1
]_[ Py < [ ]_[ (1+;(AF—1))}U—1<<}> ) 1)
k:

k=j+1 =j+1

Thus we have the following rates of decay of variance.
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FIGURE 2. A graph with four nodes, with P = {1, 2, 3}, D = {4}.

Proposition 1. Suppose q; # % for all i. The following bounds hold for Var (Z})

tzm()tmax)_z for m()\-max) > %’

Var (Z}H) <1t 'logt for R(Amax) = %, (22)
1/t for N(Amax) < 3

Proof. Using (21) in (20), we get

t

. Z 1 2N (Amax)—2
Zl+ _ (_)
2 b

]=1

which simplifies to (22) where the decay rate in the regime N(Amax) > 5 holds because
Y5y 1//710me) < 00 as 1 — oo. O

In the next section we discuss three examples with different sampling and reinforcement
schemes and present the simulation results.

5.1. Simulation results

In this section, we present the simulation results for a cycle graph with four nodes, where
all the nodes are of Pdlya type and g; € {0, 1} for all i. We explore three specific cases for this
graph.

Consider first the case when all nodes are preferential except node 4 (see Figure 2), i.e.
7 =Diag (1, 1, 1, —1). We observe that this case satisfies condition Theorem 1(iii), as it does
not have a valid graph partition. Thus by Theorem 1, Z’ has a deterministic limit %1, which is
independent of the initial vector 70, Figure 3 illustrates the convergence of Z!, .. ., Zfl. Note
that, in this case, the eigenvalues of the matrix / — W are

1 i 1 i 1 i 1 i
+\/§+«/§’ 1~|—\/5 «/51\/54_\/51\/5\/5

Therefore, p = 1 — (1/+/2) < 3 and R(max) = 1/+/2; thus, from (22) we get Var (Z') < V22,

We now consider two examples of cycle graphs with four vertices where Theorem 1
does not apply. The first graph has all preferential nodes, i.e. Z=Diag(l, 1,1, 1) (see
Figure 4(a)). The second graph has alternate preferential and de-preferential nodes, i.e.
7T =Diag(l, 1, —1, —1) (see Figure 4(b)). Since a valid graph partition exists according to
Algorithm 1 (see Appendix A) for both cases, condition Theorem 1(iii) is not satisfied.
Therefore, the urn configuration in these graphs does not converge to a deterministic limit.

The first case corresponds to a specific instance of Pélya type reinforcement at each node
in a d-regular graph (where d}“ =d =d for all i) for d =2, which was previously studied
in [10]. The authors showed that synchronisation occurs, i.e. there exists a random variable Z*>°
such that Z3 = Z°°1 (as illustrated through simulations in Figure 5).
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FIGURE 3. Convergence of Z! , .. ., Z), in six different simulations. In this case, the limit is deterministic:

0.5 for all urns.

(a) (b)
M
ee

P={1,2,3,4},D=0. P ={1,2},D={3,4}.

FIGURE 4. Graphs that do not satisfy the conditions of Theorem 1.

The simulations in Figure 6 suggest that in the second case, the limit is of the form (Z°°, 1 —
Z>®°, 1 —2Z°, Z°°). This is consistent with Remark 2.

For a graph that can be partitioned using Algorithm 1 (Appendix A), the fraction of balls
of either colour in each urn tends to a random limit. Specifically, from our simulations (see
Figure 7), we conjecture that in a cycle graph with alternating preferential and de-preferential
nodes, the limiting behaviour results in the fractions of balls of either colour in Py, D;
(or Py, D) converging to the same limit. Further analysis of these cases, with a more general
sampling scheme, is left as future work.

5.2. Application to opinion dynamics

Our model is motivated by the network-based opinion dynamics model discussed in [10].
This model uses urns to represent opinions in a network, with white and black balls indicating
positive and negative views, respectively. An individual’s opinion O! can be represented either
as a fraction Zf, which is supported on [0,1], or as a sign, Sign(Zf — %) € {—1,0, 1}. In this
model, stubborn nodes are treated as bots, with Z? being the bot’s power to influence towards
the ‘positive/favourable’ opinion.

At each time step, every individual reveals their true opinion with probability ¢; and rein-
forces their opinion based on the type of reinforcement applied: Pdlya type reinforcement
reinforces only the revealed opinion, whereas non-Pdlya type reinforcement adds a mix of
both types of views. Our main results show that on a strongly connected network if there is at
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FIGURE 5. Convergence of Z}, . .., Z] in six different simulations.
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FIGURE 6. Convergence of Z}, . .., Z] in six different simulations.

least one individual with ¢; € (0, 1), all individuals’ opinions converge to a deterministic limit.
In the case when all g; € {0, 1}, the existence of a deterministic limiting opinion depends on
the reinforcement type as well as the graph structure. We also obtain conditions for asymptotic
consensus.

We briefly discuss the implications of our results for the opinion dynamics model. Consider
acycle graph on four nodes with edges i — i + 1 for 1 <i <3 and 4 — 1. Note that for directed
cycles, A=A and therefore the m; do not contribute to the limiting opinion. Let x; = (2¢q; —
1)r;, where r; = (a; + b; — 1). The limiting opinion of node 1 is given by

Zi = 1;[614 — qary + (a1 — qir))xax3x4 + (a2 — qary)x3xs + (a3 — q3ry)xs).
— X1X2X3X4
Suppose, for i € [N], that a; = a and b; = b. Then, r; =/ (say) for all 1 <i < 4. Further assume
that g = % ‘We consider two cases:
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time (t)

FIGURE 7. Histogram of Z! in 100 different simulations, at r= 100000, for the four interacting urns
placed on the nodes of the graph as in Figure 4(b).

