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L-Series of Certain Elliptic Surfaces

Ling Long

Abstract. In this paper, we study the modularity of certain elliptic surfaces by determining their L-
series through their monodromy groups.

1 Introduction

In this article, we will make an attempt to understand the modularity of elliptic
surfaces. This problem is related to many interesting areas of mathematics such as
number theory, the theory of elliptic modular surfaces, and the theory of modular
forms. In this paper, we will present some preliminary results toward understanding
why certain elliptic surfaces to be modular, and why some character sum calculations
yield satisfactory results to this end. Basic standard results and notations in the lit-
erature which are relevant to our discussion are reviewed in the Sections 2 and 3.
Then we use three explicit examples of elliptic surfaces illustrating our approach in
establishing their modularity.

Let V be an irreducible smooth projective variety of dimension d over Q). Let p
be a prime, and V, be the reduction of V mod p. Suppose V, ® I, is irreducible
and smooth over F,. Let N, be the number of points of V,, over the degree n field
extension of IF,.

The local Zeta function Zy (T) attached to V, is defined as

m 25,0 = (SN,

n>1

where T'is a variable. By the weak Weil conjecture, proved by B. Dwork, Zy, (T) is a
rational function of T [Dwo60]. We now define the L-series of V over Q) as

L(V7 5) «_» HZVp(pfs)fl’
p

>

where the symbol “=" indicates equality up to finitely many factors related to those
p’s such that V, is singular. For the full Weil conjecture and basic knowledge of
modular forms, refer to the book by W. C. Li [Li96, Chapter 2].

Here, by modularity of a variety V defined over (), we mean the partial L-series of
V defined in Section 3, up to p-factors, the product of the Dirichlet series of one or
more Hecke eigenforms. In terms of local Zeta function, this means that the number
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#(V,/F,) of rational points of V,, over F,, is related to the Euler p-factor of some
Heck eigenforms.

Establishing the modularity of a given variety over ) is, in general, a difficult
question.

In the dimension one case, the proof of the Shimura-Taniyama-Weil conjecture
for semi-stable elliptic curves over () by Wiles and others is one of the most celebrated
results in the last century. It asserts that an elliptic curve E defined over Q) with
conductor N is modular, that is, there exists a modular parameterization from the
modular curve X,(N) to E, and the modularity of the modular curve is given by the
Eichler-Shimura theory [Shi71, Chapter 7].

However, for higher dimensional varieties, there are only sporadic results. Indeed,
for 2 dimensional varieties (i.e., surfaces), the modularity can be realized only in very
few special cases so far, for example, singular K3 surfaces by T. Shioda and H. Inose
[SI77], and elliptic modular surfaces by T. Shioda [Shi72]. There are several differ-
ent approaches for establishing the modularity of certain surfaces. One approach,
employed by S. Ahlgren, and K. Ono [AOO00] is to use explicit character sums and
the trace formulae. Another approach is based on Serre’s mod 2 Galois representa-
tion criterion formulated by Livné [Liv87]. This method was applied by H. Verrill
to compute the L-series of several Calabi-Yau varieties constructed using toric vari-
eties [Ver00]. For a survey article in modularity of Calabi-Yau manifolds, refer to the
paper by N. Yui [YuiO1].

Our approach is to establish the modularity of a certain surface through studying
its monodromy group. Given an elliptic surface, a theorem of M. Nori [Nor85] gives a
criterion for checking whether it is an elliptic modular surface or not. If it is modular,
we can study its homological invariant (its monodromy group) by way of its special
fibres and the group of global sections. In our cases, we can determine explicitly the
monodromy groups up to conjugacy classes. Hence by the theory of elliptic modular
surfaces [Shi72], the L-series of these surfaces are related to the weight 3 newforms
of the monodromy groups. From this perspective, we also obtain some insight for
certain character sum calculations which will be discussed in the Sections 4 and 5.

