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ON A SOLUTION OF THE HAMMERSTEIN
EQUATION WITH SINGULAR NORMAL KERNELS

BY
CHARLES G. COSTLEY

We consider here the equation
1
® #D+ [ Ko 01090 dy = 0.

This equation was first studied by Hammerstein [4] under the assumption that the
linear operator

ar= [ Ko Do) ay

is selfadjoint and completely continuous. V. Nemytsky [5] and M. Golomb [3]
dropped the assumption that 4 be selfadjoint and positive. M. Vainberg [6] con-
sidered (among other cases) the case in which 4 is a bounded operator generated
by a Carleman kernel. The kernels considered in this work do not necessarily
generate bounded, completely continuous or selfadjoint, operators. Although our
theorem may be established with the aid of Schauder’s second theorem our purpose
here is to prove it directly by the classical method. For convenience we will use the

familiar notation
A=K = [ Ko d ad ol ={[ weoax}”
when there is no likelihood of confusion.
THEOREM. Let K(x, y) be a singular normal kernel and f(t, u) be such that

(1) f(ta u) = —u—h(t9 M)
where
Gi) [h(t, w)—h(t, w)| < uK-1(@)|u' —ul,
(iff) 0 < u < “1"4?13_—1
V) 7(x) = f " K(x, Dh(t, 0) dt < L,

(for definition of singular normal, and & see [2]).
Then

w+ [ K 0706, 9(0) di = 0
has a solution (x) in L.
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Proof. Consider the associated inhomogeneous linear integral equation

@ o) = || s 0900 dr109)

where f(x), possibly complex valued is in L,.
It is shown in [2] that equation (2) admits a solution ¢(x) in L, such that

3 lonl < A+

(pn being solution of the inhomogeneous equation with the approximating kernel
K., involved in definition of singular normal kernel)

“ el < @+8-H|f].
Put
) h(t, u) = h(t, 0)+g(z, u).
Clearly
g0 =0
© st w)=g 0] < p KO W -ul: K0 = [ K )
and we now write (1) in form
) o(x)— f KGx, 09(0) dt = 7+ [ " K, 0g(t, (1) dr.
Define {¢,}, as follows
o =0
@® #=Kp, = 900+ [ KG 0g(t i) s v = 1.
Let
r(x) = ¢,—y_1.
By (7)

© r,—Kr, = J:' K(x, t){g(t’ ‘Pv—l(t))-'g(ta Py} dt = Wy, v=2

(10) ri—Kr; = y(x)+f1 K(x, t)g(t, 0) dt = y(x) = W,.
From (4)
1n [r] < A+ D[Woa] ¢ =1,2,...).

In particular
Irafl < A+87H]y].
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From (9) and (6)

(12) (W1 < p j: IK(x, t)l K~Y(1) I‘Pv—l(t)—¢v—2(t)| at, v=2
13) Wes < it [ (KGs OK-Y0) il o

and

(14) “ Wv" S p “rv“‘

In particular, from (11)
Wi < @+8"ulyl.

With induction in view, suppose for some v>2,

(15) Irll < A+8=Dp! " y| = &

(16) Wi < A+8-Yly| fori=1,2,...,v—1.
From (11) and (16) for i=v—1

a7 Il < A+871w = y|.

With the aid of (14) we have

(18) 1w, < A+8=9w(rl)

proving the induction for (15), (16) since, from (11 and 14),
Il < @A +8-9]y| and W] < A+8 Huly| forv=1.
From (15) and (iii) the series
(19) S=>8 <.
i
This implies that

{p,} converges weakly to ¢(x) and

lol <8, Mol < 5.
Consequently, with aid of (6),

[K®g, ¢y 1D < plloy-1] < uS;

and there exists a function W in L, such that

(20)

K()g(t, p,-1(2)) converge weakly to W(r), and

@n
W@l < us.

We now write (7) in the form
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(22 Py, — Koy, = 7(x)+f01 K(x, DK~ (OK()g(t, y-1(2) dt = P(x).
Since K(x, £)K~(¢) is in Ly(t), from (21) it follows that
@3) fim pi(x) = p(x) = 700+ | " K, DKW dt.
Since | K2(x, ) dt<oo, from (20) it follows that
li?l Ko, = Ko.

