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CONVOLUTIONS WITH UNBOUNDED UNITY

V. SITARAMAIAH AND M. V. SUBBARAO

ABSTRACT.  On the set F of complex-valued arithmetic functions we construct an
infinite family of convolutions, that is, binary operations ¢ of the form

Fo)my= 3 fgWw)
f.gEF
Y (xy)=n

so that (F, +, ¢ ) is acommutative ring, for which the unity is unbounded. Here + denotes
pointwise addition.

1. Introduction. In all the well known arithmetical convolutions on the set of arith-
metical functions that exist in the literature (see [4]) such as, the Dirichlet, unitary (cf. [1])
and more generally Narkiewicz regular convolution [3], the unity is a bounded function,
namely [1/n] = the integral part of 1/n, n = 1,2,.... That there can exist convolu-
tions whose unity may be unbounded does not seem to have been noticed so far. We here
construct an infinite family of arithmetical convolutions, all having an unbounded unity.

2. Preliminaries. Let Z* denote the set of positive integers and F denote the set of
arithmetic functions i.e., complex valued functions whose domain is Z*.

Let 7 be a non-empty subset of Z* X Z* and ¢: T — Z* be a mapping satisfying the
following conditions:

(2.1) Foreachn € Z*, ¢y (x,y) = n has a finite number of solutions.

(2.2) If (x,y) €T, then (y,x) € T and ¢¥ (x,y) = ¥ (y,x).

(2.3) The statements “(y,z) € Tand (x,¥ (y,2)) € T”and “(x,y) € Tand (¢ (x.y).2) €
T are equivalent; whenever one of these statements holds, we have 1 (x, Y (y, z))
=¥ (Y xy),2).

If we define the binary operation ¢ on F by

(2.4) F g)n) = , > fx)g),
xy)=n

foreach n € Z* and f, g € F, then using the conditions (2.1), (2.2) and (2.3), it is not
difficult to see that (F,+, 1) is a commutative ring (cf. [2]), where ‘+’ as usual denotes
the pointwise addition.
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3. Aninfinite family of convolutions. For each positive integer r, let T, C Z* be

defined by
3.1 T, = {iD,i?, ... i), iy
with
(1 (2 A(r+2
i< i® << il
and

(r+2) (1)
[ < L1

Clearly T, N T, = ¢ if r # s. Let

3.2) L= Ele,,

and

(3.3) T=LUL,,

where

(3.4) Li={(k:keZ*k¢gL},
and

3.5) L, = Q(T, X T,).

We may note that L; N Ly, = @. We define 1): T — Z* as follows: on L, we define
Y(k,k) = k. Let (x,y) € L so that x,y € T, for some positive integer r. From the
definition of T, given in (3.1) we may assume that x = i and y = i, where 1 < m,
n < r+2. We now define
im, ifm=n

Yxy) = {i;'+2>, ifm # n.
It is easily seen that 9 (x,y) > max{x,y} for all (x,y) € T and hence v satisfies the
condition (2.1). Also, it is clear that ¢ satisfies (2.2). We will now verify that ¢ satisfies
(2.3). Let (y,2) € Tand (x,9(,2)) € T. Werecall that T = L; U Ly and L; N Lp = §.
If (y,2) € Ly, theny = zand ¢ (,2) = y. Also,y & L. Now (x,) = (x,¥(7,2)) € T
and since y ¢ L, we must have (x,y) € L;. Hencex = y. Thusx = y = zand x ¢ L.
Therefore, (x,y) € Ly C T and (tb(x,y),z) = (nz) € Ly CT.If (y,z) € Ly, then
v,z € T, for some r and so from the definition of ¥, ¥ (y,z) € T,. Since (x, Y, z)) eT
and ¥ (y,z) € T, C L, it follows that (x, v, z)) € L, and x € T,. Thus we have that
x,v,z € T, and therefore (x,y) € L, C T and (1[) x, ), z) € L, C T. In any case we
proved that (y,z) € T and (x,9(y,2)) € T imply that (r,y) € T and (¥ (x.y).2) € T.
The converse can be proved in a similar way.
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If (y,z) € T and (x, Y (y, z)) € T, we now verify that ¢ (x, Y, z)) =9 (w (x,y), z).

