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ON THE ANALYTIC CONTINUATION OF
c¢-FUNCTIONS

PAUL F. RINGSETH

Introduction. Let G be a reductive Lie group; I' a nonuniform lattice in
G. Then the theory of Fisenstein series plays a major role in the spectral
decomposition of L*(G/T) (cf. [5] ). One of the most difficult aspects of the
subject is the analytic continuation of the Eisenstein series along with its
associated c-function. This was originally done by Langlands using some
very difficult analysis (cf. [S] ). Later Harish-Chandra was able to simplify
somewhat the most difficult part of the continuation, the continuation to
zero, by the introduction of the Maas-Selberg relation. The purpose of this
note is to give a simplified account of this particular part of the theory.

Our chief tool will be the truncation operator of Arthur (cf. [1] and [8] ),
the systematic utilization of which has the effect of streamlining the earlier
accounts, especially in so far as continuation to zero is concerned, which is
reduced to an elementary manipulation.

In Section 1, the notation is set up and some standard constructions are
reviewed. Section 2 is concerned with the theory of the constant term,
while Section 3 deals with the truncation operator. With this preparation,
we pass in Section 4 to the continuation itself. Modeling on the inner
product of two rank 1 Fisenstein series, property (I.P.) is introduced. It is
the analysis of property (I.P.) that provides the continuation. The material
in Section 1 and Section 2 is essentially standard (cf. [4] and [5] ). It is the
continuity of the truncation operator, as described by property (ii) of
Section 3, which, when utilized appropriately, provides a vast simplifica-
tion of the previous continuation arguments.

As a general reference for any undefined terminology, see Osborne and
Warner’s excellent monograph, The Theory of Eisenstein Systems,
Academic Press, 1981.

Acknowledgement. 1 would like to thank M. Scott Osborne and Garth
Warner for suggesting the use of the truncation operator. Their detailed
criticisms of earlier drafts of this paper have been very helpful.

1. Preliminaries. Let G be a reductive Lie group of the Harish-Chandra
class; let I' be a nonuniform lattice in G. Assume that the pair satisfies the
assumption spelled out on page 62 of [7].
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Let (P, S) be a I'-cuspidal split parabolic subgroup of G with special
split component A. Then G = K - P, where K is, as usual, a fixed maximal
compact subgroup of G. The Langlands decomposition is then P = 4 - S,
where S = M- N (cf pp. 30-32 in [7]). The Lie algebra of 4 will be de-
noted by a and by d its dual. Then a and d are canonically isomorphic via
the Euclidean structure induced by the Killing form. Let x € G. Then x
admits a decomposition
x=kas, (k,€ K, a, € A5 €S),

where the factor a, is unique. Given A € 4 ® C, write
ad = M) (H(x) = log a,)

and define

Zp(x) = inf a o
P rezy

where 2?3 denotes the simple roots of (g, a). Given A € 22, and t > 0,
put

At] = {a € Al = 1}
and then set

Al =, Dy A1)

If now w is a compact neighborhood of 1 in S then
S,, =K A[t] - w

1w

is called a Siegel domain in & (relative to (P, S; A)).

(1) Let f be a complex valued measurable function on G/T. f is said to
be slowly increasing if there exists a real number r such that for every
Siegel domain & associated with a I'-percuspidal parabolic subgroup P of
G there is a constant ¢ > 0 such that

()] = cZE(x) (x € ©).

f is said to be rapidly decreasing if for every real number r and for every
Siegel domain & associated with a I'-percuspidal subgroup P of G there is
a constant ¢ > 0 such that

f(x)] = cEp(x) (x € ©).

In either case, r is called an exponent of growth.

Let S7°(G/T) be the space of slowly increasing functions f on G/T" with
exponent of growth r such that for every right invariant differential
operator D on G, Df is also slowly increasing with exponent of growth r.
Then the seminorms

\fl.p = max sup Zp"()IDf(x) |
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endow S °(G/T) with the structure of a Fréchet space. Here, the &,
are Siegel domains relative to I'-percuspidal subgroups P, of G such that
G=ug, - T.

(2) Let f be a complex valued differentiable function on G/T. Then f is
said to be an automorphic form if:
(i) f is slowly increasing,
(ii) The functions x > f(kx) (k € K) span a finite dimensional vector
space,
(iii) The functions x > (Zf)(x) (Z € 3) span a finite dimensional
vector space.

