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Spectral Flow for Nonunital Spectral Triples

A. L. Carey, V. Gayral, ]. Phillips, A. Rennie, and F. A. Sukochev

Abstract. We prove two results about nonunital index theory left open in a previous paper. The
first is that the spectral triple arising from an action of the reals on a C*-algebra with invariant
trace satisfies the hypotheses of the nonunital local index formula. The second result concerns the
meaning of spectral flow in the nonunital case. For the special case of paths arising from the odd
index pairing for smooth spectral triples in the nonunital setting, we are able to connect with earlier
approaches to the analytic definition of spectral flow.

1 Introduction

The local index formula in noncommutative geometry originated in the paper of
Connes and Moscovici [14]. Subsequent applications have revealed that it provides
a unifying viewpoint for many formerly unrelated isolated classical theorems. It also
produces a way to calculate topological invariants for noncommutative algebras.

In [7], a local index formula (generalising both [14,18] and [10, 11]) was derived
for nonunital spectral triples. Such spectral triples encompass as examples classical
Dirac type operators on noncompact manifolds as well as noncommutative examples.
The local index formula of [7] computes, in particular, a pairing of K-homology with
K-theory using a generalisation of the residue cocycle first encountered in [14]. From
a conceptual point of view, this index pairing is defined using the Kasparov product.

Recall that a nonunital spectral triple (A, J, D) is given by a nonunital -algebra
A acting on a Hilbert space J{, together with an unbounded self-adjoint operator D
such that all commutators [D, a] are densely defined and bounded, and a(1+D?)~'/2
is compact for all a € A. Typically however, (1 + D?)7/2 is not compact. In the odd
case, it was shown in [7] that this K-theoretical pairing can be realised as the index of a
generalised Toeplitz operator even in the nonunital setting. Whereas in the unital case
the relationship between spectral flow and the Toeplitz theory is not difficult (see for
example the discussion in [2]), a lengthier argument is needed in the nonunital case
in order to explain the sense in which we are computing the spectral flow. The issue
is that the residue formula appears to be using a path of unbounded operators, none
of which are Fredholm. This paper provides such an argument.

We present here two main results. The first is that the index formula for generalised
Toeplitz operators in [23], arising from actions of the reals on a nonunital C*-algebra,
fits into the framework of the nonunital local index formula of [7].
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The second result justifies the notion that the local index formula of [7] is com-
puting spectral flow. We follow an idea originating with I. M. Singer [24], refined in
[17], and introduce an exact one-form on a suitable affine space of perturbations of
D. We then show how to write the index of the generalised Toeplitz operator of [7]
as the integral of this one-form in a fashion that provides a direct comparison with
the unital formula of [9]. The idea is to reverse the argument in [10], which goes from
an integral formula for spectral flow to the resolvent cocycle formula. Thus we start
from the resolvent cocycle in the nonunital setting and derive from it a variant of the
integral formulas for spectral flow that appear in [8,9]. Our formula will apply to
certain paths of operators with unitarily equivalent endpoints and is written in terms
of paths of operators that are possibly non-Fredholm. We remark that in the unital
case this formula has had many applications and its origins lie in the ‘variation of eta’
formula that appears in Atiyah, Patodi, and Singer [1].

The issue that arises in the nonunital case is that both bounded and unbounded
Kasparov modules (and thus spectral triples for nonunital algebras) do not lead di-
rectly to the study of Fredholm operators. Rather, one needs to modify the operator
that appears in the definition of the Kasparov module in some fashion in order to ob-
tain a Fredholm operator. This fact is already well known in the traditional approach
to Dirac type operators on non-compact manifolds where one needs to twist the Dirac
operator by special connections in order to have a Fredholm problem. That this issue
does have a sensible answer for the paths considered here suggests that there may be
broader classes of paths for which we can obtain spectral flow formulas; however, we
leave these speculative issues for the future.

The plan of the paper is as follows. In Section 2 we recall the integration and pseu-
dodifferential operator theories (for nonunital spectral triples) of [7]. In addition, Sec-
tion 2 extends some results of [7] to identify an affine space of perturbations adapted
to the above-mentioned problem of spectral flow in the nonunital case. All our con-
structions are done in the context of general semifinite spectral triples, which is nec-
essary to handle numerous examples, including the generalised Toeplitz examples of
[23].

Section 3 proves that there is a (semifinite) spectral triple that satisfies the hypothe-
ses of the local index formula such that the index theorems of Lesch [19] and Phillips-
Raeburn [23] can be recovered using the procedure of [7]. Indeed, the unital result of
Lesch is already contained in [10] (see also [12] for the connection to the spectral flow
formula).

Finally, in Section 4, we prove our main result. It states that given a spectral triple
(A, 3, D) satisfying the hypotheses that lead to the local index formula of [7], and a
unitary u € A~ in the minimal unitisation of A, we can compute the odd index pair-
ing between [u] € K;(A) and [(A,3(,D)] € K'(A) using a formula analogous to
those in [8,9] for spectral flow in the unital case. We stress that the path we consider
here, namely [0,1] 3 t = D + tu[D, u* ], need not be a path of unbounded Fredholm
operators. Nevertheless, the method we adopt may be seen to determine, from our
inital path, a related path of Fredholm operators and our formula in terms of D com-
putes the spectral flow of this related Fredholm path. Moreover, we show that this is
also the index of the generalised Toeplitz operator PuP, where P is the non-negative
spectral projection of ‘D as would be expected given the formulations of [2,3,14] .
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2 Technical Preliminaries
2.1 Background Material

In this preliminary section, we import notation, definitions, and results from [7]. In
all that follows, D is a self-adjoint operator affiliated to a semifinite von Neumann
algebra N equipped with faithful normal semifinite trace 7, where N c B(H), and H
is a separable Hilbert space.

Definition 2.1 For any positive number s > 0, we define the weight ¢; on N by
TeN, = ¢o(T) = 7((1+D*)/*T(1+D?)™/*) € [0, +00].

As usual, we set Ny := span{Ny_ .} = span { (N;/SZ) *N}p/sz} c N, where

Ng,o = {TeN,:¢(T) <00} and NJ?:={TeN:T*TeN,, .}

With the notation as in Definition 2.1, the weights ¢, s > 0, are faithful, normal,
and semifinite [7, Lemma 1.2] (but see also the more general theory in [20]). We
will also need the spaces £LP(N, 1) of measurable operators T affiliated to N with

7(|T|P) < oo. With this notation, N; = N n £1(N, 7) and N2 = N'n £L2(N, 7). This
differs from the notation of [7].
Definition 2.2  Retain the notation of Definition 2.1.

(i) Poreach p >1we define B,(D, p) := Nssp (N;/SZ HNZSZ*) .
(ii) Weset By(D,p) =Bay(D,p)*:=span{TS: T, S e By(D,p)}.
(iii) Set Hoo = Mo dom DX, For an operator T € N such that T: H,, — o, we set

8(T):=[1+DHY2,T], TeN.
(iv) Inaddition, if T: Heo - Heo, we define L(T), R(T): Hoo - Heo by
(2.1) L(T):= (1+D*)™2[D%, T], R(T):=[D? T](1+D?)""2.

(v) Define %’;(D,p) ={T e N: VIl =0,..,k8(T) ¢ By(D,p)} for k =
0,1,2,...,c0and g =1,2.

The spaces B,(D, p) and B1(D, p) are Fréchet subalgebras of N (see [7, Subsec-
tions 1.1, 1.2]). The natural topology of B, (D, p) is determined by the family of semi-
norms

12y /2
Qu(T) = (IT* + @parya(ITP) + $puyyn (T ), n=1,23...,

where |- | is the norm of N. The topology of B;(D, p) is then determined by the
family of seminorms

k k
P.(T) = inf{ % Qu(Ti,1)Qn(To) : T = ZITL,-TZ,,}, n=123....
i= i=
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We equip BX(D, p) and B,(D, p), k = 0,1,2,.. ., 0o, with the topology determined
by the seminorms P, ; defined forn =1,2,...,1=0,...,k by

P() = £ 2 (HT), Q)= £ Q1)

Definition 2.3 'The set of regular order-r pseudodifferential operators is

OP"(D) := (1+D*)*( N dom "), reR,  OP*(D):= U OP'(D).
neN reR

The set of order-r tame pseudodifferential operators associated with (3, D) and (N, 1)
for p > 1is given by

OP;(D) := (1+D*)"*B=(D,p), reR, OP; (D) := U OP}(D).
reR

We topologise OPg (D) with the family of norms
P (T) =Py (1+D*)7PT), mleN.

All of the operators in OP" (D) have H., as a common core, and this allows us to
compose pseudodifferential operators.

With this definition, OP" (D) and OP} (D) are Fréchet spaces, while OP°(D) and
OP{(D) are Fréchet *-algebras, and [7, Lemma 1.31] proves that OP” (D) OP§ (D),
OP} (D) OP"(D) c OP,*'(D). In particular, B2 (D, p) = OPY(D) is a two-sided
%-ideal in OP°(D) = ndom &™. In [7, Corollary 1.30] it is shown that

U OP{(D) c LN, 1) n N =N,
r<—p

which is the basic justification for the introduction of tame pseudodifferential opera-
tors in the nonunital setting.

The last ingredient from the pseudodifferential calculus is the complex one-pa-
rameter group of automorphisms on OP* (D), defined by

22) o*(T) = 1+ DN T (1+D?)#2, zeC, TeOP*(D).

This group is strongly continuous and preserves each of the spaces OP"(D) and
OPy (D), r € R (see [7, Subsection 1.4]).

Next we recall the definition of spectral triple and summability of spectral triples
from [7].

Definition 2.4 A semifinite spectral triple (A, H, D), relative to (N, 1), is given

by a Hilbert space I, a *-subalgebra A c N acting on I, and a densely defined

unbounded self-adjoint operator D affiliated to N such that:

(i) forallace A, a:domD — domD;

(ii) da:=[D,a]:domD — H extends to a bounded operator in N for all a € A;

(i) a(1+D?)™Y2 ¢ K(N, 1) for all a € A, where K(N, 7) is the ideal of 7-compact
operators in N (the norm closure of the algebra generated by finite trace projec-
tions).
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We say that (A, JH, D) is even if in addition there is a Z,-grading such that A is
even and D is odd. This means there is an operator y such that y = y*, y? = Idx,
ya = ay for all a € A and Dy + yD = 0. Otherwise we say that (A, H, D) is odd.

