BULL. AUSTRAL. MATH. SOC. 10D05
VOL. 10 (1974), 197-218.

On the coefficients of transformation

polynomials for the modular function

Kurt Mahler

In a previous paper {4dcta Arith. 21 (1972), 89-97), I had proved
that the sum of the absolute values of the coefficients of the

mth transformation polynomial Fﬁ(u, v} of the Weber modular

function gj(w) of level 1 is not greater than

o (36n457)2"
when m = 2" is a power of 2 . The aim of the present paper
is to give an analogous bound for the case of general m . This

upper bound is much less good and of the form

312
e

k]

where ¢ > 0 is an absolute constant which can be determined
effectively. It seems probable that also in the general case an

upper bound of the form

eO(mlogm)

should hold, but I have not so far succeeded in proving such a
result.

1.
Let w be a complex variable in the upper half-plane

U: I(w) >0 .
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Thus the two exponential functions

2MLW
=e

2T
and z' =e ami/w

satisfy the inequalities
0<|z] <1 and 0 < |z'| <1 .

The Weber modular function j(w) of level 1 satisfies

i) - o)

for every set of four integers o, B, Y, § of determinant
af -By=1,
so that in particular
J(-1/w) = j(w)
It can be expressed as a Laurent series

jlo] = ahxh'l ;
h=0

where the coefficients ah are positive integers and where in particular

a, = 1, a, = T4k

Hence, on putting

glz) = } ahxh'l ,
h=2

j(w) has the two representations

J(@) = 2+ Tk + g(x) = 2+ Thh + g(=') .

2.
In the last formula, assume that ® is purely imaginary, say
w =87 , vhere 8 >0 ,

so that
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Since its coefficients a, are positive, g(x) is positive, and it is an

increasing function of x . Now

0<z<e®™ if g=1;
0<z'<e? if 0<s=1,;
z=z'=¢ ir s=1
Therefore
%-+ ™+ g(e™®)  ir se=z21,
0 < j(si) =
£+ + 70 +g(e™™) ir 0<ss1.
Further
.. T -2 T
§() = 1728 = T+ Tk + g(e™) , 2" > 535,
so that

0y + g(e™2™) < 1199 .
It follows then that

2™ + 1199  if s

v
[
-

(1) 0 < j(st) <

™% L1199 ir 0<s =1 .

Let k be any non-negative integer. Then j(m)k can again be

written as a Laurent series

(2) Jwk = 1 g™t
h=0

with integral coefficients ah(k) . Here evidently

ay(k) =13 ayk) =0 it h=z1, k=0; aqfk)>0 if k21,
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By means of the inequalities (1) we can easily obtain an upper estimate

for these coefficients.

Assume for the moment that both % and k are positive, and put

s = (k/h)l/2
in (1). The series (2) implies then that

%
(2" */P) 41199)% ip 1

A
&
tA
X

5
0 = a ()2 BRIV KM

(eew(h/k)% J

+1199 if 1

1A
X
1A
&

or equivalently,
)%

%
2m (k)™ ) oie 1=nsk,

-on{k/h

0= ah(k) <e (1+1199¢

and

hn(hk)%(e—zn(k/h en(h/k)’f})k

3
0=ak) <e ) {1+1199¢" if 1<k<h.

In these estimates, firstly

%
L-2mk/m®
Secondly, the derivative with respect to k of

[1+1199e'2"(k/h)%)k

is negative. This function of k is therefore decreasing, and it follows

that

—21r(k/h)%) ke —onh™%

(1+1199¢ 1+1199¢ )t < 1200 .

Thirdly, if 1 <k =<h ,

-21r(h/k);5)k < ( -en(h/k)’f)h ,

(1+1199¢ 1+1199¢

whence, by the preceding inequality applied with % and k interchanged,

-en (/K ¢ 00

(1+1199¢

We find therefore in both cases 1 £ h =k and 1 <k <h that

https://doi.org/10.1017/50004972700040831 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700040831

201 Transformation polynomials 201

3
(3) 0 = a, (k) = 1200 KD
It is easily verified that this estimate remains still valid when one or

both of % and k are equal to zero.

4.

From now on let m = 2 be a fixed integer. Put

M=9(m) =m [1 + %ﬂ
plm
where in the product p runs over all the distinct prime factors of m .
Denote by T the set of all triplets {4, B, D} of integers A4, B, D

satisfying
1£4A4=m, 0<B=<D1, 12D=m, AD=m , (4, B,D)=1.