Here 3 denotes the center of the universal enveloping algebra of the
complexification of the Lie algebra of G. Denote the space of all auto-
morphic forms by Z(G/T).

Let (P, S) be a I'-cuspidal split parabolic subgroup of G and let p denote
1/2 the sum of the positive roots. Let

[ € Li(G/T)

then the constant term of f along P is the function f, on G defined by
Jo=dp f d

where dp(x) = df, and

ST = L,Nmrﬂxn)dn.

If f € 2(G/T), then for all choices of k € K and a € A the function
m = fp(kma) is an element of %(M/T),) (cf. Lemma 3.3 of [5]).

If fp = O for all P # G, then f is called a cusp form. Let %, (M/Ty,)
denote the space of cusp forms in %(M/T,;). We shall say that fp is
negligible along P, written fp ~ 0, if

A{/FM Jp(kma)g(m)dm = 0

for every g € %, (M/T),) and all choices of k € K and a € A. The
integral converges because every element of % ,(M/T),) is rapidly
decreasing.

Let rank(P) denote the dimension of 4. Call % (G/ T') the space of all
automorphic forms f such that f, ~ 0 for all I-cuspidal parabolic sub-
groups P whose rank differs from gq.

LeMMA 1. Let f be a slowly increasing continuous function G/T. Suppose
that fp ~ O for every T-cuspidal split parabolic subgroup P of G (including
P = G). Then f is identically zero.

(This is Lemma 3.7 of [5].)
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(3) Let K denote the unitary dual of K; let EA’, u denote the characters
of the center of the universal enveloping algebra of the complexification of
the Lie algebra of M. If W(A4) denotes all automorphisms of 4 induced
from an inner automorphism of G, then since M centralizes 4, there is a
natural orbit structure w4 )\8 M-

Given 8§ € K and 0 € W(A)\5M, let &,,(0, O) be the set of all
continuous functions ®:G — C such that:

(1) @ is right invariant under (I' N P) - 4 - N,
(i1) For every x € G, the function k — ®(kx) (k € K) belongs to
LX(K; 9),

(ii1) For every x € G, the function m > ®(xm) (m € M) belongs
to LZHS(M/ Ty O).

It is known that &, (8, 0) is a finite dimensional Hilbert space of
automorphic forms with inner product

d, V) = / / D(km)W¥ dkdm.
@ %) = f [y, @) ¥Cem)dedm
Let %P(&) be the positive chamber in d. Put
(@) = —(p + G(@)).
If ® € &,(5, 0), then attached to @ is the Eisenstein series

cus

E(P|A:®:A:x) = > af{pfb(xy).
yel/TNnP
It is known that the series defining E(P|4:®:A:x) is absolutely uniformly
convergent on compact subsets of

(@) + V—1a) X G.
In fact, if rank(P) = g and Re(A) € Jp(Q), then
E(P|A:®:A:x)

is an element of %,(G/T).

(4) Let (P, S)) and (P, S,) be two I'-cuspidal split parabolic subgroups
of G with special split components A, and 4,. (P, S)) and (P,, S,) are said
to be associate if there exists s € G such that

oA]a_l = A,.

Let W(A4,, A;) denote the set of all such isomorphisms. The relation of
association breaks up the I'-cuspidal split parabolic subgroups of G into
equivalence classes. Fix one such, say € Then the rank of % is the rank of
any element of € If (P}, S)) and (P,, S,) are elements of %, then the orbit
spaces W(Al)\8 M, and W(Az)\8 M, are in canonical one-to-one corre-
spondence. Correspondmg orbits are said to be associate. Let 0, and 0, be
associate orbits. Let s« € W(A4,, A;) and identify the map s with the
element of G that it represents. Define
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F(O) =InN PZOP]’
It can then be shown that for any ®, belonging to &,,(5, 0)),
Ep(Pil4;:®,:A;:x)

= ew% » ay(x)" Moy (Pol Ao Pyl :0: A DD )(x),
9 244

where

(Cous(PalAp: Pyl A 101 A )®))(x)

— (py—9A)) f
ay(x) Ny/NyNT

{ > al(xnv)(’“"’"‘Dl(an)}dn-

yEI'(0)/TNP

The c-function ¢, (P5lA5:P\lA,:0:A}) is a linear transformation from

8,8, O0)) to &,,4(6, 0,) which is holomorphic as a function of A; in
F (@) + V-14,.

