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ABSOLUTE APPROXIMATE RETRACTS AND
AR-SPACES

JOHN R. MARTIN

1. Introduction. A subset 4 of a topological space X is an approx-
imate retract of X if for every neighborhood U of 4 in X there is a retract
Rof X suchthat A C R C U. A compactum X is an absolute approximate
retract (AAR-space) if whenever X is embedded as a subset of a com-
pactum Z, then X is an approximate retract of Z. These concepts were
first defined in [2] where it is shown that every AAR-space is a con-
tractible Peano continuum. In [3] an example is given to show that there
exists a contractible LC” compactum which is not an AAR-space.

The purpose of this paper is to show that every AAR-space is locally
contractible, and to give an example of a contractible and locally con-
tractible compactum which is not an AAR-space.

2. Preliminaries. The terminology used in this paper may be found
in [1]. In particular, Hilbert space will be denoted by E* and the diameter
of a set M will be denoted by 6(M). The following two constructions will
be used in the sequel.

(1) The cap over a compactum. Let X be a compact subset of E” and
let .S be a compact segment in E® which is disjoint from X. The construc-
tion of the cap of X and .S, denoted by cap XS, may be found in (5, p. 42].

(2) A special plane continuum C. The infinite ray 4, the 1-dimensional
plane continuum B, and C = 4 \U B shall be as defined in [3, p. 491].

3. The results. In the proof of the following theorem, we make use of
techniques which have been used in [3] and [4].

THEOREM 1. Every AAR-space is locally contractible.

Proof. Let X be an AAR-space and suppose that X is not locally con-
tractible at a point p. Then there is a neighborhood U of p in X which
contains a decreasing sequence V1, Vs, ... of compact neighborhoods of p
such that lim,,6(V;) = 0 and no V, is contractible in U. Consider a
sequence of disjoint continua Vi, Y5, ... with lim,,8(Y;) = O obtained
by first taking the disjoint union \U%-1 V;and then letting ¥V; = cap 1,4,

Received April 17, 1979. The research for this article was supported in part by
NSERC Grant A8205.

297

https://doi.org/10.4153/CJM-1981-024-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1981-024-1

298 JOHN R. MARTIN

fori=1,2,... Let Y = U%, V;. Form the compactum M obtained
by taking the disjoint union of X and YV, and then identifying V; in X
with V; X {0} in Y for 7 = 1,2, .... We now use the special continuum
C defined in Section 2 to attach the infinite ray 4 to M. Since the con-
struction used to attach 4 to M will subsequently be referred to in the
paper, it shall be denoted by (*).

Let g: B — M be a homeomorphism into M such that
(1) g(I) C Y and g(0) = ».
(2) g(By) C Yiand g(4y) = 4. (*)
Define Z; to be the continuum obtained by taking the disjoint union
of C and M, and then identifying each point z € B with its image
g(z) € M.

Let W be a reighborhood of X in Z; such that W M C consists of all
the points in C whose distance from the x-axis is less than 1/6. Then W
contains all but finitely many of the sets ¥;, and no connected subset of
W containing X contains a point of 4. Since X is an AAR-space, there
is a retract R of Z; such that X C R C W. Then, since R is a retract of
the connected space Z, it follows that R is a connected subset of W
which contains X. Let »: Z;, — R be a retraction of Z; onto R.

First we show that A; M\ R =@ for all 2 =1,2,.... To see this,
suppose 4 ; M R # @ for some j. It then follows that R contains a non-
locally connected subcontinuum of ¥; which contains both V; and 4.
Then » must map a subinterval of 4 onto a nonlocally connected subset
of V;, which is impossible. Therefore 4; M\ R = @forallz = 1,2, ... and,
hence,

RC Z,— (AUUAi).
i=1
Define a retraction s: R — X by
y ifye RNX,
SO = ) @,0) ity = (6 6) € RN (u yi) .
i=1
Let r; = sr. Then r;: Z;, — X is a retraction such that »,(Y;) C U for
all but finitely many of the Y;. To facilitate notation, we shall assume
that »,(Y;) C U for < = 1,2, .... Since no V; is contractible in U, it
follows that §(r;(41)) # 0 for 2 = 1, 2, ... . Hence, we may assume that
8(r1(A4;)) = N; where Aj, Ay, ... is a sequence of positive numbers which
converges to 0.

Let a; denote the midpoint of 4;, and let 0 = ¢, < {1 < oo < b5
< ... be a sequence of numbers in [0, 0 ) such that

lim, VX {t;;} = a.
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Setb; = ri(a;), Bi; = ri(V; X {t;;}). Let ¥V, ; = cap (B;,; 4,,;) denote
a null sequence of caps satisfying the following properties.

(1) Yi;NX = By,
2) Vi,N Viy C X if j 5 E.
(3) lim]‘_)in'j = bi.