2 SL,(Z), PSL,(Z) and Their Subgroups

Let SL,(Z) denote the group of all 2 x 2 integral matrices of determinant 1. The
projective special linear group PSL,(7Z) is defined as the quotient group

SLy (7)) + 1.

The group SL,(Z) acts naturally on the Poincaré upper-half plane = {r € C |
Im 7 > 0} by fractional linear transformations. Explicitly, for any v = ( a Z) €
SLy(Z)and 7 € ©, ymaps T toy - T = ‘z:s
SL,(7Z) on 9 induces an action of PSL,(7Z) on $.

Given an integer N > 0, the level N principal congruence subgroup I'(N) of SL,(Z)
is defined as

Since 7y - 7 = —« - 7, the action of

I'(N) = {y € SLy(Z) | y = Imod N}.
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A subgroup I' of SL,(7Z) is called a congruence subgroup if it contains I'(N) for some
integer N > 0. Similarly, we can define the level N principal congruence subgroup
and congruence subgroups of PSL, (7).

Given a finite index subgroup I' of PSL,(Z) or SL,(Z), I acts freely on $ provided
—I ¢ T. The orbit space /T is a Riemann surface of complex dimension 1. The sur-
face $/T" can be compactified by adding finitely many points, namely, the equivalent
classes of " acting on Q) U {o0}, and they are called the cusps of T'. The compactified
surface Cr is called the modular curve associated to I'. The singularities of the com-
pactified surfaces are the cusps and the elliptic points, which are the fixed points of
the torsion elements of I'.

Givena cusp vof I' C SL,(7Z), the stabilizer of v is a cyclic subgroup of I generated
by a matrix N conjugate to i( )b ) for some positive integer b. The integer b is called
the cusp width of v. The cusp v is called the first kind if the matrix N is conjugate to
( (1) 117) , and is called the second kind otherwise.

A finite index subgroup I" of PSL, (Z) is said to be torsion-free if it does not contain
any torsion elements and I' is said to be genus zero if the associated modular curve Cr
is of genus zero. A. Sebbar has classified all the torsion-free genus zero congruence
subgroups of PSL,(Z) [Seb01].

3 Basics of Elliptic Surfaces

Let C be a curve defined over an algebraically closed field K. An elliptic surface X over
C is defined as a two dimensional variety with a morphism 7: X — C and a finite
collection of points 3 on C such that if ¢ ¢ 3 then the fibre X; = 7~ !(¢) is a smooth
curve of genus 1. If t € X, X, is called a special fibre. A global section ¢ is a morphism
0: C — X such that 7 o ¢ is the identity map on C. Given an elliptic surface X,
there are two important invariants associated to 7: X — C [Kod63]. One is called
the functional invariant, which is a rational function and we will also refer it as the
j-function of the elliptic surface 7: X — C; another one is called the homological
invariant, which is a sheaf over C, locally constant over C — 3 with general stalk
7. & 7, determined by the monodromy representation p: m,(C — X) — SL,(Z).

Subsequently we will be considering elliptic surfaces defined over number fields,
or finite fields. We will say an elliptic surface 7: X — C is defined over a number
field or a finite field K if the curve C, the surface X, and the map m: X — C are all
defined over K. In these cases, we will take models of elliptic surfaces in question
defined over K. However, in this section we will assume that the elliptic surfaces are
defined over algebraically closed fields unless we specify the field of definition.

Let m;: X; — C and m,: X, — C be two elliptic surfaces over the same curve
C. We say that they are birationally equivalent as elliptic surfaces over C if there is a
birational map: f: X; — X, withm = m, 0 f.

By the work of K. Kodaira, we will assume that the surfaces are minimal which
means they do not contain any rational curves of self-intersection number —1. Some-
times, we will simply refer to the elliptic surface 7: X — C as X without specifying
the elliptic fibration map 7 and the base curve C.