However, if (P, S,) and (P,, S,) are of the same rank, but are not
associate, then

Ep(P|A4,:®@:A:x) = 0

(cf. Lemma 4.4 on pp. 85-86 of [5]).
Let P, (1 = i = r) be a set of representatives for G\%. Then

¢=1lg
where ¢ = G- {B} N € Let £, (1 = p = r,) be a set of representatives
for I'\%,. Then

(pllsi=rl=p=rn}

is a set of representatives for I'\%. Let k;, € K be such that

-1
Pi}L = ki}lBkiM .
If special split components are taken then
—-1
Ai"' = kl[.lAlklp. .
Let

B =M;-A4;-N,B, =M, -4, N,

be the corresponding Langlands decompositions.
Fix a K-type 8. Let

O ={0,)1 =p=r)
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be a collection of associate orbits. Set

Cgl::us(& 0) = 2 ® &us(8, mip.)'
u

Let ¢; and @, be associate (sets of) orbits, 1 =i, j = r. Let
o€ WA, 4) and A; € F@) + V-14,
Define
Cous(B14;: B4 01 A})
to be the matrix
[Ccu(Bl;y: Byl Ad(K) o Ad(ky, D):Ad(Ky,) A) ]
which maps &, (8, 0,) to &9, ). It is known that the adjoint
Cous(B 14 P14 201 A )*
of
Cous(B14,:P1A 0 A})
is given by
Cous(PlA;:P|4;:a7 " —ah).

Moreover, there exists a constant ¢ > 0 and an element H; € q; such
that
lleeus(B1A;: BlA 20 A)) ]

SRe(A) =p)(H)

CllS(

A

¢ -

0! (Re(A) + p;, @) l,

aGEPI
for all A, € Z5(&;) + V=14, and all o € W(4;, 4,) (cf. Lemma 4.5 on
p. 86 of [5]). Define

7.

E(PIA;:®:A:x) = 2 E(B,JA,:9,,:Ad(k;,) A;x),
p=1
for
O, = (@,) € 6,5, 0) and A, € GG + V14,
It follows from the definitions that
ECU(E!AI-:(I)i:Ai:x)

Ad(k,,)oA,
— 2 ajv(x)( (kj)ol;)
oS WA,

X (B 0 cou(BlA;:B1A;:0:A)®,)(x),
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where

Ej’ cus(8 ) - gcus(a’ 0/0)
is the orthogonal projection.

(5) Let rank(%¥) = ¢q. Let (P, S) and (P’, §’) belong to . It follows from
Lemma 81 of [4] that lol = |o'l. Denote their common value by |p|.
Fix R > |p|, 8§ € Kand 0 € W(A)\SM Denote by 5%, the space of
Fourier-Laplace transforms of functions in €.°(\/— 1d). Set

K0, 0) = #; B &6, 0).
Attached to each ® € 5#(8, 0) is the wave packet

1 v
Op(x) = @ Le(A)on E(PlA:®(A):A:x)ldA] (A € Fp(a)).

It is known that ©j is rapidly decreasing (cf. Lemma 3.6 of [5] ). Define
92’2(R) to be the space of all bounded holomorphic functions on

{A ad ® C||Re(A) | < R}

that are square integrable on vertical strips. Set
HB, 0, R) = H(R) ® 5,8, 0).

An elementary Argument using transform theory shows that the map
® > 04:5¢,(8, 0) > LXAG/T)

can be extended to a map from 3?’2(8 0 R) to LXG/T). In fact, if
P e 9?2(8 0; R), then the element O of L’ (G/T) is the L?-limit of wave
packets. Define

A3, O3 R H% (3. 0, R).

If 0, and 0 are collections of associate orbits and

®, eaif2(8, :R) and @ € #°@3, 0; R)
then
o/ Oo(x)Bg (x)dx
1
= > — Le(Ai)=A? (Cous(P14;:PlA4;:0:A)@,(A),

s€ W(A,.A,) Q2m)?
®,(—oA,))ldA,l,
where
A) € @) and |A)l <R
(cf. Lemma 4.6 of [5]).
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Let L%(G/ TI'; 8, 0) denote the closed subspace of L2(G/ I') spanned by
the ©g, where

o e %i}t(s’ (Ojﬂ)’ 0 = {(Oi;.t}'
Then

LAG/IT) = 2 X 2 @ L4(G/T; 8, 0)
€ & 0

(cf. Lemma 4.6 of [5]).

