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CLASSIFICATION OF MOBIUS ISOPARAMETRIC
HYPERSURFACES IN S*

ZEJUN HU* aAND HAIZHONG LIf

Abstract. Let M"™ be an immersed umbilic-free hypersurface in the (n + 1)-
dimensional unit sphere S™™*, then M™ is associated with a so-called Mobius
metric g, a Mobius second fundamental form B and a Mobius form ® which are
invariants of M™ under the M6bius transformation group of S"*1. A classical
theorem of Mobius geometry states that M™ (n > 3) is in fact characterized
by g and B up to Md&bius equivalence. A Mobius isoparametric hypersurface
is defined by satisfying two conditions: (1) ® = 0; (2) All the eigenvalues of
B with respect to g are constants. Note that Euclidean isoparametric hyper-
surfaces are automatically Mobius isoparametric, whereas the latter are Dupin
hypersurfaces.

In this paper, we prove that a Mébius isoparametric hypersurface in S* is
either of parallel M&bius second fundamental form or Mobius equivalent to a
tube of constant radius over a standard Veronese embedding of RP? into S*.
The classification of hypersurfaces in S"*! (n > 2) with parallel M&bius second
fundamental form has been accomplished in our previous paper [6]. The present
result is a counterpart of Pinkall’s classification for Dupin hypersurfaces in E*
up to Lie equivalence.

§1. Introduction

Let x : M™ — S"™! be a hypersurface in the (n + 1)-dimensional unit
sphere S"*! without umbilic point and {e;} be a local orthonormal basis
with respect to the induced metric I = dz - dx with dual basis {6;}. Let
II = ZZ] hi;0; ® 0; be the second fundamental form with length square
11> = Zi,j(hij)Q and H = L 3~ h;; the mean curvature of z, respectively.
Define p? = n/(n—1) - (JII||*> — nH?), then the positive definite form
g = p?dx - dr is a Mdbius invariant and is called the Mé&bius metric of
x : M™ — S The Mobius second fundamental form B, another basic
Mobius invariant of x, together with g determine completely a hypersurface

of S™*! up to Mobius equivalence, see Theorem 2.2 below.
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An important class of hypersurfaces for Mdbius differential geometry
is the so-called Mobius isoparametric hypersurfaces in S**!. They are first
defined in [8] as hypersurfaces of S"*! such that the M&bius invariant 1-form

Ly e=—p Z{exH) 3 i~ Ho,5)es(l0g p>}ez-

vanishes and all eigenvalues w.r.t. g of the Mobius shape operator
(1.2) S:=p Y (S—H-id)

are constant, here S denotes the shape operator of z : M™ — S"*!. This
definition of Mobius isoparametric hypersurfaces is meaningful when we
compared it with that of (Euclidean) isoparametric hypersurfaces in S**+1,
as we see that the images of all hypersurfaces of the sphere with constant
mean curvature and constant scalar curvature under Mobius transformation
satisfy ® = 0 and that the Mdbius invariant operator S play the same role
in M6bius geometry as S does in the Euclidean situation (see Theorem 2.2
below). Standard examples of M&bius isoparametric hypersurfaces are the
images of (Euclidean) isoparametric hypersurfaces in S**! under Mobius
transformations. But there are other examples which cannot be obtained
in this way, e.g., it occurs among our classification for hypersurfaces of
S™*! with parallel Mobius second fundamental form, this means that the
Mobius second fundamental form is parallel with respect to the Levi-Civita
connection of the Mébius metric g, see [6] and [8] for details. On the other
hand, it was proved in [8] that any Mo6bius isoparametric hypersurface is in
particular a Dupin hypersurface, which implies from [14] that for a compact
Mobius isoparametric hypersurface embedded in S”*!, the number v of
distinct principal curvatures can only take the values v = 2,3,4,6. In [§],
the authors classified locally all Mobius isoparametric hypersurfaces of S?+1
with v = 2.