Given an elliptic surface X, its minimal compact smooth model X is unique up to
isomorphism, which is called the Néron model of X. Any two elliptic surfaces which
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are birationally equivalent as elliptic surfaces have the same Néron models. K. Ko-
daira [Kod63] and A. Néron [Nér64] independently classified all the possible types
of the special fibres of minimal compact smooth elliptic surfaces. In this paper, we
will use Kodaira’s symbols of special fibres [Kod63]. J. Tate developed an algorithm
for the determination of the special fibres of the Néron model of an elliptic surface
given by a Weierstrass equation [Tat75].

The Néron-Severi group of an elliptic surface X, denoted by NS(X), is the group of
divisors on X modulo algebraic equivalence. It lies in the second cohomology group
H?(X,7) of X, and its rank, denoted by p(X), is called the Picard number of X. An
elliptic surface can also be viewed as an elliptic curve defined over the functional field
of its base curve C. When the j-function of X is not a constant, by the Mordell-Weil
Theorem [Lan62, P.71], the global sections of the elliptic surface with respect to the
fixed elliptic fibration 7 form a finitely generated abelian group. This group is called
the Mordell-Weil group of X, denoted by MW (X). The rank of MW (X) is called the
Mordell-Weil rank of X, denoted by r(X) in the sequel. T. Shioda explained that the
Néron-Severi group of a given elliptic surface 7: X — C is generated by its Mordell-
Weil group and by the irreducible components of the fibres [Shi72]. He obtained the
Shioda-Tate formula:

(2) p(X) =241+ (m —1),

tey

where m, is the number of irreducible components of the fibre X, = 7~ 1(¢) fort € X.
Using Kodaira’s notation, if X; is of the type I, then m; = b, and if X; is of the type
If,my=5+b.

Now we consider some numerical invariants for a minimal compact smooth ellip-
tic surface X. We will always assume that the j-function of X is not a constant. Let g
denote the genus of the base curve C, p, the geometric genus of X, and ¢, the Euler
characteristic of X. K. Kodaira [Kod63] gave a formula to calculate ¢, as follows:

o =12(p, —g+1)

3) =d+ 6;1/(15) + 2v(I1) + 10v(IT*) + 3v(III)

+ 9V(IIT*) + 4v(IV) + 8v(IV*),
where d is the degree of the j-function, and v(-) represents the number of special

fibres of X of the type indicated in (-).
Now we consider the elliptic surfaces X given by Weierstrass equations

@ Y ra®xy+a)y =5 +a(0)x +at)x+as(t), a €Kl
where K is a perfect field of characteristic different from 2 and 3. By the discussion in
[SB85, part II], there exists a minimal compact smooth Néron model X of X defined

over K. In particular, if K’ = (), we can investigate the local Zeta function Zy. (T) for
every prime p. We are mainly interested in the factor P, (X, T) € Z[T] of Zx, (T),
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which is the characteristic polynomial of the action of Frobenius on HZ (X/2,). By
a Theorem of Shioda [Shi72, Theorem 1.1], we know that, given an elliptic fibration
on X/F,, the algebraic equivalence classes of the general fibre, of the zero section
and of the components of the singular fibres which do not meet the zero section, are
linearly independent elements in the Néron-Severi group NS(X/F,). This gives a
subspace V of NS(X/IF,) @ Q. The dimension of this subspace is given by

(5) dimV =2+ (m — 1),

ey

where m; is the number of irreducible components of the special fibre X; as before.
We note that dim V' is independent of the characteristic p. Since NS(X/F,) ® Q. is a
subspace of the crystalline cohomology group H, Czrys (X/2,) of Xp, sois V. The action
of the Frobenius on this space V is p times the map induced by the endomorphism of
the space X which raises coordinates to their p-th power. Let P, ,(X, T) be the char-
acteristic polynomial of the Frobenius on V. Then P,, ,(X, T) € Z[T]. Moreover,

P, ,(X, T) can be decomposed as
P, ,(X, T) = Py, (X, T)P21,,(X, T),

for some P ,(X, T) € Z[T] of degree b,(X, ® F,) — dim V. Here b,(X, ® F,) is
the second Betti number of X, ® I,.