2. The constant term. Specialize now to rank(%) = 1. Let
0={@m11§i§",1§ﬂé’}}
be a collection of associate orbits. Set
r
gcus(s, 0) = 2] @ gcus(sa 01')9
and
r
#2%6, 0, R) = [1 #°6. 0: R).

Let (P, S) € ¥ Since rank(%) = 1, any element of % is conjugate
toP = M- A- N or to the opposite group P = M- A-N .Pand P
are conjugate if and only if —1 € W(A). Thus r = 1 or 2. In either
case put

where a; is the simple root of (7, S;). Then
P = ]P!)\,’-
If r = 1, then W(4,) = {1}, so for Re(z) < —|p| define
c(z) = ey (P4 P A1 — 1:2A).
If = 2 then W(4;) = {1} (i = 1, 2), so for Re(z) < —|p| define
0, Cons(Pil4 1Pyl 45107 1i2N,)
c(z) = >
ccus(P2|A2:PllAl:4:Z)\l)’ 0

where ¢ is the unique element in W(4,, 4)).

In either case ¢(z) is a linear transformation from &,,(8, ) to itself that
is holomorphic for Re(z) << —|p|. Moreover, the adjoint ¢(z)* of ¢(z) is
equal to ¢(z).
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If ® and V¥ are elements of sz(& 0, R), then the inner product
(Op, Og)g/r

is equal to

1 c+ico
i / erico L(R(2), ¥(—2)) + (c(2)0(2), ¥(Z) ) }dz,
Tl

where —R < ¢ < —|p|.
Given z € C* = C\{0}, let L(z) consist of all f/ € 2(G/T) for
which

(i) fp = 0if P & % and rank(P) = 1.
(ii) /3, () = @, ()™ + 4, (x)e” )
for some ¢ = (¢;,), ¥ = (¥,,) belonging to &,,(8, 0). Here,
() = N(Ad(ky, DH,(x)).

(This definition is due to Harish-Chandra; cf. p. 91 of [4]).
Define %(z) to be the set of all pairs

(9 ¥) € &8, 0) X (8, 0)

cus

for which there exists f € %,(G/T) such that (i) and (ii) hold. Lemma 1
shows that f < (g, Y) gives a bijective correspondence of #(z) with ¥(z).
Let

(C — T):&(z) > 92)
denote this correspondence. If ¢ € &, (8, 0), then define 7, = 0if ¢ = 0
and 7, = 1if ¢ # 0.
LeMMA 2. Let {z,} € C*. Suppose that (f,) S %(G/T) such that
Sy € L(z,) and (C — T)(/,) = (9, ¥)-

If 9, @, ¥, = Y and z,, = z, then there exists f € U(G/T) such that f, = f
uniformly on compact subsets of G/T. In fact, for some r, the sequence (f,) is
contained in S;°(G/T) and f, — f in S.°(G/T). Moreover, if & is any
Siegel domain associated to a T'-percuspidal split parabolic subgroup (P, S)
of G, then there is a constant ¢ > 0 so that, for all x € &, | [, (x) | is bounded
above by

M

(. - eReCIloDr,(0
Pn
1

cf lle,ll + [, i }{2

i=1p

It

+ o7 e~ Re@@)Flehr,(x) ]

n

In addition let [ € #(z) with Re(z) < 0. If
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(C = 1)) =0,
then f € LXG/T).
(The proofs of these results can be found in [S], pp. 100-111.)
Let f,, be a bounded analytic function on
{A €4,®Cl [Re(A)| <R}
Suppose that for all s € W(4,,, 4,,),
JiloD) = [ (D).
Set /' = (f,)- Define now
{fd) (f,®,). @ € H#°(B, G R),
f®d) = @fq)
If f(A) = f (—A) then
(Trby, bg)Gr = (O, Tr«Og)g/r-
Moreover, if || fll, = k, then

1T, Ogllg,r = klIOgllg/ 1

so T, defines a bounded linear operator on L2(G/I‘). Observe that if
A = A, + \/—1A, then

(A A) = (AL A — (Ag Ay) + 2V IKAL Ay).
Hence if Re(¢) > R? and f (A) = (¢ — (A, A))™', then Tjzis a bounded
linear operator on Lg(G/ I‘ 3, 0).

