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Abstract. Let (2, X, P) be a nonatomic probability space and let F = (F,)nez,
be a filtration. If ' = (f)uez, is a uniformly integrable F-martingale, let Axf =
(Azfunez, denote the martingale defined by Azf, = E[| fool|Fnl] (n € Z.), where fo, =
lim,, f,, a.s. Let X be a Banach function space over 2. We give a necessary and sufficient
condition for X to have the property that S(f) € X if and only if S(Axf) € X, where
S(f) stands for the square function of f = (f,).

2000 Mathematical Subject Classification. 46E30, 60G42.

1. Introduction. Let (22, ¥, PP) be a nonatomic probability space and let F =
(Finez, be a filtration; i.e., an increasing sequence of sub-o-algebras of X. If /' =
(fw)nez, 1s a uniformly integrable F-martingale, welet Af = Azf = (Azf,)nez, denote
the F-martingale defined by

Afo = Asfo = HIfll Fal - (neZy),

where fo, = lim,_, o f, almost surely (a.s.) on Q. If /' = (fi)uez, is a martingale, we
denote by S(f) the square function of f. Let us recall Burkholder’s inequality: if
1 < p <oo, then there are positive constants ¢, and C, such that

& 1 fooll, < SOOI, < Gy 1 focll,

for all uniformly integrable martingales /= (/) (with the convention that || x|, = oo
unless x € L,). It then follows that S(f) € L, ifand only if S(A f) € L,. There are similar
results for other function spaces. For example, let L be the Orlicz space generated
by an N-function ® satisfying the A;- and V,-conditions. (See e.g. [13, p. 22].) Then
S(f) e Lo if and only if S(Af) € L. This follows from the Burkholder-Davis-Gundy
inequality and the Doob inequality in L¢ ([9, p. 89, p. 96]).

Now let X be a Banach function space over 2. (See Definition 1 below.) Our aim
is to find a necessary and sufficient condition for X to have the property that S(f) e X
if and only if S(Af) € X. (See Theorem 1.)

Such a problem concerning the maximal function M(f)) = sup,, | f,,| of / has been
studied. As in [7], we can prove that the following statements are equivalent.

(1) M(f)e X ifand only if M(Af) e X.
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(if) X is rearrangement-invariant and can be renormed with a rearrangement-
invariant norm for which the upper Boyd index is less than 1.

2. Preliminaries. We shall deal with martingales on a (fixed) nonatomic
probability space (2, X, ). Let I denote the interval (0, 1] and let u be Lebesgue
measure on the o-algebra 91 of measurable subsets of /. In order to deal with the two
probability spaces (2, X, P) and (I, 9, u) at the same time, we shall work with an
arbitrary nonatomic probability space (R, R, A) throughout this section.

Let X and Y be Banach spaces of (equivalence classes of) random variables on
R. We write X — Y to mean that X is continuously embedded in Y;ie, X C Y and
x|y < cllx]|y, forall x e X and some positive constant c.

DEFINITION 1. A real Banach space (X, | - || y) of random variables on R is called
a Banach function space if it has the following properties:

Bl) Ly = X — Ly;

(B2) xe X, |yl < |x| as.=yeX, |ylly =[xl

(B3) x,eX, 0<x, 1 x as., sup, [|[x,lly <oo

= xeX, [|xlly = sup, [[xullx.

From (B2) it follows that x € X if and only if |x| € X, and also that || x|y = [|x|| ¥
forall xe X.

Let x be a random variable on R. The nonincreasing rearrangement of x is the
function x*(r) on I = (0, 1] defined by

X)) =1inf{s>0 | A(|x| >5) < 1} (tel).

Notice that x* is a unique right-continuous nonincreasing function on /7 that has the
same distribution (with respect to u) as |x]|.
Let x and y be random variables on R. The inequality

1
/|xy|dk§/ x*(s)y*(s) ds (1)
R 0

is fundamental and called the Hardy- Littlewood inequality. (See, for example, [2, p. 44].)
In particular, if 4 € R, then

AA)
/A|x|dk 5/0 x*(s) ds. 2)

Again let x and y be random variables on R. We write y < x to mean that

t t
/ y*(s)dsg/ x*(s)ds forall tel.
0 0

Note that if y < x and x < y, then x* = y* on [: in this case, we write x >~, y. Thus
x ~, y if and only if x and y are identically distributed.

