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Strong Converse Inequalities for Averages
in Weighted L? Spaces on [—1, 1]

M. Felten

Abstract. Averages in weighted spaces Li[fl, 1] defined by additions on [—1, 1] will be shown to satisfy
strong converse inequalities of type A and B with appropriate K-functionals. Results for higher levels of
smoothness are achieved by combinations of averages. This yields, in particular, strong converse inequalities
of type D between K-functionals and suitable difference operators.

1 Introduction

In this section we introduce the concept of averages and give the main definitions needed
for the paper.
We will investigate the averaging operators

1 t
(1.1) (Af)(x) := M/o fx®u)do(u), xe[-1,1],

fort > 0 where ¢ € AC[—1,1] is an odd function with ¢’(x) > 0 almost everywhere and
@ an inner addition on [—1, 1] suitably defined by means of the function ¢ (see below).
We denote by Lg[—l, 1], p € [1,00), the set of all measurable functions f: [-1,1] — R
for which the weighted norm

1 ;
£y = ( [ 1ror doo)
is finite.

The smoothness of functions in Lg [—1, 1] is described by the K-functional
(12)  K'(f,t) =inf{[|f - gll,y +¢"| D¢l | D'g € Li[-1,11}, t>0,

in which the differential operator is given by

f'(x)
@' (x)
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(1.3) (Df)(x) == x€[—1,1] ae.
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and D’ is defined by composition of D r times.

In this paper we will relate the approximation of f by A, f (or linear combinations of
A,) with the K-functional (1.2). We will investigate strong equivalence relations of type A,
B and D in the classification introduced and discussed in [Di-Iv].

For first order r = 1, K(f,t) := K'(f, t), we will prove that the relation

(1.4) K(f,60) ~[IAf = flr

In2
In(v/13—1)—In2
¢ > 0 with ca(t) < b(t) < ¢ 'a(t). (1.4) is a strong converse inequality of type A in the
sense of [Di-Iv]. In addition, we will show the strong converse inequality of type B

K(f,60) ~ IAf = flluz + 1A f = fllg

holds for p > = 2.62... wherea(t) ~ b(t) means that there exists a constant

In2 : :
for1 <p< B B’ where p € (0, 1] is a constant independent of t and f.

Equivalence relations with K-functionals of higher orders are achieved if the operators
A, are defined as linear combinations of A, with different variables u. For that we need to
define a scalar multiplication n ® t, n € Ny, which matches the addition @. The multipli-
cation is given by

(1.5) net:=t®d---®t, te[-1,1],
N—_——
7 times

forn € Nand n ® t := 0 for n = 0. For average operators A,, of order r € N, defined by

(1.6) A=) (;) (=" Agen

k=1

we will show, in Section 5, that there exists a p € (0, 1] such that
(17) K7 (£,000) ~ A f = Flly + [Asgef ~ fll,s.

From this strong converse inequality of type B we will show, in Section 6, a strong converse
relation of type D, namely

(1.8) K'(f,0(t)") ~ sup 1ALf e

where (A} f)(x) :== Y 1, (,:) (—1)k1 f(x & ko u)) is a difference operator of order r, that
is to say, the right hand side of (1.8) is a modulus of smoothness which is equivalent to the
K-functional in question.

The addition & in (1.1) is defined by means of the function ¢ as follows. From the
assumptions that ¢ € AC[—1,1] is odd and ¢’ > 0 a.e., it follows that ¢ maps the unit
interval [—1, 1] bijectively onto [—1,1], | = ¢(1) and ¢~ ': [—1,]] — [—1,1] is also an
absolutely continuous function. Then &: [—1,1]* — [—1, 1] is defined as

(1.9) adb:= ¢_1(¢(a)+¢(b)) fora,b e [—1,1]
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where $~': R — [—1, 1] is interpreted as a 4l-periodic function (i.e., o~ ' (t +41) = ¢~ 1(¢),
t € R) which satisfies

(1.10) o) =¢ "2l —1t) fort e (1,3].

The extension (1.10) of ¢ from [—I,]] to a 4l-periodic function on R makes (1.9) well-
defined because ¢(a) + ¢(b) can lie outside of the interval [—I,I]. Because of (1.10) the
inverse ¢! satisfies the relations ¢~ '(I+x) = ¢~ (I — x) and ¢~} (—] — x) = ¢~} (~1+x)
forallx € [0,1].