In this paper, by relaxing the restriction of v = 2, we will consider
Mobbius isoparametric hypersurfaces of S* and finally determine all of them
in explicit form. To state the result, we first recall that for the n-dimensional
hyperbolic space of constant sectional curvature —c < 0

Hn(_c) = {(yO)yl)‘”7yn) € LTL+1 | _y(2)+y%++y721, = _027 Yo > C}

and the hemisphere S7 = {(wl,...,an) e s” ‘ a2 =1, 2 > 0},
we can define, respectively, the conformal diffeomorphism o : R” — S™\
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{(-1,0,...,0)} and 7 : H"*(—1) — S by

1— |ul? 2u
1.3 = , , e R",
- = (i )

1y
(14) T(y) = <%7 %)7 Yo > 1) y= (y073/17~ .. ,yn) = (yoay/) € Hn(_l)

Then we can state our main result as the following
CLASSIFICATION THEOREM. Let x : M3 — S* be a Mébius isopara-

metric hypersurface. Then x is Mobius equivalent to an open part of one of
the following hypersurfaces in S*:

(1) the torus SF(a) x S*7*(b) with k = 1,2 and a® + b? = 1;

(2) the image of o of the standard cylinder S*(1) x R37% ¢ R* with k =
L2

(3) the image of T of the standard hyperbolic cylinder
SE(r) x H3#(=v/1+r2) c H4(-1)
with k =1,2 and r > 0;
(4) the image of o of the warped product embedding
#:SYa) xSYb) x RY — R with a®>+b* =1
defined by

F(u,v,t) = (tu,tv), u€S'(a), veS(b), t>0;

(5) a tube of constant radius over a standard Veronese embedding of RP?
into S*.

Remark 1.1. From the fact that the Lie sphere transformation group
contains the Mobius transformation group in S™*! as a subgroup and the
dimension difference is n + 3, we see that the Mobius differential geometry
should be quite different from the Lie sphere geometry in many respects.
Therefore it is remarkable to find that the classification theorem above
can be regarded as a counterpart of Pinkall’s classification theorem [13] for
Dupin hypersurfaces in E* under equivalence of Lie sphere transformation.
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Remark 1.2. The classification in [8], done under the condition vy = 2
for all dimensions, covers for n = 3 the first three cases of the above clas-
sification theorem. We note that (1) and (5) are Euclidean isoparametric
hypersurfaces in S*, whereas (2) and (3) are euclidean isoparametric hyper-
surfaces in R* and H*(—1), respectively.

Remark 1.3. Recall that a hypersurface M of St is said to be M&bius
homogeneous if for any two points p,q € M there exists a Mobius transfor-
mation T of S"*! such that T(M) = M and T(p) = q. We note that in [16],
by a very different method, it was proved that up to Mobius equivalence (4)
and (5) are the only Mobius homogeneous hypersurfaces of S* with different
principal curvatures.

Remark 1.4. Comparing the above Classification Theorem with The-
orem 2 of [16], we easily see that a umbilic free hypersurface of S* be-
ing Mobius isoparametric is equivalent to that it is Mobius homogeneous.
For higher dimensions, the following problem might be interesting: Try to
elaborate on the relation between “Mébius isoparametric hypersurface” and
“Mébius homogeneous hypersurface” ? This will be studied in a separate

paper.

This paper consists of three sections. In Section 2, we first review some
elementary facts of Mdbius geometry for hypersurfaces in S”*!, and then
we present (without proof) a classification result for hypersurfaces of S**!
with parallel Mobius second fundamental form which we accomplished in
[6]. Section 3 is the key part of this paper, which is devoted to the proof of
our classification theorem.

Acknowledgements. This work was done when both authors were
having research stay at TU Berlin in 2002. We would like to express our
gratitude to Professor U. Simon for his hospitality and many helps. We
also express our thanks to Prof. C. P. Wang for helpful discussions with
him about this paper. Finally, we are deeply indebted to the referee whose
valuable comments improved our original version greatly.

§2. Mobius invariants for hypersurfaces in S"+!