@ (1) 2

FIGURE 8. A cycle graph with a stubborn node s attached.

Case I: When all the other nodes are preferential, i.e. 2, 3, 4 € P, we get

1
Zih=1-b+-( +a—b)(r) + (1 —b)('Y + 1 —by

3 /\3
a(’;) +(1 —b)(l +r (P + Q)

2

Case II: With 2,3 € P and 4 € D, we get

3 3
ZiM)=a— a(;/) —a —b)(r’ Lo+ %)

Here, Z7(I) and Z{(I) denote the limiting configuration of urn 1 in the two cases. Note that
Zi(Il) = Z{(I) when ¥ =0, and Zj(II) < Zj(I) when # > 0. Now consider a bot (or a stubborn
vertex s) attached to node 1, with 2, 3 € P and 4 € D (as shown in Figure 8).

In this case, the fraction of balls of white colour in urn 1 converges to Zj(s) = Z;(II) +
f (Z?, r, m), where f (Z?, r,m) >0 for r > 0. Thus, a bot can be used to mitigate the effect
of the de-preferential node attached to 1. Further, our results provide explicit expressions that
can determine the optimal ‘strength’ (given by Z? and the reinforcement matrix) of the bot(s)
required to obtain a specific limiting opinion profile. We remark that for a more complicated
graph, the optimal positions of the bots (with varying strengths) on the network is an interesting
problem in this context.
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Algorithm 1. Graph exploration process.

Input: A directed graph G(V, E) and the sets of preferential nodes P and de-preferential
nodes D.

Output: Whether G admits a partition or not.

Selectanodeje V

1:
2: if j € P then
3: Initialize Py < {j}, P»=D1 =D =Q.
4: else
5. Initialize D| < {j}, Py =P, =D, = 2.
6: end if
7: while (P1 UP,UD{UD;y)C Vdo
8: Py <« P1U(Ujep, NyNP)and Dy <~ Dy U(Ujep, N;ND)
9: Py« PU(Ujep, NjN'P)and Dy <~ Dy U (Ujep, N;ND)
10: Py <Py U(Ujep, NjN'P) and Dy < D1 U (Ujep, N;ND)
11: Py <= PrU(Ujep, NyN'P) and Dy <— Dy U (Ujep, NjND)
12:  if Py, P2, D1, D> are not mutually disjoint then
13: BREAK and return ‘G does not admit a graph partition.’
14:  end if
15: end while
16: Repeat Steps 8 to Step 11 once.
17: if any node is reassigned from P to P, (or vice versa) or from D to D, (or vice versa)
then
18: else
19:  return ‘G admits a graph partition G(Py, Py, D1, D») such that P = P; U P, and
D=D,UD;’
20: end if

Appendix A. Graph exploration process

The graph exploration process is described in Algorithm 1. If a graph partition exists, it is
determined; otherwise, the algorithm reports that no such partition is possible. Note that this
partitioning algorithm is invariant to the initial choice of node j, up to a permutation of the sets
(P1, P2, D1, D). We now provide a few examples to illustrate different cases.

Example 1. (Graph that does not admit a partition.) Suppose F =P UD is such that it is
strongly connected and there is only one node in the set D, represented as D = {0}. Let j € P
be the node selected at Step 1 of Algorithm 1, i.e. j € Py. Since F is strongly connected, there
exists a path 0 ~~ j such that all nodes on the path are preferential, implying that @ must be in
set D1 (see Step 8 of Algorithm 1). Similarly, j ~~ 0 via a path of preferential nodes, implying
that j € P> (see Step 9 of Algorithm 1 or see Figure 1). A similar conclusion holds if the node
selected at Step 1 is 9. Thus, such a graph does not admit a valid partition. To illustrate this, we
consider a special case of a strongly connected graph with one de-preferential node in Figure 9.

Example 2. (Graph that admits a partition.) Consider an even cycle of size 2k with alternate
preferential and de-preferential nodes. In this case, starting with 1€ Py, the algorithm
terminates with a valid assignment of nodes to the four sets, namely, P ={1,3,...,k— 1},
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FIGURE 9. A graph with eight nodes with P ={1, 2, 3,4, 5, 6, 7} and D = {8}. Suppose in Step 3 of

Algorithm 1 we initialize with Py = {1}, P, =D = D = &. Then, following algorithm Steps 8 to 11,

we get D1 ={8} and P, ={2, 3, 4, 5, 6, 7}, D = @. However, in Step 16, node 1 gets reassigned to P;.
Therefore, the graph does not admit a graph partition under Algorithm 1.

FIGURE 10. A graph with eight nodes with P = {1, 2, 3, 4} and D = {5, 6, 7, 8} that results in a valid
partition via the given exploration process. In particular, we get P} = {1, 3}, P, ={2, 4}, D1 = {6, 8}, and
Dy ={5,7}.

Py={2,4,...,k}, Di={k+1,k+3,...,2k—1}, and Dy={k+2,k+4,...,2k}.
Figure 10 illustrates the case for k =4.

It is easy to see that a cycle graph with an odd number of de-preferential nodes does not
admit a valid partition, whereas a cycle graph with an even number of de-preferential nodes
has a valid partition.
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