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Abstract We construct local and global metaplectic double covers of odd general spin groups, using the
cover of Matsumoto of spin groups. Following Kazhdan and Patterson, a local exceptional representation
is the unique irreducible quotient of a principal series representation, induced from a certain exceptional
character. The global exceptional representation is obtained as the multi-residue of an Eisenstein series: it
is an automorphic representation, and it decomposes as the restricted tensor product of local exceptional
representations. As in the case of the small representation of SOy, of Bump, Friedberg, and Ginzburg,
exceptional representations enjoy the vanishing of a large class of twisted Jacquet modules (locally), or
Fourier coefficients (globally). Consequently they are useful in many settings, including lifting problems
and Rankin—Selberg integrals. We describe one application, to a calculation of a co-period integral.
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Let G, = GSpin,, | be the split odd general spin group of rank n + 1. Its derived group is
G, = Spiny, 1, the simple split simply connected algebraic group of type Bj. T}ie group
G, occurs as a Levi subgroup of G;H_l. For a local field F of characteristic 0, let G/;,41(F)
be the metaplectic double cover of G, (F) defined by Matsumoto [59]. We can obtain
a double cover 5n(F) of G, (F) by restriction.

Following Banks et al. [10], we define a section s and a 2-cocycle o of G, (F),
representing the cohomology class in H2(G;+1(F), {£1}) of GN’,,+1 (F). We show that the
restriction of o to G,(F) x G, (F) satisfies a block-compatibility relation, with respect
to standard Levi subgroups. This is a useful condition for studying parabolically induced
representations.

Fix a Borel subgroup in G, (F). The preimage T,H_l(F) of the maximal torus T+ (F)
in the cover is a two-step nilpotent subgroup; its irreducible genuine representations are
parameterized by genuine characters of its center C7 . (p)- The analogous theory for
covers of GL, was developed by Kazhdan and Patterson [47], who studied a special class
of genuine characters which they called ‘exceptional’. In our setting these are characters
x of Cg | (p) satisfying x (@Y *(x"@)) = |x| for all simple roots & of G, and x € F*, where
aV* is a certain lift of the coroot a“ to the cover and I(«) is the length of a.

We use an exceptional character x to construct a genuine principal series representation
of én(F ), which has a unique irreducible quotient denoted ® = ®g,,,. The quotient ®
is an exceptional representation, or a small representation in the terminology of Bump
et al. [17]. Our purpose is to develop a theory of these representations.

Let O be a unipotent class of G,; it corresponds to a partition of 2n + 1 for which an
even number appears with an even multiplicity. Let Vo be the corresponding unipotent
subgroup. We consider certain characters of Vo (F), called ‘generic’. Roughly, a character
Y of Vo(F) is generic if it is in general position. The definitions are similar to those of
Bump et al. [17] (see also [20, 22]) for SO2,+1, and are given in §2.3.2. The following
result characterizes the sense of ‘smallness’ of ©.

Theorem 1. Assume that F is a p-adic field with an odd residual characteristic. Let
O = (2"1) if n is even; otherwise, Oy = (2" '13). Let O be any class greater than or
non-comparable with Oy, and let ¥ be a generic character of Vo (F). The twisted Jacquet
module of ® with respect to Vo(F) and ¢ is zero.

Theorem 1 is proved in §2.3.2. To remove the restriction on the residual characteristic,
we only need to know that exceptional representations of the double cover of GL,(F)
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(with the [47] parameter ¢ = 0) do not have Whittaker models, also for n > 3 and even
residual characteristic; this is an expected result ([19, p. 145]; see [25, Lemma 6]).!

The local theory has a global counterpart. Let F' be a number field with a ring of adeles
A. Let ® = Qg, 4 be the exceptional representation of Gy (A) defined with respect to a
global exceptional character x. It has an automorphic realization as the multi-residue of
an Eisenstein series with respect to the Borel subgroup. Also ® =[], ©g, 5, (restricted
tensor product). The analogs of the Jacquet modules are Fourier coefficients, over the
quotient Vo (F)\Vo(A), with respect to generic characters of Vp(A) trivial on Vo (F).
See §3.4.4 for the definitions. The local-global principle (see, e.g., [39, Proposition 1])
immediately implies the following global corollary of Theorem 1.

Theorem 2. Let O be any orbit greater than or non-comparable with Oy. Any Fourier
coefficient with respect to O and a generic character vanishes identically on the space

of ©.

A minimal representation is a representation supported on the minimal coadjoint
orbit. If n > 4, Vogan [84, Theorem 2.13] proved that SO, (or its cover groups) does
not afford such representations. Bump et al. [17] constructed a local and global ‘small’
representation Ogp,,,, of SOy,+1. It is a representation of a cover ;S?éZVH_l(F ); this cover
was obtained by restriction of the fourfold cover of SLy,1(F) of Matsumoto [59]. In the
cases when n = 2, 3, it is in fact the minimal representation. It is small in the sense that
it is supported on the orbit Op [17, 18]. The use of the fourfold cover implies a minor
technical restriction on the field, namely that —1 is a square.

The arguments of Vogan [84] apply also to G,; that is, for n > 4 there is no minimal
representation. It is reasonable to call ® a small representation of G,,.

Our local and global results are parallel to those of [17, 18], and are obtained using
similar methods. For example, because the unipotent subgroups of G, are in bijection
with those of SO,,4+1, manipulations on Jacquet modules are similar. One notable
difference is in the restriction of the cover to Levi subgroups. In contrast with the cover of
SO2,+1, here, direct factors of Levi subgroups do not commute in the cover. This implies
that representations of Levi subgroups cannot be studied using the usual tensor product.
In this property, as well as in other details, the cover of G, is more related to the cover
of GL, than to that of SOy, 1.

Let Qx = M} x Uy be a maximal parabolic subgroup with a Levi part My isomorphic to
GLj X G,—. In the particular case of k = n, GVL,,(F) and GO(F) do commute, and we can
define a tensor product. Let x ") be an exceptional character in the sense of Kazhdan and
Patterson [47], and let O, 4 be the corresponding global exceptional representation
of the double cover GL,(A) of [47]. Also, let x® be a genuine character of Go(A) (this
cover is split). Assume that x = x D ® x@; for the precise meaning of this equality, see
§ 3.3. We compute the constant term of an automorphic form 6 in the space of ® along
the unipotent radical U,, and prove the following result.

LSince the time of writing this paper we proved this result in [44, Theorem 2.6], so Theorem 1 holds in
general.
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Theorem 3. The function m — 0Y7(m) on MH(A) belongs to the space of
®GLn,\det|—'/2x“) ® @GO’XQ).

The definition of the constant term #Y» and the proof of the theorem occupy §3.4.3.
Note that |det|~1/2x D) is also an exceptional character.

For SOy,4+1 and any k, the mapping m — 6Y(m) belongs to the space of the tensor
product Ogr, ® Os0,,_4,, for a uniquely determined exceptional representation O,
(©50,(,_g+1 18 unique). This was conjectured in [17] and proved for k = 1, and in general
proved in [45]. We mention that for the current applications the case of k = n is sufficient.
For the lifting results of [18] (see below) the constant term was not used.

We will study representations of M using a ‘larger’ induced representation, similar to
the construction of Kable [42]; see §2.2.4. A metaplectic tensor product for cover groups
of GL, has been studied in [24, 42, 62, 78, 81], but will not be used here. Refer to the
discussion in §2.2.5.

There are several applications to our work. Essentially, one can simply replace ®so,,,,
with ®. This has the benefit of removing the restriction on the field with respect to the
fourth roots of unity.

We describe one application, whose details are given in §4. In general, let G be a split
reductive algebraic F-group, where F is a number field. Let Q = M x U be a maximal
parabolic subgroup of G with a Levi part M, and let t be an irreducible unitary cuspidal
globally generic automorphic representation of M(A). Denote the central character of T
by w.. Denote by E(g; p,s) the Eisenstein series corresponding to an element p in the
space of the representation of G(A) induced from t; g € G(A) and s € C. For sg € C,
let E,,(g; p) denote the residue of E(g; p,s) at so. The space spanned by the residues
Eg,(:; p) is called the residual representation E-.

Periods of automorphic forms are often related to poles of L-functions and to questions
of functoriality. Ginzburg et al. [29] described such relations in a general setup, and
considered several examples. They conjectured [29, Conjecture 1.4] that the pole at s = 1
of a partial L-function corresponding to t is related to the non-triviality of certain period
integrals, the existence of a residual representation, and the existence of a representation
79 such that 7 is the Langlands functorial transfer of 7.

Among the examples given in [29] is the case of G = SOz,4+1 and M = GL,. Let AT
be the subgroup of ideles of F whose finite components are trivial, and Archimedean
components are equal, real, and positive. Assume that w; is trivial on AT. The pole of
the Eisenstein series at s = 1/2 is determined by the presence of a pole of the partial
symmetric square L-function at s = 1. In [45] we elaborated on this case and proved a
result relating a co-period integral

f E12(g: 0)0(2)0'(g) dg
802,41 (F)\SO2,41(A)

to the ‘theta period’ integral

/ 0 (0)0U ()0’ (b) db.
GLy(F)\GLy (A)!
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Here, 6 (respectively, ') is an automorphic form in the space of ®so,,,,» (respectively,
O50,,,,,0-1), where ¥ is a character of order 4 of the group of fourth roots of unity (¥ is
implicit in the notation ®so,,,,); GLy (A)! is the kernel of |det| on GL,(A).

Bump and Ginzburg [19] constructed a Rankin—Selberg integral representing the partial
symmetric square L-function. In particular, they showed that, if this function has a pole
at s = 1, a certain period integral does not vanish. Their period integral was related
in [45], under an additional assumption on w;, to the theta period above.

Using the exceptional representation ®, this result can be put in a more general setting
of G, and, in particular, will hold for any number field. Let 7 be as above (but without the
assumption that w; |4+ = 1), and let n be a unitary Hecke character. The Eisenstein series
E(g; p, s) is now defined with respect to G, and the parabolic subgroup Q,. According to
Hundley and Sayag [37], the series E(g; p, s) is holomorphic at R(s) > 0 except perhaps
for a simple pole at s = 1/2. The existence of this pole is determined by the presence
of a pole of the partial L-function L5(s, , Sym*>®n) at s =1 (in [37], the twisting is
with respect to n~!, but their conventions are different; see Remark 4.1). Takeda [82]
constructed a Rankin—Selberg integral for this function and proved that, if § is large
enough and a)z 0" # 1, then L3(s, T, Sym? ® n) is holomorphic at s = 1. In particular, the
series is holomorphic at s = 1/2 unless w%n" is trivial on A™.

Denote the center of G,(A) by Cg,a). We select global exceptional characters y and
x/ such that x - x"-n=1on Cg, ). Let 0 (respectively, 6”) belong to the space of Og, 4
(respectively, ®g, ,/). Here is our result, which follows by a minor modification to [45].

Theorem 4. Consider the co-period integral

Z(Erp2(50),6,60") = / E12(g; p)0(8)0'(g) dg.
CGp(8)Gn(F\Gn(A)
Assume that w%n” is trivial on AT. Then the following hold.

(1) There is a normalization of measures (explicitly given in the proof) such that
LZ(E1)2(:; 0), 0, 0') = / / ,o(bk)QU” (bk)Q/U" (bk) db dk.
K JGL, (F)\GLy(A)!

Here, K is the product of local maximal compact subgroups.
(2) The co-period Z(E1,2(; p), 0,0") is non-zero for some (p, 6,0") if and only if

/ p1(m)01(b)6; (b) db # 0

GLy (F)\GL, (A)!

for some cusp form py in the space of T, and 61 (respectively, 01) in the space of
OGL, . |det|~1/25 M (respectively, ®GLn,|det|’l/2X’(l))'

The proof is given in § 4. Note that, according to Theorem 3, the function 6Y» belongs
to the space of an exceptional representation on GL, (A).

Theorem 4 motivates a local counterpart, which will be used as an ingredient in a
proof of a conjecture of Lapid and Mao on Whittaker—Fourier coefficients [55], for even
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orthogonal groups. Let ¢ be Arthur’s elliptic tempered parameter for SO,,, and let S, be
the corresponding group [3]. Assume that we have an irreducible automorphic cuspidal
(¥-)generic representation 7 of SO»,(4A) in the A-packet associated to & ( is expected to
be unique). Further, let W and W” be two global Whittaker—Fourier coefficients on the
spaces of m and 7" (7" is the contragradient representation). The conjecture of Lapid
and Mao relates the product W(e)W” (e) to the size of S;. The exceptional representation
of G, can perhaps be also used to prove the conjecture for GSpin,, .

The minimal representation for the group SO7, which is a representation of @7, was
constructed and studied by Roskies [69], Sabourin [70], and Torasso [83]. It was used by
Bump et al. [16] to construct a Rankin—Selberg integral for the 14-dimensional irreducible
representation of the L-group of SO7, corresponding to the third fundamental weight.
Bump et al. [18] used Ogp,,,, to construct a lift, with certain functorial properties,
from genuine automorphic representations of SOx(A) to SO, (A), for integers k and m
of different parity. Both results can be extended to the context of G,. In particular,
our results lead to a lift from genuine automorphic representations of G/._S';)_i;k(A) to
GSpin,, (A).

Loke and Savin [57] constructed local and global exceptional representations for simply
connected Chevalley groups. Their approach was different from that of [47]. They started
with defining a global automorphic representation 7, which was invariant under the action
of the Weyl group. Their local and global exceptional representations were obtained by
unramified twists of , or . The global representation was also realized as a multi-residue
of an Fisenstein series. Their exposition is elegant and applicable to a wide range of
groups.

Our results have some overlap with ongoing work of Loke and Savin;* we thank them
for informing us about their work. They and the author were working independently. The
approach and techniques are different. For example, they do not use a cocycle.

Minimal representations have been studied and used by many authors. The
fundamental example is the Weil representation of San, which was used in the theta
correspondence between a pair of dual reductive groups, to lift representations from
one group to another [67]. The Weil representation also played an important role in
the descent method, in the construction of Fourier-Jacobi coefficients [34, 36, 41, 75].
Among the works on minimal representations are [26, 56, 71, 72]. Works on minimal
representations for simply laced groups include [15, 31, 46, 48, 49, 84]. Minimal
representations enjoy the vanishing of a large class of Fourier coefficients, which makes
them valuable for applications involving lifts and Rankin—Selberg integrals [27, 30, 35].

Early works on the metaplectic groups include the work of Weil [85] on LS?J,I,
Kubota [51, 52], who studied the r-fold cover of GL,, and Moore [64] and Steinberg [77],
who studied central extensions of simple Chevelley groups and also considered metaplectic
groups. Matsumoto [59] constructed the metaplectic r-fold cover of any simple simply
connected split group G over a local field. For GL,, the metaplectic groups were
constructed and studied by Kazhdan and Patterson [47]. Over a p-adic field containing
2r different 2rth roots of unity and such that 2r is coprime to the residue characteristic,

2

2Private communication.
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McNamara [61] constructed G for any split reductive group G, using the results of
Brylinski and Deligne [14] and Finkelberg and Lysenko [23]. Sun [79] studied metaplectic
covers of G, defined using covers of its derived group G’, assuming that G is also connected
and that G’ is a simple simply connected Chevalley group.

Banks et al. [10] elaborated on the work of Matsumoto [59], by describing an
explicit section and a 2-cocycle og representing the corresponding cohomology class in
H%(G(F), u,) of the cover of [59], where F is a local field and p, is the subgroup of r
rth roots of unity. They proved several compatibility results, which make their cocycle a
convenient choice. For example, if H is a ‘standard’ subgroup of G, which means that H
is a simple simply connected split group generated in G by certain data, the restriction
of o to H(F) x H(F) is 0. The cocycle ogg,,, for SL,1(F) was used in [10] to define a
cocycle on GL,(F), which (in contrast with the cocycle of [47]) is block compatible.

The group GSpin,, has been the focus of study of a few recent works. Asgari [4, 5]
studied its local L-functions, Asgari and Shahidi [6, 7] proved functoriality results, and
Hundley and Sayag [37] extended the descent construction to GSpin,,.

1. Preliminaries

1.1. The groups

Let F be a field of characteristic 0. For any r > 1, let u, = u,(F) be the subgroup of the
rth roots of unity in F. Put F* = (F*)". If F is any local field, let (, ), be the Hilbert
symbol of order r of F, and we usually denote by ¥ a fixed non-trivial additive character
of F. Then yy is the normalized Weil factor associated to ¥ ([85, § 14]; yy (a) is yr(a, ¥)
in the notation of [68], yy (-)* = 1). If F is a local p-adic field, its ring of integers is O,
the maximal ideal is P = @w O, and ||~ = ¢ = |O/P].

In the group GL,, fix the Borel subgroup Bgr, = Tcr, % Ngi,, of upper triangular
invertible matrices, where Ty, is the diagonal torus. Denote by I, the identity matrix
of GL,(F).

We define the special odd orthogonal group

SO24+1(F) ={g € SLopt1(F) : ' gJons18 = Jont1},

where g is the transpose of g, and, for any k > 1, J; € GLi(F) is the matrix with
1 on the anti-diagonal and 0 elsewhere. Fix the Borel subgroup Bso,,,, = T50,,,; X
Nso,,.,, Where Bso,,., = BcL,,,, NSO2,41 and Tso,,,, is the torus. If t € Tso,,,, (F),
t =diag(ty, ..., ty, 1, tn’l, el tl_l), where diag(---) denotes a diagonal or block diagonal
matrix. Denote by €;, 1 <i < n, the ith coordinate function, €; () = t;.

Let Spin,,, | be the simple split simply connected algebraic group of type B,. It is the
algebraic double cover of $§Oy,+1. The standard Borel subgroup Bspin,,,, of Spiny,,; is
the preimage of Bso,, |, Bspiny,,, = Tn X Nspin,, - Each € can be pulled back to Ty; this
pull back will still be denoted €;. Denote the set of roots of Spiny, | by Xspin,,,, and the
positive roots by ¥ §;m2n+
n}, where o; = ¢, —€j41 for 1 <i <n—1and o, = ¢,.

. The set of simple roots of Spin,, | is Aspiny,,; =i 11 <i <
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Define €, with respect to the standard Z-pairing (, ); i.e., (€, ejv) =4i,j. The set A) =
{a; 1 1 <i < n} of simple coroots is given by o =€’ —eiv+1 for1<i<n-—1andea) =
€,. Because Spin,, | is simply connected, any ¢ € T,,(F) can be written uniquely as r =
[Ti2; &’ (1) for t; € F*. For a description of the Levi subgroups of Spin,, , |, see Mati¢ [58].

The group GSpin,, | is an F-split connected reductive algebraic group, which can be
defined using a based root datum as in [5, 6, 37]. It is also embedded in Spin,, | ; as the Levi
part of the parabolic subgroup corresponding to Aspin,, ., —{e1} (see [58]). Since we will be
constructing a cover of GSpin,, | (F) using a cover of Spin,,,;(F), it is natural for us to
view GSpin,, | (F) as this subgroup. Henceforth we adapt this identification. The simple
roots of GSpin,, | are {a2, ..., a11}. In the degenerate case n = 0, GSpin,, | = GL;.

The group Spin,,,, is the derived group of GSpin,, . Denote G, = GSpin,,
and G), = Spin,, . Additionally, let X, (respectively, E(J;rn) denote the set of roots
(respectively, positive roots) of G,, determined according to the embedding G, < G, ;.
The set of simple roots of G, is Ag, = Acﬁm —{a1}. The corresponding Borel subgroup
of G, is B, = Ty4+1 X N,. For 0 < k < n, denote by Qr = My X Uy the standard maximal
parabolic subgroup of G, with a Levi part My isomorphic to GLg x G,—. The modulus
character of Q(F) for a parabolic subgroup Q < G, is denoted by 8¢g(F). Let W, be the
Weyl group of G,. The longest element of W), is denoted wy. If F is p-adic, let K = G, (D)
be the hyperspecial subgroup.

We will also encounter the quasi-split group GSpin,,. Let SOz, be a quasi-split even
orthogonal group, split over F' or a quadratic extension of F. The group Spin,, is the
simply connected algebraic double cover of SOy,. In the split case, it is the simple simply
connected algebraic group of type D,. In the non-split case, its relative root system is
of type B,—_1. Regarding SO;, as a subgroup of GL,,, define the Borel subgroup Bso,, =
SOz, N BGL,,- Then Bgpin,, is the preimage of Bso,,. This fixes a set of simple roots. The
group GSpin,, can be defined as the Levi subgroup of the maximal parabolic subgroup
of Spiny,1) corresponding to the subset of simple roots obtained by removing the first
root [50, §2.3]. For a definition using a based root datum, see [5, 6, 37].