A semifinite spectral triple (A, H, D) is said to be finitely summable if there exists
s> 0 such that for all a € A, a(1+ D?)~5/2 ¢ LY(N, 7). In such a case, we let

pi=inf{s>0:VaeA r(|al/*(1+D*)/?|a]'/?) < oo}

and call p the spectral dimension of (A, 3, D).

It is shown in [7, Propositions 2.16,2.17] that A c B (D, p) is a necessary condi-
tion for (A, 3, D) to be finitely summable with spectral dimension p, and that this
condition is almost sufficient as well.

Definition 2.5 Let (A, H, D) be a semifinite spectral triple relative to (N, 7). Then
we say that (A, H, D) is smoothly summable if AU [D, A] c B (D, p).

2.2 An Affine Space of Perturbations

This subsection proves that the self-adjoint part of B;° (D, p) provides an affine space
of perturbations of the operator D suitable for the purpose of studying spectral flow
as an integral of a one-form. We begin with some preliminary lemmas.

Lemma 2.6 For B € OP°(D)g, set Dg := D + B. Then (1+ D%)*/? belongs to
OP*(D) foreverys € R.

Proof Clearly, 1+ D2 € OP*(D). So by [7, Proposition 1.31], (1+D2%)(1+D?) ' and
(1+D?)71(1 + D2) belong to OP’ (D). Next, we prove that (1+ D%)™ € OP™*(D),
which is equivalent to (1+D3%)}(1+D?) € OP°(D). But we already know by writing
D = Dp - B that (1+ D2)7(1+ D?) € OP’(Dp) c N, so that (1+ D3)7}(1+ D?)
is bounded. It remains to show that 8¥((1+ D3)7'(1+ D?)) e N, forall k = 1,2,....
For k = 1, we have

S(1+D3) ' (1+D?)) = -1+ D)1+ D) (1+D*)'§(D3)(1+ D3) 1+ D),

which is bounded, since (1 + D%)7!(1 + D?) is bounded and (1 + D?)7'8(D3) «
OP?(D). An easy inductive argument shows that 8% ((1+D%)~}(1+D?)) is bounded
for every k € N. Taking products, we deduce that (1+ D%)" € OP*" (D) for every
n € Z. Now take an arbitrary s € R and write s = n —  with n € Z and « € (0,1).
Thus, it remains to show that for such a, (1+ D%)~* belongs to OP™2*(D). For this,
we use the integral formula for fractional powers

(1+ D3y - n(me) f°° 1+ A+ D3
T 0
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Writing (1+A+D%)™ = (1+A+D*) ! = (1+1+D?) (DB +BDg) (1+1+D3) 7,
we arrive at

(1+D*)*(1+ Dy ) %=

s1n(mx)

Idy - A+ DH*(A+ A+ D) (DB+BDp) (1+ 1+ Dj) A

We estimate the integrand in operator norm using
| (1+D2)*(1+ 2+ D) DB+ A+ D) < |B|(1+21)7 >
|(1+D*)*(1+ A+ D*)'BDs(1+ A+ D}) | <|BJ(1+ 1)

showing the norm-convergence of the integral. Next, writing

§(1+Dj)” )

sm(mx)

A6((1+ 1+ D3))dA
-@fo A1+ A+ D2)(8(B)Dj + Dyd(B)) (1+ A + D) 1A,
we obtain the estimate
|@+D**s((1+D3) )|
gca[ “|| (14 D2)*(1+ A + D2)(8(B) Dy + Dpd(B)) (1+ A+ D)~ d

<2C, H(S(B)Hf a(14A) Mgy,

which converges since & € (0,1). On the basis of this, an easy recursive argument
shows that (1 +D?)*8%((1+ D3)~*) is bounded for any k € N. This completes the
proof. ]

We then deduce an immediate corollary.

Corollary 2.7 Let B € OP°(D)g,. Then (1+ D%)*(1+ D?)~S is bounded for every
seR.

We have next our first preliminary result concerning affine spaces of perturbations.

Proposition 2.8 Let B € OP’(D),, and p > 1. Then we have By(Dg, p) = B,(D, p)
(resp. B1(Dp, p) = B1(D, p)) with equivalent Q,-seminorms (resp. P ,-seminorms).

Proof LetT €N, ands > 0. By Corollary 2.7, we have
7((1+D3) A T(1+ DR /)

r((1+ D)1+ D)1+ D) AT (1 + D) (1+ D)V 1+ D))

|1+ D) 1+ D) * (1 + D*) AT (1+ D)),

IA
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Similarly, we obtain

o((1+ D) =M1+ D?)~/) <
[(1+ DR (1+ D)2 (1+ D)~/ T(1+ D) ™).
Thus, the weights ¢ defined with D or with Dy are equivalent. Substituting s =

p + 4/n and comparing with the definition of the norms Q, and P, completes the
proof. ]

To state an analogous result in the smooth case, namely when we use B5° and B{”,
we will compare the operators (defined in (2.1)) L and Lg associated with D and Dy,
respectively. We arrive now at the main technical result.

Proposition 2.9 Let B € OP°(D),. Then OP’(Dp) = OP°(D) and B* (D, p) =
OP(Dp) = OPY(D) := B*(D, p) with equivalent topologies. In particular, D +
OP°(D) is an affine Fréchet subspace of OP' (D) whose topology is independent of the
base point.

Proof First we need to prove that Ny dom 6 = My dom 81’5, where () =
[(1+D3)Y2, -]. Using Neyy dom 8% = My dom LK (see [10] for a proof), we see
that we equivalently need to prove that Ny dom L¥ = My dom Lg, where Ljp is
the linear operator defined in (2.1) with Dy instead of D. For this, we observe the
relation

DL - D?
=DB+BD +B*=(D+B)B+B(D+B)-B
= (1+DH2(DA+D*) 2B+ 7Y (B)D(1+ D)™V + (1+ D?)V/2B?)
= (1+ D)2 (05"(B)Ds(1+ D2) V2 + Dp(1+ D) V2B - (1+ D) /2B?),

where ¢ is the one-parameter complex group of automorphisms for D given in (2.2),
and op is the one-parameter group defined using Dg. Defining the transformations

T:B D(1+D?) 2B+ o 1(B)D(1+D?) V2 + (1+D?)"V/2B?
Tp:B ~ 05 (B)Dp(1+ D)2 + Dy(1+ D3) V2B - (1+ D) V2B,

we see that T and T map OP°(D) to itself (and similarly for OPJ(D) = B (D, p)).
Moreover, we have the following relations between the maps L and Lg:
(2.3)
Lp(-) = (1+D3) 21+ D*)V2(L(-) +[T(B). -]) + (1+ D) 28(-)T(B),

L(-) = (1+D*) 2 (1+ DF)(Lp(-) = [Ta(B), -]) — (1+ D*)V285(-) Ty (B).
By Lemma 2.6, we have that (1+ D23)7Y2(1 + D?)Y/2 and (1 + D?)7V/2(1 + D)2
belong to OP?(D), and by the replacement (D, B) + (Dp, —B), they also belong to
OP°(Djp). Now, the first equation of (2.3) shows that B belongs to the domain of Lp.

By an iterative use of this equation, we deduce that B € Ny dom LK = OP°(Dj).
Last, writing D = D — B, Lemma 2.6 applied to Dp, shows that T(B) also belongs
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to OP’(Dp). This is clearly enough to conclude that Ny dom L* = Mgy dom LE.
That B* (D3, p) = B*(D, p) now follows, since B*(D, p) is an ideal in OP’(D)
and that all the transformations used above also preserve B:°(D, p). ]

Corollary 2.10 Let B ¢ OP°(D),, and r € R. Then OP"(Dp) = OP"(D) and
OP; (D) = OP}(D).

Proof By definition and Proposition 2.9,
OP"(Dg) = OP°(D5)(1+ D) "> = OP’(D)(1+ Dj) ™"
= OP"(D)(1+D¥)*(1+D3)™"/2.
By Lemma 2.6, (1+ D?)"/2(1+ D%)7"/2 ¢ OP°(D), thus,
OP"(Dg) c OP'(D) - OP’(D) c OP'(D).

Reversing the role of (D, B) and (D3, —B), we get the second inclusion. The state-
ments about OPg (D) are proved the same way. [ |

We require one more technical estimate for later use.

Lemma 2.11 Let D be an unbounded self-adjoint operator affiliated with a von Neu-
mann algebra N and let B = B* € OP°(D). Then forall p > 0 and s > 2||B|, the

operator (1 + Dz) PA+D?+sB+ 52) " is bounded, with

sup |[(1+D?) (14 D?+sB+s*) || < co.
2[5

Proof Welet C, = (1+D?)?(1+ D?+ sB +s*)™F. For p = 0, C, is bounded, and
also for p =1, we have

(1+Dz)(1+D2+sB+sz)_1 =1- (5B+sz)(1+®2+sB+sz)_1.
Since 2| B| < s, we find that s*/2 — sB > 0, and so we obtain, for some constant M > 0,
|Gl =] (1+D?) (1+D?+sB+s*) || <1+ (s|B| +5*)(1-s|B| +s*) " < M.

To handle 0 < p < 1, we first observe that the boundedness of C; says that for all
s>2|B|,

0<(1+D*)(1+D*+sB+s*)*(1+D*) < M%.
Conjugating by (1+D?) ! and raising to the power p yields, by operator monotonicity,
0<(1+D*+sB+s*)7 < M*(1+D*) %,
and conjugating by (1+ D?)* yields
0<(1+D*P(1+D*+sB+s*)"*(1+D*)P < M*.

Hence, |C,| < M? independent of s > 2| B|| whenever 0 < p < 1.
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So, let us assume that the result holds for some given p. Then for C,,; we find
Cps1=(1+D*)P(1+D* +sB+s>) P!
=(1+D)(A+D*+sB+s*)'(1+D*)P(1+D*+sB+s>)"
+(1+D)[(1+D*)P, (1+D*+sB+s>) "' |(1+D* +sB+s>) "
=CiCp—s(1+D*)(1+D* +sB+s*)'[(1+D*)?,B](1+D* +sB+s>) !
=CiCp - C(0*(B) - B)(1+D*)P(1+ D> +sB+s*) P s(1+D* +sB+s>)"
=CiC,p - Ci(0*(B) - B)C,s(1+D* +sB +5>)7".