If (y,z) € Ly, then the elements (x,w(y, z)),(x, y) and (1[) (x, y),z) are all in L; and
hence trivially ¥ (x, v (v,2)) = ¥ (¥ (x,y),2).

If (y,z) € L,, then the elements x, y, z, ¥ (x, y) and ¥ (y, z) are all in 7, forsome r € Z*.
We may assume that x = i9, y = i) and z = i), where a, b and c are positive integers
with 1 < a,b,c < r+ 2. From the definition of 1) we have,

i@, ifa=b=c
(3.6) Y (%Y (n2) =i, ifa#bandb=c
i, ifb # c,

and

i(,"), ifa=b=c
(3.7 Y(¥xy).z) =i, ifa=banda#c
i ifa#b.

From (3.6) and (3.7) it is clear that 1 (x, Y, z)) = (1[) x,y), z). Thus we have verified
that ¢ satisfies the condition (2.3).

4. The Unity. Let g € F be defined by

1, ifk & Lork = i™ for some positive integers
g(k) = randmwithl <m <r+1
—r, ifk = i+ for some r € 7 *,

where k € Z*.
We now prove:

THEOREM 4.1. The element g is the unity of the commutative ring (F,+,1).

PROOF. We fixk € Z*. Let f € F. From (2.4) we have

Fyok= 3 fgm= 3 fWe+ 2 f0gH)
Y=k Y=k )=k
(xy)ET (Y€ (xy)EL

=21+22,

say. Let k ¢ L. Then the only pair (x,y) in L, satisfying ¢ (x,y) = kis (x,y) = (k,k).
Hence we have

31 = flglh) = f(k),

since g(k) = 1 for k ¢ L. Also, there is no pair (x,y) € L, such that ¥ (x,y) = k.
For, if such a pair (x,y) € L, existed, then x and y are in T, for some r € Z* so that
k = ¢¥(x,y) € T, C L. This is a contradiction since k & L. Therefore 3", is an empty
sum. Hence for k ¢ L, we have (f ¥ g)(k) = f(k).

Suppose k € L. Hence k € T, for some positive integer r. We can assume that k = ™
where 1 < m < r+ 2. First we assume that 1 < m < r + 1. In this case it is clear that
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31 is an empty sum. We consider the sum 3" ;. Since k = if’”) €T, (xy) € L, and
Y (x,y) = k imply thatx € T, and y € T,. Since 1 < m < r+ 1, from the definition of
it follows that the only solution to v (x,y) = k is (k, k). Hence we have

32 = fk)gk) = f(k),

since g(k) = g(iﬁ””) = 1for1 <m < r+ 1. Thus in this case also we have (f ¢ g)(k) =
S&).
Finally, let k = i"*?. Clearly ¥ is empty. We have

2= 2 fe»m= 3 f)30)

P (xy)=k x€T,
(x.y)ELy Y€eT,
Y (xy)=k
=3 f® 3 &y
x€T, yeT,
Y (xy)=k
r+2
=fl) 3 &™)+ X f0 X &0
m=1 x€T, Yxy)=k
x#k yeT,
r+2
= f(k) Zl g(im),

since the double sum on the right can be shown to be zero, as follows with k = i{"*?,

S0 Y s =% 0| % g0)]
x€T, P (xy)=k x€T, y#x
x#k y€T, x#k y€eT,

=zl % )
x#£k y=i" 1<n<r+1

= ¥ f@lr-r=0.

x€T,

x#k
Thus we have

r+2

Ya=fl 3 g(im) = fk{ (r+ 1) — r} = f(k),

since g(i(,’")) = 1for1 <m < r+1andg(i"*?) = —r. Thus in any case we proved
that (f ¢ g)(k) = f(k), for each k € Z*. Hence g is the unity of (F,+,). Clearly g is
unbounded.

The authors thank the referee for helpful comments.
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