The properties of the addition (1.9) have been discussed in [Fel]. It should be men-
tioned that the addition does not yield a group in [—1, 1] because the associative law is not
fulfilled on the whole interval (see [Fel]). However, @ has the following group properties:
adb=bda,ad0=aandaSa = 0if wedefinea S bbyad (—b). Further discussions
can be found in [Fel].

Below are some special cases of the measures d¢. Obviously, in all cases d¢ is a positive
measure on the unit interval [—1, 1] and we can write d¢(x) = w(x)dx wherew: [—1,1] —
Ris the weightw = ¢’. If ¢(x) = x, the weight wis equal to 1 and the averages (1.1), namely

(Atf)(x)Z%/f(xeau)du, xe oL 1],
0

are Steklov functions and x @ u is given by

x+u, x+ue[-1,1]
XPu=
2—(x+u), x+uell,?2]

for u € [0, ¢], which means that x & u is the ordinary addition x + u, if x + u lies within
[—1, 1], otherwise x + u is mirrored back to [—1, 1] at 1. The differential operator (1.3) is
equal to the ordinary derivative, i.e., Df = f’and it follows that || f — A, f ||, +|| f—Arpe f | p
for some p € (0, 1] is equivalent to the K-functional

K'(f,t) =inf{|| f —gll, +£'lIg"”[l, | "~ € LP[—1,1]}

and to the modulus sup,_,, [|A}f|| 1z which is in essence the ordinary modulus of

smoothness. This shows that the unweighted case w = 1 gives results which are comparable
to those of the classical case.

If d¢ is the arcsin measure, then w(x) = 1/v/1 — x%, (Df)(x) = V1 — x*f’(x),

1

/tf( euw—T_ xel-1,1]
arcsint J, X u\/l_uZ X Y

andx®u = x-v/1 — u2 +u-+/1 — x2. This specific addition is connected with best approx-
imation by algebraic polynomials on [—1, 1] and has been considered in [Fe2] and [Fe3] in
relation with moduli of smoothness. This translation can be considered in a more general
frame (see [Fel]) if we take as d¢ the measure d arcsin g(x) where g: [—1,1] — [—1,1] is

(A f)(x) =
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an odd and absolutely continuous function with g’ > 0 a.e. Then (1.9) can be represented

by
a®b=g"" (g(a) /1= (g0)" + ) - /1~ (g(a))2>

foreacha,b € [—1,1]. For g(x) = x*, a = 1,3,5,..., in particular, we obtain

a®b= (aa-\/l—b2a+b"-\/l—a2a)é.

It should be noted that the investigation of the averages (1.1) and (1.6) was mainly in-
fluenced by the ideas of Ditzian and Runovskii in [Di-Ru]. Many of their techniques could
be transferred to the case of weighted spaces which will be considered here.

2 Preliminary Considerations

First we must obtain some elementary relations of derivatives of averages and properties
of the operator O, given in (2.4), which will be used frequently in the following sections.
Moreover, some properties and techniques of the addition (1.9) will be discussed.

We begin with

Theorem 2.1 Let f € L;b[—l, 1] andt € (0,1]. Then A;f, given in (1.1), is absolutely
continuous on [—1, 1] and fulfills

fxot) — f(x)

(2.1) (DA f)(x) = 50 , x€[-1,1]ae.,
(2.2) DA, f = AD*f, if D*f exists,
(2.3) Af — f = Ou(DALS),
whereby the operator O is defined by
1 t
.4 0g)w) = o [ g, doiw.

Proof Equation (2.1) has been proved in [Fel, Theorem 4].
Lett € (0, 1] arbitrary but fixed. To prove (2.2) we introduce the translation

T [-1,1] = [=1,1], T.(x):=x® u

For the sake of brevity we omit x in the notation of (A; f)(x) in (1.1) and write

1 t
2. At = - o ud .
23 =50 /0 fromdot
The derivative of 7,(x) with respect to x is given by (see [Fel, Theorem 2])
¢'(x)
_— —1,1
T(x) = d)/(xe?“)’ relniou a.e.
_L(x)’ xe(1oul]
@' (x D u)
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or rewritten

@' (x)

(26) Ty (X) = Mu(x) . d)/(x o M)

+1, x€e[-1,16u]

. Then (2.6) and defini-
-1, x€(16u,l]

if we define the sign function by p,(x) := {

tion (1.3) of D give

(2.7) D(foty) = pu-(Df) o,

and consequently
(2.8) DXfom) = (w) - (Df)or, = (D*f)om.