Let further T(4, D) be the subset of those triplets in T for which A4
and D are fixed. The set T has exactly M elements, and there are
d(m) different sets T(A, D) where d(m) denotes the number of divisors

of m .

With each triplet {4, B, D} in T , we associate the modular

function

. |Aw+B .

J[T}, =Jj(w | 4, B, D) say,
which is of level m ; there are M such functions. ZEach of these
functions can be derived from every other one by a suitable modular
transformation

aw+B
Yw+§ ?

>

vhere a, B, Y, § are again integers of determinant 1

By the theory of the modular function Jj(w) , there exists a unigue

primitive irreducible symmetric polynomial Fﬁ(u, v) § 0 in two variables
u and v with integral coefficients such that
F (i(w | 4, B, D), j(w)) =0

identically in w for all triplets {A, B, D} in T .
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This polynomial is of degree M in both u# and v , and its terms of

highest degree in these two variables are exactly uM and vM R

respectively. 1In explicit form,
P (u, §(w)) = T;I' (u-g(w | 4, B, D)) ,

where the product extends over all the triplets in T .

We can write Fm(u, v) as

M M

M-k M-1
Fu,v)= 3§ § fu
§ k=0 1=0 ~K%

2

where all the coefficients sz are integers. Put

M

I 1

L = | £, 1 -

m k=0 1=0 Kt

It is known that with increasing m this number Lm quickly becomes very

large. Our aim will be to find an upper estimate for Lm .

For this purpose we shall construct a second polynomial G(u, v) $ 0

with integral coefficients which is divisible by Fm(u, v) . This new

polynomial will be of higher degree than M in u and v , but it has the
advantage that it is easier to find an upper estimate for the sum of the
absolute values of its coefficients. As a first step to the construction
of G(u, v) we shall construct the Laurent series in fractional powers of

& of the function

() T w |4, B, 0) =448 0%w, (& 1=0,1,2, ..)

5.

We begin with the series for J(w | 4, B, D)k where {4, B, D} is
any triplet in T , while as before k = 0 . Put

e = e2m/D

3

so that by (2),
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iw | 4, B, D)K = hg ah(k)(eBxA/D]h—k '
=0

Here h can be written as

h=vD+p,vhere r=0,1, 2, ... ,and p =0, 1, o0y D-1 .

Since
€D =1, (eBxA/D)D - xA - £W/D ,
it follows that
D-1 ®
Jwla, 8,0k ] PR g (gD
D=O r=0 P

Since also

jw = [ a (0t
s=0

the functions (4) have then the Laurent series

p-1 o
Ty |4, B, D) = | Be-k) 5

=0 r=0 rD+p

8=0

or say,

D-1 ©
(5) Jo (w4, 8,00= ] £P* 7 o RORAPS D) {A-4k-D1}/D

p=0 h=0

Here the new coefficients ah 0 are non-negative integers which
b

depend on A and D , but not on B . They have the explicit form

ah,p(k’ L4, D - r%s

aI‘D-i-p(k)as(l) ?

vhere the surmation extends over all pairs of non-negative integers
for which
{mr+4(p-k)} + D(s-1) = h - Ak - DL ,
that is,
mr + D8 = h - Ap .

Since AD = m , this condition is equivalent to
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h-Ap

Ar + g = 5

Since r and & are non-negative, it can then only be satisfied if
simultaneously

h = Ap (mod D) and %k = Ap .

Put therefore

g = hdp and H = Fq = Fkﬁ£%
D A m

Then ¢ and H are non-negative integers such that

h=dp +Do and 0<pg<iAR <R
m m
In this new notation, the formula for ah 0 can be written as
H
(6) a, (k. 1| 4, D)= PZO Appyp(Kdag_p, (1)

Here the sum on the right-hand side contains

H+1¢= B + 1
m

terms.

6.

An upper bound for the coefficients a can be obtained as follows.

h,p

Denote by t a real variable, and put

0(¢) = ((Dt+p)k}E + {(0-at)1}7 .

Then, by (3), the products on the right-hand side of (6) satisfy the

inequality
2
0 =ay (Ka, , (1) = 1200%exp(4m0(r))
Therefore

0 =a (k1 | 4, D) = 12002[% + 1]exp(lme(§)) ,

where r has been chosen so as to make O(r) a maximum.
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The integer r 1ies in the interval 0 <pr < because the suffix
0 - Ar cannot be negative. Let ¢ be a real variable in the same

ag
interval 0 = ¢ = 7 and put

T = {(Dt+p)k}!5 and y = {(G-At)l}% .