On the other hand, there is an essentially self-adjoint operator [J on
L2 «(G/T; 8, 0) characterized by the relation

06y = Bpne (P € %fi.v,,(a’ O ):

where ( (7, )@} A) = (A, A)P(A). Let w be the Casimir operator. Then w
is an essentlally self-adjoint operator defined on the space of differentiable
vectors in L(g(G/ T'; 8, 0). In fact, one has 0 = w — ¢(@), where ¢(0) € R.
Since the resolvent Res([, {) of O is equal to Ty, the arbitrariness of R
shows that the spectrum of [J is contained in (—oo, Iol?].

LEMMA 3. Let ¢, ¢ € &,,(8, O). Then (c()o, ¥) is holomorphic as a
Sfunction of ¢ on

D= {t € CRe(}) < 0,¢ & [~Ipl, 0) }.
(This is due to Langlands, cf. pp. 127-128 of [5].)
Proof. Set

OF) = Fo and ¥Q) = &v.
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Then the inner product

(Res(@, §)8p, Og)g,r

is equal to

1 c+ico 27
i ./ . 2{ (9, ) + (c(2)o, ¥) }dz,

2mi Y < ’°°§2

for Re({) < ¢ << —|p|. By shifting the line of integration to Re(z) =
with ¢; << Re({) << ¢, we get

1 ¢, +ico 27
(Res@, §985, O00) = 5= | 7= (0 9) + (o ) )
28

- "2—{{ @9 + e ) ).

The integral over Re(z) = ¢, is holomorphic for ¢; << Re({) << 0, while
§ = (Res@, §%)8g, By)
is holomorphic on D. Hence (¢({)¢, ¥) is holomorphic for { € D.

Remark. The techniques used in this lemma will play an important role
later on.

3. Truncation. The process of truncation was first introduced by Selberg
(cf. page 183 of [10] ). Langlands also used truncation in his continuation
argument (cf. page 133 of [5] ). However, it was Arthur who first observed
that truncation can be used to define a projection operator on L2(G/ T)
(cf. [1] and [2]). In this section we shall review the construction of the
truncation operator and then compute the inner product of two truncated
Eisenstein series. Here, we are following the point of view of Osborne and
Warner (cf. [8] and [9] ).

Let (P, S) and (P, §’) be I'-cuspidal split parabolic subgroups of G with
special split components 4 and A’. Suppose that yPy~ ' = P’ for some
vy € I'. Writey = kp (k € K, p € P). Define

If(P:P):a’ > a
by

INP:PYH') = Ad(k™ "Y(H') + Hp(¥).
Then

Hp(xy) = It(P:P')(Hp(x)).

As before, let € denote a fixed association class of rank 1 T'-cuspidal
parabolic subgroups of G. Define
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ag = {H e PH(gapluy,,f. = It(yPy "PH, (v €1 ]
[
Here, ap is, of course, the Lie algebra of the special split component of
(P, S).
If (P, S) € % let xp denote the characteristic function of the positive
cone of (P, S). Letz € C*, f € #(z) and H € ag. Define the truncation
operator

O (x) = fix) — 2 xp(Hp — Hp(x)) - fT(x).

prPe¥

It follows from the definitions that

@NE =fe) -2 S D xp My — Hy(m) - ST,

i=1p=1yel/Tnp,
For convenience, we shall consider only those H € ag for which
aip,(HPm) = aju(H}}v)s

where a;, is the simple root of (£, S;,). There is no loss of generality in
doing this, since the set of such H is cofinal with respect to the natural
ordering on ag,. Moreover, given such an H there exists N € R such

that
xp(Hp — Hp (X)) = X(—oco,—n){Tiu(X) )-

ot possesses the following properties.
(i) limyy_,_, OY'f = f uniformly on compact subsets of G/T.
(i) Q":8°°(G/T) — LX(G/T) is continuous.
(iii) For H < 0, Q" o 0" = QM and the closure of Q" in L*(G/T) is an
orthogonal projection.