In this section we define Mobius invariants and recall structure equa-
tions for hypersurfaces in S"*1. For more detail we refer to [15].
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Let L"*3 be the Lorentz space, i.e., R"*3 with inner product (-, -)

defined by
(2.1) (z,w) = —rowo + T1W1 +  + TpoWni2
for x = (wg,21,...,Tne2), w = (Wo,wy, ..., Wyio) € RS,

Let z : M™ — S — R"2 be an immersed hypersurface of S™*!
without umbilics. We define the Mébius position vector Y : M™ — L"+3 of
x by

(2.2) Y =p(La), p*= (1| —nH?) >0.
Then we have the following

THEOREM 2.1. ([15]) Two hypersurfaces x, & : M"™ — S"*1 are Mébius

equivalent if and only if there exists T' in the Lorentz group O(n+2,1) in
L3 such that Y = YT.

It follows immediately from Theorem 2.1 that
g = (dY,dY) = p*dx - dx

is a Mobius invariant (cf. [15]).
Let A be the Laplacian with respect to g, we define

1 1
(2.3) N =——AY — o5 (AY,AY)Y,

then we have (cf. [15])

(2.4) (AY,Y) = —n, (AY,dY) =0, (AY,AY)=1+n?x,
(2.5) Y,;Y)=0, (N,Y)=1, (N,N)=0,
where & is the normalized scalar curvature of g and is called the normalized
Moébius scalar curvature of x.
Let {E1,...,E,} be a local orthonormal basis for (M",g) with dual

basis {w1,...,w,} and write Y; = E;(Y), then we have from (2.2), (2.4)
and (2.5) that

(26) (YY) = (YuN)=0, (Y,Y;)=d; 1<ij<n.
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Let V be the orthogonal complement to the subspace Span{Y,N,
Y1,...,Y,} in L"3 then along M we have the following orthogonal de-
composition:

(2.7) L3 = Span{Y,N} @ Span{Yy,...,Y,} ® V.

V is called the Mobius normal bundle of z. A local unit vector basis F =
E, 41 for V can be written as (cf. [15])

(2.8) E=FE,41 = (H,Hr +ept1).

Then {Y,N,Y1,...,Y,, E} forms a moving frame in L""3 along M".
Unless otherwise stated, we will use the following range of indices through-
out this paper: 1 <i,5,k,I,m <n.

We can write the structure equations as follows:

(2.9) dy = Z Yiwi,

(2.10) ZAU“’JY +chz

(2.11) ZAMY wZN—I—ZwUY —I—ZBU%
(2.12) dE = ZC%Y ZBU% "

where wj; is the connection form of the Mobius metric g, A = Z Ajjw; ®
wj, =5, Cw; and B = Z - B;jw;®w; are called the Blaschke tensor the
Mobius form and the Mobms second fundamental form of z, respectively.
The relations between ®, B, A and the Euclidean invariants of x are given

by (cf. [15])
(2.13) Ci= [ ) + Z ij — Hoij)ej(log p) |,
(2.14) Bij=p l(hij — Hdyj),
(2.15) Ayj = —p~?[Hess;j(log p) — e;(log p)e;(log p) — Hhij]
1 _

- 5P 2(IVilog pll* =1+ H?)dyj,
where Hess;; and V are the Hessian matrix and the gradient with respect
to dx - dx.
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The covariant derivative of C;, A;;, B;; are defined by

(2.16) Z Cijwj = dC; + Z Cjwjis

(2.17) D" Aggwr = dAi; + > Aigwig + Y Arjwii,
k k k

(2.18) > " Bijgwr = dBi; + Y Biwij + Y Brjwii.
k k k

The integrability conditions for the structure equations (2.9)—(2.12) are
given by (cf. [15])

(2.19) Aijk — Aikj = BinCj — BijCr,
(2.20) Cij—Cji= Y (BixArj — BrjAr),
k
(2.21) Bijx — Birj = 0;;Cx, — 0;C},
(2.22) Rijii = BixBji — BuBj + ix Aji + 051 Aik — 6 Ajr — 05 Aa,
(2 23) z] = ZRzkjk = ZBZkB]k + (tI‘ A)(Sz] + ( 2)A’L]7

(2.24) ZBZZ_O Z ) :”; . trA = ZA”: —(1+n%),

where R;ji; denote the curvature tensor of g and k = ﬁ Z” R;jij is

the normalized Mdbius scalar curvature of x : M™ — S*tL
The second covariant derivative of B;; are defined by

