
will soon be in every col lege l i b r a r y . The pr in t ing is p leas ing and the book is 
m o d e r a t e l y p r i c e d . 

A. Sha rma , Unive r s i ty of A lbe r t a 

Calculus of va r i a t i ons and p a r t i a l d i f ferent ia l equat ions of the f i r s t o r d e r . 
P a r t II : Calculus of v a r i a t i o n s , by C. Cara thêodory . (T rans l a t ed ,'rom he 
G e r m a n by Rober t B . Dean) . Ho lden-Day I n c . , San F r a n c i s c o , 1967, xvi ; 398 
p a g e s . U . S . £ 1 0 . 7 5 . 

The o r ig ina l (1935) G e r m a n v e r s i o n of this work cons i s t s of two p a r t s but 
was published as a s ingle vo lume . The long-awaited t r a n s l a t i o n follows tht t rend 
of a m o r e r e c e n t - e s sen t i a l ly unchanged - edit ion; the f i r s t t r ans l a t ed volume, 
entit led " P a r t i a l Dif ferent ia l Equat ions of the F i r s t O r d e r " , appeared in 19o6. 

The underlying philosophy of the second volume can b e s t be desc r ibed by 
briefly s u m m a r i z i n g C a r a t h ê o d o r y ' s views on the o v e r a l l t r ends in the development 
of the ca lculus of va r i a t ions at the t ime of wr i t ing . T h r e e d is t inc t app roaches a r e 
recognized : the f i r s t is the v a r i a t i o n a l ca lcu lus , begun by Lagrange , which is 
now a p a r t of the tensor ca lcu lus ; the second is the theory of Tonel l i , which 
r e v e a l s the m o r e de l ica te r e l a t i o n s h i p s be tween the m i n i m u m p rob lem and set 
theory; and thi rdly , the trend or ig ina ted by Eu le r , which depends on the c lose 
a s soc ia t ion be tween the ca lculus of v a r i a t i o n s on the one hand, and the theory of 
di f ferent ia l equat ions on the o ther , and which is accordingly or iented towards 
different ia l geome t ry and phys ica l app l i ca t ions . It is the la t te r t rend with which 
the book under rev iew is chiefly concerned , one of its ma in object ives being the 
inclusion of the theory of W e i e r s t r a s s within this context . 

After an e l e m e n t a r y , but e x t r e m e l y r i g o r o u s su rvey of the theory of e x t r e m e 
values of functions of s e v e r a l v a r i a b l e s , in p a r t i c u l a r of quadra t ic f o r m s subject 
to c o n s t r a i n t s , the fundamenta ls of the s i m p l e s t p r o b l e m in the ca lculus of 
var ia t ions a r e t r ea t ed f rom a local point of v iew. Al ready at th is s tage the book 
d e p a r t s s ignif icantly f rom the w e l l - t r o d d e n path of i ts many p r e d e c e s s o r s : the 
t r e a t m e n t depends on C a r a t h ê o d o r y ' s b r i l l i an t use of the concept of equivalent 
i n t e g r a l s , which not only leads d i r ec t ly to the so -ca l l ed fundamenta l equat ions of 
the calculus of v a r i a t i o n s , but which a lso sugges ts the immed ia t e in t roduct ion of 
app rop r i a t e canonica l v a r i a b l e s . (It i s , p e r h a p s , wor th r e m a r k i n g that la ter 
w r i t e r s have r e f e r r e d to this approach as "der Konigsweg von C a r a t h ê o d o r y " . ) 
A subsequent chapter dea ls with the co r re spond ing theory for p a r a m e t e r - i n v a r i a n t 
p r o b l e m s ( theory of W e i e r s t r a s s ) ; again p a r t i c u l a r s t r e s s is laid on an e s sen t i a l ly 
new canonica l f o r m a l i s m and a c e r t a i n c l a s s of Hamil tonian funct ions . One of the 
m o s t r e m a r k a b l e f ea tu re s of the book is the thoroughness with which many d i v e r s e 
and in t r in i s i ca l ly impor t an t examples a r e t rea ted : this is done in p a r t i c u l a r in 
the subsequent chapte r on pos i t ive definite va r i a t i ona l p r o b l e m s , in which a lso 
d i f f e r en t i a l -geome t r i c concepts such as the ind ica t r ix , f igura t r ix , t r a n s v e r sal i ty 
and fami l i es of geodes ica l ly equidis tant hyper su r faces a r e d e s c r i b e d . The next 
chapter is devoted to quadra t ic v a r i a t i o n a l p rob l ems . and consequent ly to the theory 
of the second v a r i a t i o n and the a c c e s s o r y p r o b l e m . Again, the co r r e spond ing 
canonica l f o r m a l i s m plays a spec ia l ro l e in the cons t ruc t ion of the r e l evan t fields 
of e x t r e m a l s . Natura l ly , this involves a detai led d i s cus s ion of focal poin ts , focal 
su r f ace s , conjugate points and the envelope t h e o r e m s . 