Given an elliptic surface X in the Weierstrass form with a;[t] € Z[¢], in this paper,
we define the partial L-series of its Néron model X over Q) as

(6) L(X,5) = ] ParpX,p™"

p prime

Later, we will determine the partial L-series L(X, s) defined by (6) for elliptic sur-
faces X over (), rather than the full Hasse-Weil L-series of X.

In [Shi72], T. Shioda defined the elliptic modular surfaces associated to finite in-
dex subgroups of SL,(Z) which do not contain —I. An elliptic modular surface Xt
associated to such a subgroup I' can be considered as a universal elliptic curve over
the modular curve associated to I'. For a torsion-free finite index subgroup I' of
SL,(7Z), the Euler characteristic of Xr is given by [Shi72, formula (4.10)]

(7) € = i+ 61y,

where 1 = [SL,(Z) : 'U —T'], and t, is the number of cusps of I" of the second kind.
The special fibres of such a surface Xr are either of the type I, for cusps with cusp
width b of the first kind or of the type I} for cusp with cusp width b of the second
kind. Let S3(I") denote the space of weight 3 cusp forms of I'. Then

(8) dim S3(I") = pg(Xr).

Proposition 3.1 ([Shi72]) The Hodge decomposition of the second cohomology of the
surface Xt is given as follows:

H*(Xp, €) = $(I') @ §(I) & (NS(Xr) @ C).
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Furthermore, if X satisfies an algebraic equation with coefficients in 7, then by
the result of P. Deligne [Del73], the partial L-series of X1, defined by the formula (6)
is given, up to a finite number of p factors, by

) L(Xr,s) = [[ D(£,9).

Here f;’s are normalized cuspidal eigenforms of I' which form a basis of the space
S3(I") and D(f;, s) is the associated Dirichlet series of f;. Given a normalized cuspidal
eigenform f =3 -, a.q}}, 44 = e’ , we define the associated Dirichlet series as

D(f,s) = Z apn_°.

n>1

Theorem 3.2 (Nori [Nor85])  Let X be a complex elliptic surface with non-constant
j-function such that X which admits a global section. Suppose X satisfies all the following
conditions:

1. it has no singular fibres of the type II* or I1I*;
2. the Hodge number h'! of X is equal to the Picard number p(X);
3. the Mordell-Weil rank r(X) = 0.

Then X is an elliptic modular surface associated to a finite index subgroup of SL,(7Z).

4 The Legendre Elliptic Surface and Its Twist

We first consider the Legendre family of elliptic curves given by the equation y? =
x(x — 1)(x — t), which gives rise to an elliptic surface. Consider the smooth minimal
model X; of this surface.

Theorem 4.1 The Néron model X, of the Legendre family y* = x(x — 1)(x — t) is an
elliptic modular surface associated to an index 12 subgroup I'y of SL,(Z). The group I,
is conjugate by an element in SL, () to

1 0 -1 2 1 0 -1 2
{'yGSLz(Z)‘7:<O 1>,<0 _1>,<2 1>,or<2 _1>mod4}.
The partial L-series of X1 defined in (6) is 1.

Proof By the Tate algorithm [Tat75], we know that the special fibres of X; are of
the types I, I, I;. By Kodaira’s formula (3), c,(X;) = 12. This means X, a rational
surface with geometric genus 0, and the Hodge number 1! (X) = dim H"! (X) = 10.
By the Shioda-Tate formula (2),

pX)=2+2-1)+2-1)+B+2—-1)+7r(X;) =10+ r(Xy).