Now it is straightforward to show that |s(1+D?+sB+s*)"!| isbounded independently
of s > 2|B|, so if C, is bounded uniformly in s, so too is C,,;. This completes the
proof. ]

3 Nonunital Phillips—Raeburn Examples

In this section we prove that the examples studied by Phillips and Raeburn in [23]
give rise to smoothly summable semifinite spectral triples. We begin by recalling the
construction in [23] in order to set our notation and assumptions. To this end, A
will denote a C*-algebra (usually non-unital) with a fixed, faithful, norm-lower semi-
continuous, densely defined trace, 7, which is invariant under a strongly continuous,
isometric action of the reals, a: R — Aut(A). Welet A, denote the dense ideal of trace
class elements in the C*-algebra A, that is

Ar={acA|1(|a]) <oo} =span{ac A, | 7(a) < oo}.

We define a Banach-*-algebra norm on A, via ||a|, = |a| + 7(|a]) := |a| + ||a]:, and
observe that the action « restricts to a strongly continuous action of R as isometric
*-automorphisms of A .
Now « determines densely defined derivations, d and 9, on A and A, respectively,
given by the formulas
a)-a

a(a):limwt)_a aeA and 8T(a):ltirr(}at(t

acA
{50 (R

where the limit in each case is taken with respect to the complete norm topologies of
the respective algebras. Moreover, dom(d;) ¢ dom(9) and 0|4om(a,) = 0+

Proposition 3.1  The smooth *-subalgebra, N>, dom(0*) is dense in A, and the
smooth *-subalgebra, N7, dom(9%) is dense in A..

Proof Let f be a smooth, compactly supported, complex valued function on R. If
acAdefineas= [ f(t)a,(a)dt € A. By a change of variable we get

o flr=s)-f(r)
—hm—[R_isocr(a)dr

s—0

oag) =ty

:—fRf'(r)(xr(a)dr:—af/.

https://doi.org/10.4153/CJM-2014-042-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-042-x

768 A. L. Carey, V. Gayral, J. Phillips, A. Rennie, and F. A. Sukochev

By induction, we have 9* (a f) = (-1)*a o> where f (k) denotes the k-th derivative
of f. Hence, ay € N}, dom(9*). Now take a sequence {f,, } of non-negative smooth
bump functions symmetric about 0, each with integral 1 and supports shrinking to
{0}. Then

lag,~al =1 [ fu(Oa(@dt=al =] [ fuDaa)dr~ [ f(5)adt]
| [ hOa@) -a)dt < sup Jai(a)

tesupp(fu)

and we see that |as, — a| — 0as n — oo by the strong continuity of a. The same
argument works equally well with A . ]

3.1 The Induced Representation of the Crossed Product of A by R

In this subsection we review some well known facts about crossed products in order to
set notations and to recall the framework of [23]. The first thing to recall here is that
R is amenable, so that there is no distinction between the full and reduced crossed
products. We denote the crossed product by A x, R. We remind the reader of the
multiplication and involution for x, y € L'(R, A) c A x4 R:

(x *ay)(r)=fx(t)fxt(y(r—t))dt) x(r) = ar(x(=r))"

We let H,=L*(A, ‘[') be the (GNS) Hilbert space completion of the pre Hilbert space
={acAla*ac A,}. Of course the action of A on the ideal A ? by left multi-
phcatlon extends to a *-representation of A on H,. We denote this *-representation

by juxtaposition since if a € Aand b € A7 '/2_then the action of a on the vector b is just
ab.

Definition 3.2  The covariant pair (7, 1) of representations of (A, R) on L*(R, H,)
= [*(R) ® H, is defined for £ € L*(R, H,), a € Aand t, s € R by taking

(n(a)§)(s) = a;'(a)&(s) and  (A(1)&)(s) = &(s - 1).

Then one easily checks the covariance condition A(#)m(a)A(-t) = n(a;(a)).
Thus, we get a *-representation 7 of the crossed product algebra A x, R on the Hilbert
space L*(R, H,), which for x in the algebra L'(R, A) c A x, Rand & € L*(R, H,) is
given by

FD() = [ o (x(1)E(s - ).

One checks directly that 77(x %, y) = 7(x)7(y) as required.

Our interest now is in N = (7(A x4 R))”, the von Neumann algebra generated by
this representation. The essential point is that 2 = L'(R, A,;) nL*(R, H,) is a Hilbert
algebra with Hilbert space completion L?(R, H,) satisfying 77(2()"" = N. Moreover,
letting M = 7(A)" c B(H,) and T be the normal extension of 7 to M, then with Mz
the domain of 7 in M, and M,/ the half-domain, we have 7(A) n Mz = n(A,) and
n(A)n Ml/2 = rr(Al/z) We also note that H, = £*(M, T) is the GNS space of M for

T,and thus H, N M = Ml/2
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By [15, Théoréme 1, p. 85] there is a faithful, normal, semifinite trace 7induced on
N that is defined by

(1) () () = (+ly) = [ Fx(0) ()t

for elements x and y in L?(R, H,) such that 77(x), 7(y) € N.

3.2 Constructing a Nonunital Spectral Triple

We have already introduced the von Neumann algebra N needed for a semifinite spec-
tral triple. Now we need the remaining ingredients.

Welet D = =L % ® 1 on L*(R) ® Hy, so that D is an unbounded self-adjoint
operator affiliated to N.

Proposition 3.3 For a € dom(9) we have [D, n(a)] = 5= n(9(a)).

2mi

Proof Leté e dom(D)and a € dom(9). Then we claim that 7(a)& € dom(D). This
follows from the computation

1d ad,
(Dn(a)§)(s) = (Dn(a)é)(s) = ﬁa(ﬂ(a)f) (s) = %%(“s (a)§) (s)
_ 2;7;( — ;' (9(a)) E(s) + a; (@) € (s)).
Since (7(a)DE)(s) = a7 (a)( = ’(s)). the result follows. [ |

To analyse functions of D, we first suppose that A = C. If we define the Fourier
transform of a function g € L'(R) via g(s) = [ e > g(t)dt, then (provided g €

—

dom(D)) by a familiar calculation, D(g(t)) = tg(t). Applying the functional calcu-
lus then yields

f(D)g=Fe=F*T=MNZ
for functions f € L'(R). In other words, f(D) = A(f). In particular, if f;(¢) =

(1+£2)™/% for s > 1so that f; € L'(R), then f;(D) = (1+ D*)~*/*> = A(},). For
general A, the same computations go through unchanged.

Lemma 3.4 Let h € L*>(R) be such that A(h) isin N, and let T € M;/z. Then TA(h)

is a Hilbert-Schmidt operator in N with respect to T, and, moreover, we have
#((TA(h))* TA(h)) = (T T) f () h(t) dt.
R

Proof First, by construction, we have TA(h) € N. Moreover, x(t) := h(¢)T, and for
£eC.(R,H,) c L*(R, H,) we have

F)O) = [ o ()8 =0de= [ o (TIR(DEG - Dt
= (1) [ (=Dt = o (DAME() = (TUME(E).
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By density of C.(R, H,) in L?(R, H,), we deduce that TA(h) is of the form 7(x) for
x € L*(R, H,), since as previously remarked L?(R, M;/Z) c L*(R,H,). The result
follows by equation (3.1), since

(x|x):fR?(x(t)*x(t))dt:fR?(T*TWh(t))dt:?(T*T)fR|h(t)|2dt<oo.

Corollary 3.5 Lets > 1. The restriction of the weight ¢ associated with D (see Defini-
tion2.1) to M := m(A)" ¢ N := (A x, R)" is proportional to T, the normal extension
of Tto M.

Proof By definition of ¢, for 0 < a € Mz and with h,(t) := (1+ £2)"/%, we have
from Lemma 3.4 that

¢s(n(a)) =7(A(h)m(a)A(h)) = |hsl3 7(a) = |hs]37(n(a)).

Hence, du|qar. = s3],

Now let T € M \ Mz satisfy 0 < T so that 7(T') = +oo. We construct a sequence
(T ) ke in Mz, such that Ty converges to T in the weak operator topology and such
that 0 < Ty < T. To do this, we choose 0 < by < 1in M5 converging in the weak
operator topology to the identity of M and set T = T"/2b, T"/2. By construction,
0 < Ty < T, and since M5 is an ideal in M, T € Mz. The convergence follows from
(v, Te@) = (T"2y, by T2g) ~ (T'V2y, T'29) = (y, Tg), forall y, ¢ € I

Hence, we find that ¢,(T) > ¢,(T) = | hs||37( Tx ) , and thus

¢s(T) > lim |3 7(T).

Since the weak operator topology and the ultra-weak topology agree on bounded sets,
and 7 is ultraweakly lower semicontinuous, we deduce that lim, ?( Tk) >7T(T) = +oo.
Hence, ¢s(T) = +oo and therefore ¢|pr, = |hs||3 T|ar, as needed. [ |

Notation ~ We use (dom(9.))? for the -algebra of finite sums of products of two
elements in dom(d,).

Lemma 3.6 Leta € (dom(9,))* c dom(9,) so that a is a finite sum of factors b;c;,
where b;, ¢; € dom(0,). Then for all s > 1, the operator n(a)(1+ D?)5/? is trace class
in N with respect to T.

Proof Without loss of generality we assume that a = bc with b, ¢ € dom(d,). Ob-
serve that

(32 n(a)(1+ D*)* = n(be)(1+ D)/
= n(b)[m(e), (1+ D) ] 4 m(b)(1+ D) *2n(c).