Up to this s tage the book is p r i m a r i l y concerned with c u r v e s of which it is 
m e r e l y expected that sufficiently s m a l l s u b a r c s display the r equ i r ed e x t r e m u m 
p r o p e r t i e s . The g e n e r a l boundary value p rob lem, according to which a curve 
p o s s e s s i n g these a t t r i bu t e s is r equ i r ed to p a s s through two given fixed points , is 
t he re fo re now inves t iga ted in deta i l , both locally and global ly. By m e a n s of 
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na tu r a l examples , the fundamental difficulties assoc ia ted with this p rob lem a r e 
revea led ; neve r the l e s s r e m a r k a b l y s t rong gene ra l local and global t heo rems a r e 
subsequent ly obtained, m o s t of which a r e published he re for the f i r s t t i m e . This 
is followed by a shor t chapter on the (global) theory of closed ex t r ema l s and 
per iod ic va r i a t iona l p r o b l e m s , which r e p r e s e n t s an extension of the work of 
P o i n c a r é and H a d a m a r d . The final chapter is concerned with the p rob lem of 
Lagrange which r e s u l t s f rom the imposi t ion of c o n s t r a i n t s . F i r s t l y , it is shown 
that the usua l formulat ion of such p rob l ems is ent i re ly unsa t i s fac tory owing to 
the fact that cons t ra in t s often r e n d e r the var ia t ion of admis s ib l e curves of 
.comparison imposs ib le ; thus a new formulat ion is devised, again in t e r m s of the 
method of equivalent in t eg ra l s , which is t reated once m o r e by means of an 
appropr ia t e canonical f o r m a l i s m . Secondly, a descr ip t ion of the au tho r ' s i n t r i c a t e 
and conceptually difficult theory of what he cal ls the ' c l a s s ' of a p rob lem of 
Lagrange is given : this is concerned (roughly) with the de te rmina t ion of the 
d imensional i ty of dist inguished fields of ex t r ema l s of such p r o b l e m s , 

Although 33 yea r s have elapsed since the f i r s t appearance of t h i s book, there 
is no doubt that there is no single m o d e r n work which can c la im to have superseded 
this m a s t e r p i e c e of Cara théodory . A g rea t deal of new work has resu l ted from the 
book, but even so the lat ter has not yet been fully exploited. It is to be expected 
that the new, competent t r ans la t ion under review will s e rve to s t imula te fur ther 
ac t iv i t ies in this d i rec t ion . 

H. Rund, Univers i ty of the Witwatersrand 

Linear and quas i - l i nea r el l iptic equat ions, by O. Ladyzhenskaya and 
N. U r a l ' t s e v a . Academic P r e s s , New York, 1968. xvii i + 495 pages . U . S . $24 . 

The 19th p rob l em of Hi lber t asked whether every solution of an ell iptic 
equation with smooth ( e . g . analytic) coefficients was itself smooth (analytic); the 
20th p rob lem was to prove that va r i a t iona l p rob lems (and their associa ted Euler 
equations) always have solut ions, provided that "solut ion" is understood in a 
sufficiently g e n e r a l s e n s e . (In p a r t i c u l a r , "solut ion" should p r e sumab ly have the 
s a m e meaning for both p r o b l e m s . ) These two re la ted p rob lems have de termined 
much of the subsequent r e s e a r c h in pa r t i a l different ial equat ions . Fo r the case 
of l inear equations of a r b i t r a r y order, with continuous coefficients, quest ions 
concerning exis tence and r e g u l a r i t y of general ized solutions were completely 
resolved by I960 (at the la tes t ) ; for a good survey see P a r t i a l Differential 
Equat ions , by L. B e r s , F . John and M. Schechter , In te r sc ience , New York (1964). 
Fo r equations with discontinuous coefficients, and especia l ly for non- l inear 
equat ions, we have only p a r t i a l so lu t ions . Second o rde r equations in two space 
va r i ab l e s can be t rea ted , for example , by the techniques of quas i -conformai 
mapp ings ; cf. Genera l ized Analytic Func t ions , by I .N . Vekua, P e r g a m o n 
P r e s s , London (1962). 

The book under review is concerned with linear and quas i - l i nea r equations 
of second o rde r in n va r i ab l e s , having discontinuous coeff icients . As is well 
known, the shape of the theory m u s t depend s t rongly on whether the equation is 
in "d ive rgence" fo rm 

Lu = 2 D (a..(x, u. u )D u) + . . . = f 
i ij x i 

or "non -d ive rgence" form 
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