Now, from (2.5) and (2.8) it follows that

DA f) = ﬁ / (D) o deh(s) = A(D*f),
0

proving (2.2). Now, we use A;1 = 1 and (2.1) to obtain
(A f)x) — f(x) = L /t(f(x@ u) — f(x)) de(u)
f ION

1 t
= — u DAu X d u
55 | oA dow
= Oi(DA.f)
which leads to (2.3) and concludes the proof of our theorem. ]

The results of Theorem 2.1 will be crucial for direct and converse estimates. In par-
ticular, equation (2.3) will be the starting point for the investigation of properties of the
averages in Section 3. A similar connection between averages, derivatives and O; of Theo-
rem 2.1 can be found in [Di-Ru] and [Di-Fe].

The notation of the operator O; in (2.4) has shown itself to be useful (see [Di-Ru],
[Di-Fe]) because we do not have to write so many integration signs if we consider iterations

O, (Ou(l)), O, (Ou (On(l))>, etc. Furthermore, for the sake of brevity, we will use the

notation Oy, - - - Oy, (1) instead of Oy, ( . (Otn(l)) .- )

It should be noted that the function O;(g,)(x) does not depend on the variable u be-
cause u is just an inner variable for integration (see definition (2.4)). Moreover, if g, is
independent of x then so is O;(g,)(x). In particular, the function O;(1) is realvalued and
depends only on t. Hence, O, - - - Oy, (1) is a function which depends only on ¢, but not on
ta,...,t,. The following lemma gives an explicit representation of these functions.
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Lemma 2.1 Fort, € (0,1] and k € N we have

(2.9) 01,0, -+ Oy (1) = ———(1)F.

(k+ 1)'

Proof We will prove the statement by induction with respect to k. From

04(1) = 2 / H()(u) du
= 573 0 = 607) = S0’
we obtain (2.9) for k = 1. Now let the statement hold true for k > 1. Then
0, (0, 0,,,(1) = ﬁon (¢(fz)k)
(k+ i ¢(f1) (6()""¢'(12) dts
= 2),<z>( )k+1 n

Lemma 2.2 Letn € Ny and suppose D" f exists in Lg[—l, 1]. Then

O, Oy, - - - Oy (D" A, f)| () ”anHLP

= (k 1)'
fork € N andt, € (0,1].

Proof Foreacht € (0,1] letg: [—1,1] — R be a function g € Lg[—l, 1]. Taking into
account that

1 h
10utely < 55 [ 60 gy 60

we obtain
||Ot1(gt)HLP < Of1(||g:||Le) < O, (1) sup ||gt||L€
¢ ¢ 0<t<t, ¢
and
[10:,0, - - Otk(gt)HLg <040y, - Otk(HgtHLP,)
<040y, -+ -0 (1) - su
(2.10) n B 0<t< pzl HgtHLP

k
(k+ o T 8(t1) oiltlptl lgell,z »
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where we used Lemma 2.1 in the last step.
We need the inequality

(2.11) Ife@wlly <27 flly, wel-1,1],

which was proved in [Fel, eq. (19)]. From (2.7) and (2.11) it follows that

PR ) S A

)24
)

_ Hﬁ/ - (D" ) (o @ w) dor(u)
0

rr
)

<27 D" f]
which, with (2.10) for ¢ = D"A, f, concludes the proof of our lemma. [ |

We have already mentioned in the introductory section that the associative law of the
addition @ is not valid on [—1, 1], which means that the order of the parentheses of the
sum ( (D x) D ) @ x, cannot in general be omitted. However, we find that the
associative law is satisfied on certain subintervals [—d,, d,] of [—1, 1] which depend on the
number n of summands. The following lemma makes this clear.

Lemma 2.3 Letn € Nandé, = ¢! (@) Then the associative law of n summands in
[—d,, 6,] with respect to & holds true, i.e., whenever xi, ..., x, € [—0y, 0,] the parentheses
of(~ (X Bx) D ) @ x, may be omitted without ambiguity.

Proof Obviously, [—4,,6,] C [—1,1]. Ifx; € [=d,,6,], j = 1,...,n,thenn - ¢(x;) €

[—o(1),6(1)] = [—1,1]. Since ¢! maps [—1,1] onto [—1, 1] bijectively it follows, as can
be easily seen from (1.9), that

(2.12) ()@ ) B =07 (Px) o+ D).