The last term is trace class in N, since it is the product of two Hilbert-Schmidt op-
erators in (N, 7). Indeed, if we define the bounded L?-function, f(t) = (1+ t2)~5/4,

https://doi.org/10.4153/CJM-2014-042-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-042-x

Spectral Flow for Nonunital Spectral Triples 771
then
n(b)(1+D?)™n(c) = n(b)(1+ D*)™/*(1+ D*)/*n(c) = m(B)APHA(F)n(e)
= n(OAD (AN =T (0)7(1)",
where x(t) = bf(t) and y(t) = ¢* f(t). So by the previous lemma 7(x) and 77(y) are
Hilbert-Schmidt, and hence 7(x)7(y)* is trace class in (N, 7).
We next show that the first term is trace class in (N, 7). This is more subtle. It

suffices to assume that s < 2, so that s/2 < 1. Let C, = sin(s7z/2) /7, so by the integral
formula for fractional powers, [8, p. 701], we have

(1+D*)™/? = C, fow 5/2(1+ D? + t)7'dt.
Now we calculate, using the fact that ¢ € dom(9.) and using Proposition 3.3:
[n(c), 1+ D2)—s/2]
_ ¢, fow 2[n(c), (1+ D? + 1)) dt
-C, fow 5214 D? + )71 [D?, 7(c)|(1+ D? + 1) dt
=C, f0°° 5/2(1+ D* + t)-l(D[D,n(c)] +[D, n(c)]D) (1+ D%+ ) \dt
€ f°° £52(14 D? + 1) (Dr(9e(c)) + m(3+(c))D) (1+ D* + 1) dt

2mi Jo

_ Zi [T DO D? 1) n(30(0)) 1+ D+ 1) e
Tt Jo

+2C5,f P14 D + £) " n(3:(c))D(1+ D* + 1) dt.
7Tt JO

Hence, the first term on the right-hand side of equation (3.2) equals

2(b)[ n(c), (1+ D*) =]

_ & [T P a@)DO+ D ) (3u(0)) (14 D+ 1) e
2mi Jo

ch. [T @) D 4 1) w(3,(0))DO+ D+ 1) N,
7Tt JOo

+

To complete the proof, we show that both of these integrands are trace class in N
and that the integrals converge in trace-norm. We do this for the first integral, as the
argument for the second integral is the same. We factor the integrand as a product of
Hilbert-Schmidt operators and estimate their Hilbert-Schmidt norms.

First,

m(b)DA+ D>+ 1) = n()AMF) =7 (b - f),
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where f(x) = % is a bounded L? function. Hence, and writing | - | s, | - [lop for

the Hilbert-Schmidt and operator norms, respectively,

|7(6)D(1+ D? + ) s = (7(b- £) | (b £))?

:(T(b*b)fR(l+;2+t)2dx)
g(r(b*b)fRHlxz dx)l/zz\/ﬁ(r(b*b))l/z.

Now letting ¢’ = 9(c¢) = 9;(c) € A,, we calculate that

1/2

[7(c") A+ D* + 1) s
<) 1+ D + ) s [ (1+ D? + 1)

[(1+ D+ £)72],p

, ) 5 1/2
) J ) dx)

I\* 1\\1/2 1 7 1
S(T((C)C”/(fRszdx) N
_ A /21
—(T((C) c))rr) N

Hence, the integrand is trace class in N with trace-norm bounded by

. (r((c'r

|72 2(b)DA + D* + £) '7(3(c))(1+ D* + )}, <
1
52 (2(b*b) (') )P ———.
(r(67b) 7((c")"¢")) N
Since for 1 < s < 2 the function t ~ t™5/2/\/1+  is integrable as a function of ¢ €
[0, o), we see that the integral is a trace class operator in N. ]

This completes the proof that (dom(9;)?, L?(R, 3, ), D) is a spectral triple.
We now extend our analysis with a useful formula for the trace of certain elements.
First we need a technical result.

Lemma 3.7 If{A,} isasequence of operatorsin N with0 < A, <1forallnand A, —
1 in the weak operator topology on B(L*(R, H,)), then for all trace class operators
T eN, we have 7T(T) = lim, T(A, T).

Proof Using the Jordan decomposition, it suffices to prove this for trace class op-
erators T > 0. In this case, TY2A,T"? < T|A,| < T, and therefore T(A,T) =
T(TY2A, TV?) < 7(T), so that lim,T(A,T) < T(T). On the other hand, one eas-
ily shows that TY/2A, T"/? — T in the weak operator topology; that is, for &, €
L*(R,H,),

(TPALTE | ) = (A TPE| T ) > (TV2€ | TV n) = (T | ).
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Since the weak operator topology and the ultra-weak topology agree on bounded sets
and T is ultraweakly lower semicontinuous,

7(T) <lim, 7(TY?A, TY?) = lim , (A, T).
Thus we have the bounds
lim,7(A,T) <7(T) <lim,7(A,T),

and the result follows. ]
Lemma 3.8 Letac (dom(d,))? c dom(9,). Then foralls > 1
#(n(a)(1+ D?) ™) = 7(a) fR(l+ )24t

Proof Without loss of generality we assume that a factors as a = bc, where b, ¢ €
dom(9;). Let g, = X[_y,4] s0 that g, € L'(R) n L= (R) c L*(R). Then the multipli-
cation operators M, on L*(R) satisfy

0< M, <1, [Mg,|=1 M, —1weaklyon L*(R).

Therefore, by the Fourier transform, we see that g, € L>(R) n Co(R) and the convo-
lution operators A(g;,) satisfy

0<AME) <L JA@)| =1 A(Zn) — 1weakly on L*(R).

By the previous two lemmas, 7(7(a) (1+D?)~*/2) = lim,, T(A(g, ) (bc) (1+ D?)~5/2).
Welet f,(t) = (1+ £2)™/2, so that

T(A@)n(be)(1+ D)) =7(A(@n)m(B)m()A(f)) -
If we define xn’(\t) = b*g,(t) and y(t) = cﬁ(t), then 7(x,) = n(b*)A(g,) and
7(y) = n(c)A(fs) so that

F(M(@n)m(be)(1+ D)) =F(7(xy) "7 (y)) = fRT(xn(t)*)/(t))dt
- [ (@ @pcfi(n)dt = x(be) [ ZOT ()t
=T(a)ngn(t)fs(t)dtzr(a)[:(1+t2)’5/2dt.

Hence,
() (1+ D) *2) = lim(a) [:(1+t2)_5/2dt:1(a)[R(1+tz)_s/zdt. m

Corollary 3.9 Leta € (dom(9?%))? c dom(9,) so that a is a sum of factors bc, where
b, c € dom(0?2). Then with e =1+ a invertible in A™,

Resoo{ 7(n(e) (D, 7(e)]1+ D))
= lim %(5 ~1)7(n(e")[D, m(e)](1+ D*)~/?)

- (e 1a(e).
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Proof It suffices to see that e7'9.(e) is a finite sum of products satisfying the hy-
potheses of the previous lemma. To this end, let e™* = 1+ b where b € A. Then in
fact b € dom(9?). This follows, since (1+ a)(1+ b) = 1 implies that a + (1+ a)b =
0and so b = —(1+ a)'a. Now the *-algebra dom(92) is complete in the norm
HCH% = |c|ls +|0(c) |+ + [ 0*(c) |+ and so a Banach algebra, and hence is stable un-
der the holomorphic functional calculus. Hence (1+ a)™ -1 € dom(92), and so
(1+a)"a-aedom(0?),and finally b = —(1+ a)'a € dom(3?).
Now write a = Y. a}-a? with a;'. € dom(02). Then

e'9.(e) =% af(a}-)ajz- + ba,(a})af. + a}»a,(aﬁ) + ba;-af(a?)

is clearly in (dom(9))?. It follows from Proposition 3.3 and Lemma 3.8 that

(e D)1+ D)) = ——a(ea(e)) [ (1)t

The result follows from the fact that Res,; [p (1 + t2)~5/2dt = 2. [

3.3 Connection with Noncommutative Integration Theory and the Smoothness
Question

The remainder of this section is devoted to explaining how this example fits with the
formulation of the nonunital local index formula as proved in [7]. In other words we
will prove a version of the Phillips—Raeburn index theorem. Recall now the notation
from Section 2.

Proposition 3.10 With (A, 1, a) as above and defining B(D,1) and B,(D,1) rela-
tive to (N, T), we have n(A) n B,(D,1) = n(AlT/Z) and n(A)nBy(D,1) = n(A,).

Proof First, Lemma 3.4 shows that n(AIT/ %) ¢ B,(D,1). Conversely, if a € A and
also 77(a) € B,(D,1), then by definition 7(a)(1+ D?)™5/* € L2(N,T) forall s > 1.
As before we write M = m(A)” < B(J,) and T for the normal extension of T to
M, and since £L*(N,T) = L*(R,£L*(M,T)), we have n(a) € M;/Z. Hence 7(a) «
MY? A (A) = n(AY?). Thus 7(A) 0 By (D, 1) = n(AY?).

For the final statement, we recall the result in Corollary 3.5 together with the no-
tation given there. Combining this with [7, Proposition 1.19], we deduce that

B1(D,1) n(A)" = N dom( || hs|57) = dom(7) = m(Mz).
s>1
Taking the intersection with 7(A) gives B;(D,1) nm(A) = m(A;), as needed. [ |

The argument of the previous proposition analyses the integration theory that
forms the first ingredient for the local index formula. What remains is to find a subal-
gebra of dom(0,) c A which yields a smoothly summable spectral triple in the sense
of Definition 2.5.

We recall from Definition 2.2 the (partially defined) operators N > T — L(T) :
(1+D*)2[D?, T]and N 5 T ~ R(T) := [D? T](1 + D*)~/2. We also set Fp,
D(1+ D?)7'/2,
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Lemma 3.11 If a € dom(0?), then n(a) € dom(L) n dom(R) and on the space
H., = ndom(D¥)

L(n(a)) = %Fpn(a(a)) . 47112(1 + D) V2 r(32(a)),

R((a)) = %ﬂ(a(a))FD N 4711271(32((;))(1 + D)2,

Proof The following calculation takes place on Ho, = N dom(D¥), where we
may commute D with bounded functions of D. The calculation for R is similar, as

R(n(a))* = -L(n(a")):
L(n(a)) = (1+ D*)"[D? n(a)] = (1+ D*)*{D[D, n(a)] + [D,n(a)]D}

= ﬁpm(a(a)) + ﬁ(l +D*)?([n(3(a)), D] + Dn(3(a)))

= L ppn(a(a)) + = (1+ DY) 2r((a)). n
i 472

Proposition 3.12 Ifa € N2, dom(d"), then n(a) € N x dom(R' o L¥). Hence, by
the equality of Ny dom(R" o L*) and N2, dom(8™) (see [10]), if a € A is smooth in
the sense of the action o of R on A, then m(a) is smooth in the sense of the derivation §.

Proof It suffices to prove the following fact by induction on n = [ + k: if a «
N dom(9/), then R'oL¥(77(a)) is a finite sum of terms of the form g(D)7(b) f (D),
where g, f are continuous bounded functions on R and b = 9™ (a) is a smooth ele-
ment in A with m < 2n.

