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Diophantine Approximation for Certain
Algebraic Formal Power Series in Positive
Characteristic

K. Ayadi, M. Hbaib, and F. Mahjoub

Abstract. In this paper, we study rational approximations for certain algebraic power series over a
finite field. We obtain results for irrational elements of strictly positive degree satisfying an equation
of the type

_ Aal+ B
 Cad

where (A, B,C) € (I, [X])? x ]F’q( [X]. In particular, under some conditions on the polynomials A, B
and C, we will give well approximated elements satisfying this equation.

1 Introduction

Let p be a given prime number and F, the finite field of characteristic p having g
elements. We denote by IF;[X] the ring of polynomials with coefficients in I, and by
IF4(X) the field of fractions of IF; [X]. Let IF; ((X ~1)) be the field of formal power series

F (X)) = {a =Y aximeZ and ac ]Fq}.

ian

Let « = Y ;X' be any formal power series; we define its polynomial part, de-
noted [a], by [a] = > . ;X7\ If a # 0, then the degree of « is deg(a) =
sup{—i: ; # 0} and deg(0) = —oo. Thus, we define the non-archimedean abso-
lute value over F,((X~1)) by |a| = q%&® and |0] = 0.

As in the classical context of real numbers, we have a continued fraction algorithm
inFy(X1). Ifa € Fy((X™1)), we can write

1
a:ao+7l = [ag, a1, 4z, . ..]

a +

1
a+ —

where a; € F,[X]. The g; are called the partial quotients, and we have dega; > 0
for i > 0. This continued fraction is finite if and only if o € [F;(X). We define two
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sequences of polynomial (P,) and (Q,) by Py = a9, Qo = 1, P} = apa; + 1, Q1 = ay,
and for any n > 2,

P,=a,P,_ +P,_3, Q= a,Qu—1 + Qus.
We notice that

_ P,
P,Qu_1 —P1Q, = (_1)n ! and aﬂ = [QOaalaalv .. 'aan];
n

% is called the n-th convergent of a. We have the important equality
P _ _
o= G| = lawnl QI

We study the approximation of the elements of F,((X~')) by the elements of IF,(X).
In particular, we consider this approximation for the elements of IF, (X 1)) that are
algebraic over IF;(X). In order to measure the quality of rational approximation, we
introduce the following notation and definition. Let o be an irrational element of
Fq((X~h).

For all real numbers p, we define

B(a, p) = liminf|Q|*|Qa — P|,
|Q|—o00

where P and Q run over polynomials in IF;[X] with Q # 0. Now the approximation
exponent of « is defined by

v(a) = sup{p € R: Bla, ) < 00}

We recall that if % is a convergent to «, we have
—deg Qu11/deg Qu
|Qna_Pn‘:‘Qn‘ eg Qui1/ egQ.

Since the best rational approximation to « are its convergents, in the above notation
we have

deg Qx4

degais )
deg Q '

v(a) = lim sup _ okl
( Z1gigk dega;

) =1 +limsup(

It is clear that the approximation exponent can be determined when the continued
fraction of the element is explicitly known. Since |Q,a — P,| < 1/|Q,|, for all irra-
tional @ € IF;((X ~1)) we have v(«) > 1. Furthermore Mahler’s version of Liouville’s
theorem says that if & € IFq((X_l)) is algebraic over F,(X) of degree n > 1, then
B(a,n — 1) > 0. Consequently, for a € IFq((Xfl)) algebraic over F;(X) of degree
n > 1 wehave v(a) € [1,n— 1].
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We now use the following vocabulary. If o € F,((X ~1)), we say that:

e« is badly approximable if v(«) = 1 and B(cy, 1) > 0. This is equivalent to saying
that the partial quotients in the continued fraction for « are bounded.

e« is normally approximable if v(«) = 1 and B(a, 1) = 0.

* o is well approximable if v(a) > 1.