DEFINITION 2. Let X be a Banach function space equipped with the norm || - || y.
We say that X is rearrangement-invariant (r.1.) if

(R1) xeX, x~;y=yelX.

https://doi.org/10.1017/50017089503001617 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089503001617

BANACH FUNCTION SPACES 145

We say that X is equipped with a rearrangement-invariant norm (or an r.i. norm) if
(R2) x, yeX, xxgy = lxllxy = llyllx.

Using (B2), (B3), and (R2), we can easily verify that if X is equipped with an r.i.
norm, then the space X is r.i. The converse is false in general. However, if X is r.i.,
then there exists an r.i. norm ||| - |||y on X such that || ||y ~ ||| |||y (i.e., these norms
are equivalent). See [10, p. 138] for details.

Since the underlying probability space €2 is nonatomic, we can replace (R1) by

(R1") xeX, y<x=yelX,
and (R2) by
(R2') x,yeX, y<x=lyly = lxly.

For details, see [10, Section 11].

Now let us recall the Luxemburg representation theorem. If X is an r.i. space
equipped with an r.i. norm || - ||y, then there exists a unique r.i. space ()’(\ , |- l$) over
1 equipped with an r.i. norm such that

(i) xeX & x*eX,

(i) [Ixlly = Ix*| forall xe X.

We call X the Luxemburg representation of X. See [2, pp. 62—-64].

Now we recall the definition of Boyd indices. For each positive number s, the
dilation operator Dy, acting on the space of measurable functions on 7, is defined as
follows: if ¢ € I, then

ety ifstel,
(Dsp)(1) = {0 otherwise.
If Y is an r.i. space over / equipped with an r.i. norm, then each Dy is a bounded linear
operator from Y into Y and || Ds|lgyy < 1V 5!, where || Ds| 5(v) denotes the operator
norm of D;: Y — Y. The lower and upper Boyd indices are defined by

log || Dy-1 I 5y) — im log || Dy-1 Il By)

= u =
“y 0<s<l log s s—0+ log s
and
6, = inf log||Dg-illpyy lim log || Dyl gy,
LA P logs - log s

respectively. If X is an r.i. space over Q2 equipped with an r.i. norm, then the Boyd
indices of X are defined as oy = oy and 8y = B5. Moreover, if X is an arbitrary r.i.
space over €2, then the Boyd indices of X are defined to be those of (X, ||| - ||| ), where
Il lly is an r.i. norm such that || - || = ||| - |l -

For any r.i. space X, wehave 0 < ay < 8, < 1. See [3] or [2, p. 149]. For example,
ap =B ,=0,anda; =B, =1/p whenever 1 < p <oo.
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Let F = (F)nez, be afiltration. If f = (f,)sez, is an F-martingale, we let

0o 1/2
Adf =fo. Af =fu—fin (@=1.2..). and S(f)={Z(Anf)2} .

n=0

Given a Banach function space X over 2, we denote by Hx(X) the vector space
consisting of all F-martingales f = (f,) such that S(f)e X. Since X — L, every
martingale in Hz(X) is uniformly integrable. If we set [ fll,.x) = IS(/)Ily for
f € Hr(X), then Hx(X) forms a Banach space with this norm; see [12].

3. Main results. From now on we shall consider a fixed Banach function space
(X, || - llx) over 2, and adopt the convention that ||x||y = oo unless x € X. We denote
by F the collection of all filtrations F = (F,,),ez, such that & = o (|, Fn)-

THEOREM 1. The following are equivalent.
(i) Forany F = (F,) eF,

S = eHr(X) <= Azf = (Azfu) € HF (X).

(i1) There are positive constants ¢ and C, depending only on X, such that

cllfeolly = 1SNy = Cllfeolly 3)

for all uniformly integrable martingales f .
(iil) X is rearrangement-invariant and can be renormed with a rearrangement-
invariant norm for which0 <oy < By < 1.

It was shown by Antipa [1] that (iii) implies (ii). See also [S], [6] and [11].
Furthermore we see from our convention that (ii) implies (i). Indeed if (ii) holds,
then

S(fleX < foeX < |fol€e X < S(Axf) e X.

Thus, to prove Theorem 1, it suffices to show that (i) implies (iii). To this end, we shall
prove Propositions 1, 2, and 3 below. Incidentally, we can prove directly that (ii) implies
(iii), as in [8].

PROPOSITION 1. If X satisfies the condition that
JeHr(X)= Arf e Hr(X), “4)

for any F = (F,) € F, then X is rearrangement-invariant.

PROPOSITION 2. Suppose that X is rearrangement-invariant. If X satisfies (4) for any
F=(F)eF, then By <1.