(2.25) Z Bijiwr = dBij . + Z Bij kwii + Z B pwij + Z Bijwik-
1 1 1 1

By exterior differentiation of (2.18), we have the following Ricci iden-
tities

(2.26) Bij ki — Bijk = Z Bpj Rkt + Z Bim Rkt
m m

We get from (2.14) that

(2.27) S:=p Y (S—H-id)=> BjjwkEj
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where S is the Weingarten operator for x : M"™ — S"t! S is called the
Mobius shape operator of . We can show that all coefficients in (2.9)—
(2.12) are determined by {g,S} and thus we obtain

THEOREM 2.2. ([15], or [1], [2]) Two hypersurfaces x : M™ — S+
and & : M" — S" (n > 3) are Mébius equivalent if and only if there
exists a diffeomorphism o : M™ — M™ which preserves the Mébius metric
and the Mébius shape operator.

Recall that a umbilic free hypersurface x : M"™ — S"*! is said to have
parallel Mobius second fundamental form if B;;, = 0 for all 4, j, k. In [6],
we obtained a complete classification for hypersurfaces of S**! with parallel
Mbobius second fundamental form. This classification will be used in this
paper, so we state it as followings:

THEOREM 2.3. ([6]) Let x : M™ — S™"1 (n > 2) be an immersed um-
bilic free hypersurface with parallel Mobius second fundamental form. Then
x is Mébius equivalent to an open part of one of the following hypersurfaces
in ST

(1) the torus SF(a) x S**(b) with 1 <k <n —1 and a® + b = 1;

(2) the image of o of the standard cylinder SF(1) x R*™% < R with
1<k<n-—1;

(3) the image of T of the standard hyperbolic cylinder S*(r) x H"*(—c) C
H" (1) with 1 <k <n—1and c=V1+72 forr > 0;

(4) the image of o of the warped product embedding
i :SP(a) x SU(b) x Rt x R*P~4~1 _, Rl
with a®> + 0> =1,p>1,¢>1, p+q<n—1, defined by

i’(u/,u”,t, ul/l) — (tul,tu”, U,H),

u' € SP(a), u” €SUb), t e RT, o ¢ RVP747L,

83. Proof of the classification theorem

In this section, we first prove that for a Mobius isoparametric hyper-
surface of S%, if its M&bius second fundamental form is not parallel, then it
must be M&bius equivalent to an (Euclidean) isoparametric hypersurface of
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S* with three distinct principal curvatures. According to Cartan’s result in
[3], the latter is in fact a tube of constant radius over a standard Veronese
embedding of RP? into S*. Then our classification theorem follows from
this and Theorem 2.3.

Hereafter we assume that n = 3 and z : M? — S* is a Mobius isopara-
metric hypersurface, i.e. we have ® = 0 and the Md&bius shape operator
S has constant eigenvalues. For our choice of the frame {E;}, S has con-
stant eigenvalues being equivalent to that the matrix (B;;) has constant
eigenvalues. From ® = 0 and (2.20), we get

(3.1) > (BinAkj — AwBr;) =0, for all i, j,
k

this implies that we can choose the local orthonormal basis {F;} to diago-
nalize (A;;) and (B;;) simultaneously. Let us write

(3.2) (Blj) = diag(bl, bg, b3), (Azg) = diag(al, as, a3),
where {b;} are all constants and from (2.24) they satisfy

2
(3.3) by + ba + b3 = 0, b%+b§+b§:§.

We also note that from ® = 0, (2.19) and (2.21), both By;; and A;;
are totally symmetric tensors. As usual we define

(3.4) wij =Y Thjwe, Thy=-T},.
k

From (2.18), (3.2) and {b;} being constants, we get

(3.5) Bijk = (bi — b;)I};, forall i, j, k,
and thus
(36) Bij,i = Bii,j = 07 for all i, j

If locally B2 3 = 0, combining it with (3.6) we have B;;; = 0, for any
i, 7, k and thus z : M3 — S* has parallel Mobius second fundamental form.
Then from Theorem 2.3 our classification theorem is valid.