Let M; = XU U%: ¥, ,and, as in (*), obtain a continuum Z, ; by
attaching an infinite ray to M ;. Then, using arguments similar to previous
arguments, there is a sequence of retractions 7, ;: Z, ; — X,7 = 1,2, ...,
each of which maps infinitely many sets of the form Y, ; into U. The
process can be continued so that in the #n'® stage we obtain retractions

Trttseeorine1 Zniteneino1 = X,

each of which maps infinitely many of the sets of the form Y,
into U. Consequently, there is a sequence

Vi = Bji0, Bji,jzr Bir,jn,iar s Bitsaren, Jny wee

of sets lying in U, a point ¢ € U, and a sequence of homotopies { F,}n1
with values in U such that the following properties are satisfied.

(1) limy, By 5, = {q}.

(2) Fiisa homotopy which deforms V;, onto B, ;, and, for n > 1,
F, deforms By, j;,....5 O0t0 By jy, .. jn jn i1

(3) lim,_ 6 (Im F,) = 0.

It is possible to construct a homotopy F with values in U which deforms
V; to the point g. This contradiction shows that X must be locally
contractible and the proof is complete.

Proposition 1 in [2, p. 410] together with the above theorem shows
that every AAR-space is contractible and locally contractible. Thus every
finite dimensional AAR-space is an AR-space (1, p. 122]. Since every
AR-space is an AAR-space, we have the following theorem.

THEOREM 2. 4 finite dimensional compactum X is an AAR-space if and
only if X is an AR-space.

Since a retract of an AR-space is an AR-space (1, p. 101], the following
result would be a consequence of Theorem 2 for the finite dimensional
case.

ProrosiTION. Every retract of an AAR-space is an AAR-space.

Proof. Let X be a retract of an AAR-space Vand let7: Y — X be a
retraction of Y onto X. Let Z be a compactum and suppose e: X — Z is
an embedding of X into Z. Form the identification space M obtained by
taking the disjoint union of ¥ and Z, and then identifying each point
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x € X with e(x) € Z. Let U be a neighborhood of X in Z. Then YU U
is a neighborhood of ¥ in M. Thus there is a retract Q of M such that
YCQCYUU.Let R=QMN Z. Then X C R C U. Define a retrac-
tion f: Q — R from Q onto R by

_Jx ifxe QN Z,
flx) = {r(x) ifxe V.

Let g: M — Q be a retraction of M onto Q and let & = fg|Z. Then it is
easy to check that 4: Z — R is a retraction of Z onto R. Thus X is an
approximate retract of Z and, hence, X is an AAR-space.

An example of a contractible LC” compactum which is not an AAR-
space is given in [3]. We now mention that a well-known example due
to Borsuk [1, p. 126] is in fact an example of a contractible and locally
contractible compactum which is not an AAR-space.

Example. Consider the following subsets of the Hilbert cube Q¢ (for
notation see [1, p. 10]):

Xo = {x = {x|x: = 0},
By = {x = {x}[]1/(k+ 1) £ 21 = 1/k and
x; =0fors> %k} fork=1,2,...

The boundary Bd B; of B, is a (¢ — 1)-sphere which we shall denote by
X, for k=1,2,.... Let X = X,U U%-1 X. Then, if ¥ denotes the
cone over X with vertex p, ¥ is a contractible and locally contractible
compactum which is not an ANR-space (1, p. 126]. We now show that ¥V
is not an AAR-space by constructing a compactum Z containing Y such
that Y is not an approximate retract of Z. Since the proof is analogous to
that found in [3, p. 491], we omit the details.

Let C, = cap X4y, kB = 1,2, ..., denote a sequence of caps in Hilbert
space E“ such that the following properties are satisfied.

1) GNY =X, X{0} =X, fork=12 ...
@2)eNC;=XNX,; fori,j=12,...
(3) lim,Cr = Xo.

Define M = YU Us~1 Cx. Let Z denote the continuum obtained by
using (*) to attach an infinite ray 4 to M. Let U denote the neighborhood
of Y in Z which consists of all the points in Z whose distance from Y is
less than 1/6. Suppose R is a retract of Z such that ¥ C R C U. Then
the following facts may be easily verified.

(1) Ci cannot be retracted onto X; = X; X {0} fork =1, 2, ....

(2) Only finitely many of the sets Ci, £k = 1, 2, ..., can be retracted
into Y.

(3) R is a connected subset which contains a set of the form Cj, but R
contains no point of 4.
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(4) Any retraction of Z onto R must map a subinterval of 4 onto a
nonlocally connected subset of C;, which is a contradiction.

In view of the fact that the class of AAR-spaces is properly contained
in the class of contractible and locally contractible compacta, it is
appropriate to ask the following question:

Question. Does the class of AAR-spaces coincide with the class of
AR-spaces?
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