In general, if G is a group, denote by Cg the center of G. If H < G, C(G, H) is the
centralizer of H in G. For any two elements x,y € G, [x, y] = xyx~'y~! denotes their
commutator. Also put *y = xyx~! and *H = {*h : h € H}.

1.2. Properties of GSpin,,

We collect a few structure properties of G, that will be used throughout. The center of
G, is

n
Coum = ([ o’ Deyy (1) i1 € F* 1. (1.1)
i=l1
If ¢ = [T/ o/ (1) € Tp1 (F),
n+1 n

Wor — 1_[ (xiv(tl._l) . l_[aiv(tlz)ar\z/—i-l(tl)' (1.2)

i=1 i=1

https://doi.org/10.1017/51474748015000250 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000250

The double cover of GSpin(2n + 1) and small representations 617

To see this, one may work over the algebraic closure of F, where ¢t is a product of elements
oziv (yi) with 2 <i < n+1, which are inverted by wy, and an element of the center.

Let M be a Levi subgroup of G,. As in classical groups, M is isomorphic to GLg, X - - - X
GLy X Gp—k, k=ki+---+k;, with 0 <k <n [5]. We define an isomorphism of GL; x
G,—k with My. This isomorphism can be used to define an isomorphism between GLy, x

-x GLy, x Gu—; and M using the standard embedding of GLi, x --- x GLy, in GLy.

The derived group SL; of GL; is generated by the root subgroups of {a; : 2 <i < k}.
To complete the description of the embedding of GLg, let ny,...,n. be the standard
cocharacters of Tg7, and map 17, — el+1 —E]v for 1 <i < k. Under this embedding, the

image of a torus element ]_[i:1 n; (a;) of GLi(F) is

k k
l_[aiv Haj_l : (1.3)
j=i

i=1

Regarding Gy, the set {o; : k+2 < i < n+ 1} identifies G;Hk, and, if 61, ..., 60,_r+1
are the characters of T, ry1, define 6 — € and, for 2<i<n—k+1, 6 — 612/4-1

Denote by B/, ..., B, ;. the simple coroots of T,_x41. We have —9\/ z+1 for
1<i<n—k, and also B, k+1_29 _k+1- When k =0, B =« forall 1 <i<n+l.
The image of [/} k1 g B (t;) in G,(F) is
n—k+1
]_[a (tr) ]_[ @l k<n,
(1.4)
]_[aiv(z%)a;+](t1) k=n.

i=1

For k = n, the image of ) is Cg,(r).

The restriction of the projection G, — SOz,41 to unipotent subgroups is an
isomorphism. In particular, the unipotent radical Uy corresponds to the unipotent radical
U, of the standard parabolic subgroup Q) of SO,41, whose Levi part M, is isomorphic
to GLg X SO2(n—k)+1- In coordinates,

Iy uwr  w
Up(F) = Dn—iy+1 Uy | € SO241(F) 'y = —D—iy+1'u1Ji).
I

If by € GLi(F), b is the image of by in My (F), and b’ is the image of by in M, (F)
(b' = diag(b, hp—k)+1. Ji'b~1Jp)), the following diagram commutes:

b
UkL>Uk

L]

;= !
U, —U,.

Here, the horizontal arrows denote conjugation.
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For calculations it will sometimes be more convenient to use the cocharacters of Tz,
and the coroot of T1 to write an element in T4, instead of the coroots of T;1. Then
we write

t=]]n' @By @), (1.5)

i=1

and the image of t in G, (F) is

n n
[T | (TTa" | 2 | eneron. (1.6)
i=1 j=i

In these coordinates,

n n -1
"o =] Tn' a7 HsyY (]‘[ai) il (1.7)

i=1 i=l1

n
88,(F)(1) = 8Bso,, (P (diag(ay, ... an, 1, al .., al_l)) = 1—[ a; [P D+ (1.8)

i=1
We use the character €] to define the following ‘canonical’ character T of G,, which
is the extension of —e€; to G,,. The extension exists because G,(F) = {a}/(x) 1x € F*}x
G, (F) and € |7,.1(F)nG,, (F) 18 trivial. We call T canonical because its restriction to GLy is
det, as is evident from (1.3). For example, if ¢ is given by (1.5), Y(¢) = t1_2 [T/ ai. The

restriction of Y to G,,—; is the corresponding character of G,_;. For n =0, T(x) = x 2.

1.3. Further definitions and notation

1.3.1. Central extensions. Let G be a group. We recall a few notions of abstract
central extensions (i.e., ignoring topologies). A central extension of G by a group A is a
short exact sequence of groups

1-AL5GE2 G651

such that ((A) < Cg. For any subset X C G, denote X = p~1(X). Assume that we have
a fixed faithful character ¥ : A — C*. Let H < G. A representation 7 of H is called
¥-genuine if 7w (t(a)h) = 9 ((a))m(h) for all a € A and h € H.In particular, if A = u,,
such a representation is simply called genuine. Any representation 7’ of G can be pulled
back to a non-genuine representation of G by composing it with p.

A section of H is a mapping ¢ : H — G such that ¢(1)=1and pop =idy.If H < H,
we say that ¢ splits Hy, or Hj is split under ¢, if the restriction ¢|g, is a homomorphism.
In this case, because p(Hy) Nt(A) = {1}, ﬁ] =1(A) - ¢(H;) (an inner direct product). Now
any vU-genuine representation of H is uniquely determined by its restriction to ¢(Hp)
and conversely, any representation of ¢(H;) can be extended uniquely to a ©-genuine
representation of H,. Of course, the splitting ¢ might not be unique, but, once fixed, a
representation of H; has a unique extension to a -genuine representation of I-Nll.
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A 2-cocycle defined on G is a mapping o : G x G — A such that o(1,1) = 1 and, for
all g, ¢’,g" € G,

o(g.8)o(gs’ 8" =0(g.88"0(g. g". (1.9)

If 9:G— G is a section, then the function (g, g") — " (e(9)e(g)e(gg)™ ") is a
2-cocycle. Once we fix o, the elements of G can be written as pairs (g, a), where g € G
and a € A. In this realization, the multiplication in G is defined by

(g.a)-(g',a") = (g8, 0(g, g )aa").

Remark 1.1. Note one subtlety of the notation. For clarity reasons, we write X (F) instead
of X (F), but always mean p~! (X (F)).

1.3.2. Representations. Let G be an £-group (see [11, (1.1)]). Throughout, unless
mentioned otherwise, representations of G will be complex, smooth, and admissible. If &
is a representation of G, the representation contragradient to 7 is denoted 7”. If 7 is a
representation of H < G and g € G, 8t is the representation of $ H defined on the space
of T by 87(x) = ¢ ).

Parabolically induced representations will always be normalized as in [12, (1.8)]. We

use Ind to denote regular induction; ind signifies compact induction. The (normalized)
Jacquet functor jy y is defined as in [12, (1.8)], where U is a unipotent subgroup and
is a character of U. If ¥ is trivial, we write jy = ju, y.
1.3.3. The Hilbert symbol. For an integer r > 1, let ¢ = (,);!. We recall that ¢
is an antisymmetric bi-character; i.e., c¢(1, 1) = 1, c(xy, z) = c(x, 2)c(y, 2), and c(x, y) =
c(y,x)~ 1. Also, ¢(x,y) =1 for all y € F* if and only if x € F*. If [r| =1 in F*, ¢ is
trivial on O* x O* and ¢(x, y) = 1 for all y € O* if and only if x € O*F* [86, § XIIL5,
Proposition 6].

1.3.4. The Weil factor. Let ¢ be given, and let y;, be the Weil factor (see
§1.1). We recall that yy (xy) = yy (X)yy (¥)(x, y)2, and, if a € F* and v, (x) = ¥ (ax),
Y. (X) = (@, X)2yy (x). Moreover, yy, = yy, if and only if ab=' € F*2. Also y¢(x2) =1
and yy xH = vy (x). See the appendix of Rao [68].

2. Local theory

2.1. The double cover of G, (F)

2.1.1. Definition of the r-fold cover. Let F be a local field of characteristic 0,
and let r > 1 be an integer. Assume that F contains all the rth roots of unity; i.e.,
|ur| = r. Let 5’n+1(F) be the r-fold cover of G;H(F), constructed by Matsumoto [59]
using ¢ = (, )r_1 as the Steinberg symbol. The group 5’n+1(F) fits into an exact sequence

1= pty > Gluy1(F) B Gl (F) - 1.

https://doi.org/10.1017/51474748015000250 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000250

620 E. Kaplan

Let én(F) = p_l(Gn(F)). We have an exact sequence
1= 1y = Go(F) 2 G,(F) = 1,

and én(F) is an r-fold cover of G, (F).

Although most of this work will focus on the double cover, we start with the more
general setting. From §2.1.6 onward, except for § 3.1, we will assume that r = 2.

Banks et al. [10] gave an explicit description of a section s of G, (F) and used
it to construct a 2-cocycle oG, representing the cohomology class of 5’n+1(F ) in
H2(G;1+1(F), ur). We obtain a section of G,(F) and a 2-cocycle by restricting s and
O-G:1+1 .

We briefly describe the construction and results of [10]. For « € EG:HI’ let Uy be the
corresponding root subgroup. Fix an isomorphism ny : F — Uy (based on an explicit
decomposition of the Chevalley algebra corresponding to G/, L (F )). For x € F*, put
We (X) = 1y (X)n_o(—x~Hng (x). Note that aV (x) = he(x) in the notation of [10] (hy(x) =
we (Nwe (D). Ifa’ € Z‘G;+1 ,let (o, ') be the standard pairing between characters and
cocharacters, where " is the coroot corresponding to o’.

Given o € EG:H—I’ let n} : F — §’n+1(F) be the canonical lift of Steinberg [76]. Using
these lifts, one defines w(x) and o¥*(x): wk(x) = n;(x)n’ia(—x_l)n;(x) and oV *(x) =
wr(x)wy(1).

Let @ € AG;erl' For any x,y € F*, define c¢4(x,y) =c(x,y) if n >0 and « is a long
root; otherwise (n =0 or @ = ap41), put ¢y (x,y) = c(xz, y). Also set wy = wy(—1) and
wy = wi(=1).

Remark 2.1. In the case when n = 0, there is only one root, «, which is by definition a
long root. In this case, in [10], it was defined that ¢4 (x, y) = c¢(x, y). The present definition
seems to be correct because it preserves the compatibility with restriction to ‘standard’
subgroups; see §2.1.2.

Following Matsumoto [59], Banks, Levi, and Sepanski described a list of identities in
the cover group describing the multiplication laws between the elements. The following
partial list of identities in G’,41(F) [10, §1] will be used repeatedly in computations:

— * — —
wing (x) = n(—x "DV (" Hnk (7,
mo v

(e (y) = @V (n, @y~ ),

w:; _ln:;,,/ (Z) w:; = nsaa/// (da,oc”’z) .

@V * @)V (y) = tea (x, Y)Y (xy), (2.1)

aV* e (1) = tea b, ¥ MY (e (), (2.2)
w;a/v*(x)w;_l = av*(x_“’"“/v))o/v*(x), (2.3)

wi ™t = wiaY (= Di(ea (=1, =), (24)

wk, (onk, (@Quwk, (0~ =n* ,(—x"2), (2.5)
(2.6)

(2.7)

(2.8)
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Here, o, 0/ € Agr %y € F*,zeF,a" € e and o € Z‘(J;r,ﬂ. In (2.8), a #a”, 84
n

/

is the reflection along o in the Weyl group of G, 4,

G . (F).
+1
Banks et al. [10] defined the following section s of G/, 41 (F). First, it is the only splitting
of Ny41(F), and it satisfies s(ny(x)) = nk(x) for all « € Z‘g/ . On T,11(F) it satisfies
n+1

and dy o = %1, depending only on

n+1 n+l1
s (H aX(n-)) = o) "ty () () [ ] e (80 1)) (2.9)
i=1 i=1
Let 2,41 be the set of elements w = Wa;, Wy, *** Way, where o, ..., q; € AG/+1 and w

is assumed to be a reduced expression. For such w, put [(w) = k. As sets, W,+1 = W,41.
We use boldface to denote the elements of Wy, (. If w € W1, its representative in 20,41

is w.
The section s is extended to G/, 41 (F) with the following properties [10, Lemmas 2.2
and 2.3]:
s5(wg) = wy, (2.10)
s(ww’) = s(w)s(w), (2.11)
s(utwu') = su)s(t)s(w)s(u’). (2.12)

Here, o € AG;H’ w, w € W, satisfy l(ww) =I(w)+I1(Ww), u,u’ € NG;,H(F)’ and t €
Toy1(F).
Finally, the 2-cocycle o = oG, is defined by o (g, g') = s(g)s(g)s(gg’)~". The image

of o belongs to t(u,), but we implicitly compose it with (~!. The following formulas
hold [10, Proposition 2.4]:
o(ugu”, g'u') =o(g,u"gh, (2.13)
o(t,w) =1, (2.14)
where u, u’, u” € NG/H(F), t € Tyr1(F), and w € 2,,47.
We pull back the character T to a non-genuine character of én(F ), still denoted Y.

For any g, g’ € G, (F), denote [g, g'l, =0 (g, g)o (g, gl Let x,x' € G~’n+1(F) be

with p(x) = g and p(x’) = g". If [g, g'] = 1, then s(gg’) = 5(g'g), and
[x, x'] = 5(8)5(g)s(g) 's(¢) ' =g, &'lo. (2.15)

In particular, x and x’ commute if and only if [g, g'] =1 and [g, g'ls = 1.
The following claim describes the value of the cocycle on the torus.

Claim 2.1. Let t = ]_[?:11 o (1), 1 = ]_[?:11 o) (t]). Then

n n—1
/ 2 / =2 ’ -1
ot 1) =clty . tho )l i) [ [ et ) [T e 5.
i=1 i=1

In particular, if n =0, o(t, 1) = c(t?, 1) and, for n=1, o(t,t') = c(t22, th)e(n, t/z_z)
c(ty, 1y).
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Proof. The proof follows from (2.9), (2.1), (2.2), and the fact that, for 1 <i <i’ <n+1,

if i <i'—1then (o, ) = 0;if i’ <n, (a1, @)) = —1; and (an, @, |) = 2. O

Note that a similar construction works for GSpin,,. As explained in §1.1, this group
can be regarded as a subgroup of Spiny, ); then the cover GSpin,, (F) can be obtained

by restriction from Sp;z_z\(ni_l)(F ). Here, GSpin,, will appear a priori as a subgroup of
some G, so the cover is obtained by restricting G, (F).

2.1.2. Restriction to ‘standard’ subgroups. Let H be a simple simply connected
algebraic F-group, which is F-split. Let A C AG:M. Further assume that H(F) is the
subgroup of G;H(F) generated by the elements oY (x), wy, and ny (y), where o € A;
xeF* ad e E(J;r;’H is spanned by the roots in A; and y € F. Then H(F) was called a

‘standard’ subgroup of G, _,(F) in [10]. According to [10, Lemma 2.5 and its proof], the
restriction of s to H(F) gives the section defined by [10] on H (F), and o|g(F)x#(F) is the
2-cocycle of [10] on H(F). Moreover, if H\(F),..., Hy(F) is a collection of standard
subgroups that are mutually commuting and o; is the 2-cocycle on H;(F), by [10,

Theorem 2.7],
k
o(g1--- 8k 81 &) = l_[Ui(gi, gi)-
i=1

This property was used in [10] to define their block-compatible cocycle for GL, (F); see
§2.1.5.

For example, if n > 0, according to the embedding M,_| < G,, the group G/ (F) is
the standard subgroup generated by {ot,YH(x), Wap i1 Moy (V). I oG/ is the cocycle on
G (F),

v v ’ v v / /
UG’I (an+1(t1)v an_H(tl)) = G(an+1(t1)v an_H(tl)) = Cﬂln+1(t17 tl)-

Since n > 0, cq, ., (t1, 1)) = c(tlz, t1). Therefore, when n =0, we must define cq, (x,y) =
c(x?,y) (see Remark 2.1).

2.1.3. Splitting of the cover for r =2 and n < 1.  We have the following minimal
cases.

Claim 2.2. Assume thatr = 2. For n < 1, the cover 5,,(F) splits under s. Moreover, for
n = 0, the restriction of o to Go(F) x Go(F) is trivial.

Proof. In the case when n =0, olg,F)xGyF) =1 because cq,(x,y) = c(x?, y)=1.
Assume that n = 1. Since G| = GL,, if the cocycle is non-trivial, then it is equal up
to a coboundary to one of the cocycles defined by Kazhdan and Patterson [47], all of
which are non-trivial on SLy(F). However, o|g: x| = 0, (by §2.1.2) and ogr =1, as
can be seen using (2.1)—(2.7); note that we have only one simple root a3, and in this case
Copy = 1. O
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2.1.4. A splitting of the hyperspecial subgroup. Assume that |[r| =1 in F (in
particular, F is p-adic) and that g > 3. By Moore [64, pp. 54-56], there is a unique
splitting « of G;H_l(D), which is in particular a splitting of K(= G,(9)). Denote K* =
k(K). As in [47, Proposition 0.1.3], we have the following relation between « and s.

Claim 2.3. The sections s and k agree on K NN, (F), KNT,11(F), and 2, (W, C K).

Proof. Let a € AG;:H' First, assume that o # «,+1, and let SLy be embedded in G;H_l
along «. Let ogz, be the 2-cocycle of [10] on SLy(F). According to [10, Corollary 3.8 and
Lemma 2.5], oz, is the cocycle of Kubota [51] on SLy(F). Kubota [52, Theorem 2] proved
that the mapping y : SLy(9D) — u,, which is 1 on (}k ;) if |x| € {0, 1} and otherwise equals
c(x, y), satisfies asr, (k, k') = y (k)y (K)y (kk')~'.

Again by [10, Lemma 2.5], 5(k)s(k")s(kk)~! = os1,(k, k'), whence ¢(k) = s(k)/t(y (k))
is a splitting of SLy(9). Hence ¢ coincides with x on SLy(D) [64, Lemma 11.1]. Whenever
y(k) =1, s(k) = «(k), and in particular s and « agree on ny(9), a¥ (O%), and wy.

If « =ap+1 and r > 2, restriction to SLp(F) gives a non-trivial cover (of order
r/ged (2, 7)), and the proceeding discussion applies (with y defined using c(,)? instead
of ¢(,)). If r =2, sl|s1,(F) is @ homomorphism (UG/1 = 1; see the proof of Claim 2.2), and
hence 5|SL2(D) = K|SL2(D)'

The section « is in particular a splitting of K N7, +1(F), and the same holds for s
(because ¢ is trivial on O* x O*). Writing ¢ = ]_[l'-’i'l1 o)/ (t) € KNT,y1(F) (t; € OF) and
noting that s(e’ (t;)) = k(e (t;)) for each i, since &’ (1;) belongs to the copy of SL»(9)
along «; € AG;H’ one deduces that «(t) = s(¢).

Regarding 20, according to (2.11) it is enough to show that k (wy) = s(wy) for @ € Ag,,,
which holds because wy belongs to a suitable copy of SLy(9).

It remains to consider U, , where o’ € Z‘(J;rn. Let y € O, and take o € AG:1+1’ x €0,
and w € 20, such that w™'ng(x)w = ny(y). The fact that « is a splitting of K and the
assertions already proved imply that « (w ™ ng (X)w) = s(w)~'s(ng (x))s(w). Then (2.10),
(2.11), and (2.8) give s(w) 's(ny(x))s(w) = ny,(y), whence s(ny (y)) = k(ny(y)). Note
that we actually apply (2.8) repeatedly, according to the decomposition of w into a
product of simple reflections wy, (2; € Ag,), and after j conjugations, if we have to
conjugate n},, (x;) by wg,, then a” € Egn —Ag,, whence o; # o (this is needed for (2.8)).

O

2.1.5. Block compatibility.  As mentioned in the introduction, the 2-cocycle defined
on SL,+1(F) was used in [10] to define a 2-cocycle o, for GL, (F). Specifically, they defined

on(b, b') = c(detb, detb') Loy, (diag(b, detb™ ), diag(h', detb’™")) (b, b’ € GL,(F)).
If n = 1, 0, = 1. Their cocycle is block compatible [10, Theorem 3.11], in the sense that,
for any gi, g/ € GLp; (F), 1 <i <,

I
on(diag(gy, ..., &), diag(gy, ..., &) = [ [ ow (gi &) [ [ c(det gi, detg) ™"

i=1 i<j
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We seek similar block compatibility. We begin with the following lemma, which
encapsulates several arguments of [10] and summarizes a list of properties which, when
satisfied by a pair of subgroups, implies a certain plausible block formula.

Lemma 2.4. Assume that Hy and Hy are two subgroups of G;H_I(F) with the following
properties.