In the sequel, we assume that Big 3 # 0. From (3.5), we see that by, by
and bz are distinct, and further from 0 = By; j = B;j; = (bi — bj)FZ‘:j we get

(3.7) I, =0, for all distinct 4, j.
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LEMMA 3.1. Bjg3 = const.
Proof.  From (2.25) and (3.6), we have

(3.8) Y Biagkwi = dBias+ Y _ (Bra,swi1+Bikswia+Biaswis) = dBias.
k k

To calculate Byas, (k = 1,2,3), we first use the Ricci identity (2.26)
and (3.2) to obtain

(3.9) Bijm = Biju+ Z(ijRmik:l + BimRmjkl) = Bijik + (bi — bj) Rijit.

On the other hand, the Gauss equation (2.22) and (3.2) imply that
(3.10)  Ryjm =0, if three of 4, j, k, [ are either the same or distinct.
From (3.9) and (3.10), we get
(3.11) Bij i = Bijk, if three of 4, j, k, [ are distinct.
Applying (2.25) again for distinct 7, j and using (3.7), we get

(3.12) Z Bii jkwi, = dBi; j + Z(Bki,jwki + Bik jwi + Biikwi;)
K K

l l
= 2Bil,jwli = QBil,j Z Fkiwk = QB’il,ijiwja
k

where 4, j, [ are distinct. From (3.12) we obtain, for distinct i, j, [,
(3.13) Biijj = 2BijT',  Biij=0.

From (3.11), (3.13) and B;;j being totally symmetric, we get
(3.14) Biggi = Bi1,23 =0, DBi2ss = B3 =0, Big33 = Bs312=0.

Substituting (3.14) into (3.8), we obtain dBj23 = 0. This proves that
B9 3 is constant. []

LEMMA 3.2. aq, as, a3 are constants.
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Proof. From Lemma 3.1, (3.5) and the symmetricity of B;; 1, we get
(315) 31273 == (b1 —bg)l‘}n == (bg —bg)l“%:), == (bg —bl)Fgl = const. :==c 75 O,

which implies that {F -} consists of constants and they satisfy

(3.16) b = #0, for distinct i, j, k.

b—b

Applying the above facts to the definition of Riemannian curvature
tensor, we easily have the calculation

i 2c2
IR (b = by) (b — bi)

for distinct ¢, j, k. This shows that R;j;;; is constant.
On the other hand, from the Gauss equation (2.22), we find that

(3.17) Ry = Ty,T%, + 15,0 — T #0

(3.18) Rijij = bibj +a; +aj, i,j=1,2,3 and i # j.

From (3.18) we obtain, for distinct 4, j, k,

1
(3.19) ap = 5 (Rjkjk + Rpiki — Rijij — bjbk — brb; + bzbj)
We have proved that {aj} consists of constants. U

LEMMA 3.3. There exist constants A and p, such that
(3.20) a1+ Aoy +p=as+ Ao+ p=as+ Ao+ p=0.

Proof. From (2.17), (3.2), (3.4) and Lemma 3.2, we have

Z AU LW = dAZ] + Z Ak}jwkz + A, kwkj a ka]wk,

which gives that
(3.21) Aije = (a; — a;)Th;, for all 4, j, k.

In particular, we have
(3.22)

Aa3 = (a1 — ag)F%)Q = (ag — CL3)F%3 = (a3 — al)Fg’l = const. 1= ¢,
Aii,j = 0, for all i, j
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Comparing (3.22) with (3.15), we arrive at

(3.23) Zi : Zj = Zz : Z: = Zz : le = % = const. := —\.
From (3.23) we find that
a1 + Aby = ag + Aby = ag + A\bg = const. := —pu,
then (3.20) follows. 0

LEMMA 3.4. The constants A and p in (3.20) satisfy
(3.24) A2 20 < 0.

Proof. To prove (3.24), we first express A and p explicitly in terms of

{bi}-
From (3.17) and (3.19), we get

42
(b — b)) (b, — by)
2¢2(2b; — b; — by)
)
(

(3.25) 2a, = — — brb; — bb; + bbb, 1,5,k #,

(326) a; — a = - b](bz - bk)7 i?j: k 7é .