Since for any compact complex elliptic surface X over a field of characteristic 0,
p(X) < hHY(X), r(X;) = 0. By M. Nori’s Theorem 3.2, X; is elliptic modular. Its
monodromy group I'; is a finite index subgroup of SL,(Z).
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Now we describe I'; explicitly. The group I'y is torsion-free (since it only has
special fibres of the types I, and I;'). It has three cusps, two of them with cusp width 2
of the first kind, and another one with cusp width 2 of the second kind. By the
formula (7),

12 =24 +6.

Since —1 ¢ T'y,

Furthermore, the Mordell-Weil group of X, is isomorphic to Z/27 x 7./27 since X,
has 4 torsion sections and the X; has a special fibre of the type I7. This implies that
forany~y € I';, and any m, n € Z, (v — I)(5, g)T € 7*. Hence I'; C T'(2) of index 2.
Now pick any three rational points as the cusps of I';. In this case different choices
of cusps determine different monodromy groups which are conjugate to each other
in SL,(7Z). Suppose that the three cusps we pick are 0o, 0, 1 and the stabilizer of co is
generated by ( ' 1), and the stabilizers of 0, 1 are generated by elements conjugate
to (43). The above information and assumption determine that the monodromy

group I'; is conjugate by an element in SL,(Z) to the group:

{7 € SL,(7Z) ‘ v = (é (1)) , (_01 _21> , <; (1)> , or <_21 _21> mod4}.

Since the surface X is a rational surface, and the space of weight 3 cusp forms of
I'; is empty. Hence by the formula (9) the partial L-series of X is trivial. [ |

In the Arizona winter school 2000, part of the project of N. Katz’s group was to
work on the following problem. Prove that

Theorem 4.2  For any odd prime p

Z (t(t— Dax(x — 1)(x—t)) _Jo if p = 3mod 4;
p ) 2(* — @) ifp=1mod4,

txel,

where integers a and b are given by p = a* + b* and a = 0 mod 2.

One proof of this result can be found in [Eva81].
To get some geometric insight to Theorem 4.2, we consider the elliptic surface X5,
which is the Legendre family twisted by a factor (¢ — 1):

T: X, = C =%, {(x,pt) |y =tlt—Dxlx—D(x—1)}—t,
where ¥ = {0, 1, 00}. Let X, be the Néron model of X.

Theorem 4.3  The Néron model X, of the surface y* = t(t — 1)x(x — 1)(x — t) isa
K3 surface. It is an elliptic modular surface associated to an index 12 subgroup I'; of
SL,(Z), which is conjugate by an element in SL, (/) to the group

{’y € SL,(7) ‘ v = (é (1)) , <_01 _21) , (_21 _01) , or (; i) mod4}.
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The L-series of the surface X, is given by
(10) L(:X:Zas) :D(f75)7

where

f@=a]](1- (@)™ © p=eT,

n>1

is the weight 3 cusp form of I', with integral coefficients.

Proof The surface y*> = t(t — 1)x(x — 1)(x — t) is birationally equivalent as an
elliptic surface to the surface y* = x(x — t(t — 1)) (x — £2(t — 1)) by (x,y) —
(xt(t — 1), yt(t — 1)) . The latter surface is a Weierstrass equation. The smooth
minimal models are isomorphic, denoted by X, as above. By the Tate algorithm, X,
have 3 special fibres of the types I}, I;, I respectively. By Kodaira’s formula (3),
c2(X;) = 24. Hence X, is a K3 surface and its geometric genus is 1. By the Shioda-
Tate formula (2),

p)=2+G+2—-1D)+B+2—-1)+GB+2—-1)+r(X;) =20+ r(Xy).

Since p(X;) < h1(X,) = 20, we have r(X,) = 0. By Nori’s theorem, X, is an elliptic
modular surface, and the associated subgroup of SL,(Z) is denoted by I',.
To determine I',, we first note by the formula that (7)

24 =1 +6-3.
Hence

Since MW (X,) 22 7./27 x 7./27,, we have I, C T'(2) of index 2. Then by picking oo,
0, 1 to be the three cusps of I, whose stabilizers all generated by elements conjugate
to (' Z1), we obtain that the group I'; is uniquely determined up to conjugacy in
SL, (7). It has a representation as

1 0 -1 2 -1 0 1 2
{’}/ESLZ(Z)"}/E(O 1),<0 _1),(2 _1>,0r (2 1)modél}.
By the formula (8),

dlmS3(F2) = pg(FZ) =1.