Then, identically,in ¢ , the expressions

Y(x, y) =x +y and I(z, y) = Alz® + Dky2 - hkl
satisfy the equations
o(¢) = y(xz, y) and T(x, y) =0 .

The maximum of ©(%#) can then be obtained by applying Lagrange's method to

the function
Y(x,.y) + ANz, y) ,

wvhere A is Lagrange's parameter. This maximum is easily found to be

%
LLQLiQE)EJ where AD =m ,

AD

and naturally O(r) cannot be larger. Hence we find that

.
2(n AL+DK)R)*?
(1) o= ah,p(k’ 1| 4, D) = 1200 [E-+ l]exp[hﬂ[i——%;kibi ]
if. h = Ap (mod@a D) , h = 4p ,
but that
(8) a, p(k, 1| 4, D) =0 otherwise.

It is interesting to note that the upper bound in (7) does not depend on
p .
7.

Next denote by N a positive integer and by

Cr1 (k, 1=0,1, ..., I)

a set of (IJ+1)2 indeterminates; both [/ and the indeterminates will be

fixed later.
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In the polynomial

N N
Gu, v) = ) 1 et
k:o Z:O

replace U and vV by
u=g(w| A, B, D) and v = j(w) .
Then G(u, v) becomes a modular function G(w | 4, B, D) of level m ,

G(w | 4, B, D) = G(j(w | 4, B, D), J(w) =

IZV IZV I
= C, .J (w | 4, B, D)
x50 150 k1" N-k,N-1

This function can again be written as a Laurent series

)x{j-(A+D)1V}/D

b

(9) Gw| A, B,D)= ] G.(4, B, D
j=o 7

where, by (5), the new coefficients GE(A, B, D) have the form
(10) 6.4, B,0) =535 1, fPMRy  (nx w1 a, D)
d 0 ki h,p

klph

Here the summation extends over all sets of integers k, L, p, h

satisfying
0=k=N, 0<1l=N, 0p=D-1, h+Ak +DlL =g .

To these conditions we may add the congruence h = Ap (mod D) and hence

also

(11) J = A(p+k) (mod D)

For if either of these congruences does not hold, then ay 5= 0 by (8),
E]

so that the corresponding term in (10) makes no contribution to the

multiple sum.

8.
In order to learn more about the coefficients Gj , We apply the
previous assumptions

(A, B, D) =1 and AD =m .
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It follows that, on putting
(4, D) =AM, A=ab, D=dh,

we have

2lm, (ayd) =1, (A,B)=1.
The congruence (11) now takes the form
(12) J = ab(p+k) (mod dh)
and implies that
Alg .
There is then an integer J = 0 such that
Jg=dJh .
Since (a, d) = 1 , there further exists an integer a satisfying
aa =1 (mod d)

The congruence (12) is now equivalent to

J = a(p+k) (mod d) ,

hence implies that
p+ k= al (mod d)

Therefore, if a does not vanish, then p + k necessarily lies in one

h,0

of the A residue classes

(13) p+k=al+vd (md D) , where v =0, 1, ..., A-1
By D=4dA,
- e2ﬂL/D - e2nz/(dA)
It follows that
eB(p-N+k) = EB(aJ—N)nBv , Where n = e2w1/A and v=0,1, ..., &-1 .

Here 1n 1is a primitive Ath root of unity, B 1is relatively prime to
A , and so nBv assume exactly the distinct values

2 -
1,ﬂ,n,---,nAl.
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9.

The relations (9) and (10) can now be simplified. The formula (9)

immediately becomes

oo
(1h) Gw | 4, B,0) = T 6. (4, B, p)a-(a*dDWV/d
Lo TJA
J=0
with coefficients GJA which can be written in the form
- A-1
(15) 6,\(4, B, D) = 2@ Ty BV (4 p)
JA & J,V
v=0
Here LJ v is independent of B and is defined by the multiple sum
(16) LJ’\)(A, D) = % % % Cklah,p(N_k’ ¥-1 1] 4, D),

where the summations are extended over all sets of integers k, 1, h

satisfying
0<k=N, 0=1=HN, h+Ak +DLl =JA ,
and where p denotes the unique integer which satisfies the two conditions
p+k=al +vd (mod D) , 0 =<p <D-1.