The order of the summands of the right hand side of (2.12) can be changed, which con-
cludes the proof of the lemma. ]

The next lemma shows a relationship between the ®, given in (1.5), and the ordinary
multiplication.

Lemma 2.4 Letn € N. We then obtain
dkOt) =k-o(t)

fork=0,...,nandt € [0,6,] with §, := ¢—1(M)'

n
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Proof We will prove the lemma by induction with respect to n. Obviously, for n = 1
the equation ¢(k © t) = k - ¢(¢) holds for k € {0,1} and ¥ € [0,6,] = [0,1]. Let
the assertion hold true for n. We must now show that ¢(k ©® t) = k - ¢(t) is fulfilled for
k=0,...,n+1andt € [0,0,1]. Because of [0,0,+1] C [0, d,] we must now show that
¢((n +1)0® t) =m+1)-¢(),t €[0,0,41]. Indeed,

d((n+1)01) =p((non) @t) = ¢(¢*1(¢(n o)+ (b(t)))
= 9o ((n+ Do1r)).

In view of (n + 1)¢(¢) € [0,¢(1)] = [0,]] fort € [0, d,+1] and the fact that ¢ maps [0, I]
bijectively onto [0, 1] we obtain

¢((n+1)®t) = (n+1)p(2). |

Lemma 2.5 Letn &€ N. Then
kot

F(u) d(u) = k / £k u) d(u)
0

0

fork=0,...,nandt € [0,5,] with 5, := ¢~ (21).

Proof Firstly, for n = 2,3, ... we will prove the following identity:

w(x)
wx®t)

d
(2.13) —(x®t) = forx,t € [0,9,]

dx
in which w denotes the weight function ¢’. With respect to (2.6) we must show that x €
[—1,16¢t] orx < 16t respectively. This is done if we show that §, < 1 & §, because
x < d,and t < §,,. Indeed, the inequality

et (42) 100 (40) o0 (-

is satisfied for n = 2,3,... due to the monotonicity of ¢~!. Hence, equation (2.13) is
established.

Let us now prove the assertion of our lemma. There is nothing to prove for n = 1. Let
n > 2 and let us define the function

g [07511]](_)[—1,1], gluy, ..., u) = B P uy

whereby, in view of Lemma 2.3, the parentheses in the sum can be omitted, i.e., u; ®- - - Duy,
is well-defined. Moreover, we can rearrange the order of the summands since & is commu-
tative. Then, from (2.13) it follows that

E(Ml,...,“k) = w(uk)

——  j=1,...,k
du; w(uy @ --- D uy) /
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and consequently for u € [0, d,,]

k

d _ ‘. dg B w(u) o, w)
E(k@u)_jz_;d—uj(u,...,u)_Z k

Howus-ou o wkouw’

Finally, this yields

kot kot

fu)do(u) = fww(u) du

0 0

t d
:/0 f(k® u) {%(kQLi)}w(k@”)du

= k/ flk ® ww(u) du. [ |
0

A similar argument as in the last step of the previous proof shows that

xPt t
(2.14) / f(u)d¢(u)=/ fx® u)do(u)
X 0

is satisfied.

3 Properties of Averages

The relation (2.3) between the error of f — A, f and the operator O; given in (2.4) is the
motivation for the present paper and in particular this section. Here we will use (2.3) to
obtain Theorem 3.1 which will yield several other important results needed for strong con-
verse relations later on. The technique used in this section stems from the paper [Di-Ru].
Similar ideas have also been used in [Di-Fe].

We begin with the following Taylor-type formula.

Theorem 3.1  Suppose D" f exists. Then, fort € (0, 1] we have

: DJf i n+1
Af — f = ;_1 G+ 1)!¢(t)1 =00 ---O, D" A, f
forn=1,2,....

Proof For n = 1 it follows from (2.3) that

Af =O0(DALf) + f
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and iteration of this formula gives
Atf = OfDOtl (DAtz f) + Ot (Df) + f
== 0,0,] (DzAtzf) + Ot(l) . Df + f

n
= 0,0, -0, DA, f+Y 0,0, ---0,_(1)-D'f.
j=1

Lemma 2.1 concludes the proof of our theorem. ]

To achieve results for higher levels of smoothness, combinations of averages are consid-
ered. We define the average operator of order n € N by

n

(3.1) A=Y <Z)<—1>k“Ak@,, re ).

k=1

In particular,
Ay = Ay,
Ay = 2A; — A,
Az = 3A; — 3A20 + Asey.

As a consequence of Theorem 3.1 we obtain the following corollary for averages of higher
orders.