(bi — b;)(bj — by) (br, — by)

From (3.3), (3.23) and (3.26), we get

o 6[)102
(3:27) A=) (b2 = bs) = (b1 — ba)(ba — b3)(b3 — b1) ’
(3.28) (A= b2)(bg —b1) = (e

(b2 — b3)(bg — b1) (b1 — b2)

If by = 0, then from (3.28) we get A = 0. If by # 0, then \ # bo, (3.27)
and (3.28) imply that

(A—b1)(bz —b3) _ b1
A —bo) (b3 —b1) by

Solving A from (3.29), with using (3.3), we obtain

(3.29)

3b1b2b3 9
= bbb
b3 + b3 + b3 PR
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which is also valid for by = XA = 0. Thus for any value of bs, it holds

9
(3.30) A=~ bibabs.

Because of (3.3) and the fact that by, by, b # , without loss of generality,
we can assume that

(331) by <by<bs, by <0, b3>0,

then from (3.3) again we can write

o 1 3, o 1 3,
(3.32) by =3 ,/3 T b= 2+\/3 T

which together with by < by further imply that —2 < by < —+.
From (3.25), (3.27), (3.28) and (3.30), we have the following calculation
to express a; in terms of by:

462(b2 - bg)
3.33 201 = — biby — b1bs + bab
(3.33) 1 (b1 — b)) (b2 — b3) (b3 — b1) 102 — 0103 + b203
2N =b1) (b2 —b3)? | 5 2 3.5, 9.
= 3D, +b1+b2b3——§+zbl+zbl.
Finally, from (3.20) and (3.30)—(3.33), we arrive at
1
T, (b% - —),
(3:34) 2 15, ot
2,[1, = —2CL1 - 2)\()1 = 5 - Tbl + Tbl,
which gives that
1
N4 2p = E(Qbf —1)(96% — 4)(9b? +2) <0,
where we have used the fact —% < b < —%.
This proves Lemma 3.4. 0

Completion of proof of the Classification Theorem. From (2.9)—(2.11)
and (3.20), we see that for the constants A and p in Lemma 3.3, it holds

dN — ME + pdY =0,
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so we can find a constant vector C € L° such that

(3.35) N - E+pY =C.
It follows from (3.35) and (2.5) that
(3.36) (C,C) = N2 + 2 = const. .= —12 <0, (V,C)=1,

as it says that C is a constant timelike vector, we can find a Lorentz trans-
formation T € O(5,1) in L8 such that

(3.37) C:=(—r,0)=CT = (N — AE + puY)T.

Let & : M? — S* be a hypersurface which is M&bius equivalent to z
by taking Y = YT. Then we have N = NT, E = ET and C = (—r,0) =
N —AE 4 puY.

Writting Y = p(1, %), from (Y,C) = (YT,CT) = (Y,C) = 1 and
(Y,C) = p((1,%), (=r,0)) = rp we get

1
(3.38) p= —= const.

Now we consider the M&bius isoparametric hypersurface  : M3 — S*.
From (3.38) and the fact that & has constant normalized Mé&bius scalar
curvature & = k = & > Rijij, cf. (3.17), we know that & has constant
norm square of second fundamental form and the Euclidean induced metric
dZ - dT has constant scalar curvature. Then from the Euclidean Gauss
equation of , we find that & : M — S* also has constant mean curvature.
Applying (2.27) to the Mébius isoparametric hypersurface & : M3 — S*
then the above facts imply that it is in fact an Euclidean isoparametric
hypersurface with three distinct principal curvatures. By Cartan’s result in
[3], we know that  : M3 — S* is a tube of constant radius over a standard
Veronese embedding of RP? into S*.

This completes the proof of our Classification Theorem. U

Remark 3.1. Our proof of Lemma 3.4 is motivated by [10], where for
a Mobius hypersurface = : M™ — S"*!1 H. Li and C. P. Wang considered
the case that the Blaschke tensor A and the Mdbius second fundamental
form B are related by A 4+ AB + ug = 0 for some smooth functions A, ¢ and
obtained the characterization of such hypersurfaces under the condition of
® = (. We also note that & = 0 is a natural condition under which a series
of interesting results have been established in recent years, see references
[5]-[12] for details.
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