Actually, the summation over A 1is trivial since % can only have the

single value
h = AM(J-ak-dl)

This formula shows that also % is divisible by A .

The expressions LJ v are linear forms in the (N+l)2 indeterminates
b4
CkZ with non-negative integral coefficients ah 0" If all these
b
coefficients of L are zero, define a quantity A, (4, D) by
J’\) J,\)

Ay (4, D) =1 .
Otherwise denote by A; v(A’ D) the sum of the coefficients of [
E]

Jv

(17) AJ,\)(A, D) = % ; ah,p(l‘l—k, -1 | 4, D)

Here p and the summations are just as (16), but the trivial summation
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over h has now not been indicated. We see that for all values of
Jy, Vv, A , and D

AJ,v(A’ D) z1

is a positive integer.

An upper estimate for AJ v(A, D) can be obtained as follows.
t]

The sum (17) for AJ v consists of (1V+l)2 terms
k]

a p(N-k, N-1 | A, D) where by (7) each of these terms satisfies an
b

inequality
%
0<a, (W-k,B-1]|4,D)s 12002[E + l]exp[hﬂ[{AN-ZHD(N_k)}h] ] ,
5P m m
and where

A=ah, D=dA, h

AMJT-ak-dl) = A .

Since k¥ and I are non-negative, it follows that

%
0= a4, p(N'k’ w-1 | A4, D) = 12002[% + l]exp[hnA[(a’”gzNJ] ]

This estimate is uniform in k% and 7 and hence implies that

(18) 1=4,; v(A, D) = 12002(1v+1)2{% + 1]6@{1;“/3[1&?.1!{]2]

for all suffices J and Vv and for all triplets {4, B, D} in T .

10.

The terms in the Laurent series (1L4) for G(w | 4, D) contain non-

positive powers of x as long as
0=J = (atd)V .
There are thus
(atd)W + 1
such terms, with the coefficients

G4, B, D), (7=0,1, ..., (a+d)})
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We associate now with the triplet {4, B, D} in T the system of

(a+d)V + 1 equations

G4, B,D) =0, (J=0,1, ..., (axd))

From the representation (15) it is obvious that this system of equations is
satisfied if the following second system of equations
J=0,1, ..., (a+d)N

E(As D): LJ,\)(A, D) =0, v

it
o
]
-
&>
t
o]

holds. This system no longer depends on B , but is the same for all
triplets in the set T(4, D)

Finally denote by E +the union of all the several systems E(4, D) ,

J=0,1, ..., (a+d)V

E: Ly (4, D) =0, [v=0,1, ..., A1
b

A>1,D=21,AD=m

Each system E(4, D) consists of
A((a+d)N+1) = (A+D)N + A = (4+D)N + (4, D) < (A+D)(N+1)

equations since trivially (A, D) =4 + D . The number of equations of E

is therefore at most
20(m)(N+1), = U say,

where as usual o(m) denotes the sum of the positive divisors of m ; for

both A4 and 2 run exactly over these divisors.
On the other hand, each of the equations of E is a homogeneous
linear equation for the
2
(F+1)°, =V say,

indeterminates CkZ , Wwith integral coefficients 2 0 the sum of which is

estimated in (18).

11,

So far the indeterminates CkZ were not yet fixed; 1let us now take

for them rational integers not all zero such that the equations of FE are

satisfied.
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For this purpose we shall apply the following lemma which goes back at
least to the paper Baker [1].

LEMMA 1. ILet

1=1,2, ..., U

) s ,

J=1,2, ce., v

(9ij

where u < v , be a matrix with integral elements and let
v
g; = max|1, jzl lgijl s (=1,2, ..., u) .

x.. not all zero such that

Then there exist integers Tis Eps wees Ly

v
) g..x.=0 for i =1,2, ..., u;
J'=l 117 J

D=
max[lxll, cees |xv[) = (g; --- 9, “

.

For the application soon to be made, we note that this estimate for
the x's remains valid if u, gl, ees gv in the upper estimate are
replaced by larger numbers provided only that u remains less than v

We found that the total number of linear equations F for the
)2

V= (F+1 indeterminates CkZ was not greater than U = 20(m)(N+1) .

The lemma may therefore be applied with u =U and v =V provided that
U<V, that is,

(19) N = 2a(m)
Let this condition for N from now on be satisfied.