In 1975, L. Baum and M. Sweet [1] gave the first example of algebraic formal series
of degree 3 with bounded partial quotients; it remains the most famous example of
algebraic formal series with bounded quotients, along with, of course, the quadratic
formal series. Some years later, W. Mills and D. Robbins [8] gave the explicit con-
tinued fraction expansion of this series; they have also given more example of other
algebraic formal series by explaining their continued fraction expansion. For this
they highlighted an algorithm to give the explicit continued fraction expansion of a
special class of formal series, the class of hyperquadratics that we will call . It con-
sists of the irrational elements in IF,((X™!)), satisfying an algebraic equation of the

form
Ao+ B

‘= Cai+D
where A, B,C,D € F4[X] and g € pN\{O}. Notice that the cubic of Baum and Sweet
belongs to this class. There are other examples with v(a)) = 1, but no criterion is
known. The class J{ contains elements which are very well approximated by rationals.
A famous example in I ( (X™1)), which was given by K. Mahler in 1949 [7], satisfies
the algebraic equation o« = X! + a?.

Later, M. Mkaouar [9] described an algorithm to compute the partial quotients
of continued fraction expansion for algebraic formal power series. This enabled him
to give the explicit continued fraction expansion of element of class J{ if degA >
sup(deg B, deg C, deg D). He proved the following theorem.

Theorem 1.1 Let P(Y) = A,Y™ + Ay Y™ 1 + oo + Ag with A; € Fy[X] and
|Apm—1| > |Ai| for alli # m — 1. Then P has a unique o € ¥,((X™")) satisfying
|| > 1. Moreover, ] = —[A,,—1 /A ] and the formal power series § = 1/(a — [a])
has the same property as c.

It gradually became apparent that the elements of class J deserve special consid-
eration. A. Lasjaunias [6] explored the property of the sequence of partial quotients
being bounded or unbounded for the elements of the class 7{. He showed that a
great number of irrational elements of this class will have an unbounded sequence
of partial quotients. This is certainly the case if the critical bound 1/(gq — 1)(deg A)
(where A = AB — AC) is less than g, and it is necessarily so if deg A is fixed and q is
large enough. In general, if in the continued fraction expansion of an element o of
class H there exists a partial quotient with degree more than 1/(g — 1)(deg A), then
« admits unbounded partial quotients. In other words, the bound 1/(q — 1)(deg A)
is a critical value. We can also see this result in [10]. We express this result in the
following lemma.

Lemma 1.2 Let o be an irrational element in qu((X_l)) satisfying

Ao+ B
o =
Cat

(1.1) . where (A,B,C) € (F,[X])" x F;[X].
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If o has a partial quotient, other than the first, with degree > deg(BC)/(q — 1), then «
has unbounded partial quotients.

The rational approximation of elements of class J{ has been studied also by
J. Voloch [11] and more deeply by B. de Mathan [2]. They showed that if the partial
quotients in the continued fraction expansion of such elements o are unbounded,
then v(ar) > 1. In other words, there are no normally approximable elements of
class J. By the work of de Mathan [2], we know, moreover, that for elements of class
H, the approximation exponent v(«) is a rational number and B(a, v(«)) # 0, cc.
Many elements of class H{ are well approximable, but the question of determining
which elements of class 3 are badly approximable remains open.

Now we will show how it is possible in some cases to compute the approximation
exponent for an algebraic element, without knowing the whole continued fraction.
This is possible if this approximation exponent is large enough, that is to say not close
to 1. Lasjaunias [5] has given applications to algebraic elements that are of class H
and also to others that are not. The basic idea in the following result is due to Voloch
[11]. It has been improved by de Mathan [3].

Theorem 1.3 Let« € ]Fq((Xfl)). Assume that there is a sequence (P, Q,),>0, With
Py, Q, € Fy[X], satisfying the following conditions:

(i)  There are two real constants X > 0 and ( > 1, such that

|Qul = MQu—1]" and |Qu| > |Qu—1| foralln > 1.
(ii) There are two real constants p > 0 and v > 1+ /i, such that

-3
y

Qu

= p|Qu|™ " foralln > 0.

Then we have v(at) = ~ — 1. Further, if gcd(P,,Q,) = 1 for n > 0, we have
B(a, v()) = p, and if the sequence (gcd(P,, Q,))u>0 is bounded, then B(o, v(a)) #
0, co.

Note that equation (1.1) belongs to class J{ with D = 0. In this paper we are
interested in rational approximation to the unique irrational solution of the equation
(1.1) of strictly positive degree. In fact, in each result obtained, if we have deg(A) >
max(deg(C), deg(B)) as assumption, then by the following lemma we get results for
the unique solution « of equation (1.1) with |a| > 1.