When 7 = 1, we are looking at L(7z(a)) or R(7(a)), which have the correct form
by the previous lemma. Now if the result holds for some n = (I+k) > 1, then we obtain
the case n + 1 by applying either L or R to this case, since L and R commute. By the
inductive hypothesis it suffices to apply L or R to a term of the form g(D)n(b) f(D).
We apply L, as the other case is similar. A computation like those above yields

L(g(D)r(b)(D)) = g(D){ —-Fom(a(b)) + £ 5(1+ D) (e (b)) } £(D).

Since b = 9™ (a), 9(b) = 9™*(a), and 9*(b) = 9™**(a), the induction is complete.
|

Remark  Proposition 3.12 shows that taking A c A to be the smooth elements for
the action of &, the spectral triple (A, L*(R,3,), D) is QC™, or smooth. However,
we need more than this to deal with integrability as well as smoothness. The next
result combines our smoothness and integrability results, and recovers the Phillips—
Raeburn and Lesch index theorems.

Theorem 3.13 Let C c A, be the *-algebra generated by
{abe A, :9%(a), 35 (b) e A forallk =0,1,2,...}.
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Then (C,L*(R, H,), D) is a smoothly summable semifinite spectral triple relative to
(N, 7) with spectral dimension 1. The spectral dimension is isolated, and the formula

1
€3 ag, a1~ ¢1(ag, a) = > Ress=1?( ag[D, a;](1+ DZ)_S/Z)

defines a (b, B) cocycle for C. Moreover, for P = x[,00)(D) and u = 1 + a unitary with
aeC,

Index#(PuP) = —¢, (1", u) = —ﬁ (u*a(u)).

Proof From Proposition 3.10, each 7(9%(a)), a € € is an element of B,(D,1),
and hence 7(C) c B*(D,1). Also, since [D,(C)] c n(C), we have [D, n(€)] c
B (D,1). By [7, Proposition 2.16], the spectral triple is smoothly summable with
spectral dimension 1. That the spectral dimension is isolated follows from the fact
that only one zeta function arises in the local index formula, and so (see [7]) is guar-
anteed to have at worst a simple pole at s = 1. All the remaining claims follow from
Corollary 3.9, and the proof of the local index formula in [7]. [ |

Our result here shows that an important class of examples falls into the framework
of [7]. Notice that in this case our formula involves the path D + tu[ D, u*], which
is generically not a path of (Breuer-)Fredholm operators. The same issue arises in
general, as can be seen from [7] and the resolution of this apparent difficulty in general
will be to replace this path by one in the “double”, which is introduced in the next
section. Using the double it is straightforward to prove as in [7] that x[g,c)(D) -
X[0,00) (uDu*) € K(N,T). Hence X[0,00) (D), X[0,00) (#Du*) form a Fredholm pair.
What we have done in this section is show that

Index( X[O,oo) (D)X[O,oo) (MDM*)) = Index( X[())oo) (D) u X[O,oo) (D))

is given by the local index formula as a residue that is recognisably the Phillips-
Raeburn-Lesch formula [19,23].

In the next section we will attempt to generalise this strategy, namely to go from
the local index formula to a spectral flow formula for paths of the form D+ tu[D, u*].
As noted in the introduction, we leave open the possibility of a definition and com-
putation of spectral flow for paths in our affine space of perturbations of D where the
endpoints are not unitarily equivalent.

4 From the Resolvent Cocycle to the Spectral Flow Formula
4.1 Spectral Flow and the Index

To place our results in their proper setting we need some background from [11,21-23].
Let m: N — N/Xx be the canonical mapping onto the Calkin algebra. A Breuer-
Fredholm operator is one that maps to an invertible operator under 7. The theory
of Breuer-Fredholm operators for the case where N is not a factor was developed in
[11, 23], by analogy with the factor case of Breuer [4,5].

We say that an unbounded, densely defined, self-adjoint operator D on X is a
Breuer-Fredholm operator if F, := D(1+ D?)™/2 is Breuer-Fredholm in N. Recall
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that the Breuer-Fredholm index of a Breuer-Fredholm operator F is defined by
IndeXT(F) = T(lerF) - T(lerF* )a

where Qger r and Qxer g+ are the projections onto the kernel of F and F*, respectively.
The Breuer-Fredholm index is in general real-valued.
We use the function sign defined by sign(t) = 1for ¢ > 0 and sign(t) = —1for t < 0.

Definition 4.1 1If {F,} is a norm continuous path of self-adjoint Breuer-Fredholm
operators in N, then the definition of the spectral flow of the path, s f,({F;}) is based
on the following sequence of observations in [22].

(i)  The function t — sign(F;) is typically discontinuous as is the projection-valued
mapping t ~ Py = 1 (sign(F;) +1).

(i) However, t » 7(P;) is norm continuous.

(iii) If P and Q are projections in N and |7(P) - 7(Q)| < 1, then PQ: QH — PH
is a Breuer-Fredholm operator and so Index,(PQ) € R is well defined. (This
needs [11, Section 3].)

(iv) Ifwe partition the parameter interval of { F; } so that the 7(P;) do not vary much
in norm on each subinterval of the partition, then

sF({F}) = 3 Index,(P,,_,Py,)
i=1

is a well-defined and (path-) homotopy-invariant real number that agrees with
the usual notion of spectral flow in the type I, case.

(v) Let{D;} beapath of unbounded Breuer-Fredholm operators such that the path
{(Fp);} is a norm continuous path of Breuer-Fredholm operators. We define
the spectral flow of the path {D;} to be the spectral flow of the path {(Fp);}.
We observe that this is an integer in the I, case and a real number in the general
semifinite case.

Fix an unbounded, self-adjoint, Breuer-Fredholm operator D, and let P denote
the projection onto the non-negative spectral subspace of D. Suppose that u is a
unitary in N such that D; := D + tu[D,u*] is a path of Breuer-Fredholm opera-
tors such that F; := Fp,,[p,,+] is @ norm continuous path and F; — Fy is compact.
In this special case we denote the spectral flow by sf,(D,uDu*) := sf;({D:}) :=
sf:({F¢}). That is, the spectral flow along {D;,} is defined to be sf;({F;}), and by
[8] this is the Breuer-Fredholm index of PuPu*. (Note that sign(F,) = 2uPu* -1,
and since we assume sign(F;) — sign(Fy) = 2(uPu* — P) is compact, PuPu* is cer-
tainly Breuer-Fredholm from uPu*H — PJH.) Now, by [23, Appendix B], we have
Index,(PuPu*) = Index,(PuP). Hence, sf; (D, uDu*) = Index,(PuP).

All of the above works well when we have (1+ D?)~"/2 compact, because then one
can show that with D; = D + tu[D, u*], the path F; is indeed a continuous path of
Breuer-Fredholms. When the resolvent of D is not compact, we require additional
assumptions, as in the next result.

Theorem 4.2  Let (A, 3, D) be an odd nonunital, semifinite, spectral triple relative
to (N, 1) (no smoothness assumptions) with D invertible and let A~ denote A with a
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unit adjoined. Let u € A~ be a unitary such that [D, u](1+D?)™Y2 is compact. Setting
P = X[0,00) (D), we have

sfe(D,uDu*) = Index, (P uP).

Proof As D is invertible, it is Fredholm. The bounded operator Fp = D(1 + DZ)_%
is also invertible and so Fredholm. Consider the difference

Fp — Fypys = D(1+ D)2 - (uDu* = D)1+ uD?u*) ™2 - D(1+ uD?u*) V2,

The middle term in this expression is [D, u](1 + D?)~Y/2u*, which is compact by
assumption. Next we combine the remaining two terms in the previous equation as

D[(1+ D)2 - 1+ uD?u*)™?]
and use the integral formula for fractional powers from [8] to obtain

D[(1+D?) V2 - 1+ uD>u*)™?]
“1p [T e D) - (s D) )
T 0

- lf‘”xl/z@uuwz)*l
Jo
x (Du[D,u* ]+ u[D,u*]D + (u[D,u*])*)u(A + 1+ D*)'u* dA.

By [8, Lemma 6(2), Appendix A], the integral above converges in norm. Since
u[D,u*|u = —[D, u], the three operator terms in the integrand can be written as

DA +1+ D) u[D,u*Ju(A +1+D*)'u*
=-D*(A+1+ D) [D,u](A +1+D*)'u*;

DA +1+ D) u[D,u*][D,u](A +1+ D) u*
~DA+1+DH) D, u](A +1+D*) ' Du*;

~DA+1+ D) u[D,u*][D,u](A +1+ D) u*,

Inspection now shows that each of these terms contains a resolvent times [D, u],
which by our assumptions is compact. Thus the integrand is compact. So Fp — F,;p
is compact, since the integral converges in norm. Therefore, the spectral flow is in-
deed given as the index of PuP by the definitions and results in [22] (see also [2] for
the extension to the non-factor case). [ |

We can always put ourselves into the situation where D is invertible, using the
following doubling construction due originally to Connes [13].

Definition 4.3 Let (A,H,D) be a semifinite spectral triple relative to (N, 7).
For any ¢ > 0, define the “double” of (A, H, D) to be the semifinite spectral triple
(A, H?*,D,) relative to (M (N), T ® try), with 3> := H & H and with the action of
Aand D, given by

(D —~_fa O
@F,_(M —‘D)’ a a._(o 0), VaeA.
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Remark  Whether D isinvertible or not, D, is always invertible,and F, = D,|D,|™
has square 1. This is the chief reason for introducing this construction.

We also need to extend the action of M, (A~) on (H & H) ® C", in a way that
is compatible with the extended action of A on J{ @ J. So, for a generic element
beM,(A), welet

~ (b 0
(4.) b= (0 lb)eMz,,(N),

with 1, := p"(b) Idy, (), where p™: M, (A~) - M, (C) is the quotient map.

The index pairings of (A,3,D) and (A, H?, D,) with K.(A) agree. This is
proved in [7, Section 2], and more information can be found there.