Corollary 3.1  Suppose D"~ f exists. Then,
" (n
An,tf - f = Z <k> (—l)kﬂok@totl te Ot,,,anAt,,f
k=1
forn=23,... andt € (0,6,] with§, := ¢! (@)

Proof With the aid of Theorem 3.1 and Lemma 2.4 we obtain

D/’ . .
Aronf — f— Z G +];)!k](b(t)] = OkeiOy, - - Oy, D"A, f
=1

fork =1,2,...,nand n > 2. Multiplication of both sides by (Z)(—l)’“rl and summation
from k = 1 up to n gives (using (3.1) and > ;_; (}) (=)' =1)

— Djf N n k+17.j
Angt = f = JZ Gt 2 <k><—1> K

k=

n n ,
B (k) (=DM 04Oy, -+ Oy, D"A, f.
k=1
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From Y, (})(=1)*'k/ = 0for j = 1,...,n — 1 we obtain the assertion. [

Corollary 3.2 Suppose D" f exists. Then,

n

A~ f— 2Ly =30 (Z)(—l)k“ok@,otl - 0, D" A, f

n+1
k=1

forn=1,2,... andt € (0,6,] with §, := gifl(@).
Proof From Theorem 3.1 and Lemma 2.4 we see that

" DI . .
Ak@tf — f - Z (] +‘i)!k1¢(t)1 = Ox@tOy, - - Ot"DnﬂAt,,H f
-1

A similar argument to the one used in the proof of the previous Corollary 3.1 yields

n

DJf i n i
Apgt — f — ; i 1)!¢(t)1 3 (k>(_1)k 1

k=1

n

= <Z> (_1)k+lok®tof1 e OtnDnJrlAfnﬂf'
k=1

Since Y"1, (}) (—=1D)¥"1k" = n! we obtain the corollary. [

4 The Direct Result

Direct estimates for averages are obtained from the results in the previous sections, in par-
ticular from Corollary 3.1.

Theorem 4.1 Let f € Lg[—l, 1]. Then, for averages (1.1) of first order, we have
1Acf = flly < (1L+2YPK(f, (1)), 1€ (0,1].

Letr € N and r > 2. Then, for averages A,; f, given in (1.6), we have
lAnif = fllyy < a2"PK(f,00)), € (0,6],

where 6, = ¢! (@) and ¢, = max{1+2'/7(2" — 1), (H—ll), S (DK
Proof We begin by proving direct estimates for smooth functions, namely

(41) HAr,tg - g”LZ g Erzl/p(b(t)r HDrgHLg 9 e (07 5r]7

if D'g exists, r € N and ¢, = ﬁ Y (DK
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If Dg exists, then equation (2.3) in Theorem 2.1 yields the direct estimate for the error
A,g — g as follows: In conjunction with Lemma 2.2 for n = k = 1 we have

1
(4.2) l4cg —gllis < S ¢(2"/7 ||Dg] 0<t<I

P
LQ ’

Because of A ; = Ay, inequality (4.2) implies (4.1) for r = 1.
For r > 2 we use Corollary 3.1, Lemma 2.2 and Lemma 2.4 to obtain

|
Lcé

d r
g = ¢l < 3 (1) 1000, 0, D'g
T ket

IA

- r 21/p r r T
> (7)o vl

k=1
=522 9(1)" | D'l
which establishes the validity of (4.1).

To prove the direct result for functions f € LZ[—I, 1] we estimate the norm of the
averages A, f. From definition (1.1) and inequality (2.11) we obtain

1Al <2V £l
and, analogously, from (1.6)
Al <27 =D fll,s.
Finally, by making use of (4.1), we arrive at
1Ase f = Fllp < I(Ag = DO = @) + (Ans = gl
< (@7P@ =D+ 1) |If =gl + a2 ) 1Dl

< Crzl/p(Hf - g”Lg + (1) HDrg“Lg)-

Taking the infimum on both sides over all smooth functions g with D'g € Lg[—l, 1] we
obtain the result of our theorem for r = 1 and r > 2. |

The following Voronovskaja-type estimate will be of importance when proving strong
converse inequalities of type A and B in Section 5.