(1) For each i and h € H;, there is a Bruhat decomposition h = utwv with u,v €
NG/+1(F), t € Tyt 1(F), and w € W, 41, and such that u,t, w,v € H;.

(2) The subgroups Hy and Hp commute.
(3) If wy € HHNW,41 and wy € HyNW, 41, then [(wiwz) = [(wy) +1(w2).
(4) Ifi € {1,2}, we HiNWy11, and t' € H3_i N Ty41(F), then o(w,t’) = 1.
(5) If e HHNTyy1 (F) and tp € HyNTy41(F), then o(fr, 1) = 1.
Then, for any hy, b’y € Hy and ha, hy € H,
o (hihy, Wy hy) = o (hy, h))o (ha, hy)o (hy, hY).
Moreover, if hy = uitywivy and b, = ujt,whv), with ui, vy, u), v) € NG’/HI(F), n,ty €
T 1 (F), wi, w)y € W1, ur, t, wi, v1 € Hy, and u), ), wh, v) € Hy, then
o(hy, h/z) =o(t, té)
Proof. Let i € {1,2}, t € H;NT,.1(F), we€ HiNW,11, t' € H3_; NT,1(F), and w' €
H3_; "W, 1. Note that, by (2) and (2.12),
o(w, 1) =sw)s(tswt) ! = s(w)st)s'w) ™" = s(w)s)s(w)'s@) 7,
whence (4) implies that s(w)s(¢')s(w)~! = s(¢'). Thus
o(tw, 1) = s@tw)s()s(twt’) ' = s(t)s(w)s(t)s(tt' w) ™!
= s(0)s(w)s()s(w) Ls(tt) " = s()s()st) T =01, 1), (2.16)
where we also used (2.12) and (2). Similarly,
o(twt',w') = o@tt'w,w) = s(tt))s(w)s(w)s (' ww') !
=51t )o (w, w)s(tt) " = s(t)s(1t) " = 1. (2.17)
Here we used (2.11), (2), and (3) to deduce that o(w, w’) = 1.
Now (2.14), (1.9), (2.16), and (2.17) imply that
o(tw, t'w) =o(tw, fw)o’, w) =c(w, Notwt,w) =o(t,t).
Let h € H; and b’ € H;_;. Write h = utwv and b’ = u't'w’v’, with u,v € H; ﬂNG;H(F)
and u/,v' € H3_; NNg  (F) (this is possible by (1)). Then (2.13) and (2) give
o(h,h) =oc@wv, u't'w) =oc@wu', vi'w) =oc@W'tw, w'v) =o(tw, t'w) =o(t,1).
Hence for i =1 (h € Hy), we deduce the second assertion; i.e., o (hy, h}) = o (t1, t;). When
i=2(he Hy,h' € H),o(h,h') =1 because of (5). Then, exactly as in [10, top of p. 157],

a repeated application of (1.9) implies that o (hiha, h|h}) = o (h1, h})o (hy, h))o (b, hY).
O]
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Consider the group My (F), which is a product of Hy = GLy(F) and H| = G,—(F).
These subgroups clearly satisfy conditions (1)-(3) of Lemma 2.4. The following claim
checks the validity of the other conditions.

Claim 2.5. Let a =[[i_,n) (@) € Tor,(F) and 1 =T]'={" BY (1) € Tyopt1(F), and
consider their images in Gn(F), given by (1.3) and (1.4). Then

ola,t) =1,

c(tl,deta_l) k <n,
o(t,a) =
c(tf,deta’l) k =n.

In particular, condition (5) of Lemma 2.4 holds. Further, let w; € Hi N2W, 41 and wy €
HyNW,11. Then o(wy,a) =1 and, if r =2, o(wa,t) =1, whence condition (4) also
holds.
Proof. The computations of o(a,t) and o(f,a) are immediate from (1.3), (1.4), and
Claim 2.1. The equality o (wy, @) = 1 follows from the fact that, for any k+2 <i <n+1
and 1 < j <k, (o, ozjV) = 0, and then (2.3) implies that wj commutes with oth*(x) for
any x € F*.
Regarding o (ws, t), we show that, if r =2,
s(w2)s(1)s(w2) "' = s(1). (2.18)
Then the result follows from (2.12) (note that wpt = rw;). It is enough to establish this
forw:w;[_ with 2 <i < k.
First, assume that k < n. Using (2.3) and then (2.1) and (2.2),
way (e (e T t)w = o () )y (7 ey (e (e T (1)
= o " (t0)e " (e T (1) (eq, (11 17 D eq, (172 1))
= o’ (e (e ().
This computation implies (2.18). For k = n, the computation is similar (one distinguishes
between the cases i < n and i = n). O

Remark 2.2. For a general r, the cocycle does not seem to satisfy a convenient formula
on My(F) X My(F). One can remedy this by defining another isomorphism of GL; x G, —x
with M. Let SLy be generated by the simple roots {a; : 1 <i < k—1}, and let G_, be
generated by {o; 1 k+2 <i <n+1}. If {n} are the cocharacters of Ty, and {6;} are
the characters of T, t41, map 7’ — €’ —ekv_H for 1 <i <k and 6’ — ekVH for 1 <i <
n —k + 1. This is a twist of the embeddings described in § 1.2, by a Weyl element of G;z+1'

The evaluation of o on Tgr, (F) X Ter, (F) and Tn_j41(F) X Tp—g41(F) provides

evidence that the cocycle indeed satisfies certain block-compatibility properties.
Claim 2.1, along with (1.3)—(1.4), shows that, for any 0 < k < n,

k k
a(l_[niv(ai),l_[niv(al{)>=c(deta,deta/) l_[ c(ai,a})fl,

i=1 i=1 1<i<j<k

https://doi.org/10.1017/51474748015000250 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000250

626 E. Kaplan

n—k+1 n—k+1
( 1_[ '3 (t), l_[ ,3 ¢ )) _c(tn k10 fn— k+1)c(t" ko by k+1)

i=1
n—k—1

x Hc(t,,t,) ]_[ ot '3

We see that o (a, a’) = c(deta, deta’)ox(a, a’) for a, a’ € Tgr, (F) and for ¢, € Ty—g41(F),
o(t,t) = oG, ., (t,t).

Henceforth until the end of §2, r = 2. Lemma 2.4 and Claim 2.5 imply that, for b, b’ €
GLy(F) and h, ' € Gp_i(F),

o (bh,b'h") = o (b, b')o (h, h')c(Y (h), detd").

The subgroup GLk(F) (of My(F)) is contained in the subgroup SLiyi(F) < G/H(F)
generated by {o; : 1 < i < k}. If we regard SLy11(F) as a group of matrices in the standard
way, i.e., identify nél_ej (x) (1<i<j<k+1,xeF) with the matrix having 1 on the
dlagonal, x on the (i, j)th place, and 0 elsewhere, b takes the form diag(detb™!, b). Since
SLy+41(F) is a standard subgroup (in the sense of [10]), the restriction of o to SLyy1(F) X
SLi41(F) is just osg,,, of [10, §3]. We define a 2-cocycle ogr, of GLi(F) via

o061, (b, b') = osi,,, (diag(detb ™", b), diag(detb' ™", b)).

Here, with a minor abuse of notation, we regard the arguments b and &’ on the right-hand
side as matrices. This cocycle is related to oy of [10] by

oG, (b, b') = c(detb, detb oy (b, b).
Since o (b, b') = o5, (b, b'), we get
o (b,b") = o6, (b, D).

Regarding G,_(F), as a subgroup of My(F) its embedding in G, (F) is not contained
in a standard subgroup of type G/ _, 41 (in contrast with the embedding described by
Remark 2.2). However, it is still true that

o(h,h)=0og_ (hh), (2.19)

To see this, first note that G)_, (as a subgroup of G,_x) is generated by the roots
{aj 1 k+2 <i <n+1}, and is therefore a standard subgroup, whence

ol _ (F)xG._,(F) =9G! lG!_, (F)xG!_ (F)-

n—k+1

Moreover, according to the computation on T,,_41(F) X Ty—r+1(F) above,

O T st (F)X Tyt (F) = 0G| Tt (F)X T, iy (F)-

According to Sun [79, Proposition 1], the restrictions of a cocycle (defined using a bilinear
Steinberg symbol) to the derived group and to the torus determine it uniquely. Thus we
conclude that (2.19) holds.
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Therefore,
o (bh,b'h") = ogr, (b, b/)UGLkH (h, h')c(Y (h), detd). (2.20)

Let Q < G, be a standard parabolic subgroup with a Levi part M isomorphic to
GLy, x -+ x GLy x Gy—k, where k = ki + - - - 4+ k;. Our standard embedding M < G, was
defined in §1.2. According to (2.20), for (b1,...,b;, h), (b},...,b;,h') € M(F) (h,h' €
Gn—k(F))a

o((b1, ..., by, h), (By, ..., b, h))

I I
= <l_[ oGLy, (bi, b)) (Y (h), detb?)) Hc(detbi, detb}) GG;_Hl(h, h). (2.21)
i=1 i>j

We mention one particularly convenient Levi subgroup, M,. Then c(Y(h), ) =1 for
all h € Go(F) (see §1.2). Therefore the subgroups GL,(F) and Go(F) of M,(F) are
commuting, and ZVIn (F) is simply their direct product with amalgamated u;. Also note
that (since r = 2) the cover Go(F) is abelian and splits, and oG, (F)xG(F) s trivial
(Claim 2.2). Then

o (]_[ ni (@) By (1), Hn?(aﬁ)ﬁf(t{)) =c(deta,deta’) [[ cl@.ap™'.  (2.22)

i=1 i=1 1<i<j<k

We end this section with a remark about a possible generalization of these
block-compatibility results. Lemma 2.4 holds in the generality of the construction of [10].
That is, one can replace G, 41 (F) with an arbitrary simple simply connected split group
G’ over a local field. If H < G’ is a Levi subgroup and H; and H, are two direct factors of
H, the first three conditions of the lemma hold, but the other two depend on the relations
between the roots and coroots of H; and H. These might be ‘too close’, so there is no
block compatibility.

Now consider a (proper) Levi subgroup G < G’, and assume that we are interested in
its cover obtained by restricting the cover of G’. In this case we can apply the procedure
described in Remark 2.2 to a maximal Levi subgroup H of G: if Ay is the set of simple
roots of G', Ag C Ag'—{a} for some a € Ag, then one can use a to define a subgroup
of G’ (not of G) isomorphic to H, on which block compatibility is expected to hold. The
downside is that now we must switch back and forth between two isomorphic copies of
H, but they are twists of each other (by a Weyl element of G’).

Proving a general statement about the block compatibility of the cocycle should be
possible along the lines described here. We hope to return to this problem in the future.

2.1.6. Subgroups of the torus. Forn > 1, Tn“(F) is not abelian. Its irreducible
genuine representations are parameterized by genuine characters of its center, as follows
from an analog of the Stone-von Neumann theorem [47, 61]. In this section we compute
Can( p) and several other subgroups, which will be used in §2.2 to study these
representations.
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The following subgroup of T,.1(F) will play an important role in constructing
irreducible representations of 7,1 (F):

n+1
T (F? = { [’ @) : VI <i <n.ti € F*2, 1,01 € F*
i=1

Equality (1.6) implies that T,41(F)? = {[Ti_, n¥ (@})B) (1) : ai, t1 € F*}.

Claim 2.6. The subgroup Ty,41(F)? splits under s. In particular, any character of Ty (F)?
can be extended to a genuine character of T,y1(F)? (uniquely, using the splitting s).

Proof. This is evident from (2.9), (2.1), and (2.2). The point is that o *(x) and a/Y*(y)
commute whenever both x,y € F*2 or n+1 € {i, j}. O

Next we describe the center of 5,,(F ).

Claim 2.7. Cg p) = 5Gn(F) and splits under s.

Proof. Let t =[[/_, o) (tDay, (1) € Cg,(p) (see (1.1)). Then [1,g]=1 for all ge
G, (F), and we must show that [z,g]le =1 ([,], was defined in §2.1.1). Since [, ],
is bi-multiplicative, it suffices to consider g =t', u, w, where t' € T,,41(F), u € N,(F),
and w =wy, with 2<i<n+1. Now [t,#]; =1 because of (2.2), and [t,u], =1
by (2.13). Using (2.15), it is enough to show that s(w)s(r)s(w)~! = s(¢). This follows
from (2.1)—(2.3) and the observation in the proof of Claim 2.6. Now, the splitting follows
from Claim 2.6. O]

Recall that, by [47, Proposition 0.1.1],

n

Cétyiry =P~ (I]—[ n/(d):d e (F*)Z/g"d(z’”“)}) : (2.23)
i=1

Also, set Ty, (F)? = {1‘[1 11 (@}) s ai € F*). By [47, p. 57], C,,, " = = Tor, (F)*Cay, -

Note that Cg, J(F) < Tn+1(F) , in contrast with the case of GL (F), where Cét,r)

is contained in TGL (F)? only when n is even. This causes technical difficulties when

trying to adapt definitions of metaplectic tensor product from GL, [42, 62, 81] to G; see

§82.2.4-2.2.5 below.
We compute the center of the torus.

Claim 2.8. We have CTnJrl(F) = ~n+1(F)2Cﬁn(F)' More specifically,

n
Ci =" ({]_[ n @d)B) (1) :a; € F*,d e (F*)*/&d@nth 1y ¢ F*}) . (2.24)

i=1
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Proof. In general, if b = []i_; (b)) (1)) and b’ = []/_, n/ (b))B) (1]), equality (2.22)
implies that

b6 =[] cbi. b)) (]‘[ b;, ]‘[b§> . (2.25)
i=1 i=1 i=1

Set d =T]/_, b, ' On the one hand, for any 1< j<n and z € F*, [b, n; V()]s =
c(bjd™', 2). Then, if b € Cf, (), bjd™" € F*?, whence b; _afd for some a; € F*. Tt

follows that d"~' € F*2, or equivalently d"! € F*? and d e (F*)?/€d@+D Hence b is
of the required form. On the other hand, if d € (F*)%/&d@n+D)

n n
[]‘[ 0 (aid)By (1), :ﬁ(z)] =@, c(a;, ) [ [ e@, 2).
i1 - i=1
Because c¢(d"tl, 7)) = c(aiz, z) =1, we obtain [[], niv(aizd)ﬂ;/(tl), r/jy(z)]g =1 for
all 1< j<n. Since [[]i, r;ly(aizd)ﬁf/(tl), nrfﬂ(z)](7 =1 clearly holds and [,], is
bi-multiplicative, any element on the right-hand side of (2.24) belongs to the center
of Tur1(F). ~

Now Cr ) = n+1(F)2C&n(F) follows immediately from (2.23). O

Remark 2.3. If n is even, Cét,F) < 7~"n+1(F)2, whence CTHJ(F) = ?n_,_l(F)z.

Remark 2.4. In the case of the cover of SO,,41(F) obtained by restricting the fourfold
cover of SLy,41(F) of Matsumoto [59], we have [18, § 6]

CTSOan(F) = pil({diag(alz, e af, 1, a;z, e afz) ca; € F*)).

We describe certain maximal abelian subgroups of Tn+1 (F). A representation of C Tt (F)
can always be extended to such a subgroup, and then induced to a representation of

Toi1(F).

Claim 2.9. Assume that |2| = 1 and that ¢ > 3 z'n F. The subgroup C(fn“ (F), Tn+1 (F)N
K*) (i.e., the centralizer of T,H_](F)OK* mn T,,+1(F), see §1.1) is a mazimal abelian
subgroup of Tn+1 (F) containing Tn+l (F)NK*. We have

CTus1(F), Tt (FH)NKY) = Cr |y - Tat (FYNK). (2.26)

Proof. Equality (2.26) follows if we show that C(fn_H (F), fn_ﬂ (F)NK™*) is equal to
n
p~! ({ [ [0 @d)y 1) - a;i € D*F**. d € O (F*)*/20@ntD 4 ¢ F}) . (227)
i=1

The proof of this is similar to the proof of Claim 2.8, and is therefore omitted. O
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It can be useful for applications to have a convenient choice of a maximal abelian
subgroup, over any field. We follow the construction of Bump and Ginzburg [19, p. 141].
Let

n
Tor, ()™ = [ @) :ar.....an € F*,a; a0 2i1 € F20<i < [n/2] ¢ .
i=1

(This is TF of [19].) Then Tr, (F)™ is a maximal abelian subgroup. The advantage of
this subgroup is that it always contains Cgr, (F), regardless of the parity of n. Similarly,
we have the following.

Claim 2.10. Let

Tn+1 (F)m

n
={[Iw'@py @) :ar.....an € F*.a; ' yan0i 1 € F2,0<i < [n/2). 1, € F*}.

i=1

Then fn“ (F)™ is a mazimal abelian subgroup of T,H] (F) containing 5GL,,(F)-

Proof. If b belongs to an abelian subgroup of T,,_H(F) containing Tn+1 (F)™, write p(b) =
[Tizi n/ (BB (t1). Then, for all 0 < j < [n/2] and x,y € F*, by (2.25),

b, 0} )1}y 0y = c(bj. x)c(by, xy?) = c(bjbj41. X).

Because c(b;bjy1, x) must be equal to 1, we obtain b;lbj_l,_] € F*2 whence b € 7~",1+1(F)m.
To see that T,41(F)™ is an abelian subgroup, let ¢ = [Tie 0/ @B @), ¢ =
"onpY(@)BY () belong to T, (F)™. If n is even, [[',a; € F*2 and (2.25) implies

[Tizi 0 @) By (1] g + i=1

that [¢, '] =[]/, c(ai, a}). This equals 1 because, if a;! _la} € F*2,

j+14)s

!/
Ajt1
l l _ . -1 . l _ . ror _
claj, apc(ajyr, ajyg) = clajpa;aj, a)c(ajpr, ajyy) =clajr,a;a;, ) =1
Ifnisodd, [[7,ai € F*2 and we proceed similarly. O

2.2. Principal series representations

2.2.1. Representations of the torus. = We describe the representations of YN“n_H(F).
Since r = 2, T,,_H(F) is abelian for n < 1, as may be seen either by a direct verification
using (2.2) or from Claim 2.2. For n > 1, it is a two-step nilpotent group.

We follow the exposition of McNamara [61] (§§ 13.5-13.7; we only use arguments which
do not impose restrictions on the field). See also Kazhdan and Patterson [47, §§0.3,
I.1-1.2] and Bump et al. [17, §2].

Assume that n > 1. Since Tn+] (F) is a two-step nilpotent group, the genuine irreducible
representations of TH] (F) are parameterized by the genuine characters of C Tor1(F)- Let x
be a genuine character of C Tou1 (F) and choose a maximal abelian subgroup X < Tn+ 1(F).
Of course, Cq.p < X. We can extend x to a character of X, and then induce it to
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n+1(F) Denote p(x) = ind "“(F)(X). This is a genuine irreducible representation, which
is independent of the actual choices of X and the extension [61, Theorem 3]. If n < 1, we
start with a genuine character x of CTn-H(F) = Tn+1(F) and put p(x) = x.

Extend p(x) to a representation of INSJn(F)7 trivially on s(N,(F)), and induce to a

representation Ind% B"((g)) (p(x)), whose space we denote by V(x). The elements f € V(x)
are smooth complex-valued functions f on 5 (F) x an(F) such that f(tug, 1) =

113/2(F)(t)f(g, t) and t — f(g,t) belongs to the space of p(x) (¢ € T,,_H(F), u € s(N,(F)),

and g € Gn(F)) For brevity, we will write f(g) = f(g, 1).
The Weyl group W, acts on the representations y and p(x). If we W, and & is a
representation of CT,,+](F) or T,4+1(F), Y& denotes the representation on the space of &

given by Y&(1) = E(s(w)flt), where w € 20, is the representative of w. We have Yp(x) =
p(™x)-

Let x be a genuine character of Can(F). Then p()" = p(x") = p(x 1) (recall from
§1.3.2 that p(x)" is the contragradient representation).

A genuine character x of Cq ) 18 called regular if Wy # x for all 1 #w e W,. For
such characters, jy,(p(x)) is semisimple [61, Proposition 5] and is the direct sum of
o(Mx), where w varies over W,,. If x’ is another genuine character, the dimension of

Homg, (Ind %" (PO, Ind% i PO

is zero unless x’ = “x for some w, in which case the dimension is 1. These statements
follow from Bernstein and Zelevinsky [12] (see [61]).

Let x be a genuine character of C; L(F)- There are unique my, ..., m,4+1 € R such that,
forall t € Cf | (), if p() = I—[7+1] ozv(t,) Ix ()] = ]_["+1 |t;|™i. Define Rey = Z"+21 mio.
We say that x belongs to the positive Weyl chamber if (Rex,a") > 0 for all @ € Ag,.