Let u € M, (A") be a unitary, and suppose that [D ® Id,,, u](1+ D? ® Id,) /2 is
compact. This implies that [D, ® 1d,,, @] (1+ D7, ® Id,, )~Y/2 is also compact. Together
with the fact that D, is invertible, the spectral flow from D, ® Id, to u(D, ® Id, )u*
is well defined, by Theorem 4.2. Consequently, if P, is the spectral projection of D,
corresponding to the interval [0, c0), then

Index;gtr, @ tr, (PHTIP”) = Sfretn ®tr, (Dp, mpﬁ*)-

Corollary 4.4 Let (A,H, D) be an odd nonunital semifinite spectral triple relative
to (N, T) (no smoothness assumptions) and let A~ denote A with a unit adjoined. Let
u € M, (A) be a unitary such that [D ®1d,, u](1+ D? ® Id,,) V2 is compact. Setting
P = X[0,00) (D), we have

Index;gtr, o tr, (Pu ® Id, 4P, ® Id,,) = s fretr, @ tr, (D ® Id,,, u(D, ® Id,, ) U™)
= Index; g, ((P®1d,)u(P®1d,)).

Proof This follows from the comments above and [7, Corollary 2.26] where the final
equality is proved. ]

For the next few definitions and results, we assume that we have a nonunital,
smoothly summable, spectral triple (A, 3, D), relative to (N, 7), and of spectral di-
mension p > 1. This implies that [D, u](1+ D?)~/2 is compact, and similarly with D
replaced by D, so that the spectral flow of t = D, + tu[D,, u*] is well defined.

In this context we can define the resolvent cocycle, which can be used to compute
the pairing with K-theory.

Definition 4.5 For 0 < a <1/2, let £ be the vertical line £ = {a + iv : v € R}. Given
meN,s e R*, r e Cand operators Ay, ..., A,, € OP¥ (D) and A, ¢ OPg“(D) such
that |k| — 2m < 293(r), we define

1 —-p/2-r
(Ao s A Ymrs = Tm_‘r(y[e,l PR A Ry(A)+ A Ri(1) 1)

Here y is the Z,-grading in the even case and the identity operator in the odd case,
and R;(A) = (A - (1+s2+D?))".

We now state the definition of the resolvent cocycle for odd spectral triples in terms
of the expectations (-, ..., * }m,rs- Let N := | p/2| + land M := 2N — 1.
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Definition 4.6 Form =1, 3,..., M, we introduce the constants 7,, by
I(m/2+1)
= (—V2i)2mt =
tn = (V22 TET

Then for R(r) > (1 - m)/2, the m-th component of the resolvent cocycle ¢/, : A @
A®™ — C is defined by

or,(ag,...,am) = nm[ s™(ag,day, ..., dam)mrs ds.
0

Remark It is important to note that the resolvent cocycle ¢7, is well defined even
when D is not invertible. This follows from [7, Lemma 3.3].

To state our main theorem we need the definition of the Chern character of a uni-
tary. The (infinite) (b, B)-cycle Ch(u) = (Chyj1(u))js0 of u € M, (A) is given by
Ch2j+1(u) =
(_1)].]' Z (u*)io,il ®(u)fl,iz ®(u*)i2,f3 ®'“®(u)i2j+hio (2]+2 entries).

i0,115.-512j+1

We refer to [10] for more information in this context.

Theorem 4.7 Let (A, T, D) be an odd, nonunital, smoothly summable, semifinite,
spectral triple relative to (N, T), and let A~ denote A with a unit adjoined. Let u €
M, (A™) be a unitary. Then

Index;gqr, ((P®1d,)u(P®1d,))
= Sf‘l'@tl‘z@tl‘n ( @H (2] Idn,ﬁ(ﬂ)'u ® Idn)ﬁ*)

M
= ———Res,_(1- " (Ch
A Resopn 2 9h(Cha(w)

-1 1 M
= ———Res,_(;_ " (Chy,(u) — Chy, (u™)).
NeEE (1-p)/2 m%dd%( m (1) m(u*))

In particular, the residues exist.

Proof The first equality has already been discussed. The second is the nonunital
local index formula [7, Theorem 3.33], and the third equality is again the local index
formula together with the fact that the (entire) (b, B)-cycle

(Chm (ﬁ) + Chm (7'?’r ) ) m=1,3,...>

is a boundary (see [10, Lemma 3.1] for a simple proof). [ |

4.2 The Statement of the Main Result

Our main result shows that we can obtain a formula analogous to that of [8,9] for the
paths we are considering.

Theorem 4.8 Let (A, H,D) be an odd, nonunital, smoothly summable, spectral
triple, relative to (N, T), of spectral dimension p > 1. Let F, = D,|D,|™" (where D,
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comes from the double picture), P, = (1+ F,)[2 and P = X[g,00)(D). Then for any
unitary u € M, (A~), we have the equalities

IndeX gr, o tr, ( (Py ® 1d,) (P, ® 1))
= Index;gtr, (P ®1d,)u(P®1d,))

1 i 2
= Res;—o f TQ try, (u[D ® Idn,u*](1+ (Deld, +tu[D ® Id,,,u*])z) H)(Jlt.
0

To prove this theorem, we are going to follow closely some aspects of the argument
of [10, Section 5.3].

We fix the following data for the remainder of this section. Let (A, 3, D) be an
odd, nonunital, semifinite, spectral triple relative to (N, 7), smoothly summable with
spectral dimension p > 1. To simplify the discussion, we restrict ourselves to the case
where u is a unitary in A~ and not in M, (A~). (The general u € M, (A™) case, will
follow by replacing D by D ® Id,,, N by M, (N), and 7 by 7 ® tr,, in all the formulas
below.)

4.3 Notation and Basic Results for Exploiting Clifford Periodicity

The idea behind the construction in this section comes from [17], but we use the an-
alytic formulation in [9,10].

We form the Hilbert space H = C*®C? ® H acted upon by the von Neumann
algebra, N := M, (C)®M,(C)®N. Note that N is naturally endowed with the normal
semifinite faithful trace 7 := try ® 7. Introduce the two dimensional Clifford algebra,
with generators in the form (Pauli matrices)

{0 1 (o -i (1 0
A=\ o) 27\ o) T\lo )

Define the grading on H byI':=0,® 03 ®Idy € N.
For t € [0,1], s € [0,00) and u € A~, introduce the even operators (i.e., they
commute with T)

0 -iu” ~
qfq(u)::%@(m o ) D= 0, 91d, D,
Dy := (1-1)D - tqDg, Dys =D, +5q.

These unbounded operators are affiliated with N. We begin by identifying B (D, p).
Lemma 4.9 Let D be a self-adjoint operator affiliated with a semifinite von Neumann
algebra N endowed with a semifinite normal faithful trace . Then, with the notations

introduced above, B (D, p) = My(BZ (D, p)).

Proof Note that |D| = Ids ®|D| so that the result follows from the definition of
B (D, p). [
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We also let g, be the operator g(u) when u is replaced by 1,,, the image of u in
A~ [A. Thus,

—oall —il, M ion® 0 —i(u—-1,)"
2=%%, o) 1T717%%\jwu-1,) 0 :

and by the lemma above, g — g, belongs to the algebra My (B° (D, p)) = B (D, p)
by the assumption of smooth summability (Definition 2.5). Note also that

(4.2) {D,q}:=Dg+qD=01® (_[g,u] [D,Ou*]) € My(B (D, p)).

Set p := 0, ® Id, ® Idy;, so that p anticommutes with g and commutes with D and
I. Note that
-4 _ 2D+tu*[D,u] 0 1
Dt:Dt,o—sz@( 0 'D+tu[iD,u*])EM4(OP (D))

Taking derivatives in OP'(D), we get

dD, u*[D,u] 0 oo 7S
cit_02®( 0 u[D,u*])EBI (D’p)

Define the graded trace on N, by setting S7(A) := 3T(TA), for A of trace class in

N. For example, for r > 0 we have

dD o o/ae
(14 B Pl

u*[D,u](1+(D+tu*[®,u])2)7p/zfr 0 )

02® ( 0 u[D,u* | (1+(D+tu[D,u* 1)) #/*

which is of trace class on N by [7, Corollary 1.30], since u* [D, u] and u[ D, u* ] belong
to the algebra B;°(D, p), and since

B (D, p) =B (D + tu*[D,ul,p) =B (D +tu[D,u”], p)

by Proposition 2.9. These observations prove most of the next lemma.

Lemma 4.10 With the notation above and r > 0, we have

dD
f Sr( ‘(1 D2y-r/2- r)dt
0
= 1 1 [D,u] (1+(D+tu*[®,u])2)—p/2—r 0
= 5 / (Id ®( 0 _u[{D’u*](1+('D+tu['D,u”])z)”’/2”))dt

:f 1(1+(D + tu* [@,u])z)ip/%r
-2 [ o

-u[D,u ](1+(D + tu[D,u*])z)_p/z_r)dt

l+(D +tu*[D, u])z)_P/z_T)dt.
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Proof We only need to justify the last equality. The following elementary calculation
does this:

/0*1 T(ll[@, u*](l-f—(@ + tu[-D’u*])z)_P/z_r)dt

[01 T(u['D,u*]u(H(u*CDu + t[CD,u*]u)z)fp/zfru*)dt

= AIT( - [ﬂ),u](1+(u*Du—tu*[D,u])z)_P/z_ru*)dt
= /011( —u*[D,u](1+((1- t)u* Du + t@)z)_p/z_r)dt
= /lor(u*[D,u](H(wu*iDqu (1—w)iD)2)_P/2_r)dw, w=1-t

:—[01T(u*['D,u](H('D+wu*[D,u])2)7p/27r)dw. [ |

4.4 Obtaining a Preliminary Formula from the Resolvent Cocycle

Our plan is to reverse the argument in [10]. This means we plan to go from the resol-
vent cocycle to a spectral flow formula. First we calculate

(4.3) D2 =D? +s(1-2t){D,q} +s*
We prove a trace class result for this family of operators.
Lemma 4.11  With the notations above, we have

(q—qe)(1+52+52+s{@,q})_P/2_r€£1(§\T,~), VreC with R(r)>0.