Theorem 4.2  Letr € N and suppose that D'"'g exists. Then

| o0y

r+1
forallt with0 < t <, = ¢~ (22) where d, = G ke (D

r

Ang—g— D'g

’ S drzl/p(b(t)ﬁl HDH—lgHLP
oA ¢
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Proof With the aid of Corollary 3.2, Lemma 2.2 and Lemma 2.4 we have

r
3 o, <32 (1) oo, 0.0,
L k=1 ’

- r 21/p r r r
: ; <k> (r+2)!k R HDHgHLi

P(1)"
wg—&— D

— 427607 D]l .

From Theorem 3.1 we also have the estimate

- Dkg k r+1 r+2
Ag—g— TEENeL o™ 02|,
k=1

L” — (r+2)!
if D¢ exists.

5 Strong Converse Inequalities of Types A and B

In this section we will investigate strong converse inequalities of types A and B in the sense
of [Di-Iv] for the approximation process A, f — f. First we will establish type B, i.e., we will
relate the K-functional (1.2) by two terms, ||A,, f — fHLp and ||A., f — f”Lp with some p.

Later, we will establish type A (i.e., one term is sufﬁc1ent) for averages A; f of first order if
p is not too small, thatis p > 2.62.
The strong converse inequality of type B is given in

Theorem 5.1  Suppose that f € Lf/))[—l, 1]. Suppose also that the weight w = ¢’ is equiv-
alent to a positive constant in a neighborhood of 0, i.e., 0 < ¢ < w(t) < dfort € (—ty,ty).
Then there exist constants C > 0 and p € (0, 1] being independent of f and t such that

(5.1 K (f,00)) < CUAwS = fllp + Acpef = )

forallt with 0 < t < t,.

Proof The proof follows a method in Ditzian and Ivanov [Di-Iv] which was developed for

proving strong converse inequalities of type B and A.
Obviously,

(5.2) K'(f.0)7) < || A5 f = £, + 6" |[DAT 1]

For the first summand in (5.2) we have

(5.3) s = 1l = HZA ((f = Auf),

< Cl ”f ArtfHLg
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where C) is independent of f and t. Thus, the first summand in (5.2) is dominated by a
term as claimed in (5.1).

The rest of the proof is concerned with the second summand in (5.2). For an estimation
of the second summand we will use the following Voronovskaja inequality of Theorem 4.2
with A7} f taking the place of g:

‘ ¢(pt)

fort € (0,9,] and p € (0, 1]. Let j € N. Using (1.6), equation (2.1), with f(x®t)— f(x) =
(A¢f)(x), and Lemma 2.4 we have

Ar’p[A:;lf Ar+1f _ DrAr+1f

‘ < d 21/p¢(pt)r+l HDr+1Ar+1fHLP
Ld’

o

_ i—1 j—=1
e
174 i

i—1 —~ (r k+1
D’ Z <k) (=1 ¢(k® )AthArt f

k=1

(5.4)
Ly

=50 Z( )k o a1

We note that, by a simple calculation (using (2.11) and (2.7)),
mated by (1 +2'/?) HDj_lgHLP. Therefore, with
(]

(5.5) e 1= Z (Z) %,

we observe from (5.4) that

b
Ly

Di7'Ayg||,» can be esti-

(5.6) HDfAitf

< (1+21/P)e HDJ AITf

i
L,

Repeating inequality (5.6) yields

1/
[prair],, < a2 el 1l
for j =1,2,.... Moreover,
A T 1+2 T AT
HD A +1fHLP =750 €r ||D Ar,tf|}LP
1+2

1/p
< e’(” rAerHLP + HDrA:t(A”f f)HLP)

1/ (1+2/py
AT+l r
<50 (H D'A] fHLp ¢()r A f — f||Lp>
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Hence, for p € (0, 1]

r T ¢(pt)r AT+
rptA+1f A+l _ﬁDAr}r

Lf
[

< 2171 +2Y7)d,e, oty 2D DALl + CollAwef = fllr -

¢(t) |
Now, by triangle inequality and (5.3)

1 o(pt) AT
{77 -2 2mae S8 o oo,

<G ||Ar,tf - f”Lg + HArA,ptA:H AH]J[HLP
S (Cr + Cl) HAntf - f”L(P; + ||ArptAr+1f ArptfHLp + HArptf f”LP
< (Gt Cr+Co) [Anef — flly + s f — flly

We may choose p € (0, 1] such that

o(pt) .