For a genuine character x of Cy, (F) X|7-n+1(1:)2 is a gen11~ine character, and, by
Claim 2.6, it is obtained as the unique extension (via §) to Tn+1(F)2 of a character
%0 of Ti1(F)?. According to Claim 2.8, one can further extend to Ci:nJrl(F) and obtain yx,
according to x |C6Ln " We will see that the ‘important’ properties of x are shared by xo.
Motivated by this observation, let T1(x) be the set of genuine characters x’ of Cy, L (F)
which agree with x on 7,41 (F)2. By Claim 2.8, |[1(x)| = 1 or [F* : F*?], depending on
the parity of n.

2.2.2. Unramified representations. In this section, assume that |2| = 1 and that
g >3 in F. Then K is split under «, and K* = k(K) (§2.1.4). An irreducible genuine
representation 7 of én(F ) is called unramified if it has a non-zero vector fixed by
K*. Since Claim 2.3 implies that, for any w € 20, C K, s(w) = k(w) € K*, V7 is also
unramified for all w € W,,.

Let x be a genuine character of Cg (g The bubgroup Th1 (F)NK* is abelian
(Claim 2.9). Let X be a maximal abelian subgroup of T,,_H (F) which contains T, ,,_H (Fn
K*. According to Claim 2.9 and (2.26), X = C(Tn_H(F) T,,_H(F) N K*). Assume that yx
can be extended to a character of X such that this extension is trivial on Tn+1(F YNK*.
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According to [61, Lemma 2], the subspace of V(x) fixed by K* is one dimensional.

In particular, Ind g ((5) (p(x)) is unramified, and we also call x an unramified character.
A function f € V(x) is unramified if it is fixed by K*, and normalized if in addition
f (1) =1. We will use the following observation from [47, Lemma I1.1.3], [61, Lemma 2]:
let f be unramified. If 1 € an(F) does not belong to X, f(¢) = 0. This is because, for
k e ﬁ,_H(F) NK*, tk = [t,klkt, x(k) = 1, and one can choose k such that [k, ] # 1 (by
the maximality of X); therefore

F@) = Fk 1) = k1185 10 Ox K £ (1, 1) = [k £ (). (2:28)

According to (2.26), any genuine character of C%,,,(r), Which is trivial on Cz | (p) N K™,
can be extended uniquely to a character of X which is trivial on TH] N K*. Therefore,

any such character is unramified.
Let o€ Z‘+ If « is a long root and n > 1, put l(«) = 2; otherwise, [(a) = 1. Set a, =

V(@ @), For any character x of Cs Toor(F) (not necessarily unramified), x (aq) is defined.

2.2.3. Intertwining operators. Let x be a genuine character of Cq () and let

p(x) be the corresponding representation of Tn“ (F) (see §2.2.1). Let w € W,,. Put N)Y =
YN, NN, Let M(w, x): V(x) = V(™x) be the intertwining operator defined by

Mw, x)f(g) = / fsw)'s@g)du (g € Gu(F)).
NP (F)\Nn(F)

If2|=1and ¢ >3 in F, s(w) = k(w) € K* (Claim 2.3), and we follow Casselman [21]
in the normalization of the measure du. The following claim adapted from [47, §§1.2 and
1.6] provides the basic properties of the intertwining operators.

Claim 2.11. The integral defining M(w, x) is absolutely convergent if (Reyx,a) > 0
for all o € Z‘+ such that wa < 0. The integral has a meromorphic continuation by
which it is deﬁned for all x.- If w,w e W, ww €2,, and l(ww) =1(w)+1(w'),
then M(ww’, x) = M(w, Y )M, x). Finally, if x is unramified and f € V(x) is the
unramified normalized element, M(w, x)f = c(W, x)f, where

1—q ' x(aq)
c(w, x) = ]_[ T
{aez‘g’l:wa<0}

Remark 2.5. The constant c(w, ) is given by the Gindikin—Karpelevich formula [21, § 3].
This formula was proved in the context of GL, by [47, §1.2], and by McNamara [60, 61]
for any split reductive algebraic group over a p-adic field, as long as |uy,| = 2r and ¢ is
coprime to 2r.

Proof. We assume that n > 1, since otherwise the cover splits and the statement is well
known. These results were proved by Kazhdan and Patterson [47, §§1.2, 1.6] for GL,(F),
over any local field. We provide the calculation of the constant c(w, x). Over a p-adic
field, the meromorphic continuation can also be proved using the continuation principle
of Bernstein; see Banks [9] (see also [47, p. 67] and [65]).
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Assume that yx is unramified, and take f as in the claim. It is enough to consider w,
for o € Ag,. Let 2 <1 <n+1, and put « = ;. The volume of O with respect to the
additive measure of F is 1. Hence

c(We, X) = M(wa, x) f(1) = 1 +/ fwi™ s(w)) du.
Write u = ngy(x) for some x € F with x ¢ O; then s(u) = n}(x). Using (2.2)—(2.7), we see
that

wy k() = o (T hnk (e (= Dwind (—x THw

By virtue of Claim 2.3, we have w} = s(wy) € K*, n}(—x 1) = s(ng(—x~")) € K* (|x| >
1), and aV*(—1) = s(a¢V(—1)) € K*. Therefore

Fi's@) = f@ (™) =85 @’ @ L () = xI £ e @),

Assume that [ < n. If f(1, av*(x_l)) # 0, by the observation in §2.2.2 (see (2.28)),
we must have «¥V*(x~1) € C(Tn+1(F) Tn+1(F)ﬂK*) Assume that this holds, and set
I'=141ifl] < n—1; otherwise, I’ = n —1 (recall that n > 1). Then equality (2.2) applied
to «V*(x~1) and a *(z) implies that c(x~!, z) = 1 for all z € O*, whence x € O*F*2. We
have shown that the integrand vanishes unless x € O* F*2, in which case f(1,aV*(x~1)) =
¥ (@V*(x™1)). When [ = n + 1, this last equality holds for all x € F*.

Thus, forall 2 <l <n+1,

[e¢]

**1 d — D(U= 1_ —1
/z,wmf(w“ swydu =3 x(@)’ =(1—gh

v=1

x(ag)
1 — x(aq) ’

(The change du +— d*x contributed a factor canceled by 8113{' 2( F).) Therefore c(wy, x) =

(1 =g "x(ag))/(1 = x(aq)), completing the proof. O

2.2.4. Structure of certain induced representations. In this section, F is
p-adic. For any H < G, set H(F)* ={h € H(F) : Y(h) € F*2}. In particular, if H =
GLy, H(F)* = {h € GLi(F) : deth € F*?}, and Go(F)* = Go(F). The subgroup H(F)* is
normal in H(F), and H(F)*\H(F) is abelian. The index of H(F)* in H(F) is either 1 or
[F* : F*?]. These properties hold also for H(F) (= p Y (H(F)*)) and H(F)

The subgroup H(F)* is open in H(F), and H(F)* is open in H(F) ([64, pp. 54-56];
see also [47, Proposition 0.1.2]).

If £ is a genuine irreducible representation of H (F),let &* = &| ARy The representation
£* is a finite sum of (at most [F* : F*?]) genuine irreducible representations [11, 2.9].

We will need the following results of Kable [42, in Propositions 3.1 and 3.2].

Proposition 2.12. Let H be a Levi subgroup of GLy, and let T be a_genuine irreducible
representation of ﬁ(F), If n is odd, t is irreducible, and mdzgg*(t*)_@wa)-r,
where @ ranges over the (finite set of) characters of H(F)*\H(F). Furthermore,
Homp gy (0t,7) =0 unless w = 1. If n is even, t* = @,%0, where o is any irreducible

summand of T and a ranges over ﬁ(F)*\I—NI(F). Furthermore, o0 % o for alla ¢ ﬁ(F)*,
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Let H; be a Levi subgroup of GLi, and let H, be a Levi subgroup of G,_k. Then
H = H| x H, is a Levi subgroup of G,. We assume that the cocycle defined on G, (F)
satisfies the block-compatibility criterion (2.21).

Let t be a genuine irreducible representation of H\(F ), and let w be a genuine
irreducible representation of ﬁz(F ). The following discussion describes a replacement
for the usual tensor ‘T ® 7’, which is not defined when the groups are not commuting.

According to (2.21), the subgroups ﬁl(F)* and ﬁz(F)* are commuting in én(F), and
hence

T HI(F)* x Ha(F)*) 2 (8, ¢) : ¢ € jo\(H\ (F)* x Ha(F)Y).

Here on the right-hand side we have an outer direct product. In other words,
p~V(H{(F)* x Hy(F)*) is the direct product of ﬁl(F)* and ﬁz(F)* with amalgamated w,.
The representation t* ® 7* is defined as the usual tensor product, and it can be regarded
as a genuine irreducible representation of p~!'(H;(F)* x Hy(F)*). The representations
™ ®m and T @ m* are defined similarly, because the same arguments apply to the pairs
(ﬁl (F)*, ﬁz(F)) and (ﬁl (F), ﬁz(F)*). We have the following semisimple representation:

* ﬁ(F) * *
I(t,m) _’ndpfl(H](F)*tz(F)*)(t Q).

In the case of Hy = Gg, Hy(F)* = H»(F); hence (ﬁl(F), ﬁz(F)) do commute, and

H(F) (T"®n) = ind™ ) THRm.

.
[, m)" =ind 55y (o) ()

Remark 2.6. In this case, the tensor T ® 7 is defined, and of course will be preferred over
I (7, m)*. See Claim 2.21 in §2.3.1 below.

Lemma 2.13. Assume that 0 <k < n. The representation I(t,nw)* is a direct sum of
[F* : F*2] copies of

. H(F) *

ind 2 iy sy (T O T

Similarly, it is a direct sum of [F* : F**] copies of

. JH(F) *
ind 23 by by ) (T O
Proof. The arguments are similar to those of Kable [42, Theorem 3.1]. Since
p~ Y (H{(F)* x Hy(F)*) is a normal subgroup of H(F) with a finite index, and the quotient
of p~V(H|(F)* x Hy(F)) by p~'(H{(F)* x H»(F)*) is abelian,
. JH(F) " o . SHF) x
ind, ey T O = D nd Sy sy ) (7T @ ), (2:29)
w
where the summation ranges over the characters of ﬁz(F )*\ﬁz(F ) (these are non-genuine

charzlcters). Any such character w takes the form w(h) = w,(h) = ¢(Y (h), deta) for some
a € H|(F). By the block compatibility of the cocycle (and (2.15)), ha = ¢(Y (h), deta)ah
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(a e I-NI1(F), he ﬁz(F)) whence t* ® war = a@ 71(1’*)@71) Thus the right-hand side
of (2.29) is equal to a direct sum of [H\(F): H(F)*] = [F* : F*2] copies of

H(F) *
ind *l(Hl(F)*tz(F))(T Q). (2.30)

One can similarly consider p~!(H(F) x H>(F)*), and repeating the steps above obtain

H(F) * *\ H(F) *
ind 2y iy o (T @) = B @N ind 2\ (g, (1) by (pyo) (@R T @)
heHy (F)*\Hy(F)
[t . g2y, gH ) x
=7 F2lind 2y by oy (O )
Here, wp(a) = ¢(Y (h), deta). O

The aforementioned results of Kable [42, Propositions 3.1, 3.2] do not apply to the
group G, (F), mainly because its center does not play a role similar to that of the center of
GL,(F). Namely, Cg, (r) < G,(F)* for all n (see §1.2). However, if H, is a Levi subgroup
of a proper parabolic subgroup of G,, it is possible to extend Proposition 2.12 to Hy. We
will only need the following result on T),41.

Claim 2.14. Let w be a genuine irreducible representation of ?,H_l(F), and assume that
n is even (mcludmg zero). Then 7* = @, p, where p is any irreducible summand of T*
and h ranges over Tn+1(F) \Tn+1(F)

Proof. Equality (2.25) implies that EGL,,(F) is contained in the center of T,,H(F)*
and, furthermore, if z € 5GL,,(F) with p(z) =[]/Z 17 Y(d) and te€ T,H_](F) with
p@) =TTz 0 () B (tas1), tzt7 = c([T/2, ti.d)z (see (2.15) and (2.25)). Given these
observations, the arguments of Kable [42, Proposition 3.2] readily apply to our case. [

Recall that for a genuine irreducible representation & of TH](F ) we have a
corresponding genuine character xg of Cy, 1 (F)» and & = p(x¢). The same applies to

representations of TGL” (F), and we use the same notation p(---).
Let X{ and Xﬁ be genuine characters of T(;Lk(F)2 and Tn_k+1(F)2. Since

Tur 1 (F)? Z {2, 0) - ¢ € pa\(Ter, (F)? X Ty_ir1(F)?), (2.31)

the tensor representation x| ® x5 of T,,H(F )? is defined: it is a genuine character. For
genuine characters x; and x, of CTch( F) and CTH{H( F), but

X109 x2 = xulfy,, (r2 ® X2IF,  (Fy2-
The last claim enables us to deduce the following result.
Lemma 2.15. Assume that 0 <k <n, and that t and 7w are irreducible genuwine

representations of TGLk(F) and Tn_kH(F) (respectively). Write T = p(x;) and 7 =
p(xz), where x; and xr are genuine characters of CTch(F) and Cﬁth(F) (respectively).
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Also, let x be a genuine character of CT,M(F) which agrees with x; © xz on THH(F)Z.
Then

I =[F*:F? P pk)
x'€(x)

where r =2 if n and k are even and k <n, r =0 if n is odd and k = n, and otherwise
r = 0; the finite set T1(x) was defined in §2.2.1.

Proof. We follow the arguments of Kable [42, Theorem 3.1]. Applying Lemma 2.13 to
I(t, m)*, we write it as a direct sum of [F* : F*2] copies of

o 1 (F) .
lndp_l(TGLk(F)*XTn,k+1(F))(-C ®7T) (232)

Now we consider the different cases.

(1) nis even, k is odd: by Proposition 2.12, the representation t* is irreducible. Hence
T @ is also irreducible. As explained in the proof of Lemma 2.13, for any a €
Tor, (F), “(t*®@m) = 1* Q@ w,m. Because m and w,m are both irreducible genuine
representations of T,,_¢+1(F), they are isomorphic if and only if their restrictions to
Cfn—kJrl(F) are identical. Since n —k is odd, Cgp _ (p) < CTn—kJrl(F)' The restriction

w“|cc7Ln,k<F) is trivial if and only if a € TGL,C(F)”7 whence

Homg (g (@am, ) =0, Va¢ Tor, (F)*.

This means that t* ® & satisfies Mackey’s criterion, and therefore by Mackey’s
theory (2.32) is an irreducible representation of Tnﬂ(F ). We claim that it is
isomorphic to p(x), which implies that I(z, 7)* = [F* : F*2]p(x) (since n is even,
GO = {x)). .

Indeed, n is even; hence CTH+1(F) = T,H_l(F)Z7 and it suffices to show that both
representations agree on ﬁ,_H(F)2. This holds because of (2.31) and TGLk (F)? <

Tor, (F)*.
(2) n and k are even: write T* = @,%0 as in Proposition 2.12. Then (2.32) is the direct
sum
. T (F)
S7 ind G (T a1 () (@ © @aTT)- (2.33)

a€Tgr, (F)\Tor, (F)

If P(0c@warm) X0 Quwum for some be TGLk(F), then 20 %o, which by
Proposition 2.12 only happens for b € TGLk(F )*. Thus 0 ® w, satisfies Mackey’s
criterion, and each summand is irreducible. Since n —k is even, wa|CTn—k+l - = 1,
whence w,m = 7, and all summands are equal. Thus if k < n we get I(t, 7)* = [F* :
F*2120(x). If k = n, I(t,)* is equal to (2.32); hence I(t,w)* = [F* : F*2]p(x).
(3) n is odd, k is even: as in case (2) consider (2.33). Because k is even, as above,
each summand of (2.33) is irreducible. Since both n and n—k are odd, any

z € C(?ln(F) can be written as z = z1z2, with z1 € Cgr, () and z2 € C&n,k(F)v and,
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furthermore, z € C3 _ (p) and z3 € CT (- Additionally, because k is even,
CGLk(F) is contained in the center of TGLk (F)*, and hence alc L) is a character.
Using these observations we see that the restrictions of o @ w7 to Cét, ) 88 a
varies are different. Therefore the summands in (2 33) are inequivalent.

Each summand takes the form p(x’), where x’ is some genuine character of
CTn+1(F)’ but x’ must agree with x on 7Tj11(F)? because 0|TGL FR = T'%Lk(F)z
(TGLk (F)? < CTGLk(F)) and walF, ., r2 =1 There are [F* : F*z] such characters
x', and, because there are exactly [F* : F*?] non-isomorphic summands in (2.33),

all possible x’ appear. It follows that I(z, 7)* = [F* : F*2]1@,reni(y) p(X)-
(4) n and k are odd: assume that k < n. Using Lemma 2.13,

* _ *2 n+1(F) *
[@m)" = F" F2lind ey ey g oom 5O

k. 2 Tys1(F)
= @N i o Tt (FYx Ty (1) (O T © P)-
heTy k1 (F)\Ty—g+1(F)

Here, wp,(a) = ¢(Y(h), deta) and 7* = @, p, as in Claim 2.14. Since k is odd, by
Proposition 2.12 we have HomTGLk(F)(a)h/a)hr, wpt) =0 as long as h' ¢ Tn_k_l,_](F)*,
and it follows that each of the last summands is irreducible. For h # k', the
summands are non-isomorphic: this follows as in case (3) (the opposite case with
respect to k and n — k), because CGL,, «(F) is contained in the center of Tn 1 (F)*
(see (2.25)) and for z € Cgp, (), 2 = 2122, where z1 € Cgp, () and 22 € Cor, 4 (F)-
Thus I(t, 7)* = [F* : F*?] ®yeni(y) p(x)). Finally ,if k = n, by Proposition 2.12,

I(t, 0)" = ind Lot (F)*(r )@ = Bo(@T @) = Byrennr(X). D

*x _ H(F) * . .
Remark 2.7. One could define I(t,m) md L CH (Fyx Hy (F)*) (r ®n*). With this
definition, the case k = n is simpler: I (7, 7)* = 1T ® 7t Lemma 2.13 implies that, for k < n,
H(F)
P~V (H{ (F)x Hy(F)*)

H(F)

ind (t®n*) = ind ‘](Hl(F)*tz(F))(T*®7T)'

Then in Lemma 2.15 we obtain smaller multiplicities. However, the presentation in
§§2.3.1-2.3.2 below seems to be simpler with the definition above.

2.2.5. Discussion on the metaplectic tensor product. Irreducible represent-
ations of Levi subgroups of classical groups are usually described in terms of the tensor
product. For metaplectic groups the direct factors of Levi subgroups do not necessarily
commute, and hence the tensor construction cannot be extended in a straightforward
manner.

The metaplectic tensor product in the context of GL, has been studied by various
authors [24, 42, 62, 78, 81]. Kable [42] used a representation similar to I (z, 7)* (see § 2.2.4)
to define a metaplectic tensor product, between genuine indecomposable representations
of Levi subgroups of the double cover of GL, (F). He studied the induced space I (z1, 12)*,
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where t; are representations of Zi(F ) and L; < GL,, are Levi subgroups. To any genuine
character w of CGVL,I (F)» Kable defined 11 ®, 12 as an indecomposable summand of
I(t1, 12)*, on which Céi, (r) acts by w. He proved that this construction satisfies many of
the useful properties of the tensor product, e.g., associativity, compatibility with taking
contragradients, and certain compatibility with Jacquet functors.

Essential for his approach was the Mackey theory for the restriction 7 = 7i[f, p)s,
which he developed for the double cover [42, Propositions 3.1, 3.2]. The main obstacle in
trying to extend his construction to our setting is the lack of an analog of these results
for G, (F).

Mezo [62] considered r-fold covers. Denote GL,,(F)" = {b € GL,,(F) : detb € F*'}.
Mezo defined a tensor representation for L = GL,, x --- x GL,, using restrictions from
GL,,(F) to GL,,(F)" and a process resembling the construction in §2.2.1. Takeda [81]
constructed a global metaplectic tensor product, whose local components agree with
those of Mezo [62]. He proved several properties for the global (and local) tensor, e.g.,
compatibility with induction and automorphicity.

For our purposes it will be sufficient to consider the space I(t, w)*, on which we can
compute certain Jacquet functors simply enough. The lack of a universal property for
the metaplectic tensor product places a heavy burden on details. At present, we do not
attempt to extend the results of [62, 81] to our context.

2.3. Exceptional (small) representations

2.3.1. Definition and basic properties. = We construct exceptional representations,
adapting the results of Bump et al. [17] in the context of SOz,41. These representations
were called ‘small’ in [17].