Lemma 1.4 ([4]) LetP(Y) = AsY?+As_ Y+ + Ag, where A; € Fy[X], then
P has a unique root in F,((X~")) with absolute value > 1 if and only if |Aq_1| > |Ai]
foralli #d— 1.

First, we will give some results concerning the behavior of the partial quotients of

the formal power series « satisfying (1.1). Secondly, we will study the approximation
exponent of such a.
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2 Results

In the following two theorems, we give, under some assumption on the polynomials
A, B, and C, elements satisfying equation (1.1) that are well approximated by ratio-
nals, without giving the exact value of their approximation exponents.

Theorem 2.1 Let o ¢ F,(X) be a solution of equation (1.1). If
(g—1)degA > qdegC + degB,

then o admits unbounded partial quotients.

Proof Set [A| = |X|", |C| = |X[|', and [B| = [X|™, where n, m, and i are positive
integers, then |a| = |X|"~*. Furthermore,

A |B] X]™ 1

= ¢~ el = WX~ X

We have gn — qi —i —m > (i +m)/(q — 1) equivalent to (g — 1)n > gi + m. Then
by Lemma 1.2 o admits unbounded partial quotients. ]

Theorem 2.2 Let o ¢ IFy(X) be a solution of (1.1) such that degA > degC and
B = —1. Let P = [A/C]. Suppose that there exists D € F,[X] such that PIA—DC = 1.
Then o admits unbounded partial quotients.

Proof We have

D 1 1 1

. «
ﬁ*mw“4©m*mm P

1
= 1—
\CP‘i|‘ P

D A
o= pl =15 - i
P4 C

Consider thata = P+ a1 X '+ a,X 2+ -+ a,X 9+ a, X 97" +---. Assume that

a; # 0. Then
a aX T+
— = 1 + -
p p
Thus,
« 1 1
n-Spo Lo L
P [XPlT o |X]a[Pla
Consequently,
| D | 1 1
a——|= ===
pat|Cl|Pa |X[a|P|a
Then there exists a partial quotient of « of degree degC + g > dqef f So we conclude
by Lemma 1.2 that o admits unbounded partial quotients. ]

Example 2.3 Let o ¢ Fy(X) be a solution of the equation
X1+ 1ot — (X + X — 1)a? — 1 = 0.

Then o admits unbounded partial quotients.
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For this example, it suffices to note that [@] = X = P and
XIXIM + X — 1) — (X1 - D)(X1+1) =1

Continued fractions are naturally useful in this setting, since the best rational ap-
proximations are obtained by truncating the continued fraction expansion. Unfor-
tunately, it is generally difficult to obtain the continued fraction expansion of a given
algebraic power series. Indeed, the effect of basic operations such as addition or mul-
tiplication on the continued fraction expansion is not clear at all. In the following
theorem we show that using the algorithm given by Theorem 1.1 we can, under some
assumptions on polynomials A, C, and B, describe explicitly the continued fraction
expansion of the root « of equation (1.1). Then by computing the value of the ap-
proximation exponent of a, we find that it is maximal, and so we get a family of
formal series very well approximated.

Theorem 2.4 Let o ¢ Fy(X) be a solution of equation (1.1). Suppose that B and C
divides A. Then the continued fraction expansion of o is [ag, . . ., ay, . . . |, where

Ly ()t

(A)q e (A)q P
a, = (= =
C B

Proof Let oy = avand g =

andv(a) = q.

—L__then « verifies the equation
as—[ag]

A af™ + Bal + Cya; + D, = 0,

where
Agyy = Aa?! + Bl + Ca, + D
Bi1 = Asasq + C;
Csi1 = Asa, + B
Dy = As.
Then
—A A Bs+1
w=-|T] =5 md an=-[3]
s+1

for all s > 1. Then we show using a simple recursion on s that

(A ) qs+l+(71)s (A qs+(71)s+l
as = (— q+1 J— qt+1 .
C B

Consequently the approximation exponent for « is:

degay,
1<s<n s
) (qn+2+(_1)n+1)deg%+(qn+1+(_1)n)deg%
=1+ limsup o S 2 - ol A
Cicocn @+ (=1 deg g + O 1<, ¢ + (—1)) deg §