Proof As seen earlier, g — g, € BX(D, p). Set 8 := [(1+ D)2, - Jand 6 := [(1 +
D212, .]. Then we get

Sne N 0 -ié"(u*)

0(g)=0s® (z‘&“(u) o )
for all n € N. Thus, g belongs to the intersection of the domains of the powers of
the derivation J, so that we can apply Proposition 2.8, which in this context gives
B1(D, p) = Bi(D + sq, p). The proof is completed by using g* = 1 so that one has
D?+s2+s{D,q} = (D +sq)* [

To assist the perturbative calculations to come, we introduce the notation

R(A) =(A-(1+2+D*)) " and R,(A)=(A-(1+s>+s{D,q}+D*) .
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Lemma 4.12  With the notation as above, and with R(r) > 0, there exists § € (0,1)
such that with M = 2| p/2] + L:

foo ST(q(1+ D? + 52+ s{@,q})ip/z*r - qe(1+ D? + 52)7p/27r)ds =
0

M oo _ m
zim, _lzdd/o smST(/;)LP/qu(RS()L){Q,q}) RS(A)d)L)ds+holo,

where holo is a function of r holomorphic for R(r) > —p/2 + 6.
Proof We use Cauchy’s formula to write
q(1+@2 +5? +s{@,q})_”2_r -

1 ~ ~ _
Tfe/l_"/z_’q()l—(1+D2+s{D,q}+52)) Y,
i

where € is the vertical line € = {a + iv : v € R} with 0 < a < 1/2. Then we apply the
resolvent expansion (as in [10, Section 7]) to arrive at

(4.4) q(1+@2 +5? +s{@,q})7p/27r
1 M ~ m
=— [ APy smg(Ry(A){D, Ry(A)dA
=, 2 s"a(R(){D.q}) R(V)
1 ~ ~
p M f APl g (RA)(D, g}) R (V) dA,
2mi Je

where M =2|p/2] + 1.

By [7, Lemma 3.3] and equation (4.2), we see that the terms with m = 1,...,M
are trace class for %(r) > 0. Using a norm estimate on R,(1), we can then employ
[7, Lemma 1.39] to see that the remainder term is also trace class. Thus, the only term
in this expansion that is not trace class is the term with m = 0, namely,

% f)fp/z’rq Ry(X)dA = q(1+D* +5?) Rians
mi Je

However, (g — g.)(1+ D? + s*)"P/>~" is trace class and has a vanishing super-trace.
Indeed, with p = 0, ® Id, ® Idy;, p* = Id5; and p commutes with D and T but anti-
commutes with g and ¢., so that

1

St((q=qe)(1+ D+ %) P27) = SF(Tp(g - qo) (14 D+ 57) 127

1_ T -p/2-r
5 UTp(g-q)(1+ D +57)F27p)
= —ST( (- q.)(1+D*+ 32)_1’/2_’).

Similarly, if we consider a single term in the sum (4.4) with m > 0 we find

ST(zlm'fel_P/z_r‘J(Rs(l){ﬁq})mRS(A)d)L) )

(_1)m+IST(271Ti ﬂAP/Zrq(Rs(A){i,q})mRs(A)dl)
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So if m is even, we get zero. This argument does not apply to the remainder term

1 M+1~

sMHST(fe/lp/zrq(Rs(/l){@,q}) Rs()t)d)t),

2mi

as p neither commutes nor anticommutes with R, (1). However, the integral over s of
this remainder term is holomorphic at r = (1 - p)/2, by [7, Lemma 1.39]. Integrating
the remaining terms over s € [0, oo] using [7, Lemma 3.16] yields the result. ]

Next we need to relate this expression to the resolvent cocycle evaluated on the
Chern character Ch(u). Following [10, Section 7], we get

a(R(M){D,q}) "R(A) =

. _1\(m-1)/2 m u*R[D,u]R[D,u*]--[D,u]R 0
i(-1) 0301 ®( 0 uR[D,u*]R[D,u]m[D,u*]R)'

On the right-hand side we have written R = (A — (1 +s* + D?)) ™! for the resolvent of
D?. Recall that the grading operator is T = 0, ® 03 ® Id, (), and that 0, 030{" = i Id,
for m odd. Writing tr, for the operator-valued weight that maps N = My (N) — N,
we have

tra (CgR{(M){D, g} R (1)-+{D, g} R,(1)) =
2(—1)(m+1)/2( u*R[D,u]R[D,u*]-[D,u]R - uR[D,u*R[D, u]-[D,u*]R).

Consequently, there is a § with 0 < § < 1 such that for R(r) > 0,

/oo ST(q(1+ ’52 + 52 + s{@’q})*P/Zfr 3 Qe(l + ,52 i Sz)fp/Z—r)dS
0

1 M oo
= — _1)(m+1)/2 m —p/2-r( = *7
- m=1,odd( 1) /(; s T( ﬁ)t (u R[D,u]R[D,u*]-[D,u]R
—uR[D,u*]R[Q,u]'~~[D,u*]R)d)L) ds + holo
1 1

M
- r.(Chy, (u) — Chy, (1)) + holo,
—Zmzm:lzmddﬁbm( (u) (1))

where holo is a function of  holomorphic for R(r) > —p/2 + §/2, and the last line
just comes from comparing constants in the definition of ¢, and Chy,.

The following integral formula for the spectral flow now follows directly from The-
orem 4.7. This is the main intermediate step to the proof of Theorem 4.8.

Proposition 4.13  For u € A~ we have
sf(D,, u D) =
Res,_(1-p)/2 f St(q(1+D*+s*+s{D,q}) P ge(1+D? +5%) —p/2—r) ds.
0
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Remark  Since g, anticommutes with D, the formula above may also be written as
sf(D,, u D) =

Res,—(1-p)/2 /Ooo St(q(1+ (D + sq)%) PR qe(1+ (D + 5qe)”) 7P/27r) ds.

4.5 Exact One-forms

Proposition 2.9 shows that if D is unbounded and self-adjoint, then the space D +
OP{(D)sa = D + BE(D, p)sa is a real affine Fréchet space whose topology is in-
dependent of the base point. To avoid infinite-dimensional complications, we now
restrict to a finite-dimensional affine subspace.

Definition 4.14 Let @ be the two-dimensional real affine space
D= {@+X:X:(xq{@,q}+ﬁq, a,ﬂeR}.

For X = aq{D, q} + Bq, set 1x := Bq.. (This is consistent with the earlier notation of
equation (4.1).) We then consider the one-form

(4.5) X € T,y @ = F( X1+ (D+Y)?) P 15 (1+(D+1y)*) P/*7"), R(r) > 0,
defined on the tangent space of ® at D + Y.

Our strategy in this subsection is to prove that the one-form of equation (4.5) is
well defined, differentiable in trace norm, and closed. Since @ is a finite-dimensional
affine space, the Poincaré Lemma then shows that the one-form is exact.

Lemma 4.15 Forany r € C with 3(r) > 0, the map (4.5) is well defined.
Proof Letr e C with R(r) > 0. First write
X1+ (D+Y)) PP 151+ (D +1y)2) P+ =
(X-1x)A+(D+Y)?) PP 1 ( 1+ (D +1y)) P = 1+ (D +Y)?) P/*7).

The first term is trace class, since R(r) > 0, X — 1y € B (D, p) and B (D +Y, p) =
B (D, p) by Proposition 2.9. For the second term, we employ the Laplace transform
representation and Duhamel formula yielding

(1+ (D +Y)2) PP — (14 (D+1y)) 2"

p/2+r—le—t(e—t(1~)+Y)2 _ e—t(95+1y)2)dt

:F(p/;+r)fomt

__ 1 /°° tp/2+re7t( fl p—st(D+Y)? Ze—(l—s)t('5+ly)2ds) dt
L(p/2+r) Jo 0 ’

where we have set

Z=(D+Y) - (D+1y) 2= (Y-1y)D+D(Y -1y) + Y* - 13,
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By assumption, Y — 1y belongs to B (D, p) and Y2 -12 = (Y —1y)(Y +1y) belongs
to the same space. Let us estimate the trace-norm of the operator corresponding to
the first term in Z. First, for s € [0,1/2], we have

—st(D+Y)? _ 7 —(1=s)t(D+1y)?
|es (Y = 1y)D e U7 <
[ 1) (14 (D = 13)?) PO (14 (D - 1y)?) PO Dt PR,

Since 1y is proportional to ., by Definition 4.14, it anticommutes with D and thus
(on H, initially, and then everywhere by taking closures)

P e tD+1r)*/2 _ -t(D-1)*/2 5
Hence we obtain the norm estimate
” (1 i (@ _ IY)2)p/2+9{(r)5e—t('5+1y)2/2H
=1+ (D - 1y)2)P/ 20 (D)2
< H(l + (@ _ 1y)2)p/2+9%(r)e—t('ﬁ-],,)l/z(@ _ ly)”
Ly (14 (D - 1y)2) 0 (D12
<ot RO /2R
by elementary spectral theory. For s € [1/2,1], we have
” e—sz(95+y)2 (Y - ly)@ e—(1—5)1(95+1y)2 “1

< || e-t(?5+Y)2/2(1+ (D + Y)z)p/zwa(,)ﬂ/z

x| (1+ (D + Y)z)fp/zfm(r)fl/2
< oy PR,

|
(Y -1y)D|y

where we have estimated the last trace norm by a constant (depending on r) using
[7, Lemma 1.39]. The operator corresponding to the second term in Z gives the same
contribution. Indeed, as a change of variable under the s-integral shows, it is the
adjoint of the first term. The third and last term in Z is even more easily estimated in
trace norm, again using [7, Lemma 1.39], by ¢, t?/2(")_Thus, we get

[+ (D+ 1)) PP - (14 (D +1y)) P77 <
1
T(p/2+7)

and the proof is complete. ]

/ (C1t71/2+C2)eitdt,
0

To prove that the one-form is closed, we must establish

d

] FX D)) 15+ (D o+ 113)?) PP =

E‘ t—O?( Y(1+ (5 + tX)Z)ip/Zﬁ -1y(1+ (@ + tlx)z)fl’/zfr) )
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for all 93(r) > 0 and for all X, Y in the tangent space of ® at D. This fact is a corollary
of the following result.

Proposition 4.16  Let X, Y € T3 ®. Then for all R(r) > 0, the map
Rt afey(8) = Y(1+ (D + X)) P 1y (14 (D + 1)) P17 e N

is differentiable at t = 0 in the trace-norm topology. Moreover, the value of its derivative
at t =0 is given by

1 o 1 2~ =2
7 0) = — pl2+r —u [ Y -suD D, X -(1-s)uD ds du .
&y y(0) 7F(p/2+r) fo u e ; e { te sdu

Remark  There is a more general exactness result of this type in [16]; however, we
adopt a different approach sufficient for our purposes.