Let x be a genuine character of C7, L (F) We say that y is exceptional if, for all« € Ag,,,

x @V (x"®))) = |x| for all x € F*. In particular, such a character is regular.

Let xo be a character of T,,1(F)* such that x is obtained from xo by extension, as
explained in §2.2.1. Since s(aV (x'@)) = oV*(x'®), xo satisfies xo(a¥ (x"®))) = |x| for all
a € Ag, and x € F*. We see that x is exceptional if and only if x¢ satisfies this property.
Refer to §2.3.3 below for a detailed construction of an exceptional character.

In this section, except in Proposition 2.16, the field is p-adic. Recall that wg denotes the
longest element of W,,, and wg € 27, is the representative. Additionally, for brevity, when
we refer to a Jacquet functor applied to a genuine representation along some unipotent
subgroup U, we drop s from the notation; for example, we write jy(---) instead of
Js@) ().

Asin [17, Theorem 2.2], we have the ‘periodicity theorem’ (see also [47, Theorem 1.2.9]).

Proposition 2.16. Let x be an exceptional character. The representation Og, , on
the space M(wq, x)V(x) is irreducible: it is the unique irreducible subrepresentation
of V%) and the unique irreducible quotient of V(x). Furthermore, if F is p-adic,
NGOG, ) = p™Mx).

Proof. Consider the p-adic case first. The facts that V(™ yx) has a unique irreducible
subrepresentation and V(x) has a unique irreducible quotient follow from the Langlands
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quotient theorem proved for metaplectic groups by Ban and Jantzen [8]. This is because
x belongs to the positive Weyl chamber. Now it is left to compute the Jacquet module
and establish the irreducibility of g, .

One argues exactly as in [17], starting with computation of jy, (®g,,4), which implies
that ©g,,, is irreducible. The calculation follows from the properties of the Jacquet
functor described in §2.2.1, Claim 2.11, the observation that when |2| =1 and ¢ > 3,
1—g "M x(ag)) =0 for all @ € Ag,, and a computation on G1(F) and S’ZQ(F) in the
remaining cases (él(F) is split).

If F is Archimedean, the proposition follows from the Langlands quotient theorem [54],
whose proof by Borel and Wallach [13] is applicable to cover groups (see [8]). Note that
the results of [8] do not include the characterization of the Langlands quotient in terms
of the intertwining operators. U

The representation ®g,,, is the exceptional representation corresponding to the
exceptional character y.
We describe the contragradient exceptional representation.

Claim 2.17. We have Og =906, myr. Furthermore, the restriction of Yoy to

,,+1(F) agrees with the restriction of x multzplzed by some non-genuine character A
of T (F)2.

Proof. Put x" ="0x". Proposition 2.16 implies that ®g , is an irreducible quotient
of V(x'). Let xo (respectively, x,) be a character of T+1(F)? such that X1, py
(respectively, X/|Tn+l(F)2) is the extension of xo (respectively, x/). If e Tpy1(F)2,
equality (1.7) implies that x; = xo(t- B, (Y(¢))). Denote A(t) = xo(B,’(Y(2))). Since
By (x) € T,+1(F)? for all x € F*, A is a character of T,41(F)?, and Xo="Ar-xo0. It
follows that X’Ian(F)z = )»'(xlan(F)z). In particular, x’ is an exceptional character.
Then, by Proposition 2.16, ®¢, ,/ is the unique irreducible quotient of V(x’). Hence
@g 2 =96,y O

Remark 2.8. In contrast with ®go,,,, of [17], the representation @, , is not self-dual.

The next proposition describes an exceptional representation in terms of exceptional
representations of GLy and G,_x. We briefly recall the construction of exceptional
representations of Kazhdan and Patterson [47, §1.1 and Theorem I1.2.9]. Let
X1 be a genuine character of CTGL (F) —TGLk(F) Céir)- Call yx; exceptional if

X1(5(Tll (xz)r]l_H(x_z))) = |x| for all 1 <i <k and x € F*. In this case the exceptional

representation ®gy, ,, is the unique irreducible quotient of IndGLk(fZ_) (p(x1)). It is also

the unique irreducible subrepresentation of IndGL"(f;) (p(Mx1)), where w, is the longest

element of the Weyl group of GL;. Note that, for 1<i <n, s(n;’ (xz)an(x 7)) =
O‘iv+1*(x[(al+l))'

Let wy be the longest element of W,_; (the Weyl group of G,_¢). Also recall the
representation x; @ x» defined in §2.2.4.
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The following claim relates an exceptional character of Cfn+l (F) to a pair of such
characters of CTGLk( pyand Cz gy

Claim 2.18. Let x be an exceptional character, and let 0 < k < n. There are exceptional
characters x1 and x2 of CTGLk(F) and CTnle»l(F) such that

"X % r2 = Yox1 0™ xa. (2.34)

Proof. Since TN‘,,H(F)2 is split under s, one can regard x as a character of Tj,,(F)?
satisfying x @V (x"@)) = |x| for all « € Ag, and x € F*. It is enough to show that there
are characters x; and x» of TGLk(F)2 and T,,_/(Jrl(F)2 with the following properties.

(1) x1(n’ (x2)nl+1(x’2)) =|x|forall 1 <i <kandxe F*.
(2) Xz(aiv(x[(""))) =|x|forall k+2<i<n+1andx e F*
(3) WOX|T+1(F)2 =w6X1®ng2'

Indeed given such characters, one can extend them to genuine characters of TGLA(F )2
and T, k+1(F)?, and then extend them again, not necessarily uniquely (depending on
the parity of k and n), to exceptional characters of the corresponding centers.

Ifa = [Ti_y nY(a?) and t = [T/2F BY (P)BY iy (tn—ks1), using (1.2)—(1.4) and (1.7), we
get

Hn, (a; )Hﬂ (72t deta Byt Yyt deta™) k<,

w“(at): i=1

]"[n,-v (a7 By (deta™'11) k = n.

i=1

Set n(@) = x([TiZf BY @eta™)BY 4y (deta™), xi=n-"0(xIg,, )", and xo =
X|Tn—k+l( Py Clearly these characters satisfy the above properties. O

In general, if 0 <k <n and x; and xp are exceptional characters of CTGLk (r) and
CTH,H](F)v we have the representation /(g 4, OG, s, x,)* defined in §2.2.4:

* _ - My (F) * *
IOGL 11> OG,1.x2)” = mdp—l(GLk(F)*xGn,k(F)*)(®GL1<,X1 ® ®Gn—ksX2)'

The following two results are analogs of [17, Theorem 2.3 and Proposition 2.4].

Proposition 2.19. Let x be an exceptional character, and let 0 < k < n. Then, for any
exceptional characters x1 and x2 of CTGLk(F) and CTn—k+1(F) satisfying (2.34),

JU, (©6,.5) CIOGL, x1, OG, 1.x)"

Proof. We start with computing the Jacquet module along Ngr, X Ny—x < My of both
representations. The double coset space

(GLi(F)* Gk (F))\My(F) /(Ty41 (F)NGLy (F) Np—ic(F))
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has one element. According to the geometric lemma of Bernstein and Zelevinsky [12,
Theorem 5.2],

INat Nuck 1 (OGL x> OG, 4. x0)")
_ o T (F) x x x x
- mdp—l (Tor, (F)*X Ty 1(F)*) (‘]NGLk (®GL1<,X1) ® IN,i (G)ank,)(z))' (2.35)
Here, j]{,GLk is the Jacquet functor taking representations of GLi(F)* to representations

of fGLk (F)*, and j;,nik is defined similarly. We have

j;\(’GLk (®EL,€,X1) = (jNGLk (®GLk,X1))* = P(WOXI)*s

where for the first equality we used the fact that Ngr, (F) < (ik(F )*; the second
equality follows from [47, Theorem 1.2.9]. Similarly, using Proposition 2.16, we get
j,’(,nik (®:;n—k ) = o (M0 x2)*. Applying Lemma 2.15 to the right-hand side of (2.35) implies
that

Nt Nek T (OGL 1 OG, 4 x)") =mED p(x),
X/

where m > 0 is an integer (depending only on k and n), and the summation is over all
genuine characters x’ of Cﬁm( ) such that

X152 =000 0002 =Xz, (ry2

(the second equality is (2.34)). Thus "0 x appears in the summation at least once.

Since  jngy, Nuoy (T (OGL 312 OG, . x)*) 18 semisimple and the Jacquet functor is
exact, jNGLk No_x Vo) is semisimple for any Vo C I(OgL,, x> ©G,_i,x)"- Thus there is an
irreducible V C I1(Ogry, x,, ©G,_;,x,)" such that p("x) is a quotient of jng, N, (V). Set

Mk ) _ Mk(F) A\/)
PP x0) = Ind 24 1 (yNey, (Fy Ny ) P X0)-

Then Frobenius reciprocity shows that
Homjg, gy (V. I (0 (™)) = Homg: . ) G, Ny V). £ 0) # 0, (2.36)

whence V C I M"~(p(W0 x)). According to the Langlands quotient theorem [8], the
representation 1Mk (p(™ x)) has a unique irreducible subrepresentation, which is V.
Let us turn to jy, (0Og,,x). Proposition 2.16 implies that

IN6t Nui G (©G,,x)) = jN, (©Og,. ) = p(" ).

The representation jy, (©g,,,), as a Jacquet module of a quotient of V(x) with respect
to a non-minimal unipotent radical, does not have a cuspidal constituent. Hence, since
ING1, Nui (Ui (Og,, ) 18 irreducible, so is ju, (©,,,). Now (2.36) with juy, (©g,,y) instead

of V shows jy, (®g,,,) C 1Mk (p(™x)). Thus jy, (Og,.») =V CI1(OgL,, 4, OG,_1.x)" O
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Corollary 2.20. Let x be an exceptional character, and let 0 < k < n. For any exceptional
characters x1, x3 of C;GL (F) and x2, x4 of Cf e (F) such that (x1, x2) satisfy (2.34) with

respect to x, and (WO)(g Yo X4 satisfy (2.84) with respect to Y0 x",

Homg, 1(©6,., nd3 D) (1 (@61, 41, ©6, 4.1)) #0,

~ Gn(F)
HUmGn(F)(I”ko(F)(I(®GLk,X3, ®Gn_k,x4)*), ©¢,.x) # 0.

Proof. The first assertion follows from Proposition 2.19 using the Frobenius reciprocity.
Dualizing,

Homg, (F)(Indg"EF;((l(®GLk 110 OG0, 06, ) #0.

In general if £ is a genuine representation of H(F), where H < Gn, EHN = (M
(because H(F)* contains an open neighborhood of the identity of H(F )). Applying
Claim 2.17 and its analog for GL,, we get

(I(@GLk,Xl’ (’-DGn,k,)(z)*)A = I(®GL w6 Av ®Gn—k ng/\)*'

Now replace x with Y0 x”, and set x| = w0X3 and xp = w0x4 We see that

Homg p(Ind Q"EF;(I((@GLk,X}, OG, 4x)") OG,.,) # 0. O

In the case when k =n, we can strengthen the results of Proposition 2.19 and
Corollary 2.20 and obtain a result more similar to that of [17].

Claim 2.21. There are unique exceptional characters xi, x2, X3, x4 such that
Ju, (®Gn,x) = ®GLn x1 ® ®Go X2

Homg, (F)(@)G,, X,Indé (F)(®GL,, 1 ®06.x)) #0,

Homg, (F)(I”d (F)(®GLn 13 ® OGo.x4)> 0G,.,) # 0.

Proof. In this case, C7  (p) is the product of Cz, ) and Ti(F) with amalgamated

2. Therefore, there are unique characters x; and x» such that W0y = wo X1 ® x2. Then
the first assertion follows as in [17, Theorem 2.3], by calculating the Jacquet modules
and using the fact that the representation induced from p (™) to Mn(F ) has a unique
irreducible subrepresentation. The other assertions follow from the Frobenius reciprocity.

O

Due to global reasons (see Proposition 3.4 below), it will be necessary to compute the
constant ¢(wg, x) defined in Claim 2.11. We have the following claim.

Claim 2.22. Let x be an exceptional character, which is unramified. Then

cowo. 0= ] [

2<i<j<n+l 2<i<n+1

(l_qflfjJri)(l_q*1+j+i72(n+2)) (1_q717n72+i)

(1— q7n72+i) :

(1—g—7tH( - qj+i72(n+2))
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Proof. We compute x(a,) for an arbitrary o € Egn. We will show that

q It a=¢—¢j, 2<i<j<n+l,
x(@) = g/T20D g =€ +e;, 2<i<j<n+l,

g "2 a=¢, 2<i<n+1.
The formula for c(wyg, x) clearly follows from this.

In general, if «v(x) =[], cvij(x[)7 where «;, € AG/+], ie, 1<iy<n+1forallg
| < m, and for each [ either x; € F*? or i; = n+ 1, then [Tt lt)lv(xl) € Ty4+1(F)%. Then by

applying s we obtain V" (x) = []/L lav*(xl), whence X(av*(x)) =TTL, )((ozv (x)).
Start with the computation of X(aa) for a=¢—€;,2<i<j<n+1 Slnce aY

lj il al and (o) =2, «¥(w?) = 1 ; Oll Y(w?). The definition of yx implies that

x (Y (@?) = ¢q~!, giving the result.

Next, consider o =¢;, 2<i<n+1. We have l(@)=1 and o'(w)=[];
alv(wz)otnvﬂ(w) (if n = 1, there is no product), whence x (aq) = ¢ ="~ .

For a=¢+¢€¢; (2<i<j<n+1), oV (@?) = (¢ —ej)v(wz)e}/(wz). Applying s
gives aV*(@?) = (¢ —ej)v*(wz)ej (@?). Now the result follows from the previous
calculations. O

2.3.2. Vanishing results. As described in the introduction, the main motivation
for studying exceptional representations is their applications. The remarkable (local)
property of these representations is the vanishing of many twisted Jacquet modules.

In this section, F is a non-Archimedean field of odd residual characteristic. Fix a
non-trivial additive character ¥ of F. For a column b € F', define the ‘length’ of b, £(b),
with respect to the symmetrlc bilinear form corresponding to Ji, &(b) ='bJib. If U < N,
ueU(F),and o € Z’Gn, denote by uy the projection of u on Uy.

We recall the notion of unipotent classes and their corresponding unipotent subgroups
and characters. Since the unipotent subgroups of G, are in bijection with those of SO»,41,
we can use the description of Bump et al. [17, §4]. For a general reference, see [20, 22].
See also Ginzburg [27].

A partition of k is an m-tuple r{ > -+ > ry, > 0 such that r{ +---+7r,, = k. There is a
natural partial order on the set of partitions of k: (r1,...,rm) = (1, ..., rr’n/) if Zé:] r>
Zi:l ri for all 1 <1 < min(m,m’). We denote (r1,...,rm) 2 (r,....r, ) if (ri, ..., 1) is
greater than or non-comparable with (r{,...,7/ ).

A unipotent class O = (ry, ..., ry) of G, corresponds to a partition of 2n + 1 in which
any even number appears with even multiplicity. Write the integers occurring in the
multiset U;-"zl{r,- —2j+ 1};’;1 in a decreasing order, and let I] > --- > [, > 0 be the first
n numbers (these are the n largest ones). Define the one-parameter subgroup ho by the
image of

n
ho =[Ja)"
i=1
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The group hp acts on N, by conjugation. For any o € Egn there exists j, > 0 such that
ho(Ong(x)ho(t)™' = ng(t/ex) for all x and . Let Vo < N, be the unipotent subgroup
generated by those ny for which j, > 2 (i.e., Vo(F) is generated by {ng(x) : jou > 2,x €
F}). Let V§ be the quotient of Vo by its derived group. Recall (§1.1) that C(Gy, ho)
denotes the centralizer of h¢ in G,. The centralizer C(G,, ho) acts on V§, by conjugation.
The stabilizer of x € V§, under this action is denoted St,, and its connected component
by St0.

Any character of Vo (F) is the pull back of a character of V{3 (F), and, because V{;(F)
is abelian, such a character can be identified with a point in V(?)(F). If x e Vé(F), let ¥y
be the corresponding character.

Let F be the algebraic closure of F. The action of C(G,(F), h@(f*)) on Vé(f) has
an open orbit. For ¢ € Vé‘)(f) in this orbit, St.(F)? is a reductive group. Let b € V(E‘)(F).
The character ¥, is called generic if b belongs to the open orbit.

Remark 2.9. In [17], the notion of a generic character was restricted to allow only F-split
stabilizers. For example, if St,(F)? = SO, (F), then v, is generic if St;,(F)° is the F-split
group SOy (F). A result of [18, Proposition 3] indicates that this notion can be relaxed
by considering quasi-split stabilizers.

Recall that Qg = (2"'1) if n is even; otherwise, Oy = (2"~ 113). Let x be an exceptional
character of Cﬁm( F)- In this section, we prove Theorem 1. Namely, for any O 7 Oy and
generic character vy, of Vo (F),

jVO»‘/fb((aGnsX) =0. (237)

(As in §2.3.1, we omitted s.) Let O1 = (312"72). If a unipotent class O satisfies O = Oo,
then O > O;. This was used by Bump et al. [17, Theorem 4.2] to reduce the (global)
vanishing results to a statement on O; [17, Proposition 4.3]. We follow (a local version
of) their arguments (see [18, proof of Proposition 6]). In Lemmas 2.23-2.25, we prove
Jvo, s (©6,,x) = 0. The proof of (2.37) will follow from this using properties of Jacquet
modules.

In the case of Oy, the corresponding unipotent subgroup Vo, is U;. If u € Uy (F), let
r(u) € F"~1 be the row vector given by

r(l/t) = (u62—637 s uEz—G,H_] s Ueys u€2+€n+| RO u€2+63)'

Since U; is abelian, for any column b € F?"~! we have a character of Uj(F) given
by ¥p(u) = ¥ (r(u)b). Also C(G,, ho,) = M. The points belonging to the open orbit
are those b € U1 (F) with £(b) # 0. Indeed, there are only three orbits: {b: £(b) # 0},
{b:e(b) =0}, and {b=0}. If £(b) =0, St,(F)? is not reductive, because it contains a
unipotent radical of G,_, which is normal in Sz, (F)°.

Let b € Ui(F). Then 3 is generic if and only if £(b) #0. For a generic vy,
Sty (F)° GSpiny,—1,(F), a quasi-split group (in [17, 18], this was SO2(,—1)(F)), where
GSpiny,_1y < Gp—1 < My. To see this, start with the root subgroups contained in the
stabilizer; these are found using the identification of Uy with a unipotent radical U| of
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SO2n4+1 (see §1.2). To find the coroots, write t € T,,41(F) in the form (1.5), and then
consider the action of []i_; 7 (a;) on U{(F) (B, (t1) € Cq,(F))-

Lemma 2.23. Assume that n =1, and let ¢ be a linear functional on the space of Og, .
If (p(nzz(x)v) =Y x)pW) for all x € F, then ¢ = 0.

Proof. The subgroup generated by ng,(x) is Uj(F) = N{(F). The functional ¢ is the
usual Whittaker functional with respect to N; and ¢¥. We will show that V(Wy)
contains an irreducible genuine representation, which does not afford such a functional.
By Proposition 2.16, this representation must be ®¢, ,, which gives the result.

In this case, x is a character of T>(F) (see §2.2.1). By Claim 2.2, the cover splits; hence
x can be considered as the extension of a character x’ of T>(F). The character x’ must
satisfy x'(a;) (12)) = |rp| for all 1, € F*. Since wp = wy,, Equalities (1.6)-(1.8) imply that

8, im "0x (@) ()3 (12)) = 111" x (@) (1)) = n(Y (e ())ty (12))),

where 7 is some character of F*. Hence the non-genuine function f(g) = n(Y(g)) belongs
to V(™ x), and, by its definition, it spans a one-dimensional subspace which is also a
G (F)-module. Because the cover splits, f can be extended to a genuine function; hence
this is also a genuine G1(F)-module. The action of ng, (x) on this subspace is trivial,
completing the proof. O

In the case when n =2, Uy (F) is generated by ng, (x), ney4a; (¥), and ng, 420, (2).

Lemma 2.24. Assume that n =2, and let ¢ be a linear functional on the space of Og, .
If by, by, b3 € F satisfy £(* (b1, by, b3)) # 0, and, for allx,y,z € F,

P (O 0 I 420, (DDV) = Y (b1x + b2y + D32 (v),

then ¢ = 0.

Proof. By Claim 2.8, Cipy = T3 (F)?, and hence we can regard x as the extension to
T3(F)? of a character xo of T3(F)2. If t = nlv(af)nzv(ag)ﬁlv(tl),

1/2

851 "0 x0(0) = lar |~ aal 210 Pxo(@) (ay a3 D) = larln ™ (ay 2ay 1}) = larIn(Y (1)),

for a suitable character n of F*.