. 21/p P)d e,
(5.7) (1+277) @)

7 IS (OvtO]-

This is possible because

opt) _ dlpt) — 4(0) _ (&)
o)~ ) —o(0) P 9(&)

with 0 < & < ptand 0 < & < t. Using the assumption 0 < ¢ < w(t) < dfort € [0,1))
we can find a p € (0, 1], such that

(5.8) ap < 9lpt) <acp

(1)
Then, (5.7) implies

||D'Ar+1fHLp < (C+Ci+Gy) A f — f”LP A f — f”LP)

¢( t)" (
showing, with (5.8), (5.3) and (5.2), that there isa C > 0, such that

K7(f,06)) < ClAwf = fllys + Aref = fll). .

In a special case we can improve the result of Theorem 5.1 in the sense that we can choose
p = 1in (5.1). We will prove that for first order r = 1 the second term ||A, . f — fl|,»

in (5.1) can be dropped if p is sufficiently large. This is a strong converse inequality of
type A.
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Theorem 5.2 Let f € Lg[—l, 1] and p > ﬁ = 2.62 .... Then there exists a
constant C > 0, such that

K(f,¢0) < CllAf = fly
forallt € (0,1].

Proof Let r = 1 and p = 1 and follow the proof of Theorem 5.1. Since d; = 1/6 and
e; = 1 (see Theorem 4.2 and (5.5)) the inequality (5.7) reads

1 1

5.9 2VP(1 4 2VP) = < =

(5.9) ( )5 <5
and it can be easily seen that (5.9) is satisfied for p > ln(\/ﬁliﬁ It is clear that we can
choose t € (0, 1]. [ |

Finally, we combine the results of Theorems 4.1, 5.1 and 5.2 and close this section with

Corollary 5.1 Let the assumptions of Theorem 5.1 hold. Then there exists a p € (0, 1], such

that
Kr(ﬁ ¢(t)r) ~ HAr,tf - f”Lg + HAnptf - f”Lg
forallt € (0,10]). In particular, ifr = 1 and p > ﬁ then

K(f,6(0)) ~ [lAf = fl

forallt € (0,1].

6 Strong Converse Inequalities of Type D

From the strong converse inequality of type B for A, f — f we will derive a strong converse
inequality of type D for the differences

(6.1) (ALN)(x) = Z (lr()(—l)"“f(x@ (kow), xucl-1,1],
k=0

which is an estimate of the K-functional by sup,_, . | A} f|| -

The differences (6.1) are closely connected with the deﬁmtlon (1.6) of the averages A, f.
Using (1.1), Lemma 2.4 and Lemma 2.5 we can write

r

o = 1) =3 (1) 1 oS = 19

k=1

B r T 1 k1 1 kot d
R ; <k>(_ : W/O (flx®u) — f(x)) dp(u)
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_ - ™ k+1_l__ ' _
=3 () g [ (e wow) - ) dotw

k=
1

I TN
55 | e

fort € (0,6,]. Hence, we can represent A, f — f by means of an integral over the difference
operator. This immediately yields the estimate

(6.2) A f = fllp < sup [[ALf]lp -
o o<u<t ¢

The right hand side of (6.2) is a modulus of smoothness. We now can relate the left hand
side to the K-functional K" (f, ¢(¢)") via the strong converse inequality of type B, i.e., from
Theorem 5.1 we deduce that

(6.3) K'(f,¢@)) <C sup [|ALfl|;»-
o<u<t ¢

The following Corollary shows that also a lower estimate of the K-functional is possible.
Hence, K-functional K" ( f, ¢(t)") and modulus SUPy,<; |A}, f1l;» are equivalent, which is

a strong converse inequality of type D.

Theorem 6.1 Suppose that f € Lg[—l, 1] and suppose that the weight w = ¢’ is equivalent
to a positive constant in a neighborhood of 0, i.e., 0 < ¢ < w(t) < dfort € (—ty,ty). Then

(6.4) K'(f,0)7) ~ sup 18411

fort € [0,t].

Proof It remains to show that a lower estimate of (6.3) is satisfied, i.e.,

(6.5) sup | AL fll,e < CK(f, 6(0)).
o<u< ¢
To establish the lower estimate (6.5), let us define the measure d(uy,...,u,) by

dé(uy) - - - do(u,). Clearly, (6.5) holds true for t = 0. Therefore let t € (0, fp] arbitrary
but fixed. Below, x is always in [—1, 1]. If D"g exists, we will prove that

(6.6) / / (D) (x® (1 & - & ) dlun, .., ) = (Alg)(x)
0 0

holds for r = 0,2,4, ... and

6.7) / / oo, D) (X ® (11 & - ® ) dau, .., 1) = (Alg)(x)
0 0
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holds for r = 1,3, 5, ... (for definition of y see (2.6)).