Proof We use the same integral representation as in Lemma 4.15, and the fact that
{D,1x} =0, to get

oy (6) = Y+ (B4 X027 1y (14 (B + 1)) P12
1 )
b

1 had = 2
- I(p/2+7) /o up/ﬂﬂeiu( (Y_IY)eiu(DHX)

1 - _ _
-u f 1yeiS”(D”X)Z( t{X,D} + X* - 1§) ef(lfs)"(ﬂ”lxyds) du.
0

p/2+r—le—u( Ye—u(ﬁﬂx)2 _ lYe—u(f)Hlx)z) du

The same method now allows us to represent the difference
-1 o
o ) - a” 0) = 7‘/ up/2+re—u
X,Y( ) X,Y( ) F(p/2+r) 0

1 7 2 ~ ~2
x ( f (Y_ly)e—us(DHX) (t{@,X} + tZXZ)e—u(l—s)’D ds
0

1 —us(T 2 ~ (1D 2
; /0 1ye s P+ (1 X, B} 4 £2X2 - 213 ) e H(1-)(D+11) ds)du.

With & y(0) as in the statement, we find

ak y(t) —ak y(0)
t

r(p/_21+ ) foo up/2+re—u( fl Y(e—us(ﬁﬂX)z _ e—usﬁz){i’x}e—u(l—s)’ﬁzds
r 0 0

1 S 2 752
+ t/ (Y _ ly)efus(DthX) X2e—u(1—s)D ds
0

- d;(,Y(O) =

N [1 1Ye-u5(5+tX)2{,5, X}(e_”(l_s)(ﬁ‘”lx)z _ e‘”(1—5)9~32)d5
0

1 75 2 3 2
+ t‘[O IYe—us(D+tX) (XZ _ li)e—u(l—s)(D-#tlx) dS) du.
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Each of the four summands on the right hand-side is uniformly trace class. For the
second and fourth terms this is clear, and the trace norms can be seen to go to zero us-
ing the method of Lemma 4.15. The first and third terms require one more application
of Duhamel’s method to explicitly see the convergence to zero, but as the argument is
the same as that above, we omit the details. |

We may now prove that our one-form is closed.
Corollary 4.17 Let X,Y € T ®. Then for all R(r) > 0, we have
#(@%,r(0)) =7(a7.x(0)) -

Proof From Proposition 4.16, we know that in trace-norm topology

1 © 1 72~ 752
- r 0) = — f p/2+r —u[ Y —suD D, X —(1-s)uD ds du .
a y(0) 7I‘(r+p/2) , U e J Ye { te sdu

Since

” Ye—su'Ez {@,X} e—(l—s)ube”l < Clt-p/z-m(r)-l/z " Czt—p/Z—‘ﬁ(r))

as shown by elementary estimates as in the proof of Proposition 4.16, we deduce that
the integral representation above for & (0) is absolutely convergent in trace-norm.

Since {D,1x} = {D,1y} = 0, the cydlicity of the trace (see [6]) yields

F(v e D (D, X} e -94DY) “F( v e DD, X — 1} e (7D

(X -1x) e DD, v} e ")
(1) 9T (B y 1,y )
(Y -1y) e’ (D, X -1x} e‘(l‘s)”ﬁz)
(1 1) (B, x) 0T

I
bl

Taking the difference of the first and last terms in this chain of equalities shows that
7(1y e—suD? {D, X} e’(l’s)“iz) =0.
Reversing the roles of X and Y yields ?( 1x e~ (1-5)uD? {5, Y} e’s”f)z) =0, so that

?( Y e_surbl {5, X} e_(l‘S)u“Ez) — ’2[7( (X — IX) e—(l—s)u@Z {@’ Y} e—su'ﬁz)
= 7[-’( X e—(l—S)u'Ez {5’ Y} e—surbz) .
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Thus, with these equalities we may apply the Fubini Theorem to get
Ty, (0))

1 had 1 72 ~ a2
= - pl2+r *”\/‘ HY e P 1D x1 e (=9uDY g6 g
F(P/2+r)fo e (Y™ (DX} e ) dsdu

0

1 et 1 72~ 2
- - p/2+r —u/ F x —(1-s)uD DY —suD dsd
F(P/2+r)fo uttire™ ) i(Xe (D v} e ™) dsdu

1 o 1 N2 ~ a2
= _W [ up/2+re—u f:E:(Xe—suD {D, Y} e—(l—s)uD ) dsdu
r 0 0

= ?( d;,x(o)) ’
where we used the change of variable s — 1 — s to get the third equality. ]
The corollary establishes that our one-form is closed, and as ® is a two dimensional

affine space, the Poincaré Lemma shows that our one-form is exact.

4.6 A New Spectral Flow Formula

We now use the exactness of our one-form to change the integration path and obtain
a formula similar to those in [8,9]. We start with the following observation.

Lemma 4.18 Let (A,H,D) be a nonunital, smoothly summable, spectral triple of
spectral dimension p > 1. Then, for any so > 0 and any R(r) > 0,

s ) _ _ o
(4.6) [0ST(%(I-&—D%)S)—P/Z—V_qe(1+D2+52) o )ds:
0 N

o o dD ~ i ~ pl2-
_/O 87(7()’5(14—@(2)’5) p/2 _qe(1+Dz+52) P r)ds.

Proof Note that since D; s = —qgDq + sq and Dy = D + sg, we have

dDys  dDo,
ds 17 Tds
Now observe that if X = gand Y = —g{D, q} + sq, we have (with the notation of
Definition 4.14) 1x = g, and 1y = sq.. Thus,

d?’s (1+D2,) P27~ g, (14D + &) I
N

XA+ (D+ V)2 P 1y (14 (D +19)%) 7,

which is trace class by Lemma 4.15. Similar comments apply to the second line in
(4.6). Thus, each side of equality (4.6) is well defined.

Recall that p = 0, ® Id, ® Id, so that pqp = —q, pgep = —qe» p*> = land pI'p = T.
Since also pD = Dp, one easily calculates that

paDis = (D +sq)pq = -Dospg,
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so that pq@is = @%,Spq, and hence for any Borel function, f, we have qu(@is) =
f (@(2)5) pq. Also, since g, anticommutes with D, it commutes with D?, so that

pqe( 1+ D2+ 52) i (1 +D? + 52) 7p/27rpqe.
Then
le s

ZST( (1+D? S)—17/2—r_qe(1+@2Jrsz)_P/z_r)

T( (q1+D} 5)’1’/2*’—rp2qe(1+952+52)*1’/2*r))
=7(Tp(q(1+ DF) P27 - g (14 D? + 52) /27 p)
=F(0((+ D30T pgp + g1+ D + )P )
= F(T((1+DZ ) PP g - ge(1+ D 4 2) P
= -T( r((1+ @g,s)*P/Hq —(1+ D>+ 2)Prg,) )

The next step is to rewrite this expression so that we can again exploit cyclicity of the
trace to arrive at our desired formula. We rewrite the last line as

=-F(T+D5 )" (q-q.))
~HT((1+D; )P - 1+ D+ %) PP g,)
= -7(T(q-q.)(1+ Dg ) ?*7)
~F(Tqe((1+DE,) PP~ (1+D* +s*)7P2T))
= -7(Tq(1+Dg )P - g, (1+D* + s*)P/*7)

= —ZST( dDo

1+ D2 )PP —q,(1+D* + 52)‘1’/2") ,
which completes the proof. ]

Integrating our one-form (Definition 4.14) around the boundary of the closed rec-
tangle

{5m, (t,s) €[0,1] x [0,50]} ¢ @

of our two-dimensional affine space ® gives zero by exactness (Corollary 4.17), and
0

o 4P _ _
f st( Bos (1432 )22 g, (14 + )PP ds
0 ds ’
%0 d@O,s =2 \-p/2-r =2, 2\-p/2-r
—fo 57(7(14’@0,5) - q.(1+D* +5%) )ds

B 1 dﬁt,O N2 \-p/2-r dﬁfso -p/2-r
__/0 sr( =20+ D) )dt+f sr( S+ D2, ) d.
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Note that there are no “extra terms” coming from g, on the right-hand side of the
preceding equality, because if

dD, ~ o~
=== =-a{D.q} e B (D.p),

one has 1x = 0. Rearranging, using Lemma 4.18 to combine the first two integrals
gives

(47) 2[ dDOS(l DZ )p/Zr q(1+DZ+SZ) p/2— r)ds_

fo ST( Do (1+®f,0)7p/24)dt—f;&(%u tSO) p/2- ')d

To finish the argument we have to establish the next result.

Proposition 4.19  Let (A, 3, D) be an odd, nonunital, smoothly summable, spectral
triple of spectral dimension p > 1. Then, with the notations displayed above, we have

i [k 14 5, o

Proof Remember that

d =0.

d@ s a 0 /N
o =-a{D.q} ¢ BT (D, p).

Then, as noted in equation (4.3), we also have

D =Di+s(1-2t){D,q} +s>
Lets > 2 {D, q}|. For t € [0,1], we then we have the operator inequality
Di +s(1-2t){D,q} +s*> D} - st - 2¢||{D, q} | +s* > D} + 15>
This leads to
[(1+D2 )0 < |1+ D2+ 162)70| < (%)6 V8> 0.

Now, let us fix § > 0 such that R(r) — § > 0. We then obtain

|Gz,

=| q{D, qy(1+ D2+ s(1-20){D,q} + ) —p/z—rH

1

: B D D T - —r+
S(%) H{D’q}(l‘*D%+5(1—2t){D,q}+$2) p/2 5“1
s2\ -0

<c(2) ,
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where the constant
C= (D a}(1+B7) "),
[(1+ D)0 (14 D2+ s(1-20){Doq) +87) |

oo

is a bounded function of s > 2|{D, q}| by Lemma 2.11. This is enough to conclude
the proof. ]

From Proposition 4.19, we can let so — oo in equation (4.7), to give explicitly

f St(q(1+ D2+ s{D,q} +s2) P> — g, (1+ D + 52)_p/2_’)ds =
0

1t 0dDio,  ma \pjar
Efo sr( S04 Do) P dr.

By Proposition 4.13, the residue of the left-hand side gives the numerical index,
and by Lemma 4.10 the right-hand side is

/01 T(u*[@,u](l-i- (D + tu*[D, M])2)7P/27r) dt.

This latter formula is formally similar to the spectral flow formulas in [8, 9] for the
special case of unitarily equivalent endpoints, but the hypotheses we have used to
derive it are very different from those in these earlier papers. This completes the proof
of Theorem 4.8.
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