Let M{(F)® =GL(F)*xG(F)* and Q(F)® =M (F)® x U;(F). According
to (2.21), and because the covers of GLi(F) and G|(F) are split, the cover of
M (F)B is split. Therefore 81Q/16( F)nT can be pulled back to a genuine representation

of él(F)EE7 whence Indgv?((f_;aa(élQ/f( F)nT) is a genuine representation (this induction is
not normalized). Because [Q](F) : Ql(F)Ea] is finite, and for ¢ as above 8;2/]6(F)(t) =l|a1l,

we get

Gay(F)  (51/6 Ga(F) ) wo
Ind 5 pyw g, (pyn 1) C Indg ) (p ().
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Gy (F 1/6
This inclusion and Proposition 2.16 imply that Ind = 2 )EB ) /

5P Q.(F)nT) has a unique
irreducible genuine subrepresentation, which must be Gg, ,. We proceed to show that
[F * . F*2] non-isomorphic irreducible representations can be embedded in ©g,,y over
Gz(F )*. These will be certain twists of the Weil representation. According to Bernstein
and Zelevinsky [11, (2.9)], ©F, , equals the sum of these representations ([G2(F) :
az(F)*] =[F*: F*z]). Thus it will suffice to show that the prescribed functional must
vanish on each of them.

We use the exceptional isomorphism G} = Sp,. Let Sp, be the subgroup of GL4(F)
preserving the antisymmetric form on F* given by (x,y) — 'x (_ b 12) y (the matrix
J> was defined in §1.1). Fix the Borel subgroup Bs,, = Tsp, X Nsp, of upper triangular
matrices in Sp,. Let yi, 2 be the coordinate functions; i.e., if y = diag(y1, y2, yz_l, yl_l) €
Tsp,(F), yi(y) = yi. Denote by o1, 02 the simple roots of Sp,. The mapping from G} to
Sp, is defined by @z — 02 and a3 +— 0.

Let wy be the Weil representation of the metaplectic double cover @2(F) of Sp,(F),
realized on the space S(F?) of SchwartzBruhat functions on the row space F2. It satisfies
the following formulas (see [66]):

wy (diag(a, a*), 0)$(€) = L yy (deta)|detal 2 (¢a),

1
“ (((12 Z) X )) PE) =y <§5le“'€> P &). (2.38)

Here, a € GLy(F), ¢ € pa, ¢ € S(F?), £ € F2, and vy is the normalized Weil factor
associated to ¥ (see §§1.1 and 1.3.4). Note that yy | g« = 1. We have oy = o/ @ a)fhdd, a
decomposition into even and odd functions; each space is irreducible. For ¢ € F*, denote

Ye(x) = 1//(cx) If ¢ # d modulo F*?, f//”E" and a)f;’e" are non-isomorphic.

The cover G/ 5(F) is non-trivial, and because sz(F ) is unique, the 1somorphlsm G, =
Sp, extends to the cover groups, and we can regard wy as a representatlon of G/ (F ).
We have Cg, pyr = Cg,r)» Cg,m) N Gz(F) = p_l(ag/(xl)), and Go(F)* = CGZ(F)*Gz(F)
(see Claim 2.7). Since ay (—1) is mapped to the matrix —I4 € Sp,(F) which acts by —1
on a)‘&fdd and by 1 on a)f//”e", and Y (ey (—=1)) = 1, we can extend a)f//”e" to an irreducible
genuine representation nY - a)f;’e" of Go(F)*.

For an even function ¢ € S(F?), define

T 0 ()p(0) g € GalF)",
E@yg =" v 9O s
otherwise.

We claim that ¢ — E(¢) defines an embedding of nY - a)fp”e" in ®G2 e

that E(¢) € Ind(Q;ZEfT;E(SIQ/f(F)nT) Indeed, because IndQZEF;EE (SlQ/f(F)nT) is of finite length
1/6

and Gz(F) \GQ(F) is a finite group, any G2(F)* submodule of Ind(Q;Z((IF,;E(SQI(F)

. It is enough to show

nY) is
contained in O’(’;2 e
Clearly E(¢) is a smooth genuine function on ég(F) with support in 52(F)*.
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For m € M1(F)EE7 we can write m = cmh’ with
¢ =a) (@ they (a7 tHay (a7 'h) € Coyry,  mi = oy @)y (ait;'n), B € Gi(F).
We must show that
E(@)(mg) = |ai[nY (a; HE@)(3). Vg € Go(F).

Note that we can regard m as an element of Ml(F )EE because the cover splits. Since
M1(F)EE < Go(F)*, it is enough to assume that g € 52(F)*.

Since h’ is generated by the elements ng,(x) (x € F) and wy,, whose images in Sp, (F)
belong to {diag(a,a*) : a € SLy(F)}, a)fl/”e”((h’, 1))¢(0) = ¢(0). Also the image of m; in
Sp,(F) is

-1 2 - -1 -1 —1y—1 -1, \—1
o (ait; " 1)oy (ay) = diag(ait; ', ainty , (aitity )", (art; 1)7).

Thus nT-wfbve"((m, 1M (0) = |a1|nT(af2t12)¢(O), as required.
Regarding the invariance under s(Uj (F)), let V(F) < Sp,(F) be the unipotent subgroup
10yz

Ixy
10
1

v(x,y,2) = (x,y,2€F

The image of ng,(X)Nayta; (VNay+205(2) € UI(F) in Sp,(F) is v(x,y,z), which acts
trivially at 0 by (2.38).

We conclude that E is an embedding. Of course, this applies to any .. It remains to
show that nY - a)f}/”"" does not afford the functional appearing in the proposition. Indeed,
the subgroup U;(F) is in bijection with V(F) and, exactly as in [17, Proposition 2.5], as
long as 2b1b3 + b% # 0, any such functional vanishes on the space of wfﬂ“e”. O

Remark 2.10. The proof follows the arguments of [17, Proposition 2.5]. There, the analog
of Go(F)* is the kernel of the spinor norm map, SO5(F)’.

The following lemma combines [17, Theorem 2.6] and [18, Proposition 3].

Lemma 2.25. Assume that n>1. For any generic character VY, of Vo,(F),
jVOlst(G)Gn‘X) = O

Remark 2.11. If £(b) € F*?, it is possible to conjugate v, into the character u — Y (Uey)-
Then the statement of Lemma 2.25 is similar to that of [17, Theorem 2.6]. The general
case was stated in [18, Proposition 3].

Proof. Exactly as in [17], the proof is derived using a sequence of claims, all of which
follow from the results already proved in §§2.3.1-2.3.2. The arguments of [17] referring
to unipotent subgroups can be repeated without a change. The difference is that here,
instead of using a tensor product representation to describe jy,(®¢,, ), we use the
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induced representation of Proposition 2.19 (or Claim 2.21 when k =n). We briefly
present the arguments of [17] and focus on the necessary changes. The restriction of
the cover G, (F) to GSpiny,_1)(F) gives a cover of the latter. The key observation is that

Juiu, (06, y) is either a supercuspidal representation of (/?:S'\;;;Q(n_l)(F ) or zero.

Claim 2.26. Assume that2 < k <n. Letcy,...,ck—1 € F anddy, dr,ds € F be given with
2("(d1, da, d3)) # 0. Define a character ¥ of Ner, (F)Ur(F) by

k—1
(4 (Z Cillgyy T d1ley —e, g +dolle +d3“€k+1+€n+1> k <n,

i=1

k—1
v <Z Cillajyy +u€n+1) k=n.

i=1

V) =

Then jNGLk Uew (@G, x) = 0. Here Ng, is embedded in the GLy part of M.

Proof. We use induction on n; the base case is n = 2. For any 1 <[ <k, let G,_; be
embedded in M;, and let Q; _, = M;_, x U/_, < G,_; be the standard parabolic subgroup
with a Levi part M; _, isomorphic to GLx_; x G,—¢. Let Né}Lk,, be the embedding of Ngy, ,
in the GLy_; part of Ml/c—l' As a unipotent subgroup of SO2,41, Ngr, Ui takes the form

1 U1 uUp U3 Uy

22 vy vy ok
Dhu—+1 * * |,

koo

k

where z1 € Ngi,, 22 € N/GLk_,v ui,...,us are the coordinates of U;, and vy, vp are the

coordinates of U, _,.
Assume that ¢; = 0 for some 1 <[ < k. Then

INGL, U, ¥ = JNgr, . ¥ ]N(/}Lk,l Ul 2 JU

where | and v are obtained from i by restriction.
By the induction hypothesis, or by Lemma 2.23, if n —1 = 1 (and then k = n),

jNé;Lk_l U]L,IJ/Q (®anlsX2) = O (239)
for any exceptional character x» of g (p).-
Write as in Proposition 2.19, ju,(06,.y) C I(OgL,. x> ©G, ,.x)* It is enough to prove

that
INGy, UL n (T (OGL 06, 1.x)") =0.
Moreover, according to Lemma 2.13, it suffices to prove that jy, ¢y, vanishes on
k-1~ k=l”

M (F)

. o
mdp_] (GLI(F)*xG,,,l(F))(OGLMU ®OG, ;. x)- (2.40)
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Let Sty,(F) be the normalizer of N(’;LH(F)UIL_I(F) and the stabilizer of ¥ in G,_;(F).
The double coset space

(GL(F)* Gy (F)\M;(F)/(GL(F)Sty, (F))

has one element. Using the geometric lemma of Bernstein and Zelevinsky [12,
Theorem 5.2], the application of jNé;L v, 0 (2.40) is seen to be equal to
k—1 k=D

-1
P~ (GLI(F)xSty, (F)) .
P~ HGLI(F)*x Sty, (F)) (©61,,0 © ]Né;Lk,l Ui 2 (©6,1.x)),

ind
which vanishes by (2.39).
Thus we may assume that ¢; =---=cy—; = 1. By virtue of Corollary 2.20 and
Lemma 2.13, it is enough to show that

. Gn(F) (o M1 (F) * -
INot Uiy Ind gy (I 23 Gy () (O6L1 g @ OGamt ) = 0-

Let x’ be an exceptional character of C7 (p)- If n=2, let r =1; otherwise, take
2<r<n—1. Let ¥/ be a non-trivial character of Ngr, (F)U,(F), where Ngi, U, is a
subgroup of G,—; embedded in the standard maximal parabolic subgroup with a Levi
part GL, x G,_1_,. If n > 2, assume that ¥’ is defined as in the statement of the lemma,
with respect to ¢},...,c._,,d|,d}, d; € F, where £('(d{,d},d})) # 0. According to the

induction hypothesis and Lemma 2.23,

ING, Uy 0 (©G,_1.x) = 0.
As above, [12, Theorem 5.2] implies that

jNGL,UrJ//’(indII:/I—II(f(;LI(F)*Xanl(F))((a‘&Ll,xg ® 06, ;.x)) = 0. (2.41)

Now, the filtration argument of [17] applies to our case as well. Specifically, the stabilizer
in My(F) of ¢ contains Ngr, (F)GSpinyg,_i(F), where GSpiny,_(F) is the stabilizer
of ¥ in G, (F) (GLy and G,_ are regarded as subgroups of My). The space of the
representation induced from §1(F ) to én(F ) has a filtration according to the double
cosets Q1(F)\G,(F)/(NGL, (F)GSpiny,_j,(F)). Let w be a representative of some double
coset. Then either w conjugates one of the root subgroups of Ngr, Ux on which ¢ is
non-trivial, into Uy, in which case jng,, v;,y clearly vanishes, or ¥|w g, unonNe, Uy = Y’
with ¥/ as above, and then the Jacquet module vanishes by (2.41). O

For n =1, 2 the lemma follows immediately from Lemmas 2.23 and 2.24. Henceforth,
assume that n > 2.

Claim 2.27. The representation jy, y,(©g,,y), if non-zero, is a supercuspidal

representation of GSpiny,_y(F).
Proof. Assume that £(b) € F*2. Then we may assume that b = e, (e F2*1);ie., ¥pu) =

V¥ (ue,). Exactly as in [17, Lemma 2.8], using an ‘exchange of roots’, the claim can
be reduced to showing the vanishing of v = jy,,, v,(®g, ), where 0 <l <n and v
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is the character of Uy 1(F) given by ¥ (u) = ¥ (ue,,,). Let ¥Y;11 < GLj1 be the mirabolic
subgroup, the subgroup of matrices with the last row equal to (0,...,0,1). Then 7 is a
genuine representation of 171+1 (F), and we must show that t = 0. Suppose that this does
not hold. According to Bernstein and Zelevinsky [11, (5.14)], there are ¢y, ..., ¢; € F such
that the character ¥ (u) = 1//(2521 Cillg;,,) of Ngp,, (F) satisfies jNGLlJrl’I/f' (r) #0. But
this means that jNGLl+1 Ui, (©G,,x) # 0, where v = 1 - Y2, contradicting Claim 2.26.

If £(b) € F*—F*2  the argument is similar, with a minor change to . O

Claim 2.28. For any genuine supercuspidal representation t of E:S‘\[;;zz(n H(F) and
exceptional characters x1 and x2 of CTGL (F) and T1(F),

(Ind%rF ) (O61,.4 ®OGy 1)), T) = 0. (2.42)

Homle(n—l)(F)(]U]’w}) O (F)

Proof. Since in this particular case the tensor representation is defined, we are in the
same situation as in [17, Lemma 2.9], except that we have the quasi-split GSpin,,_1,(F)
instead of split SOz4—1)(F). The space (2.42) can be analyzed using the Bruhat
theory of Silberger [73, Theorems 1.9.4 and 1.9.5]. One considers the double coset
space Qn(F)\G,(F)/(U1(F)GSpiny,_y(F)), and then uses the theory of derivations of
Bernstein and Zelevinsky [11]. Since 7 is supercuspidal, this space is of dimension at
most 1. Because n > 3 and we are assuming that the residue characteristic of F is odd,
OGL,.x; does not have a Whittaker model ([47, §1.3]; see also [19, p. 145]). In this case, the
dimension of (2.42) is zero. The arguments follow closely those of [43, § 4] for quasi-split
SO2(n—1)(F), Soudry [74, §8], and Ginzburg et al. [32, Theorem 6.2(c)]. O

As in [17], the proposition follows. Set T = jy, y,(0g,,); then Claims 2.21, 2.27

and 2.28 applied to t imply that HomGSpmz(n l)(F)(r 7) = 0, a contradiction. O

Now we are ready to prove the theorem.

Proof of Theorem 1. Let ® = Og,y, let O = (rq, ..., ry) be such that O 7 Op, and let
¥ be a generic character of Vo (F). The proof is a local analog of [17, Theorem 4.2(i)].
We briefly reproduce the arguments. Let e (respectively, o) be the number of even
(respectively, odd) numbers r; greater than 1. By the definition of a unipotent class,
e is even, whence m — e is odd.

We only show the case when o> 0. Put r =n—0— (m+e—1)/2. The unipotent
subgroup Vp(F) corresponds to the following unipotent subgroup of SO,11(F) (see

§1.2):

~ o
o =
O e =
SNo =< R
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Here, o is an r x 0 matrix, and, if 4 is an i x j matrix, i’ = —J;'hJ;. The middle (20 +
e+ m) x (20 + e + m) block, regarded as a unipotent subgroup of G,—, < M,, corresponds
to the unipotent class (3°2°1"7°7¢), and we denote it by V(30¢m—o-c). We have

C(Gn—r(F), hzozeim—o-e)(F)) = GLo(F) X GLe(F) X G (n—e—1)/2(F).

According to the description of Carter [20, p. 398], if ¢ belongs to the open orbit (see the
discussion at the beginning of this section), St, (F)? is a reductive group of Lie type

Bo—1)/2 x Cej2 X Di—o—eyj2 0 is odd,
Dy X Cepa X Dp—o—e—1y/2 0 is even.

Since the coordinates of @ and z vanish in V{5, ¥, is trivial on the coordinates of o
and z. According to the definition, the restriction of ¥, to V(z0peim-o-¢y(F) is a generic
character. The restriction of v, to the coordinates of x (respectively, v) is characterized
by an o x (m —e) (respectively, e x ¢) matrix x (respectively, v). We may assume that, if
x,v) € Vé(F ) is the point defined by x and v, St v) (F)? is already of the prescribed Lie
type. It follows that v, is trivial on y, and, using a conjugation by a suitable g € GLi(F)
(a product of a unipotent matrix and a Weyl element), we may also assume that €(x;) # 0.

Using another conjugation, we can move the (r 4+ 1)th row (which contains x;) to the
first row. Again by the transitivity of the Jacquet functor, it is enough to prove that
jU’% (®) = 0, for the subgroup U(F) < U;(F) of matrices u whose first row is

(1 Or4o—14e X1 y1 211 @] 21,2)

where, for a matrix h, h; is the ith row of h; (hj1, hi2) = hi; hia € F; and lﬁé(u) =
¥ (x1('x1)).

If jU’%(@) # 0, there exists some character ¥ of Up(F) which agrees with ¥, on
U(F), such that jy, y.(®) # 0. However, any such character takes the form (1) =
¥ (r(u)c), where ‘c is the row (c1, ..., Crro—ites X, Orpo_ite) € F2"~1. Since £(c) # 0, this
contradicts Lemma 2.25. O

We also have the following vanishing result.
Proposition 2.29. For all3 <k < n, jNGLkUkJ/,(G)GmX) =0, where ¥ (u) = 1//(25-‘:_11 Ug; q)-

Proof. Since jng, Ui,y = Ny, . v JU., using Proposition 2.19 and Lemma 2.13 we see that
it is enough to prove that

. .My (F)
INew 55 G ()i (@Gt ® O, ) = 0- (2.43)

As above, we use [12, Theorem 5.2]. Let Sty (F) be the normalizer of Ngr, (F) and the
stabilizer of ¢ in GL;(F). The space

(GLe(F)Gp—i (F)")\My(F)/(Sty (F)Gn—k (F))

has one element. Since |y, is the standard Whittaker character and ©cr,,y, is not
generic [47, §1.3], jng, v (OcL,.x,) = 0. Hence (2.43) follows. O
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2.3.3. Explicit construction of exceptional characters. Let n be a character
of F*. Start with defining a character xo of T,41(F)?, depending on 5. For t =
[T n/ (@) B (1), let

x0) = [ [lail" " n(r ).

i=1

Using (1.6), we see that xo(a (x"®))) = |x| for all @ € Ag, and x € F*. Extend o to a
genuine character x of Ty41(F)? using s: x(£s(1)) = Cxo(t) (¢ € pa). If n is even, x is
exceptional.

Let ¢ be a non-trivial additive character of F. If z = [[/_; n;/(d) and 2’ = []}_, n;/(d),
where d,d’ € (F*)?/2d@n+D "ysing (2.9), (2.1), and (2.2), we get o (z, 2') = c(d, d")™/?].
Therefore, ¢s(z) — ;yv[”m (d) is a genuine character of Céi,r) (if n is even, yy (d) = 1).

Since [t, z], = 1, we can define the following exceptional character of Cﬁm( P

X(€5(152) = CxoId "™ Ay @yy " ). (2.44)

In fact, every exceptional character can be written in this form, for suitable ¥ and 7.
We mention that, in the context of exceptional representations of GL,, the character
7 is the ‘determinantal character’ of Bump and Ginzburg [19, p. 143].
Let THH(F)m be the maximal abelian subgroup given in Claim 2.10. The following
formula defines an extension x’ of x to TnH(F)m. Fort =[]\, n/ @)By (t1) € Ty (F)™,

let
n ' [n/2]1—1
X' @s) =¢ [ Jlal™ D 20c@) [T vwlan-20).
i=1 i=0

Now consider the unramified case. Assume that all data are unramified. This means that
12| =1,¢ > 3in F; ¢ is unramified (¢ |o = 1, ¥|p-1 # 1); and n is unramified (9o« = 1).
Then yy|o+ =1 (see, e.g., [80, Lemma 3.4]). Therefore yx is trivial on CF P NK*. In
this case, x is an unramified character (see §2.2.2).

3. Global theory

3.1. The r-fold cover of G,(A)

Let F be a number field containing all 7 rth roots of unity, with a ring of adeles A. The
global r-fold cover G,(A) of G,(A) is defined similarly to the definition of GL, (A) of [47]
(§0.2; see also [24, 81, 82]). At each place v we have the exact sequence of §2.1.1,

1= u(F) 2 Gu(F) 2 Gu(Fy) — 1.