Note that I'(4) C TI',, hence S3(I';) C 53(F(4)). Since pg(F(4)) = 1,ithasa
generator given by

g@=a (1 @*)",

n>1

where g, = ¢’ is the uniformizer of the modular curve associated to I'(4) at the
cusp oo. Hence S3(I';) is generated by

e [T(1— (@) = 3 G (g2,

n>1 n>1
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where g, = 7' is the uniformizer of the modular curve associated to the group I',
at the cusp oo and ay,4; are the integers appeared in Theorem 4.2.

Since X, is the Néron model for X, defined by an equation with coefficients in
7 and X, is elliptic modular, by the result of (9), its partial L-series is of the form
of (10). [ |

We return to consider how Theorem 4.2 is related to Theorem 4.3. By the defini-
tion of L-series in (6), the factor P, ; ,(X;, p~)~! of the local Zeta function pr (p™)
is related to the local Euler p-factor of f, which can be writtenas (1—a,p—*+p*~*)~".
Hence a,, is related to the coefficients of P, ; ,(T). According to the definition of local
Zeta functions (1), we need to consider the number of rational points of X, over F,.
For an odd prime p, this number is equal to #(X; /IF,), the number of rational points
of X, over I, plus the contributions from the compactified fibres over ¥. We note
that the calculation for #(X;/IF,) is essential for finding the local Zeta function of Y.

We have
(1) s = Y ((t(t—l)x(x— l)(x—t)> +1>
xtEF, 10,1 p
(12) _ Z <t(t—1)X(X—1)(X—t)> +P(p_2)’
xt€F, p

where (;) is the Legendre symbol. Hence the value of the character sum

5, = Z (t(t — l)x(xp— 1)(x — t))

x,tel,

is related to the p-th coefficient of f. It is easy to see that S, = 0 when p = 3 mod 4.
Indeed for any odd prime p = 1 mod 4,

Z <t(t — Dax(x — 1)(x — t)> —a, = 2P — ),

x,tel, p

where p = a? + b* and a = 0 mod 2.

5 The Elliptic Surface Related to Generalized Congruence Numbers

Another elliptic surface which is of similar flavor and related to the above two surfaces
is give by

(13) yr=x(x — 1/t)(x+1).

This surface arises from the study of a generalized congruent number problem by
Long [Lon03].
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Let us briefly discuss how to obtain this surface. Let a, b, ¢ be the lengths of three
sides of a triangle with area 1 and suppose that the angle a between a and b satisfies

sin(a) = 7 and cos(a) = t:zzll Letting x = ¢*>/4and y = c(a®> — b*)/8, then x and

y satisfy the equation (13).

Theorem 5.1  The Néron model X5 of the elliptic surface
y' =x(x —1/t)(x +1)

is a K3 surface. It is an elliptic modular surface associated to a congruence subgroup I';
of SL,(Z). Up to conjugation by an element in SL,(Z), I's is given by

F3 = ’Y_l (F(4) U ar(4)) v,

wherey = (31) anda = (' Z7).
The L-series of X5 is given by L(X5,s) = D(g, ), where

8(z) = Za”(%) gs, qs = 5

n>1

is a weight 3 modular form associated to I's, and a,, are the coefficients of the modular
form f which is defined in Theorem 4.2.

Proof By the Tate algorithm, X5 has 4 special fibres of the types I, 4, I}, I} respec-
tively. By the formula (2), we obtain that it is a K3 surface with the Picard number
is 20, and the Mordell-Weil rank of X3 is 0. By Nori’s Theorem 3.2, it is an elliptic
modular surface.