The proofs of these results, for adelic groups, are due to Arthur (cf. [1] ).
(The fact that QH extends to an orthogonal projection is only a remark.)
For real groups and for lattices with more than one cusp, the proofs are
due to Osborne and Warner (cf. [8] ).

We shall now compute the L*-inner product of two truncated rank 1
Fisenstein series.

Let ¢ € &, (0, 0) and Re(z) < —|p|. Define

r

E(g, z) = > 21 E(P A, 9,:2(Ad(k;,) \)).

i=1 p=
Observe that

zt,

Ep (9. 2) = 9,87 + (c(2)e);e .
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It follows that E(g, z) belongs to #(z). Rewrite (0"E(g, z) )(x) in the
form

r
DIED IR D I (29 D €27 S

-2 2 > X(— oo, — N){iu(xY) )e(z )'P),-,L(xy)e_(z Flehron)

i=1 p=1 yeI/TNP,

Let A, o € C* such that Re(\) < —|p|. Since R > |p| is arbitrary, it
may be assumed that Re(A\) < —R. Suppose that g € #(u) such that

(C—T)g) =@, 9¢).
Let { € C with |Re({) | < R. Compute the Fourier transforms:

* A—toby ——loe €SN

oo K= Noo))E )e dt = A
f > A+lohry,— (o)t eIV
e (e e WTPgt = — .
oo (X( 0o, N)( ) ) ¢+ A

Hence,
LN N
o) = ® cNo

+
§—A ¢+ A
belongs to 9?2(8, @; R) and
O"E(g, \) = 6.
Moreover, by an elementary argument, it follows that
(Q"E(e. V), Q"g)g/r = (@ &)g/r
= (D(—p), ¢) + (®1), V).

Thus
1 - o
(Q"E(e, ), Q"e)/r = 1 . (XN eMNg, ) — e AN, o) }
+ A—l—ﬁ{e“‘f‘w(c(x)w, ¢) — e Ny ).

It should be noted that a formula of this sort first appeared on p. 242 of
Langlands original paper on Fisenstein series in [6]. A more general
formula for the inner product of truncated cuspidal Fisenstein series of
arbitrary rank appears on p. 247 of [6]. However, the first detailed proof is
due to Arthur in [1].
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From the form of the inner product, after setting g = E(¢/, {’), one sees
that the function

¢ )~ (Q"Es, §). Q"E(¢. ) )o/r
is holomorphic for ({, {’) € D X D. Therefore
I"OME(e, O[] — &>

a§n (n‘)Z

must converge in the largest circle about {, (§; € D) which does not meet
the real or imaginary axis. Hence so does

[ee]

n=0

S ([0 ECe, §>H 1§ — &l"
n=0 8§'" n! ’
which certainly provides the contribution of OYE(g, ¢) to D as a distribu-
tion. Since

lim  OYE(e, §) = E@ )
H——c0
uniformly on compact sets, it follows that E(g, {) is holomorphic on D in
the sense of distributions. By using a standard result,
§ — E(g; {):D — ¢7°(G/T)

is holomorphic (cf. appendix to chapter 4 in [7]). This argument is a
variation of the one of Langlands on p. 242 of [6].

Fix { = x + iy such that x < 0 and y # 0. It follows from the inner
product formula that

10"y, §) P p = —2-‘;{e2anc(§)¢u2 — e 2NglP)

Ve, qv)}
iy ’
So, if |loll = 1 and |le(Q)ell = [le(®) II, then
_EMe@ P = e e Nl
2/x| byl

2
e ) )
y 34
In particular, every nonzero point of the imaginary axis has a neighbor-
hood, on which, when intersected with the left half plane, ¢({) is bounded.

+ Re{

This gives

lle@) Il = e >V
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4. Continuation. Let A\, p € C*.

Property (LP.). A pair (f, g) € L(\) X L(p) will be said to have
property (I.P.) if the following inner product formula is valid:

(QHfa QHg)G/r
1

e R PR GO

+ J—.{e“‘*‘””(xp, @) — e QTN y) ).
B

Here, of course,
(C—=T)f) = (e, ¥) and (C — TXg) = (¢, V).
Define
BN = {f € L) Vp # =X, Vg € L),
(/. g) has property (L.P.) }.