Denote by ¢ the inverse of the global Hilbert symbol; ¢ is the product of the local
functions c,. At each v, let K, < G, (F,) be either G,(9O,) if F, is p-adic, or a maximal
compact subgroup in the Archimedean case, and put K =[], K,. For simplicity, fix an
identification of w,(F),) with wu, = p,(F) (which is usually identified with a subgroup
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of C*). Let Sx be the set of Archimedean places of F. Fix a finite set Sy containing Seo
and the places v such that |r|, < 1 or ¢, < 3. For any finite set S D Sy, denote

GaW)s = [[Gu(F) [ kv Gai =[] GCu(F) [] K5

vesS vesS vesS vesS

Forv e S, an(Fv) < G (A)% (in particular, t,(u,) < G,(A)§). Note that K was defined
given the assumption on § (see §2.1.4). Let f; be the subgroup of G,(A)% generated
by the elements t,(¢)t,(¢)~!, where ¢ € u, and v,V € S. Define G, (A)g = ;’L?\G,,(A)g.
Then

Gu(A) = lim Gy(A)s,  Ga(A) = Jim Gy (A)s.
We have an exact sequence
1=y = Ga(A) D Go(A) — 1.

Regarding the topologies on these groups, refer to [47, §0.2].

Let ]_[:} G, (F,) be the restricted direct product with respect to the subgroups {K,},.
Then G,(A) =[], G4(F,). Similarly, define [T, G, (F,) with respect to {K}}y. Set u)f =
(@) € TT, Gu(F) < T1, ¢ = 1). Then G,(A) = W\ T, Ga(F).

In §2.1.4, we defined «, for v ¢ Sy, extend k), to a smooth section of G,(F,). Define
sections k, also for v € Sy arbitrarily. Set x =[], x». This is a section of G,(4), well
defined because «,(K,) = K¥ for v ¢ Syp. The corresponding 2-cocycle is defined by
v(g, &) =« (g)k(g)k(gg) ™", well defined since, for v ¢ Sy, k, is a splitting of K,.

Consider s =[], s, where s, is the section given in §2.1.1. This is not a section of
G, (A), but can be used with the following subgroups.

Claim 3.1. The section s is a splitting of G,(F) and N, (A). It is well defined on T, +1(A).

Proof. First, observe that s is indeed well defined on these subgroups. Indeed,
let g€ Gy(F) and write g =urwu’ as in (2.12). Then, for any place v, $,(g) =
5, ()5, (1)s, (w)s,(u'). For almost all v, the elements u,f, w and u’ lie in K,. Then
Claim 2.3 implies that s,(g) € K;'. The same claim implies that, if u € N,(A) and
t € Thr1(A), sy(uy) = ky(uy) € K and 5, (1)) = ky(t,) € K, for almost all v.

Since, for all v, 5, is a splitting of N,(F),), s is a splitting of N,(A). To show that s is
a splitting of G, (F), one uses (2.12), the relations in [10, § 1] defining the multiplication
in G,(Fy) and 5,,(F,,)7 and the fact that ¢ is trivial on F* x F*. O

Remark 3.1. Let H be a subgroup of G,(A) such that, for any & € H, for almost all
v, §(hy) = k(hy). Then, if h, i’ € H, we have s, (h,)s,(h}) = s,(hyh,) almost everywhere.
Hence we can define the 2-cocycle o (h, h’) = s(h)s(h')s(hh’)~! on H, and then o = I, ov,
where o0, is the block-compatible cocycle of §2.1.1. According to Claim 3.1, o is well
defined on T,(A), and trivial on G,(F) and N, (A).

Henceforth r = 2.
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3.2. Representations, intertwining operators and Eisenstein series

We study irreducible genuine representations of T,H_ 1(A) formed by extending a genuine
character of Cs A = Mo \H Toi(Fy 1O @ maximal abelian subgroup, and then
inducing to Tn+1 (A). The resulting representation is independent of the choices of abelian
subgroup and extension [47, §0.3].

Let x be a genuine character of CTnJrl(A)’ which is trivial on Cﬁm(A) Ns(Ty+1(F)). Then
X = ®,xv, where, for almost all v, x, is unramified, because it is trivial on Ci,+1(Fv) NnK?»
(see §2.2.2).

Following Kazhdan and Patterson [47, §I1.1], we will use two maximal subgroups; the
resulting representation will be the same. One choice is X = 5\ ]_[; Xy, where CT;:+1(FU) <
X, < an(FU) is a local maximal abelian subgroup such that, for almost all v, X, =
C(an(F,,), iLH(Fv)ﬂKj) (see Claim 2.9). The subgroup X is suitable for relating a
global representation to its local pieces. Globally it is simpler to work with a subgroup
containing $(7,+1(F)). As in [47, Lemma II.1.1], we introduce the following alternative.

Claim 3.2. The subgroup C(T,,_H(A) §(Ty+1(F))) is a mazimal abelian subgroup of
To+1(A), which contains s(T1(F)). We have C(Tps1(A), 5(Ths1(F))) = 5(Ty1(F))

CF )

Proof. The containment from right to left is clear, because by Claim 3.1 the section s
splits G, (F); hence the elements of §(T,,+1(F)) commute. Now we proceed as in the proof
of Claim 2.9, and note that, by Weil [86, § XIIL.5, Propositions 7 and 8], c(x, y) = 1 for all
y € A* if and only if x € (A*)?, and ¢(x, y) = 1 for all y € F* if and only if x € F*(A*)?
(compare to §1.3.3). Observe that the proof of Claim 2.9 uses the local cocycle o, defined
using s,. As explained in Remark 3.1, the argument extends to the global setting. O

Fors = (s1,...,8.41) € €t define a non-genuine character es of T,,_H(A) by requiring
that es(a¥(x)) = |x|@D/M@) for all o e AG/ and x € A*. For example, es(x) (x)) =
|x|(51752)/2 , € (a 1 (0) = |x|S»+1. The Character ey is trivial on §(T,41(F)).

Ifd e C, denote d=(d,...,d) (the length of d will be clear from the context).

Let x be a genuine character of Cﬁm(A)’ which is trivial on Cﬁl+l(A)ﬂﬁ(Tn+1(F))~
Denote x; =es-x. Assume that we are given an abelian subgroup Cﬁm(A) < H <
fn+1(A) and an extension x' of x to H. We will always assume that (x)s = (xs)"
Therefore we continue to denote the extension by x (instead of x’), and the notation

Xs is not ambiguous.

Let Vu(xs) be the space of the representation Indg’}\gA()A) (xs). Specifically, this is the

space of functions f : Gn(A) > C which are K-smooth on the right, and f(hs(u)g) =
BniA)(h)xg(h)f(g) for all he H, u € N,(A) and g € Gn(A). Set Vu(x) = Vu(xo). A
standard section f; is a function such that f;|z is independent of s, and, for all s,
fs € Vua(xs). For any f € Vg (x) there is a standard section f; with fo = f.

We extend x to C(Ty+1(A), 5(Tp11(F))) and to X. The extension to C(Tp11(A),
5(T,+1(F))) is obtained by acting trivially on s(7,,+1(F)). The extension to X is arbitrary,
as long as both extensions agree on C(T,,_H(A), s(T,+1(F))) N X (a suitable extension to
X with this property always exists; see [47, p. 108]).
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For brevity, put & = C(ﬁ,H(A),s(TnH(F))).
The space Vy(xs) decomposes as the restricted tensor product &V (x,») with respect

G (F, .
En((Fv;(pv(xw)), defined in §2.2.1.

The spaces Vx(x) and Vg(x) are isomorphic (see [47, p. 109]). Specifically, for f €
Vx (%), define f" € Vz(x) via

f@= > f&@)8), g€ Guh). (3.1)

§'€ (CF, )N Tnat FNN L1 (F)

to {V()(L,))Kj},,ggso7 where V (xs,) is the space of Ind

For w € Wy, let M'(w, xs) : Va(xs) = Va(¥xs) be the standard intertwining operator
defined by (the meromorphic continuation of)

M w, xo) f(8) = / £(s(w)" s(u)g) du. (3.2)

NP (AN\N (A~

Note that 20, C G,(F). Using the isomorphism Vg = Vyx, we can define the
corresponding intertwining operator M(w, xs) : Vx(xs) = Vx (Y xs). The poles and zeros
(with multiplicities) of these operators coincide.

Now we are ready to define the Eisenstein series. For f € Vx(x), let

Ep (g f)= Y, fls®g.

3€By (F)\Gn(F)

The sum is absolutely convergent in a suitable cone and has a meromorphic continuation.
Analogously to [47, Proposition I1.1.2], or using the general formulation of Mceglin and
Waldspurger [63, §11.1.7], if

Efi s = [ Es, (sG0g: f,5) du
Nu(F)\Nn (A)
is the constant term of Ep (g; f, s) along N,,
E (s fi9) =Y Mw. x)fl(9.

weW,

3.3. Induction from M,

Throughout this section, the groups GL, and Gg are regarded as subgroups of M,.
Since the local subgroups GVL,I(FV) and 50(F,,) commute, 5Ln (A) and GO(A) commute.
Therefore, genuine automorphic representations of 1\7,,(&) can be described using the
usual tensor product.

Let x be a genuine character of Cﬁm(A) which is trivial on Cﬁm(A) Ns(Ty41(F)).
According to the results of §2.1.6,

Cr, i =6, 0) ¢ € 1N\(CF,, (4 x Go(A)).

Therefore we can write uniquely x = xV ® x®, where xV and x® are genuine
characters of C;GL” (A) and Go(A). The character xV is trivial on C;GL" w Ns(Tgr, (F)),

and x@ is trivial on §(Go(F)).
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The description of §3.2 was adapted from the exposition in [47, §II.1], which we
briefly recall. For s € C", define a non-genuine character e; of TGL (A) by requiring
that ey (av(x)) = |x|("" S)/z for all 2<i<nandx e A* Let o be a genuine character of
CTGL,, A)- For CT () < H < TGL,, (A), the space Vg (03) consists of functions on GL (A).

Denote KGLH(FU) = K, NGL,(F),), and, for v ¢ Sy, K GL”(FV) = kv(KGrL,(F,))- We have the
subgroup X% = :U«zx\l_[:; XUGL", where, for almost all v, XUGL” = C(TGLH(F,,), fGL,, (F,)N
KEK}LH(FU))' Also, let 29 = C(TGL” (A), s(Tgr, (F))). We alternate between Vyar, (0) and

Vger, (0), where f € Vyor, (o) is mapped to f’ € Vgor, (0) using a summation over
(Criy. iy N5, (F)\Tar, (F).

Claim 3.3. Let x be as above, and denote by Vo, (Vgora (XM ® x @) the subspace of right

K -smooth functions in IndG"E‘:; (In d‘fé’zﬁ‘}@ (A)(X(l)) ®x®). Then

Va(x) = Vo, (Vger (x V) @ x@).

Proof. According to §2.1.6 (and [47, p. 59]),
CTyry =@ 0) 1 ¢ € 1I\(Cr, (1) X Go(F)), (3.3)
Ths1(F)™ ={(£, ¢) 1 ¢ € ma\(Ter, (F)™ x Go(Fy)), (3.4)
and, for v ¢ Sp,
C(Tus1(F), Tir1 (RN KY)
={¢,0):¢ e ,U«Z}\(C(TGLn (Fv), TGL, (Fy)N KZLn(FU)) x Go(Fy)). (35)
In general let o be a genuine character of 7 L1(Fy)- Using (3.3), we can write o, =
(1) ®(TU ? for unique genuine characters a( ) and 0(2) of C7., (F) and 50(F,,). Then

GL, (F,)

G(Fy) Go(F,)
Ind3" (") (py(0)) = Ind G (Ind ()

(1) 2
gl 2 (@) @), (3.6)

Assume that

C(Tus1(F), T 1 (F)NKE) v ¢ So,

y =

Ty (F)™ otherwise.
Define X6n = 3\ TT,, X5 where

0ta _ ) €T, (F) Tor, (FONKG, ) v # So
v - ~
TG, (F,)™ otherwise.
Now (3.4)—(3.6) yield
Gu(A) n(A) GL (A) 1 2
In dXN (A)( ) =In d~ (A)(l dXGLnNGLn(A)(X( ))®X( ))’

and the isomorphism between the spaces follows because

(7, 1y NS (Tt PO\ Tt (F) = (i, () NS(Tor, (F))\ T, (F). O
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3.4. Global exceptional (small) representations
3.4.1. Definition and basic properties. Let x be a genuine character of Cﬁm(A)’
which is trivial on C oot (A) Ns(T,+1(F)). Analogously to the local case, call x exceptional
if, for all @ € Ag,, x(@"*(x"®)) = |x| for all x € A*. We have x = ® x,, where x, is a
local exceptional character of C Tout(F)

Put Res;—g = limy—, o [[/_,(si — Si+1)snt1. For f € Vx(x), define

0r(g) = Res ER'(g; £,9), 8 € GulA),

Proposition 3.4. Let x be an exceptional character, and let f € Vx(x).

(1) The residue Resg=o M’(wyo, Xi)fg/(g) is finite and non-zero. If w # wo, Resg=o M’

(2) The constant term O}V" of 05 along N, is the image of M'(wo, x):

f 07 (s(u)g) du = M (wo, x) ' (g)-
Ny (F)\Nn (&)

Here, we normalize the measure by requiring the volume of F\A to be 1.

(3) The representation Og, y spanned by 07 as f wvaries in Vx(x) is irreducible,
automorphic, genuine, and belongs to Lz(s(Gn(F))\Gn(A)) It is isomorphic to
®U®Gn>XU'

Proof. The proof follows exactly as in [17, Proposition 3.1 and Theorem 3.2] and [47,
Proposition II.1.2 and Theorems II.1.4 and II1.2.1]; we briefly reproduce the argument.
The assertions follow from the calculation of the poles of M'(w, x;) f{(g). When we take
a pure tensor f, M(w, xs) fs = (Qvespy) ® (®()¢S<p,)), where § O Sp is a finite set of places
depending on x and f. The unramified part is ®(}¢ g@v. For any fixed place v, the local
intertwining operator is holomorphic, since x; , belongs to the positive Weyl chamber
when s tends to 0. Thus the poles are located in the unramified part; they are determined
by the product ]—[v¢s c(W, xs,v). If w=wy, according to Claim 2.22, the poles belong to

Macicjcnt1 8G —i+sj—s)f(=j—i+20+2) +si +s) [ cn+2—i+s)
[h<icicnm ¢ +j—i+sj—sdc(1—j —l+2(n+2)+s,+s])l—["+1§(n+3—l +si)

Here, ¢ denotes the partial Dedekind zeta function of F with respect to S. Recall that ¢
is holomorphic except at s = 1, where it has a simple pole, and is non-zero on the right
half-plane 9i(s) > 1. When s — 0, precisely n zeta functions contribute a pole. If w # wy,
one of these functions will be omitted. Finally, the image M'(wyg, x)Vz(x) is isomorphic
to &), M, (wo, xv)V (xv) which is ®,0¢, 4, - O

The representation ®¢, , is the global exceptional representation.

3.4.2. Explicit construction of exceptional characters. Let n be a Hecke
character, i.e., a character of F*\A*, and let ¥ be a non-trivial character of F\A. Let
vy be the corresponding global Weil factor. One can mimic the local construction of
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§2.3.3 and construct a global exceptional character. Define, for t = ]_[;’zl 77,~v (ai2),31v (1) €
Tur1(A), d € (A*)?/ed @t 7z = TT1_, 1/ (d), and ¢ € o,

x(@ss() = ¢ [T lail" "+ nr@)ld "™ p @)y, ). (3.7)

i=1

This is a global exceptional character, and it decomposes as ®'x,, where x, is given
by (2.44). For almost all v, x, is unramified.

If n is odd, in contrast with the local case, this description does not exhaust all
exceptional characters, as one may replace yy with a more general class of functions.
However, xlqr,,, (a2 is uniquely described by n and (3.7).

If we write x = xP' ® x® in the notation of § 3.3,

n n n n
X(l) (;-5 (H nz\/(atz)> 5 <l_[ an(d)>> =¢ l_[ |ai|n—i+ln (dn l_[az2> |d|n(n+l)/41/1£n/2-| (),
i=1 i=1 i=1 i=1

xP(cs(BY (1)) = ¢nt™?). (3.8)

3.4.3. The constant term. Let y be an exceptional character, and let 6 be an
automorphic form in the space of ©g, . For any 1 < k < n, define the constant term
of 6 along Uy by

0Uk(g) =/ 0(s(uw)g)du, g€ Gp(A). (3.9)
Uk (F)\Ui(A)

Let x be an exceptional character. We prove Theorem 3. Namely, the function m +—
OYn (m) (m € M,(A)) belongs to the space of OGL, 1det|~125 D @ Og 4@, where x( and
x® are exceptional characters such that x = xV @ x@.

Proof of Theorem 3. Write 6 = 67 for some f € Vx(x), 0r(g) = Res;— Eg: (g; f,5) (see

§3.4.1). Let W C W, be a set satisfying G, = [[,en Boaw™'0Q,.For X < Q, and w e W,
set X¥ = "B, NX. According to Moeglin and Waldspurger [63, §II.1.7],

fU Yo AE@®)swg)du= ) Do MW, xy) £ s(m)g).

(F)O\Un(d) 8€B,(F)\Gn(F) weW meMY (F)\M,(F)

Here, M'(w, x;) is defined by meromorphic continuation of an integral over U” (F)\U,(A).
As we argue below, the domain of integration can be changed, and M'(w, x,) is actually
given by (3.2).

We describe a choice of the set W. There are 2" representatives to consider. For b €
{0, 1}, set wp = []7_, wq +1bf (a product of commuting reflections). The elements {wp};
are a set of representatives, but wQanb_l might not contain Ngr,. It will be convenient
to select elements w which satisfy

Ngr, <" Ny (3.10)

(see below). Write b = (1”101 ... 17k0/), where m;, [; > 0,m = Y5 m;, 1 = Y5 1;,m+
I = n, and we assume that k is minimal such that b can be written in this form (e.g., if
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m;,miy+1 > 0, ; > 0). For any a, b, ¢ > 0 such that a+b+ ¢ < n, put

WD b,c = diag <Ias (2 In- aO b= C) ) € GL,(F),

otb]_a)z lmjzjlml Vi<j<k

(ifm; =0, ap;=1), 2o =api---ap1. Our set of representatives is W = {z;w,, : b €
{0, 1}"}. The elements w € W satisfy (3.10).

Since U’ < N,, we may write the du-integration of M'(w, xs) over U} (A)\U,(A).
The condition (3.10) implies that YN, N N, = Ngr,, (' N, NUy), whence UP\U, = (YN, N
Np)\N,. Therefore M'(w, x,) f{ € Va(™x).

We use the notation of §3.3. Write Wy = Xv(vl) ® XV(VZ), where X‘fvl and Xw are genuine
characters of C;GL" (a) and Go(A). According to Claim 3.3, we can regard M’ (w, X;)fé as

an element of Vo, (Vgor, (xw ))z ® (X(z))snﬂ), where z € C" satisfies e; = Veq|7,, (a). Put

s = (s1,...,50).

The mapping
{fow. g a1} (5™, b) = M'(w, x5) £{(bg) (b € GLu(A))

belongs to Vgar, (|det|”/2(x(l))z) (we used SlQ/nz(A) = |det|"/?).
By (3.10), GL,(F)” = Bgy, (F); hence MY (F)\M,(F) = GL,(F)"\GL,(F), and the
summation is an Eisenstein series with respect to Bgy, , applied to {f, w, g, s,+1}. Thus

07() = Y ResEng, (i {f,w, 8 swy1},s™).
WEW’ -

Fix w = z,w;, and let m;,l;, m, [ be as above. Let U, , be the unipotent subgroup of
Nyp(A) generated by ng,,,. Then Uy,,, < (YN, N N,)(A) if and only if m = 0.
Claim 3.5. The function M’ (w, Xi)f;/ is holomorphic at s, except perhaps for a simple
pole at sy4+1 = 0. The pole exists for some data f' if and only if m > 0.