From (22)
29 lim g, = Kp+p(x) = ¢*

in ordinary sense, so from (21) we conclude that
(25) p* = ¢ a.e.
Since 4 is continuous in u we have

him K(t)g (t: q’w(t)) = K(t)g (t’ 'P(t))

and

9 tim [ Ko 0, @) de = i [ K, 0K OKOg0, 9,0 d

= [ kG 050t 900 .

Putting v=v; in (8) we see that

#u =K =70 = [ Kz, 050 ,0)

= f K(x, 0){g(t, py,-1(D)—g(t, @y (N} dt = =W, (cf.9).
From (13), (15), and (19) it follows that
lim W2 =0
i
and we have

p—Kp—y(x)— f: K(x, H)g(t, p(t)) dt = 0.

In view of (iv) and (5) we conclude that ¢(x) is a solution of (1).

ExampLE 1. To show explicitly that our singular kernel does not necessarily
generate the selfadjoint operators we consider the following.
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Let gg(x) be Haar functions, let

Ke3) = 5 a0

Then A=K is selfadjoint only if 3, [2"/(1+a?)] is divergent (see [1, pp. 62-66]).
If >, [2°/(1 +a2)] is convergent as is the case when a,=v.2"2, i.e.

K(x, 1) = 2,v.2"%p(x)p)(y),
then K(x, ) is of Carleman class 2 and generates a nonselfadjoint operator (see
[7, p. 422)). In either case the kernel is singular normal.

EXAMPLE 2. Another construction of a singular normal kernel is as follows. Let
omy be real functions in Ly[0, 1] such that

1
) || oy dx =0, v 2
@) flgv;",w(x)dx: L, mv=12,...
0
1
G) f ompu(X) dx =0, m£p; i=1,2....
0

Let A, , be real numbers such that the series

@ Sw=Sq IIgm b SO
all converge for almost all x on [0, 1] while

©) 5= mi;lsm

diverges. Consider

© 85 3) = 3 7= O (BIm0):

Clearly [3 5 gn(x, p)?dxdy = Su(m=1,2,...) exists. The g,(x, »)(m=1,2,...)
are regular kernels.
Define

Ky(x,y) = g¢1(x, )+ - +ga(x, ), n=1,2,....
Now

I3 S K2(x, y) dxdy = Sy+- - +8, < 0.
From (1) and (2)

1 1
f (X, ) dy = 2 55— P,
] v “m,v
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and
1 n 1 n © 1 9
f Kix,y)dy = 2, f gnx, ) dy = 2 2 55 #m(®).
0 m=14J0 m=1v=1 "my
Now K(x’ y) = z gm(x, y) = lim Kn(x: y)'
m=1 n

The A (m=1,...,n,v=1,2,...) are characteristic values of the approximating
kernels K, (see definition of singular normal kernels). Actually, these K,(n=1,2,...)
are symmetric and therefore are also normal. Since [g [3 K*(x, y) dx dy does not
necessarily exist, the kernel K is not necessarily completely continuous or compact.

THEOREM 2. Let K(x, t) be a singular normal kernel such that
() K(x, »)= [3 K(x, )K(p, ?) dt belong to L in x (also in y)
(D) Az, y, w=K(p, yu—H(t, y, u) where

(iii) |H(t, y, w)—H(t, y, w)| < pROu'~u

@) ) =[3 {3 K(x, DH(:, ,0) di dy in L,

W) p(x) =[5 |K3(x, t)] R~2(t) dt p={5 p(x) dx exists, and
(vi) 4p?p<1.

Then the Urysohn equation
1 1
M #)+ [ {[] K. 0t 3, o) e} dy = 0

has a solution in L.

Proof. Equation (1) may be put in the form

1 1
© o)+ [ {[[ Koo 083, o)t} dy = 0.
Define {p,} recursively as follows.
=0

wo= == [ { [} &G oy wo) dr} s, 0= 1.

The same technique as in Theorem 1 shows that {,} is uniformly bounded thus
weakly compact so that {p,} converges weakly to some function ¢ in L, and

tim g, = ~lim [ KC, ) 0) dy+9)+ lim [ { [ K 060 3, 900 dt}

V=
= ¢’ (convergence in ordinary sense).

Thus p=¢" almost everywhere.
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With the aid of the continuity of G(¢, , #) in u and (v) we have

fim fo ' { L " KO, DG 3> 9y () de b dy = fo ' { fo " Kk, DG, 3, 90) de b dy.

V- ©

In view of (2) and above our result follows.
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