:q.
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In [2], de Mathan gave a method for determining the approximation exponents
for formal power series belonging to the class I that is based on the construction of
chains of convergents. At the end of his paper he gave application in IF,((X™1)) to
the irrational root of the equation &® = R where R € F,(X) with degree a multiple
of 3. Lasjaunias [5] continued this work by studying the approximation exponent
of the irrational root of the equation o = R in IF;((X —1), withR € IF;(X), where
deg(R) is a multiple of n and ged(n, p) = 1. We see that the results of de Mathan
are very interesting and allow us to determine the approximation exponent of several
other power series. The following theorem is a direct application of the results of
de Mathan and gives us a good minoration of the approximation exponent of the
solution of equation (1.1) in terms of deg A, deg B, and degC, and then gives us a
family of very well approximated power series.

Theorem 2.5 Let o ¢ Fy(X) be a solution of equation (1.1). Suppose that
degA > gdegC + degB.

Then deeC + des B
qaegC +deg
P R e - R M
via) =4 degA
Proof With the same notations of [2], by [2, Lemma 3] we set Py = A, Qy = C, and
we have
‘ ‘Aoﬂﬂ-B A ‘ ’BCq1’
a——| = = .
C Cat Cat

Then (A, C) verifies [2, Lemma 2(i), (ii), and (iii)] if deg A > gdegC + deg B. Thus
we construct from Py/Qy = A/C a sequence of rational approximations P, /Q,. We
obtain

_ ((q+1)degA — gdegC — degB)q""!  (2m —¢)
- g—1 g1
1o =qdegA — (g — 1) degC — deg B,

m = qdegA — (q — 1)degC,

¢ =degB+degC,

n I

where r,, = — deg(a — P,/Q,,), m = deg(Ca) and ¢ = deg(BC).
Since we have
m(q" —1) (degA)q"*! m

deg(QH)quCgC‘f’ q—1 = g1 _q_17

then
(qdegA — qdegC —degB)g""'  (m —¢)

q—1 q—1
where Q}; is the denominator of the next convergent. So

qdegA — qdegC — degB >q- qdegC + degB

deg Q) =

)

>
v(a) 2 degA - degA
Since % < 1,v(a) > q— 1, hence v(a) €]g —1,4]. [ ]
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Theorem 1.3 allows us to find the approximation exponent of well approximated
formal series. Despite its importance, there are few applications of this result. In the
following theorem and under suitable assumptions on deg A, deg C, and the polyno-
mial B, we give interesting results for the approximation exponent of the solution of
equation (1.1) by giving a precise value of the exponent. So this gives us a new family
of well approximated formal series.

Theorem 2.6 Let o & Fy(X) be a solution of equation (1.1) such that ged(A,C) = 1
and B = 1.

(1) Ifq>3anddegA = qdegC, then v(a) = q— 1 and

1
Bla,q—1) = —=m
Cl
.. 22
(i) Ifq > 4anddegA = (q — 1) degC, then v(a) = qq_lq and
B q2 —-2q _ 1
(0 =T) = e
1 |C|

Proof (i) We consider the following sequence: Py = A Qy = C and for n > 1,

P, =APl_ +Ql_, Q,=cpr!

n—1-
Then foralln > 0,
’a_ﬂ:‘L_QZ”’: 1 a Py |
Q. Cat CPI_, IC|7—at1 I Ca—l CI71Q,—y
_ 1 Pnfl 1
- |C|2q272q+1 « Qu_1 ’
We show by recursion that for all n > 0,
P, 1 Py |4
‘a_a = 2P —241D(¢" -1 a_a‘ ’
g G
since
P A 1
‘a—— =la—=|=—=—5—.
QO C |C‘q —q+1
Then )
ol =
RN |Cla"@—aD)"
So
‘a LN I
Qo
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Secondly, we have for all n > 1 Q, = CP!_, and since |P,—1| = |C|17"|Q,-1],
|Qu| = |C|7~7*!|Q,_1|. Again by recursion we show that

q—1

|Qn| - |C| ‘QO |C|
So we obtain for all n > 0,
’ P, 1 1
a— — = .
S

Then by Theorem 1.3 we conclude that v(«) = g — 1. Further, since gcd(A,C) = 1,
ged(Py, Qy) = Lforalln > 0,and so B(a,q — 1) = ——o5— -
lcl =t

(ii) With the same method as the proof of (i), we consider the following sequence:

Py=AQy=Candforn>1,
P,=APl_,+Ql, Q,=cCPl_,.
We obtain for all n > 0,

1

o — P I Sy
—1

Qn

o=l =

Cl

n+1

We show also that |Q,| = [C|7 ~7*!. So we obtain for all n > 0,

1

4q +4q qz —q—1

|Qn| !