Claim 3.6. The series Ep;, (In; {f, w, &, Sn+1}, 5™ is holomorphic at s™ | except perhaps
for simple poles at s; —sj+1 for 1 <i <n. Ifl >0 and m > 0, it has at most n —2 poles.
If1 =0, the function y = Epg, (In; {f, w, yg, sn+1}, s™) on GVL,,(A) belongs to the space
of ®GL,,,|det\—]/2x(')'

Before proving these claims, we use them to complete the proof of the theorem.
According to Claim 3.5, s,41-{f, w, g, sp+1} is holomorphic and vanishes at s,.1 =
0 if m =0. Hence we may assume that m > 0. Then, by Claim 3.5, the series
Epg, (In; {f, w, g, Spa1), s%) multiplied by ]—[?;11 (si —si+1) vanishes for s — 0, unless
I =0, and then w = z;w;. Therefore

07(8) =Res Eggy, (Ini {f,w, 8 sn41), s™).
s=V

Now Claim 3.5 shows that y — 6r(yg) belongs to the space of Ogy 4eq-1/2,1. Clearly
hv— 0r(hg) (h e 50(A)) lies in the space of ®¢ , . The theorem is proved.
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Proof of Claim 3.5. As in the proof of Proposition 3.4, and with the same notation, we
analyze the poles of M'(w, x,) f; by looking at M(w, x;) fs for a pure tensor f € Vx(x).
Denote M (w, x5) fs = (Quespy) ® (®;¢S<pv). At each v € §, the local intertwining operator
is holomorphic around 0, because, when s — 0, x,,, belongs to the positive Weyl chamber.
The poles of the intertwining operator coincide with the poles of the infinite product. If
m = 0, the integration is trivial; hence clearly there is no pole. Otherwise, the poles are
contained in the set of poles of

[hocicjcni1 $(=J =i 420+ D +si+5) [ S+ 2—i +5)
Thcicjcns1 ¢ —j—i+2m+2) +si +s) 1155 cn+3—i+s)

This product is holomorphic, except for a simple pole at s,4+; = 0. Furthermore, since
U, is not a subgroup of (YN, NN,)(A), the factor ¢(n+2—i+s;) with i =n+1

Op+1
contributes to the poles of the intertwining operator. Hence there is a pole at s,+.1 = 0. O

Proof of Claim 3.6. To compute the poles of Epg (In; {f, w, g, snt1}, s™). we consider

the constant term of {f, w, g, sn4+1} along Ngr,. According to Kazhdan and Patterson [47,
Proposition I1.1.2],

/ EBGLn (s(u); {f,w,g,anrl}’i(n)) du
N6t (F)\Nor, (A)
- Z (MY (w, s f, w, g, Sn+1};<n> (I).

a)EWGL,,
Here, Wgp, is the Weyl subgroup of GL,, and
(MY (@, s™) 1 Vo, (1det™* (x)2) = Vaar, (1det]"’? =@ ((x{M),))

is the corresponding intertwining operator.

We may assume that Xls(T, 1 a)2) 18 defined with respect to a Hecke character n
according to (3.7). Since g+ n(Y(g)) is an automorphic character of G,(A) which
extends to a non-genuine automorphic character of G (A), and (Y - X)iv” =nY- (Xv(vl)),
we may prove the claim for (y~!Y) - x. This means that we assume that n = 1. Then, for

t =TT 0/ @By (1) € Ty 1(A)?, d € (AH/Ed@nHD 2 =TT 0/ (d), and ¢ € o,
n .
X(@s(0)s() = ¢ [ [lai""+1d|" D4y (@). (3.11)
i=1

Here, y is a complex-valued function on the quotient of (A*)¥/&d@ntDh py
((A*)%/eed@nt) 0 Py A*2 which satisfies y (dd') = ¢(d, d")™/?1y (d)y (d’) and is non-zero.
Additionally, by Claim 3.5, we may assume that s,4+; = 0.

The element z), acts on the cocharacters n,”. Let t be the permutation such that

z;l <l_[ niv(ai)) = 1_[)71»\/(61171(1-)).
i=1 i=1
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Also define ¢ € {—1, 1}* by ¢; = 1 —2b;. Then

n
(1) ( (l_[ n; (a2)>> = l_[ |al,|cf(,->(n—r(,')+1+sr(l_)).

i=1
Note that here we used the fact that x(s(8)(r1))) = 1, because (see, e.g., (1.7))
n n
e (H niv(a») =[n' @By .
i=1 i=l

We show that Xv(vl) belongs to the positive Weyl chamber. Denote by U the concatenation
of tuples; e.g., 2,5, 1Hu(,8,—-1,0)=(,5,1,2,8,—1,0). For r integers iy, ..., i, set
T, iny . ooyiy) = (iyy ...y inyi1). Let (1, ..., n) = [[{]u-- - U[L]u[mg]u- - Um], where,
for r > 0, [r] is an ascending sequence of r integers. Then

@), .t ) =T o o I U .

It follows that, if 1 <i < j <[, 7(i) < 7(j) and c() = ¢¢¢j) = 1. Thus, for x € A*,

(1)(5(771 (x2)n] (X*Z))) = |x|"~ T(O)+1-(n—t(H+D) _ |X|T(J) @) (3.12)
For I+1<i < j <n, wehave (i) > 7(j) and c;(;) = c¢(j) = —1, whence
X 0 (Y (x72))) = [x|7O T, (3.13)
Ifl<i<land!+1<j<n,then c;;) =1 and c;(j) = —1, and hence
X Oy ()Y (x2)) =[x OO, (3.14)

We conclude that yxw ) belongs to the positive Weyl chamber. Therefore, for decomposable
data, at any place v the local intertwining operator is holomorphic. Then the poles of
the intertwining operator (M GLny/ (@, g(”)) appear only in the unramified part.

Consider such poles. For the purpose of a bound, we may assume that w = J,. Let
S D Sy be a finite set. For a positive root (i, j), where 1 <i < j <n,and v ¢ S, let

_ —Ca,j
di jyo = O (@O (@) =g, .

Because (Xw ))U belongs to the positive Weyl chamber, C; ;) > 0. Hence the poles appear
(with multiplicities) in the product

l_[ S(C, j) + S2(j) — Se(i))-
1<i<j<n

For a pair (i, j) appearing in this product, there is a pole at s =0 if and only if
C, jy = 1. For any i, there is at most one j such that 7(j) — (i) = 1, and, similarly, at
most one j with t(i) — t(j) = 1. Looking at (3.12)—(3.14), we see that the only possible
poles are simple poles at s; —s;11 =0foreach 1 <i <nsuchthati #[. If/=00rm =0
(in which case I = n), these are n — 1 poles. Otherwise we have at most n — 2 poles.
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Now assume that [ = 0. Then

n
|det|"/2 () (s (]‘[ n (a%)) E (]‘[ n, (d))) H jai "~ 1" =Dy @ .
i=1 i=1
This is an exceptional character of C7., (a), and therefore, according to the results
of Kazhdan and Patterson [47, Proposition 11.1.2 and Theorems I1.1.4 and I11.2.1], the
mapping
n—1

vy lim [ —sis1)Egg, (v: {f. w. g0}, s™)

S0

(we assumed that s,41 = 0) belongs to the space of ® /2, D+ Since

GL, . |det
Epg, (i {fow. 8. 5011} 8"™) = Epgy, (In: {f. w. y8,0,5")
BGLVL y; 5 y 8 n+1ys,93 BGLn ns ) » Y&, D 5

it is left to show that |det|"/2 xy ) = |det|"1/2x (D, Equality (3.11) implies that

X(]) <5 <1_[ nlv(alz)) E(Z)) — 1_[ |ai|n7i+] |d|n<n+])/4)/(d)

i=1 i=1

Because y(d~!) = y(d), the result follows. O]

Remark 3.2. The analogous result for SO,4; was proved in [17, 45] by induction, using
a parabolic subgroup with a Levi part isomorphic to GL; x SO2(;,—1)+1. This approach
does not seem to work, because the representation of M|(A) cannot be described using
the tensor product. Note that the twist of x" by |det|~!/? is compatible with the result
on SOzn+1 .

3.4.4. Vanishing results. Let ¥ be a non-trivial character of F\A. We use the
notation of §2.3.2. The global counterpart of the twisted Jacquet modules is a class
of Fourier coeflicients, for generic characters. Any character of Vp(A) which is trivial
on Vo(F) is the lift of a character of V§(A), trivial on V3 (F). Such a character can be
identified with a point b € V4 (F). The character lﬁb is generic if b belongs to the open
orbit with respect to the action of C(G (F), hO(F )) on VO(F) The Fourier coefficient
of an automorphic function ¢ on Gy (A) or G,(A), with respect to O and ¥, is given by

/ o) Y (v) dv.
Vo (F)\Vo (&)

This is the Fourier coefficient of Theorem 2. This theorem follows immediately from
Theorem 1 using a local-global principle (see, e.g., [39, Proposition 1]). In particular, as
in [17, Proposition 4.3], we have the following result (directly implied by Lemma 2.25).

Proposition 3.7. Let x be an exceptional character, and let b € F?*~1 be with £(b) # 0.
Then, for any 6 in the space of Og, , fU.(F)\U] @A) O(s))y (r(u)b)du = 0.
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4. Application — the theta period

In this section, we prove Theorem 4. Let F be a number field with a ring of adeles
A. Denote by AT the subgroup of ideéles of F whose finite components are trivial and
Archimedean components are equal, real, and positive; it can be identified with R~ .

Regard GL, and G as subgroups of M,. Let GL,(A)! < GL,(A) be the subgroup
of matrices b such that |deth| = 1. If ¢ = bhuk € G, (A) with b € GL,(A), h € Go(A),
u € U,(A), and k € K, define H(g) = |detb|.

Let G, (A) be the double cover of G,(A), defined in §3.1. We identify G,(F) and
N, (A) with their i images in Gy (A) under s (see Claim 3.1). Furthermore, regard G, (A)
as a subgroup of Gn(A) by fixing a section G,(A) — Gn(A). For example, one can take
the section x defined in §3.1. We suppress the actual section from the notation.

Let 7 be an irreducible unitary automorphic cuspidal representation of GL,(A) with a
central character w;, and let n be a unitary Hecke character. As in the statement of the
theorem, assume that w?(1)n"(t) = 1 for all t € A*.

Let p be a smooth complex-valued function on G,(A), satisfying the following
properties: it is K finite; for any b' € GL,(A)', h € Go(A), u € Uy(A), t € AT, a=1t-1,,
and g € G,(A), p(blahug) = Sé o) (@or (@)n(h)p(b'g); and, for any k € K, the mapping
b' +— p(b'k) is a K NGL,(A)'-finite vector in the space of t. The standard section

corresponding to p is defined by ps(g) = H(g)*p(g), for any s € C.
We have the following Eisenstein series:

Eg,(gip.5)= Y.  ps8g), ge€Gad)
8€0n(FI\Gu(F)

According to Hundley and Sayag [37, Proposition 18.0.4], the series Eg,(g; p,s) is
holomorphic when R(s) > 0, except perhaps at s = 1/2, where it may have a simple pole.
This pole exists (for some data p, g) if and only if L(s, t, Sym> ® ) has a pole at s = 1.
Equivalently, one can use the partial L-function LS(s, 7, Sym? ® ), where S is any finite
set of places; see [37, Remark 2.2.2 and §19.3].

Remark 4.1. In [37], the L-function was actually LS3(s, t, Sym*> ® n~"). This is because
their embedding of Go in G, was different. In the notation of § 1.2, they sent 6," to —e)’
(compare (1.7) to their formula for wmw™" in [37, Lemma 13.2.4]).

Put E1/2(g; p) = Resg=12 Ep,(g; p, 5), where Resg—1/2 = limy1/2(s — 1/2).

In general, if H < G,(A), and we are given two complex-valued genuine functions ¢
and ¢’ on H , the function h — @(h)¢’(h) is independent of the actual choice of section
H — 6,, (A). Therefore it can be regarded as a function on H.

Let x and x’ be global exceptional characters, constructed as explained in § 3.4.2, and
form the exceptional representations ©g, y, and Og, . We take x and x’ such that
x-x' -n=1on Cg,), which means that

O xDBY Mm@ =1, VreA” (4.1)
This is possible (see § 3.4.2). Let 6 (respectively, 6') be an automorphic form in the space
of ®g, , (respectively, Og, ,).
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For any complex-valued function E on G,(F)\G,(A), satisfying E(8Y ()g) = n(t)E(g)
for all g € G,(A) and r € A*, the co-period of E, 0, and 6’ is the following integral:

I(E,0,0") = / E(g)0(2)0'(g)dg,
CG, ) Gn(FO\Gr(A)

provided it is absolutely convergent. Note that H(B8Y(t)g) = H(g), and hence p;,
Egp,(; p,s), and E12(; p) are, at least formally, possible candidates for E.
Let dt be the standard Lebesgue measure on R. We fix measures such that the following

formulas hold.

/ so(g)dngf / (p(umk)duééi(m(m)dmdk,
On(F)\Gr(A) K J My (F)\My(A) JU, (F)\Un(A)

@(b)db = n/ / @((t - I)b)t " dr db.

GLy (F)\GLy (A)!

(4.2)

/(;Ln (F\GL,(A)

The co-period Z(Ej2(-; p), 6,0’) is absolutely convergent (see [45, Claim 3.1]). In order
to compute it, we apply the truncation operator of Arthur [1, 2] to Eg, (g; p. s) as in, for
example, [28, 33, 39, 40]. For the complete argument, see [45]; we provide a sketch. For
a real number d > 1, let ch-4 : Rog — {0, 1} be the characteristic function of R. 4, and
set chgqg = 1—ch=4. Denote

gl = Y psBg)chca(H(g)),
3€Qn(FO\Gn(F)

= Y Mw, s)ps6g)ch-q(H(5Q)).
S3€Qn(FO\Gn(F)

Here, M (w, s) is the global intertwining operator corresponding to a representative w such
that wU,w™! = U;". The co-periods I(é'f(ﬁ 5),0,60") and I(Szd(-; s5),0,0") are absolutely
convergent for N(s) > 0 and

I(AgEg,( p,5),0,0") = T(EL (- 5) — 4 (5 5),6, 8", (4.3)

where AgEg, (; p,s) is the application of the truncation operator to Eg,(:; o, 5).
The following proposition describes Z (5'[.‘[('; 5),0,0"), and essentially completes the
proof.

Proposition 4.1. The co-periods I(Sf(-; 5),0,0") and I(Eg(-; s5),0,0") have meromorphic
continuation to the whole plane. Moreover,

45172
Z(E](:5),0,0") = / / p(bk)oVr (bk)6'"" (bk) db dk, (4.4)
s—1/2 GLy (F)\GLy (A)!
d—s—1/2
I(EY(59),6,0") = —/ / M(w, s)ps (k)Y (bk)6'"" (bk) db dk.
+1/2 GLy (F)\GL,(A)!

(4.5)

Here, 0Y and oY are given by (3.9). In particular, I(Ef(~;s),9,9’) is holomorphic,
except perhaps at s = 1/2, where it may have a simple pole.
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Remark 4.2. We corrected two typos from the corresponding formulas of [45]: the
normalization of the measures should be with n (instead of n~! in [45, (3.1)]) and in

the statement of the proposition [45, (3.4)] should be %1;12/2

Now taking the residue in (4.3) yields

Z(AgE1)2(5 p),0,6") = Res T(EL(-;5),0,60") — Res T(EJ(+;5),6,0).
s=1/2 s=1/2

Here, AgE1/2(-; p) is the application of the truncation operator to Ey,2(:; p). Taking
d — oo (and using [53, Proposition 4.3.3]), we obtain

Z(Er2(5 p), 6,0 =/ / p(bk)o V" (bk)0'" (bk) db dk.
K JGLy(F)\GLn (A)!

This proves part (1) of the theorem. Part (2) follows from [28, Theorem 3.2] (see also [39,
Proposition 2] and [40]).

Proof of Proposition 4.1. The proof is a simple modification of the proof of [45,
Proposition 3.2]. We briefly present the argument. Consider I(é'f('; 5),0,0"). Collapsing
the summation into the integral gives

/ ps(§)ch<a(H(£)0(2)0'(g) dg. (4.6)
CGpn) Qn(FI\Gr(A)

We write the Fourier expansion of 6’ along the derived group Cy, of U,. Assume that
n > 1; the case when n = 1 is trivial because the cover of G (A) splits (by Claim 2.2). The
group M, (F) acts on the set of characters of Cy, (F)\Cy, (A) with |n/2] + 1 orbits. For

0 < j < [n/2], define a character ¥; of Cy, (F)\Cy, (A) by ¥;(c) = 1//(2{21 Cn—2i+1,n42i),
where ¥ is a non-trivial character of F\A. The stabilizer Sty (F) of ¢; in M, (F) is equal
to St:/,j (F) x Go(F), where Stw//f,- (F) is the stabilizer computed in [45],

Stf/,j(F) ={(g IZ)) ta € GLy—2j(F),b € Sp;(F),z is any (n—2j) x2j matrix} < GL,(F),

and Sp; is the symplectic group in 2 variables. Then

/2]

AOED VDY

J=0 2€Sty ; (F\GL, (F)

f 60’ (crg)¥j(c) de.
Cu, (MH\Cy, (A)

Plugging this into (4.6) gives a sum of integrals Zyl:/gj Z; with

I = // ps(mk)chgq(H (m))
K Ccn(A)Sh//_,(F)\Mn(A)

x / 0 (umk) / 0’ (cumk)yrj(c) de du(Sél(A)(m)dmdk.
Un (F)\Up (A) Cy, (F)\Cy, (&) "
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Set Vi = (Cy,NU, N Unfzj)\(Un n Unfzj) and

Ii2;j 0 vic1

Lj 0 ¢35

Xj(F)= 1 0 vi e U,(F)
Lj 0
In72j

The constant term of 6§’ along Cy, is a function on V;(F)\V;(A) = (F\A)"2/ and, by
considering a Fourier expansion of this function and using Proposition 3.7, one sees that

o @jerde = 0/ (©)de.

/CU,,(F)\CUH (A) Xj(P\Xj(A)

Here, v; was extended to a character of X;(A), trivially on the coordinates of v; (and
v}). Applying this to Z; and factoring the du-integration through X; yields

5=/ | py(mk)ch < (Hm))
K JCopn)Sty; (F)\Mn(A)

X / / Q(XLtll’I’lk)I/f;l(x) dx
X ; (AN (Un (F)\Un (A)) X;(F)O\X(A)

x f 0’ (xuymk)yr; (x) dx dulaél(A)(m)dm dk.
X;(F\X(A) "
The following lemma is the heart of the unfolding argument.

Lemma 4.2. For any j > 0,Z; =0.

Proof. The proof of [45, Lemma 3.5] is separated into two cases, j < n/2 and j =n/2. In
the case when j < n/2, one introduces an inner integration along a unipotent radical of
GL,, into Z;, then uses the fact that ps|gz,(a) is a cusp form to show that Z; vanishes. The
arguments include a Fourier expansion, an ‘exchange of roots’, and a few vanishing results.
The vanishing results we use here are Proposition 3.7, Claim 2.26, and Proposition 2.29.
Note that in [45] we also used a result on a global constant term (with respect to Uy and
any k > 3); this can be replaced with a local result: Proposition 2.29 (as already observed
in [45, Remark 3.8]).

Assume that j =n/2 (in particular, n is even). In this case, Sty, , = Sp, . Utilizing
a result of Tkeda [38, Proposition 1.3] on functions on Jacobi groups along with
Proposition 3.7, one can introduce an inner integration fSpn/z( FI\Spa/2(A) ps(ymk) dy into
Z;, which vanishes according to Jacquet and Rallis [39, Proposition 1]. The arguments
in [45] are applicable. We need to observe that, as in the case of the cover of SO2,41(A),
the restriction of the cover of G,(A) to Sp, /2(A) is a non-trivial double cover, which is
therefore isomorphic to the usual metaplectic cover of Sp,, (A). O

Therefore, integral (4.6) is equal to Zy, and, since Sty (F) = M,(F) and
(CG, )y Mn(F)\My(A) = GL, (F)\GL, (A),
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integral Zyp becomes
/ / ps (bk)ch <4 (H (b))0Y (bk)o'Un (bk)&él(m(b) db dk. (4.7)
K JGL, (F)\GLy (&) !

Regarding the case n = 1, Lemma 2.24 immediately implies that 8" = 6’ Ul and we also
get that (4.6) equals (4.7). Now assume that n > 1.

Finally, to extract the dependence on s, one uses (4.2). Assume that x (respectively, x')
is given by (3.7) with respect to n,, ¥, (respectively, n,/, ¥,). Then (3.7) and (4.1) imply
that

Ny @Dy @ Hn@) =1, Vi e A* (4.8)

Let t € A™. Then yy (r) = 1, and, according to (3.8),

X(]) <5 (1_[ nf([))) — tn(n+1)/4nx (t)”. (49)
i=1

By Theorem 3, (4.8), and (4.9),
0Y (- 1)6" " (¢ - ) = "Dy ()" 20V (10" (1,).
Since also
—1 __ n(s—n/2)
ps(t'ln)aQn(A)(t‘In) =1 @ (1) p(In),

when we apply (4.2) to (4.7), we get
n f / 0 (k)8 (bk)o' V" (bk) wr (O 2"~ qp db dk.
K JGL,(F)\GL, (A)! 0<t"<d

Because -, (1)n()"/* = 1, we reach (4.4).
Similar arguments apply to I(Eg('; 5),0,60"), and we obtain (4.5). Note that

M(w, $)ps(t - 185! ) (- 1) = "D @) p (1) m
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