First consider the set of equations E(4, D) that belong to any

given pair A, D of complementary divisors of m . The maxima gi in
Lemma 1 can in this case be identified with the integers AJ v(A, D) , and
b

their product for E(4, D) becomes
[TTTA, (4, D), = P(4, D) say;
J v IV

here J runs over the values 0O, 1, ..., (a+d)N , and VvV over the values
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0,1, ..., A-1 . For the union Z of all the sets of equations E(4, D)

the product of the corresponding maxima gi becomes therefore

T‘T’P (4, D) = T'T'T—T'r_r 4 D)

’

P say.

Here the new product | extends over all pairs A, D of complementary
A,D

3

divisors of m .

12.
An upper estimate for the product P can be found as follows.
The formula (18) gave an upper bound for AJ v(A, D) which did not
5

depend on V . Here V has the A possible values 0, 1, 2, ..., A-1

b

and J assumes the (a+d)N + 1 values 0, 1, 2, ..., {atd)N . The

formula (18) leads therefore to the estimate

(a+d)W A
= P(A4, D) = (12002(N+1)2]A{(a+d)”+1} T1 [A_J + 1] .

J=0
% (a+d)N
+ exp yma® [___)_(a-:”d ”] ) b
=0
This formula can be slightly simplified, as follows.

It is obvious that

(a+d)N = 2 , and that therefore 2A{(a+d)N+1} < 3A(a+d)N

Purther, by hypothesis, m = 2 and A2|m , hence

A

4 , so that — + 1 =<J if J =2 .
m m

<

(V|

Also it is easily proved that

It follows that

(a+d)N (a+d)N
T 821 =2 T 7 = 2o = (wam) @@
J=0
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hence that

(a+d)N
(1e00? (w2 (s} (1 (& + 1] = (2003 men) (aran M@

J=0
Next, trivially,
(a+d)N
1 A s (@ - (@) = (ara)w)32
J=0,

Therefore, by A =aA , D=dA , and L =1 ,

2
(200 1= P4, D) = (12003(w+1)"(asd)) AV . exP[’-ﬂT A i

m

This estimate finally leads also to one for P . We know that 4 2 1
and D Z 1 run over all pairs of complementary divisors of m . Denote
then, as usual, by d(m) the number of positive divisors of m , by o{m)

again the sum of these divisors; and by OQ(M) the sum of their squares.

It is immediately clear that

I (a+D) = 20(m) , ] (4+D)? = 20,(m) + 2md(m) .
A,D A,D

Further, trivially, A + D <m+ 1 , whence

Y (A+D)1og(A+D) = 20(m)log(m+1) ,

and the same upper estimate holds also for

Y (A+D)logla+d) .
4,D

Therefore by (20) and by the definition of P ,

o, (m)+md(m)
(21) 1<Ps=s (12003(N+l)h(m+1))2a(m)Nexp[8n 2 : i NZ]
m
13.

Lemma 1 can now be applied to the system FE which consists of at most
U = 20{m)(N+1)

homogeneous linear equations for the
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v o= (m+1)°

indeterminates C We choose for N the odd integer

kit
N = Lko(m) - 1 > 20(m) ,
so that

(+1)2 = 160(m) , U = 80(m)° , V=160m° , V-uU-=80(m> .

By Lemma 1, there exist integers

CkZ (k, Z=0,1, ..., V)
not all zerc such that
1 < max |C ZI = Pl/(V—U)
k,1 K

and that all the equations of E are satisfied.

Substitute here for P its upper estimate (21). The exponent of the
first factor on the right-hand side of (21) divided by V - U is equal to

20(m) _ ho(m)l _ ho(m)

V-0 v w1 o L
In the second factor,

DG

V-U 14 2 ’

so that this factor raised to the power 1/(V-U) gives the contribution

02(m)+md(m)
exp|16T g2
m

Hence the estimate for maxleZI takes the explicit form

3 " o (m)+md(m)
1 = max |Cp ] = 1200 (bo(m)) " (m+1)exp|216m >
k,L m

From this we finally deduce that
N oe(m)+md(m)

v
(22) 1< 3 ¥ |Ckz| < 12003(ho(m))6(m+1)exp 167 —F——p——
k=0 1=0 me
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14.
The expression
G(w) = G(w | m, 0, 1) = ¢(F(mw), j(w))

is again a modular function of level m . In the fundamental region
1
|R(w)| = 5 Jw|] =1

of J(w) , G(w) has its only possible pole at the point at infinity, that

is, at x =0 . If any modular substitution

® , where o, B, Y, § are integers and o - By =1,

> Yu+S

is applied to the variable w , then G(w) is changed into one of the

functions

Gw | 4, B, D) = G[j%@ﬂi@]’ j(w)] , where {4, B, D} is a triplet in T .