It is important to note that A] # (A,)", r > 2. However, by defining an appropriate
functional we can represent A/ in terms of a power. If we let the functional A, f := f(¢) —
f(0) we obtain

Afx® o) = (AW

and

AANf(x® (o)) =Af(xD (Do) —AflxDe)

(6.8)

=fxe@an) —2fxa)+ f(x)
which yields
(6.9) AAf(x ® (01 @ 03)) = (AT )().

Without fear of confusion we write A! f (x (e, DD o,)) instead of the composition
A, - Atf(x Do P--- 0,)). From (6.9) it follows, by iteration, that

(6.10) Alf(x® (o @ Do) = (A[f)(x)

which we need for the proof of (6.6) and (6.7).
In view of (1.1) and (2.1) we can write

(6.11) <¢(t) / g(x ®u) d¢(u)> e )(g(xeat) —g(x)),
i.e., (using (2.7))
(6.12) / pu(x)(Dg) (x & u) dp(u) = g(x & 1) — g(x)
0
if Dg exists. Furthermore, if D*g exists then

(6.13) / (D20)(x & 1) d(u) = pu(x)(Dg)(x & 1) — (Dg) ().
0

First let us consider the case where r is an even integer bigger than 1. Let 4y, ..., u,_; bein
[0, §,] and let us bear in mind that the associative law of r summands in [0, §,] holds, that
is to say, we can write, for example, t @ u; @ - - - ® u,_; without ambiguity (see Lemma 2.3).
Making use of (2.14) and (6.13) it follows that

/ (D) (x® (0 &+ @ u)) dp(uy)
0

tQu; D Du,—
_ / (D) (x & uy) dor(un,)
U@ Dur—y
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tSu D Dur—1
_ / (D) (x & uy) de(u,)
0

U Du,—y
_ / (D) (x & uy) dor(u,)
0

= L@ @-u_, D 'Y (x Bt DU B Dupy))
- /’l’m@”'@ld,fl(x)(Dr_lg) (X D (U1 b---D u‘r—l))

and (using (6.12))
/Ot /Ot(Drg)(x@(ul ® - D u))duy—1,u)
= /Ot L @--wu_ (D' (x B (t B U - B up_y)) dp(u,—1)
_ /0 o (D 1g) (x 8 (ay & - @ 1,1)) 1)

tPtPu D - Du,—»
_ / e (D) @ 1) bty 1)
tQu;D---Du,—»

tDu; B Du,—»
- / L, (D) (x @ up—y) d(u,—y)
0@ s

=D x@ (Dt Dw - Dupy))
—_ 2(DT—2g)(x® (t Du d---PD Mr—Z))
+(D)(x D (1 ® - B uy—2)).

This can be written (using (6.8)) as

/ /(D’g)(x@(ul@--~@“r)) d(u,_1,u,) = Af{(Dr_zg)(x@(ul@...@ur_zoz@ol))}
0 Jo

and so iteration of this equation gives
t t
/ / D) (x® (& ®u))d(u, ..., u)
0 0

= Atz{/ . / (DT—Zg)(x® (Ul @ . @ Ur_) @) @.1))61(1/{1, .. ‘7“72)}
(6.14) o

=R R (ke (o @D e)))
= (A9)(x)
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where in the last step we used (6.10). Therefore (6.6) is proved.

Now, let  be an odd positive integer. As in (6.14) we obtain by using (2.7), (6.10) and
(6.11), such that

/ / o (D) (x & (1 & - B ) dur, ., )
0 0

o (/ ---/(Dr1g)(xea<u1ea---eau»)d(ul,...,dur_l)) d(u,)
0 0 0

:D/ A g(x @ (o1 @ -+ ® o & 1)} dob(u)
0

A g(x D (0,1 @D B} — A g(x D (0,1 B--- Do)}
=A{g(xD (o, D---Dey))}
= (Arg)(x),

proving (6.7). After having established equations (6.6) and (6.7), the difference operator

can be estimated as
t t
Ia7gly < [ - [ 20107
/ 0 0

< 2Y29() |ID'glly

Li; d(ulv"'vur)

which leads to
187 f s < 185CF = ©)lus + 1Agll
< 2P = 1) |If = glly + 27760 D'l

Taking the infimum over all g with D'g € Lf;[—l7 1] we obtain the lower inequality (6.5)

which concludes the proof of our theorem. ]
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