LeMMa 4. If Re(z) < 0 and if ()¢ and E(g, $) are both holomorphic at
$ = z for every ¢ € 6.8, 0), then the map

o > Ko, 2):6,,(8, 0) = ZL(2)
is an isomorphism. In particular, 4(z) = Z(z).

Proof. 1t follows from Lemma 1 and the subsequent discussion that the
map in question is linear and injective. Therefore, it will be enough
to prove surjectivity. Suppose that f € #(z) has the property that
(C = T)f) = (9. ¥). Then

(C = TY)f —E9 2)) = (0, ¥ — c(2)9).

By Lemma 2, f — E(g, z) belongs to L2(G/ I'). Moreover, by an elementary
computation,

1
Res@, $)(f — Elo, 2)) = a2l ~Ewo).
Referring back to the proof of Lemma 3, we see that ¢({)¢ analytic at

¢ = z forces Res(d, §2) to be analytic at { = z. Hence f = E(g, z).

Let z € [—|p|, 0). Suppose that ({,) and ({]) are two sequences in D
converging to z so that, as operators, ¢({,) — ¢ and ¢({}) — ¢’. By Lemma
2 there is a real number r so that in S-(G/T),

Eg. {,) >/ and E@.§)—g
for some f, g € S;°(G/T). From property (I.P.) and the fact that
oM:5%°(G/T) — LXG/T)
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is continuous, it follows that

(Q"E(s, ¢,), Q9)
= lim (Q"E(s, §,), OVE(¢, §,))

1 _
= e NG o) = T 9))

1

n <

+ (Mo, &) — €GN (g, o) ).

Letting n — co shows that
(co, ¢') = (9, ¢'¢’) forall ¢, ¢’ € &8, 0).

On the other hand, since

lim (QYE(e, ¢,), OME(, §,))

n—oo
is finite,
(co, ¢) = (9, c¢).
Therefore ¢ = ¢’.
Suppose now that ({,) € D with {, = z € [—|pl, 0) and v, =

lle¢,) || = oo and v, 1c({n) —> ¢ as operators. By Lemma 2 there exists
fe Lz(G/ I') such that

Ew, 'e.$) > f
uniformly on compact subsets of G/I" with

(C — T)f) = (O, co).
Since
1
$ — z

it follows that O0f = z°f. Suppose that (z,) is a sequence in [—]|p|, 0)
converging to z # 0 such that there exists (f,) € L*G/T) with
0f, = 2/

(€C=1)f) =(0.¢,) and ¢, >4 #0.

By Lemma 2, f, — f in L*(G/T) for some f € L*G/T). However, for
z, # z,, [, is orthogonal to f,. This forces all but finitely many of the z,
to be equal to z. Hence the set of points in [— |p|, 0) where ¢({) is not con-
tinuous must be discrete. Let {z,} denote all such points. Suppose that
Re(z) < 0 and z # z,. It follows that ¢({) and E(g, {) can be analytically
continued to { =z. Moreover, #(z) = #(z). (This argument is due to

Res@, {)f = ——,
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Langlands; cf. pp. 129-131 of [5]. It should also be noted that the argu-
ment of the previous paragraph could be incorporated into the present
one, by considering the difference E(g, {,) — E(o, {).)

From the proof of Lemma 3, there exists a function g({), holomorphic in
some neighborhood of [—|p|, 0), such that

(Res(@, £)Op, Op )1
e2§2

=g() — —2?{ (9 ¢) + (e, ¢) },
where

P = ezz.p and & = e22q>’.
Now

IRes@, ¢H) || = Mm@ | ™! = 122,517
if { =z, + iyand y € R*. Hence

(e, ¢) = O(lyI™H,

so that (¢({)e, ¢’) has a simple pole at z,

Suppose that (§,) and ({}) are sequences in D that converge to iy
(y € R*) such that ¢({,) — ¢ and ¢({}) — ¢ as operators. From property
(L.P.) and the fact that {, + {, — 0, it follows that

lleol? = lim [le(¢,)el? = llgl* for all g € &8, 0).
n—o0

Hence c is unitary. On the other hand,

(co, ¢'¢) = 13210 Do, c$)e) = (9, ¢)

for all ¢, ¢’ € &,,(8, @), by property (I1.P.). Thus

(9 &) = (9, ¢ '¢g),
forcing ¢ = ¢'.
If y € R, define

c(iy) = lim c().