D

A possible pole of any one of these functions either lies again at the
point at infinity, that is, at x =0 ; or it lies at a rational point on
the real axis. In the latter case a suitable modular transformation
changes this point into the point at infinity, and so some function
6w | A", B', D') , vhere also {4', B', D'} € T , would have at pole at

x =0 .

However, our construction of G(u, v) was such that the series (9)
of each one of the functions G(w | A, B, D) contained only postitive
{possibly fractional) powers of & . Therefore, when G(w) is considered
in the whole upper half-plane, it has no poles at all, but it has zeros at
x =0 for its different branches. This has the immediate consequence that
G(j(mw), j(w)) = 0 identically in w .

On the other hand, also the mth transformation polynomial Fﬁ(u, v)

has the property that

Fh(j(mw), j(w)) 0 identically in w .

Further the polynomial Fm(u, j(w)) is known to be irreducible over the

transcendental extension C(j(&)) of the complex number field C . It

follows then that the polynomial G(u, j(w)) 1is divisible by the
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polynomial Fﬁ(u, J(w)) , and hence also the polynomial G(u, v) by the

polymonial Fﬁ(u, v) .

Both polynomials Fﬁ(u, v) and G(u, v) have integral coefficients,

and the sum of the absolute values of the coefficients of G(u, v) allows
the estimate (22).

The quotient polynomial H(u, v) defined by

Glu, v) = Fm(u, v)H(u, v)

has again integral coefficients because Fﬁ(u, v) is primitive. Hence the

sum of the absolute values of the coefficients of H(u, v) 1is not less
than 1 .

Further G(u, v} has in both # and v at most the degree N , and

2N+N < 280(m) )

The general inequality (I) of my paper [3] leads therefore immediately to
the following result.

THEOREM 1. The swm of the absolute values of the coefficients of the
mth transformation polynomial qﬂ(u, v) does not exceed

* exp|16m —S——p—oo
e

12003 (o (m)) 8 (m1) - 2

We see that there exists a positive absolute constant ¢ (which can
be found effectively) such that the sum of the absolute values of the

coefficients of Fh(u, v) is at most

m3/2
e

It seems very probable that this upper bound can be improved.

15.

As an application, consider an arbitrary primitive irreducible

quadratic equation with integral coefficients

2 2
(23) aOQ + alﬁ +ag. =0, where a. >0 , haoa -a >0.

2 0 2
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This equation has just one complex root with positive imaginary part, w

say, and this root generates an imaginary quadratic field
K = w)
over the rational field Q .

Denote by h the class number of K . It is proved in the theory of
complex multiplication (see for example, Fueter [2]) that the singular

value

of the modular function is algebraic of the exact degree 2k over Q .

Denote by

4 x2h + 4 x2h-l

0 1 + ... +4

on =0

the primitive irreducible algebraic equation with integral coefficients for

S ; here in fact A, may be taken equal to 1 .

0
Put now

A= |AO| lagl+ o+ Al .

By means of Theorem 1 we can establish an upper bound for A which depends
only on the coefficients of the equation (23) for w .

For this purpose write the equation (23) in the equivalent form

—a2

Q= ——— .
a09+al

In the usual terminology of the theory of complex multiplication, this is a

substitution of order m = aoa2 and it implies that S satisfies the
algebraic equation

Fﬁ(u, u) =0 .

Here Fﬁ(u, v) as before is the mth transformation polynomial. If in
this polynomial % and v are identified, Fﬁ(u, u) becomes a polynomial

not identically zero with integral coefficients, and it is obvious that the

sum of the absolute values of the coefficients of Fﬁ(u, u) 1is not larger
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than the analogous sum for Fm(u, v) . It is further clear that the
polynomial

2k 2h-1
Aou + Alu + ... 0+ A2h

is a divisor of Fh(u, u) . TFurther Fh(u, u) has at most the degree

2N . Hence, on applying once more the theorem of my paper [3], it follows
that
o, (m)+md(m)

* expl|l6mT —
m%

4 = 12003 (o(m))S (me1) » 22690

Thus there exists a positive absolute constant ¢ such that for all
quadratic equations (23) the sum of the absolute values of the primitive

irreducible equation for the singular module &S does not exceed the value

C(a0a2)3/2
e
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