PROPOSITION 3. Suppose that X is rearrangement-invariant. If By <1 and if X
satisfies the condition that

Azf e Hr(X) = f e HFr(X),

forany F = (F,) €F, thenay > 0.
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4. Proof of Proposition 1. We begin with a lemma.

LEMMA 1. The following are equivalent.

(1) X is rearrangement-invariant.

(1) Let x and y be nonnegative integer-valued random variables such that x >~ y
andx ANy =0as. If xe X, thenye X.

Proof. Tt suffices to show that (i1) implies (R1) of Definition 2. Suppose that
x >~y y and x € X. We must show that ye X. If x € L, then ye L., C X. Hence we
deal with the case in which x ¢ L. Choose an integer n so large that P(x > n) < 1/3.
If we set

o0 [o.¢]
X = jlyjzeejrn and ¥ ="l i,
j=n J=n

then X’ < xe X and x' ~; ). Since P(x' =0, yy =0)=P(x<n, y<n)>1/3 and
the set {x' = 0, Y = 0} contains no atom, we can find a random variable z such that
z>~gx and {z>0} C{x' =0, y = 0}. (See [4, p. 44].) From (ii) we see first that z€ X
and then that ) € X. Since y < n+ 1 + )’ € X, we conclude that y € X, completing the
proof. U

Proof of Proposition 1. It suffices to show that (ii) of Lemma 1 holds. Let {e} 2 be
a sequence of integers such that 0 <¢j <z < ---; let {4;}%, and {B;}2, be pairwise
disjoint sequences of sets in X such that

Uz 4)n(UZ B) =0 and P(4) =P(B) forall j=1,2,...

We must show that if x := 37, ¢;14 € X, then y 1= 3%, ¢;15 € X. Setting A¢ = Q
and A, = JZ,(4; U B)) for n > 1, we define F = (F,) € [ by

Fo=0{A\A,|AeX} (nes,). ®)
For each j e Z, we divide 4; into two parts with the same measure; that is, let 4;; and
Aj> be measurable subsets of 4; such that
Aj = Aj] U Ajz, Aj] N Ajz = (/], and P(Ajl) = I]:D(Ajz)

Let x; = Z;’il ¢ilyy, (k=1,2),letfoc = x1 — xp,and letf = (f,)uez, be the martingale
defined by

Jo = Elfoo | Fil =fools2\/\,, (nel,). (6)

Then, since Aof =fo =0 and A,f = foola, \a, (1 > 1), we see that S(f) = | /| =
x € X; thatis, f €e Hr(X). Hence Af = Axf € Hr(X) or equivalently S(Axf) € X, by
hypothesis. Observe that

1
Aﬁ:E[x|Fn]=P(2")/ xdP +xlgy, (meZy).
n A,

Then we have

1 1
Al A ={ / xdP — [xdlp}l .
A= 1B Pan) /., :

1
— Pl Z;).
+{X P(A,) /A”Xd } A\Ansi (nels)
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Since B, C A, \ A,q1 and x = 0 on B, we can deduce that

1p lp,
A, 1 z dP| = - P(A;
|Ans1 Af] 15, B(A,) '/A”X ’ P(A) ;C/ (4))
lp < Cn
> —* P4)=—=1 1,2,..).
= P(Ay) ; )=7ls (=12..)
Consequently,

n=1 n=1

[0¢] o0 oo 1/2
y= calp, <2 |AprAf |l =2 {Z(AMAJ‘)%} < 2S(Af).

n=1

Since S(Axf) € X, we conclude that y € X as desired. O

5. Proofs of Propositions 2 and 3. Let PP and Q be the linear operators on L(])
defined respectively by

1 t 1
Poxn =1 [(eds and o= [ a5 qen.
0 P
It is easy to verify that

PQo =Py + Qg (7a)
and

1
QPg =Py + Qp — /0 o(s) ds, (7b)

for all ¢ € L (). Let us recall Shimogaki’s Theorem. In terms of Boyd indices, it can
be expressed as follows.

SHIMOGAKI’S THEOREM ([14]; cf. [3]). Let Y be a rearrangement-invariant space
over I. Then

(1) By <1ifandonly if P is a bounded linear operator from Y into Y,
(if) ay >0 if and only if Q is a bounded linear operator from Y into Y.

The next lemma is a variant of Shimogaki’s result. Before stating it, we introduce
some notation.

NoTATION. Let Y be an r.i. space over I. We denote by ©y the collection
of all nonnegative, nonincreasing, and right-continuous functions ¢ € Y such that
e #0) < 1/2.

LEMMA 2. Let Y be a rearrangement-invariant space over 1. Then
(1) By <lifandonly if P(®@y) CY,
(if) ay >0 ifand only if Q(Dy) C Y.