To obtain the modular group associated to this surface, we first note that it is
relatively easy to get a torsion-free finite index subgroup T'§ of SL,(7Z) with 4 cusps:
two of them with cusp width 4 of the first kind and another two with cusp width 2
of the second kind. Without loss of generosity, we many assume that 0 and 1 are two
cusps with cusp width 4 of the first kind; oo and 1/2 are two cusps with cusp width 2
of the second kind. This group I'} is determined as

Fé:{nySLZ(Z)"yE((l) ?),or <_01 :i)modél}.

Wenote thatI'(4) C T'j of index 2, and pr = [SL,(Z) : +£T'5] = 12. Let X the elliptic
modular surface associated to I'}, by the formula (7), ¢, (ijl) = 12+2-6 = 24. Hence

dim(S3(1)) = dim(S3(F(4))) —1.
It follows that the normalized new form f’ = g, ], (1 — q1)® of T'(4) is induced
from I'}. In other words S3(T'}) = (f'). -

Now let T's = v 'T'}, where y = ( 5 %) . We can check that I'(8) C I'; of index
16, and the group I'; has 4 cusps: co and 0 with cusp width 4 of the second kind; 1
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and —1 with cusp width 2 of the first kind. This group is determined by X5 up to
conjugation by an element in SL,(Z). Moreover,

and S3(T'3) = (f'(y2) = f'(5 + %)},where

z 1 mitant)) (2, 1
£1(5+3) = D aumae ™D

n>1

. 2mi(8n+1) z . 2mi(8n+5) z
ZIE agpy1€  ® —15 agnyse 8

8n+1 8n+5

. 2 2ritant1)
:12“4”+1(4n+1)e L

4n+1

Since X3 is the Néron model of X; defined by an algebraic equation with integral
coefficients and it is elliptic modular, hence its L-series defined by (9) is

L(x:’))s) = L(g7 S)' n

Another method for establishing the last claim of Theorem 5.1 is by a calculation
of the character sum. Consider another surface y*> = xt(xt — 1)(x + t), which is
birationally equivalent as elliptic surfaces to the surface y*> = x(x — 1/t)(x + t) by
sending (x, y) — (x, y/1).

Lemma 5.2 For any odd prime p
Z <tx(xt— 1)(x+t)) {0 if p = 3 mod 4,
~ (2 22y .
ety p (E)Z(b —a*) ifp=1mod4,
where integers a and b are given by p = a* + b* and a = 0 mod 2.

Proof When p = 3mod 4, we have (’71) = —1. If we replace x by —x and ¢ by —¢,
the product is differed by —1. Hence the sum is 0 by symmetry.

Now we assume p = 1 mod 4. The surface y> = —itx(tx — 1)(x+1) is birationally
equivalent to the surface y*> = xt(x — 1)(t — 1)(x — t) by the following birational
map:

—it—1 (x+i)t—1y ix—1
t
(3 8) = ( xt—1" (xt—1P3 “xt—1)’
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over any field containing 7, for example, IF, when p = 1 mod 4.

When p = 5mod 8, (%) = —1,i = 25 in IFp; when p = 1 mod 8, such i is a
square in F, and (%) = 1. In either case, we have (é) = (%).

Hence we have

tx(xt — 1)(x +t) 2 2tx(xt — 1)(x + 1)
2 ( p > B (E) Z( P >

x,tEFp xt#1 xtel,

( —itx(xt — 1)(x + t))

Z
% Z ( t—l)x(x—l)(x—t)>
tel

This lemma follows from Theorem 4.2. ]

Remark 5.3 The projections of I'y, I'; and I'} in PSL,(Z) are all the same, i.e.
40/ +I=40y/ I =415/ +1=+1(2)/ £ L

This projection to PSL,(Z) is in the list of Sebbar’s classification of genus zero, torsion-
free congruence subgroup of PSL, (7).
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