<3
Since ¢($)* = ¢f) and

e(iy)”! = lim c),

—)]y

{ebD

c(iy)e(—iy) = L If Re() > 0, define ¢({) = (=9~ L. This provides the
continuation of ¢(¢) to C* as a meromorphic function.
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Define
E(, ) = lim E(s, O (v R
{ell.)))

(C — DKy, iy) = (o, c(iy)®)
= (c(—iy)e(iy)e, c(iy)y)
= (C — DE(c(iy)e, —iy),
so Lemma 1 gives
E(g, iy) = E(c(iy)e, —iy).

Define E(g, {) = E(c()e, —¢) when Re({) > 0. This provides the continu-
ation of E(g, {) to C* as a meromorphic function so that E(e, {) and
¢($)e have the same poles. Moreover, E(g, z) € 4(z) whenever E(g, {) is
holomorphic at { = z.

We shall now prove that ¢({) (and hence E(g, {)) is holomorphic at
¢ = 0. Suppose that there exists a sequence (§,) S C * such that

|§1| = |§2, > ‘§3! >...,§,—0

and for each n there exists ¢, € &,(8, @) such that ¢({,)e, — 0

but ¢, — ¢ # 0. By Lemma 2, there exists a constant r and a function
f € S(G/T) so that

E(e,, $,) — f in §°(G/T).
Hence

OME(q, ¢,) — O in LX(G/T).
Consider property (I.P.), n # m:

(O"E(e,, 1), O"E(g,, £))

| ] o
- ;—+f_{e<‘"+fmw<c<f,.)«pn, ($p)on) — ¢ NG, 0, )

1 e o

+ ———— TN ) 9) — TN, e)0,) )

$o — S

Let m — oo to obtain

- / 1 .

("Ee,, ). Q) = K—{ef"N(c(zn)wn, 9) — e Mg, 9) ).

n

Let n — oo to obtain a contradiction. It follows from the functional

equation ¢({)e(—¢) = I that neither the zeros nor the poles of ¢({)
accumulate at the origin. However, the argument supra shows that ||c({) ||
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is bounded for all { in some neighborhood of the origin. Hence the
origin is a removable singularity.

Letz,, ..., z, be the poles of ¢({) in [—|pl, 0). The formula for the inner
product of two wave packets then takes the form:

1 ©o

(©g; Og)gr = 77 ) oo L (2D, Y(iy)) + (e(iy)®(y), ¥(—iy)) }dy

_ ;1 (€,e(2)P(2,), ¥(z,)),

where c¢,.(z,) is the residue of ¢({) at { = z,.

REFERENCES

1. J. Arthur, A trace formula for reductive groups 11: Applications of a truncation operator,
Compositio Mathematica 40 (1980), 87-121.
On the inner product of truncated Eisenstein series, Duke Mathematical Journal 49
(1982), 35-70.
3. Y. Colin de Verdi¢re, Une nouvelle démonstration du prolongement méromorphe des séries
d’Eisenstein, C.R. Acad. Sci. Paris 293 (1981), 361-363.
4. Harish-Chandra, Automorphic forms on semisimple Lie groups, Lecture Notes in Math. 62
(Springer-Verlag, 1968).
5. R. Langlands, On the functional equations satisfied by Eisenstein series, Lecture Notes in
Math. 544 (Springer-Verlag, 1976).
Eisenstein series, Proc. Symp. Pure Math. 9, 235-252.
. M. S. Osborme and G. Warner, The theory of Eisenstein systems (Academic Press,
1981).
The Selberg trace formula II, Pacific J. Math. 106 (1983), 307-496.
The Selberg trace formula IV, Lecture Notes in Math. 1024 (Springer-Verlag,
1983), 112-263. '
10. A. Selberg, Discontinuous groups and harmonic analysis, Proceedings of the International
Congress of Mathematicians (1962), 177-189.
11. K. Yosida, Functional analysis, Grundlehren der mathematischen Wissenschaften 123
(Springer-Verlag, 1978).

NN

University of Washington,
Seattle, Washington

https://doi.org/10.4153/CJM-1988-022-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-022-5