Proof- (1) If P(Y) C Y, then the graph {(¢, Py)|¢ € Y}isclosed in Y x Y, since

Y < L,. Hence P is a bounded linear operator if and only if P(Y) C Y. Therefore, in
view of Shimogaki’s Theorem, it suffices to show that if P(®y) C Y, then P(Y)C Y.
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Suppose that P(Dy) C Y. Given ¢ € Y, we choose A > 0so large that u(jy| > 1) <
1/2, and let ¢ = ¥*1{y~~ ;. Then ¢ € Oy and therefore Py € Y. On the other hand,
by the Hardy-Littlewood inequality (2), we have that

1 ! 1 [!
Pl <5 [ <1 [
< ! /I{w(s) + A} ds = (Po)(6) + A (tel).
tJo

Since Py + A € Y, we conclude that Py € Y, as desired.
(i1) As in the proof of (i), we see that Q is a bounded linear operator from Y into Y
ifand only if Q(Y) C Y. Hence it suffices to show thatif Q(®Dy) C Y, then Q(Y) C Y.
Supposethat Q(Dy) C Y. Givenyr € Y, weletg; = "1, 12 and ¢, = ¥* 11,2, 1)
Then ¢, € ®y and hence Q¢ € Y. As for ¢,, it is easy to see that Qg, < 2|¥|; on
I. Therefore Qg, € Loo(I) C Y. Thus Qy* = Qg + Qg, € Y. On the other hand, by
the Hardy-Littlewood inequality (1), we have that
1

! Vins INS L
/O(Qwo(s)dszfo Ly dssfo Ry (S)dS=f0(Q¢ )s)ds,

for all £ € 1. This can be written as Q|| < Q¥ *. Since Q¢ * € Y, we conclude from
(R1’) that |Qy| < Q|¢¥| € Y. This completes the proof. ]

In order to prove Propositions 2 and 3, we need one more lemma.

LEMMA 3. If x is a nonnegative integrable random variable on 2, then there exists a
family {A(¢) | t € I} of sets in T satisfying the following conditions:
(i) A(s) C A(t) whenever 0 <s<t <1;
(i) P(A(t)) =t forall tel;
(i) {x>x*(1)} C A(t) C {x = x*(1)},
(iv) fA(t) xdP = fot x*(s)ds forall tel.

See [2, p. 46] for a proof.

Proof of Proposition 2. We may assume that X is equipped with an r.i. norm.
In view of Lemma 2, we show that Pwe)? whenever ¢ € ©, where X is the
Luxemburg representation of X. If ¢ € Lo(I), then Py € Loo(I) C X. Hence we may
assume ¢ & Ly (I). Because 2 is nonatomic and u(p # 0) < 1/2, there are nonnegative
random variables x and y such that x Ay =0 a.s. and x* = y* = ¢ on I. (See [4,
p- 44].) Then x, y € X, since x* = y* € X. By Lemma 3, there are increasing families
{A(1)|0 <t < 1/2}and {B(¢)|0 <t < 1/2} of sets in X such that

P(A(1) = P(B(1) = ¢ (0<t<1/2), (8a)
{x>x*"(}cA()c{x>x"(t)} (O<t=<1/2), (8b)
y>x"OrcB@OCly =x" (0} 0<t=<1/2), (8¢)

and
/ xdP = yd[P’:/tx*(s)ds 0<t=<1/2). (8d)
A(1) B(1) 0
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We define a sequence of numbers in the interval (0, 1/2] by setting
to = (e # 0) = sup{re 1| x*(r) > 0},
t, = sup{t e I| (Px*)(t) > 2(Px*)(ty,—1)} n=12..).
Then, since Px* is continuous and (Px*)(t) - coast — 0+,
(Px*)(t,) = 2(Px*)(ty-1) n=12,...). )

This implies that 7, | 0. Note that A(z) N B(¢)) = {x>0}N{y >0} =@ a.s. Setting
A, = A(t,) U B(t,) foreachn e 7, we define F = (F,) e Fagainby (5). Letfoo = x — y
and let /' = (f,) be the martingale defined by (6). Then, since A,f = foola, \a, (=
1,2,...), we see that S(f) = | fe| = X+ y € X. Therefore S(Af) € X by hypothesis.
On the other hand, by (8d) we have that

1a
” dP o1
P(A,) /An(x+y) + [ foollona,

= (Px")(t)1a, + | ol 1A, (nely).