Then by Theorem 1.3 we conclude that v(a) = (g*> —2q)/(q — 1). Further, since
gcd(A,C) = 1 then ged(P,, Q,) = 1 forall n > 0, and so

o — —

Qn |C|

o=l =

-2 1
B(a,q 6]) = - |
q — 1 |C| q - "1 q
Acknowledgment The authors thank Professor Mabrouk Ben Ammar for helpful
discussions.
References

[1] L. E.Baum and M. M. Sweet, Continued fractions of algebraic power series in characteristic 2. Ann. of
Math. 103(1976), no. 3, 593-610.  http://dx.doi.org/10.2307/1970953

[2]  B. de Mathan, Approximation exponents for algebraic functions. Acta Arith. 60(1992), no. 4,
359-370.

[3] ., Irrationality measures and transcendance in positive characteristic. ]. Number Theory
54(1995), no. 1,93-112.  http://dx.doi.org/10.1006/jnth.1995.1104

[4] M. Hbaib, M. Mkaouar, and K. Tounsi, Un critere de transcendance de fractions continues dans
Kp((X™1)). J. Number Theory 116(2006), no. 1, 140-149 .
http://dx.doi.org/10.1016/}.jnt.2005.03.008

https://doi.org/10.4153/CMB-2012-041-2 Published online by Cambridge University Press


http://dx.doi.org/10.2307/1970953
http://dx.doi.org/10.1006/jnth.1995.1104
http://dx.doi.org/10.1016/j.jnt.2005.03.008
https://doi.org/10.4153/CMB-2012-041-2

682

(5]
(6]
(7]
(8]
9]
(10]

(11]

K. Ayadi, M. Hbaib, and F. Mahjoub

A. Lasjaunias, A survey of Diophantine approximation in fields of power series. Monatsh. Math.
130(2000), no. 3,211-229.  http:/dx.doi.org/10.1007/s006050070036

, Continued fractions for algebraic formal power series over a finite base field. Finite Fields
Appl. 5(1999), no. 1, 46-56.  http://dx.doi.org/10.1006/ffta.1998.0236

K. Mahler, On a theorem of Liouville in fields of positive characteristic. Canad. J. Math. 1(1949),
397—-400. http://dx.doi.org/10.4153/CJM-1949-035-0

W. H. Mills and D. P. Robbins, Continued fractions for certain algebraic power series. J. Number
Theory 23(1986), no. 3, 388-404. http://dx.doi.org/10.1016/0022-314X(86)90083-1

M. Mkaouar, Sur le développement en fractions continues des séries formelles quadratiques sur IF>(X).
J. Number Theory 80(2000), no. 2, 169—173.  http:/dx.doi.org/10.1006/jnth.1999.2422

D. P. Robbins, Cubic Laurent series in characteristic 2 with bounded partial quotients.
arxiv:math/9903092v1.

J. E Voloch, Diophantine approximation in positive characteristic. Period. Math. Hungar. 19(1988),
no. 3, 217-225.  http://dx.doi.org/10.1007/BF01850290

Université de Sfax, Faculté des Sciences, Département de Mathématiques, BP 802, 3038 Sfax, Tunisie
e-mail: ayedikhalil@yahoo.fr mmmhbaib@gmail.com faiza.mahjoub@yahoo.fr

https://doi.org/10.4153/CMB-2012-041-2 Published online by Cambridge University Press


http://dx.doi.org/10.1007/s006050070036
http://dx.doi.org/10.1006/ffta.1998.0236
http://dx.doi.org/10.4153/CJM-1949-035-0
http://dx.doi.org/10.1016/0022-314X(86)90083-1
http://dx.doi.org/10.1006/jnth.1999.2422
http://arxiv.org/abs/math/9903092v1
http://dx.doi.org/10.1007/BF01850290
https://doi.org/10.4153/CMB-2012-041-2