Afn =

Hence by (9),
ApAf = (Px")(tw-D)1a, + {Ifool = (PX)tn-D}a,\a,  (MEZy).
As a result,
(Px)tns1)1a, = P Nta-D)la, <410Af] (n=1,2,..)). (10)

We also have (Px*)(t1)14, = 2(Px*)(to)1s, = 2Afo. Thus (10) remains valid for n = 0.
Since (Px*)(2t,+1) < (Px*)(ty41), it follows from (10) that

o o 12
3 (Px)Ctws) apa, < {Z(Px*)(w)z Ia, ] < 4S(Af) e X. (11)
n=0 n=0

Observe that

(Z(Px*)(zrnmu,,m,,ﬂ) (1) =Y (PxX)2tni1) L2ty 200,

n=0 n=0

for all # € 1. This, together with (11), implies that
(Pe)(1) = (Px*)(1) < (Px*)(1 A (219))

< Y (PX)Qtust) s, 20 (D) + (PX)(210)

n=0
1 1
< SAN 0+ 5 /0 o(s) ds,

for all 1€ 1. Since the function on the right-hand side belongs to X, so is Pe. This
completes the proof. O
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The proof of Proposition 3 is similar to the proof of Proposition 2.

Proof of Proposition 3. By Lemma 2, it suffices to show that Qg € X whenever
¢ € D. To this end, we may assume that ¢ % 0. Since Q is nonatomic and {Q¢ #
0} C (0, 1/2), we can find nonnegative random variables x and y such that x* = y* =
Qe and xAy =0 as. Let {4(7)|0<t<1/2} and {B(t)|0 <t < 1/2} be increasing
families of sets in X satisfying (8a)—(8d). Now we define a sequence in (0, 1/2] by
setting

to = w(Qg # 0) = sup{re I|x*(t) > 0};
t, = sup{tel|(Px") () > (Px*)t,—1) + 1/n} n=1,2,...).

Then, since (Px*)(t) > x*(f) — oo as t — 0+ and Px™* is continuous,
k * 1
(Px*)(tn) = (PX")(tn-1) + - n=12,...).

Hence 1, | 0. We also have A(ty) N B(ty) = ¥ a.s. As before, let A, = A(¢,) U B(t,) for
neZ, anddefine F = (F,) e Fby(5). Let foo = x — yandletf = (f,) be the martingale
defined by (6). Then S(f) = | foo| = X + ¥ = x and therefore Q¢ = x* < (S(f))* on I.
Thus the proof will be complete if we can show that (S(f))* € X.

As observed before, Af, = (Px*)(t.)1a, + | foollo\a,, and therefore

1
AAS = = (U ool = (Pt aa, (=120, (12)
Since x*(2,—1) < x < x*(¢,) on the set A(#,_1) \ A(z,) by (8b), we find that

1 1
—= < (Px")tn) — x"(tn) — =
n n

= (Px*")(tu-1) — x"(tn)
=< (IPX*)([nfl) - X
< (Px")(tn-1) — X" (tn—1) on A(ty—1) \ A(ty).

As a result,

1
|X - (PX*)(ln—l)| =< (PX*)(ZH—I) - X*(tn—l) + Z on A(tn—l) \ A(tn)-

In the same way, we sce that

ly = (Px"Yta-1)| = (PX)tn—1) — X*(tn—1) + % on B(ty—1) \ B(ty).

Since Px* — x* = PQ¢ — Q¢ = Py by (7a), it follows that

1
”foo| - (PX*)(tn—lN = (,P(p)(tn—l) + Z on A, \An~
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Combining this with (12) gives

1
A Af] = =+ (PO)tu-Dla, e, (=12,

Moreover

1 1 1
[A0AST = |Afol = (Px*)(t0) = —Ix*h = — 1Qell; = — llell;.
I to I

Therefore
1 2 = 2
S(Af) < {(5 nwnl) +Z(; +(P¢)(zn_1>1Anl\A,,) }
n=1
1 = 1\ =
< o el + (Z n_2> + Z(PQD)(In—l)lA,,,I\An-
}’l=1 =
Because

(Z(Pgo)(znl)lmlm,,) (1) = D _(Po)tn-1)1ps,, 20, (1) < (P)(t/2) = (D17 Po)(1)

n=1 n=1

for all r € I, we obtain

* 1 T
(SCAN () = “ el + G

Since ¢ € X and By = By <1, Shimogaki’s Theorem yields that Py € X and hence
D1 pPy € X. Consequently, (S(Af))*e X, or equivalently S(Af) € X. The hypothesis
implies that S(f) € X and hence that (S(f))* € X. This completes the proof. O

+ D12 Pe)r)  (1eD).
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